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Abstract

We introduce a new distance between two distributions
that we call the Earth Mover's Distance (EMD), which re-
flects the minimal amount of work that must be performed
totransformonedistributionintothe other by moving“ dis-
tributionmass’ around. Thisisa special case of thetrans-
portation problem from linear optimization, for which effi-
cient algorithms are available. The EMD also allows for
partial matching. When used to compare distributionsthat
have the same overall mass, the EMD isatrue metric, and
has easy-to-compute lower bounds. In this paper we fo-
cus on applications to image databases, especially color
and texture. We use the EMD to exhibit the structure of
color-distribution and texture spaces by means of Multi-
Dimensional Scaling displays. We also propose a novel
approach to the problem of navigating through a collection
of color images, which leadsto a new paradigmfor image
database search.

1 Introduction

Feature distributions are often used in computer vision
to summarize the content of an image. Examples in im-
age retrieval are the one-dimensional distribution of image
intensities and the three-dimensiond distribution of image
colors. At another level, asingle texture can itself be con-
sidered adistribution. In fact, texture can be envisioned as
a disgtribution of signal energy over the domain of spatial
frequencies. Consequently, inimage retrieval, aswell asin
the study of texture discrimination and color perception, it
becomes important to define a di stance between two distri-
butions. Thisrequiresin turn a notion of distance between
the basic el ements that appear in the distribution. For in-
stance, in the case of color, ametricisneeded for individual
colors. For texture, oneneedsameasure of thedissimilarity
between two periodic signals, that is, between two pointsin
thefrequency domain. Fortunately, these ground distances
have been studied in psychophysics, and have led to the
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CIE-Lab space[19] for color perception and to quantitative
models[17], [6] of spatia frequency discrimination.

In this paper, we define a consistent measure of dis-
tance, or dissimilarity, between two distributions of points
in a space for which a ground distance is given. This new
measure is itself a metric. For color, supplying a ground
distance means defining distances between color distribu-
tions. For spatial frequency, it means defining distances
between textures. Mathematically, it would be convenient
if thesedistribution distancesweretruemetrics. Practicaly,
itiscrucia that they correlate with human perception. In
this paper we strive to achieve both goas. For the first
we have proof, for the second we show experiments and
sometieswith psychophysical findingsfor the examples of
color and texture. For image retrieva it is important that
these distances allow for partial matches in cases when one
distribution is similar to a subset of the other. For partial
matches, our distances are not metric. This is consistent
with Tversky [16] who showsthat perceptual distances can
be non-metric.

An image yields a distribution in color space by map-
ping each pixel of theimagetoitscolor. Itisoften advanta
geousto ‘compress or otherwise approximate the original
distribution by another distribution with a more compact
description. This yields important savings in storage and
processing time, as well as a certain perceptual robustness
to the result. Now multidimensional distributionsare usu-
ally compressed by partitioning the underlying space into
fixed-size bins. the resulting quantized structure is a his-
togram. However, often only asmall fraction of thebinsin
ahistogram contain significant information. For instance, a
picture of adesert landscape contains mostly blue pixelsin
the sky region and yellow-brownpixelsintherest. A finely
quantized histograminthiscaseishighly inefficient. Onthe
other hand, multitude of colorsis a characterizing feature
for a picture of a carnival in Rio, and a coarsely quan-
tized histogram would be inadequate. In brief, because
histograms are fixed-size structures, they cannot achieve
bal ance between expressiveness and efficiency.



In contrast, we propose variable-size descriptions of
distributions, which we call signatures. Only the dom-
inant clusters are extracted from the origina distribution
and are used to form its signature. Each cluster is repre-
sented by a single point in the underlying space (the cluster
center), together with aweight that denotes the size of that
cluster. Simpleimages have short signatures, complex im-
ages have long ones. Note that signatures are themselves
distributions. Of course, in some applications, fixed-size
histograms may still be adequate, and can be considered as
special cases of signatures.

Weintroduceanew distance between two signaturesthat
wecall theEarthMover’sDistance (EMD). Thisreflectsthe
minimal cost that must be paid to transform one signature
intothe other, inasense that will be made precisein section
3. The EMD isbased on asolutionto aspecia case of the
old transportation problem [1] from linear optimization,
for which efficient algorithmsare available. The EMD has
many desirable properties. Itismorerobust in comparison
to other histogram matching techniques, in that it suffers
from no arbitrary quantization problems due to the fixed
binning of the latter. It dlows for partia matching, and
it can be applied to signatures with different sizes. When
used to compare distributions that have the same overal
mass, the EMD is atrue metric.

Although the EMD is a genera method for matching
multidimensional distributions, in this paper we focus on
applicationsto color and texture. Inthe next section, wein-
troduce histograms and signatures, and briefly survey some
of the existing measures of dissimilarity. Then, in section
3, we introduce the Earth Mover’s Distance (EMD), which
we apply to color and texturein section 4. In particular, we
use the tool of Multi-Dimensional Scaling (MDS, [5]) to
display collections of images in a two-dimensiona space
inaway that preserves EMDs as much as possible. Section
5 addresses computational issues, and section 6 concludes
with a summary and plansfor futurework.

2 Histogramsyvs. Signatures

A histogram {h;} is a mapping from a set of d-
dimensional integer vectors i to the set of nonnegative
integers. These vectors typically represent bins (or their
centers) in a fixed-size partitioning of the relevant region
of the underlying space, and the associated integers are a
mesasure of the mass of the distribution that fals into the
corresponding bin. For instance, in agrey-level histogram,
d isequal to one, the set of possiblegrey valuesissplitinto
N intervas, and h; isthe number of pixelsinanimage that
have a grey value in the interval indexed by i (ascalar in
this case).

A signature {s; = (m;, w;)}, on the other hand, rep-
resents a set of clusters. Each cluster is represented by its
d-dimensional mean (or mode) m;, and by the number w;

of pixelsthat belong to that cluster. The integer subscript
j rangesfrom oneto avauethat varies with the signature.
As a specid case, a histogram {h;} can be viewed as a
signature {s; = (m;, w;)} in which the vectorsi index a
set of clusters defined by afixed a priori partitioning of the
underlying space. If vector i maps to cluster j, the point
m; isthecentral valuein bini of the histogram, and w; is
equa to h;.

Several distance measures have been defined for his-
tograms. If H = {h;} and K = {k;} are two histograms,
the L, -distance isused for color [14] as

d(H,K) = Z |hs — ks . (1)

Related distances have been defined by replacing the 1,
metricwith L, or L, [13].

A weighted version of the 7, norm was used, also for
color, in[8]:

d*(H,K)=(h—k)'A(h - k), 2

where h and k are vectorsthat list al the entriesin A and
K, and where A is a matrix of the ground dissimilarities
for every pair of color bins.

Both distances (1) and (2) transform a ground distance
between the constituent el ements(col ors) into adistancebe-
tween distributions of those e ements. For (1), the ground
distance between two colorsis zero if they fal in the same
bin, and two otherwise, and this ground distance is made
into a distribution distance by simple addition. For (2),
the ground distances are the entries of A, derived from
psychophysics in [8], and the corresponding distribution
distance istheir quadratic mean (assuming proper normal-
ization).

The metric (1) overestimates distances because neigh-
boring bins are not considered when there is no match
between the exact corresponding bins in the two his-
tograms [13]. The metric (2) underestimates distances
because it tendsto accentuate the similarity of color distri-
butions without a pronounced mode [13].

Cumulative histogramswere proposed [ 13] to overcome
these limitations:

hi =" h;.

J<i

Although measuring distances between cumulative his-
tograms cures the problems mentioned above in one di-
mension, the relation j < i isnot atota ordering in more
dimensions, and theresulting arbitrarinessislikely to cause
problems. Another method proposed by [13] is to com-
pute the distance between distributions as the sum of the
weighted distance of the distributions' first three moments.
However, it is unclear how to tune the weights of the dif-
ferent moments, and the resulting measure is not a metric
distance.



In [11], the histogram unfolding method is introduced
for grey-level images and is extended to more dimensions
in[18]. An*“unfolded histogram” issimply theimage itself
reshaped to a vector and with its pixels sorted in incress-
ing order of value. The distance between two unfolded
histograms is then defined as the Z; norm of their vec-
tor difference. However, the computational complexity of
this method isvery high, because unfolded histograms are
as large as the origina pictures they come from. Even
more importantly, unfolded histograms, as the other meth-
ods described above, cannot be used for partial matching,
an essentia requirement for image retrieval.

3 TheEarth Mover’'sDistance

In this section we propose the Earth Mover’s Distance
(EMD) between distributionsin order to address the diffi-
cultiesdiscussed above. Intuitively, giventwodistributions,
one can be seen as amass of earth properly spread in space,
the other as a collection of holesin that same space. We
can always assume that there is at least as much earth as
needed to fill @l the holes to capacity by switching what
we call earth and what we call holes if necessary. Then,
the EMD measures the least amount of work needed to fill
the holes with earth. Here, a unit of work corresponds to
transporting a unit of earth by a unit of (ground) distance.

Computing the EMD is based on a solution to the old
transportationproblem[1]. Thisisabipartitenetwork flow
problem which can be formalized as the following linear
programming problem: Let 7 be a set of suppliers, J a
set of consumers, and ¢;; the cost to ship a unit of supply
fromi € Ztoj € J. Figure 1 shows an example with
three suppliers and two consumers. We want to find a set
of flows f;; that minimize the overall cost

chijfij ; ©)
i€ jeT

subject to the following constraints:

fiij > 0 i€Z,jed 4
ki o= v ied ©)
€1
Z fij < = €T, (6)
jeET

where z; isthetotal supply of supplier ¢ and y; isthetotal
capacity of consumer j. Constraint 4 allows shipping of
supplies from a supplier to a consumer and not vice versa.
Congtraint 5 forces the consumers to fill up al of their
capacities and constraint 6 limitsthe supply that a supplier
can send to itstotal amount. A feasibility conditionis that
the total demand does not exceed the total supply
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Figure 1: An example of a transportation problem with
three suppliersand two consumers.

The transportation problem can be naturally used for
signature matching by defining one signature as the sup-
plier and the other as the consumer, and solving the trans-
portation problem wherethe cost ¢;; isthe ground distance
between dlement i inthefirst signatureand element j inthe
second. When the total weights of the signatures are not
equa (partial matches), the smaller signature will be the
consumer in order to satisfy the feasibility condition. Once
thetransportation problemis solved, and we have found the
optimal flow I, the earth mover’'s distance is defined as

Yoier 2ojeg Ciilii | 2ier 2ojes Ciilis
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wherethe denominator isanormalization factor that avoids
favoring signatures with smaller total weights. In generdl,
the ground distance ¢;; can be any distance and it will be
chosen according to the problem at hand. Examples are
given in section 4.

Thus, the EMD naturally extends the notion of distance
between single elements to distance between sets of ele-
ments, or distributions. The advantages of the EMD over
previous definitionsof distributiondistances should now be
apparent. First, the EMD appliesto signatures, which sub-
sume histograms. The greater compactness and flexibility
of signaturesisinitself an advantage, and having adistance
mesasure that can handle these variable-size structures is
important. Second, the costs of moving “earth” reflect the
notion of nearness properly, without the quantization prob-
lems of most current measures. Even for histograms, in
fact, items from neighboring bins contribute similar costs.
Third, theEMD alowsfor partial matchesin anatural way.
Thisisimportant in order to deal with occlusionsand clut-
ter in image retrieval. Fourth, if the ground distance is a
metric and the total weights of two signatures are equal,
the EMD is a true metric. Computational advantages are
discussed in section 5.

4 Applicationsto Image Databases
In thissection we show afew examples of application of
the earth mover’s distance in the areas of color and texture

EMD(x,y) =



analysis. Because of how the human vision system ishuilt,
color lives naturally in a three dimensional space. Color
distributions, then, can describe the color contentsof entire
images.

Textures, on the other hand can be seen as mixtures of
sinusoidal signals. If phaseinformationisignored, asingle
texture can be seen as a distribution of signa energy in
the frequency domain. Thus, we compute EMDs between
singletextures, rather than between images with many tex-
tures. This may be expanded to EMDs between images
with many textures by considering the EMD between sin-
gle textures as the ground distance in a space of textures.
We do not pursue thisideain this paper.

In order to eval uate the meaningful ness of our new met-
ric when applied to color and texture, we use Multidimen-
sional Scaling (MDS) [12, 5] in order to embed the images
in atwo-dimensional Euclidean space so that distancesin
the embedding are as close as possible to the true EMDs
between the images.

TheMDS isintroducedinthe next section and examples
for color are given in section 4.2. MDS layouts aso lead
to anew method for navigating in a database of images, as
shown in section 4.3. Section 4.4 applies both EMD and
MDS to textures.

4.1 Multidimensional Scaling as a Perceptual
Evaluation Tool
Given a set of n objects together with the distances
di; between them, the Multi-Dimensional Scaling (MDS)
technique[12, 5] computesaconfiguration of points{p; } in
alow-dimensional Euclidean space R, (in our experiments
we use d = 2) so that the Euclidean distances

dij = llpi — pjll

between the points in R¢ match as well as possible the
original distances d;; between the corresponding objects.
Kruskal’s [5] formulation of this problem requires mini-
mizing the following quantity

1/2
STRESS | 220645 — ‘5217')2]
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with the additional constraint that the d;;s are in the same
rank ordering as the corresponding é;;S. STRESSisanon-
negative number that indicates how well distances are pre-
served inthe embedding. Zero STRESS indicates a perfect
fit. Rigid transformations and reflections can be applied to
the MDS result without changing the STRESS. Embedding
methods such as SVD and principa components analysis
are not appropriate here because our signaturesdo not form
alinear space, and we do not have pointsin any space, but
only non-Euclidean distances between points.

As we show in sections 4.2 and 4.4, performing MDS
on a set of images using the proper EMD automatically
reveals important perceptual features of color and texture
without the need for an explicit definition of the features
themselves.

4.2 Color Distributions

For the computation of the earth mover’s distance be-
tween color images, we use Euclidean distancein the CIE-
Lab color space [19] as the underlying ground distance
between individua colors. In this color space, short Eu-
clidean distances correlate strongly with human color dis-
crimination performance [19].

In order to produce figure 2 (in the color plates), colors
ineach of 1,000 color images from arather diverse set were
first clustered with ana gorithmbased on k-d-trees[9]. Asa
result, the color distributionof each imagewas summarized
by a handful of clusters, eight on the average. Clusters
were collected into signatures, as described in section 2,
and the (*%)°) earth mover's distances between every pair
of signatureswere computed. The corresponding distances
for atwo-dimensiona embedding were then computed by
the MDS agorithm (section 4.1), with a STRESS value of
0.146, to produce figure 2. Loosely speaking, images end
up being arranged according to their dominant lightness
and chroma values, as suggested by the arrows in figure
2, but atrend from more saturated colors at the periphery
of the display to less saturated and more complex color
distributionscloseto the center can al so be noticed. Images
with similar color distributionsare near one another, while
dissimilar images are far apart.

When images are closaly rel ated to each other, theMDS
display exposes more subtle similarities and differences
between images. This can be seen in figure 4 (¢) (in the
color plates), which displays 20 imageswith |arge expanses
of blue. Here the interpretation of the axes of the MDS
map (STRESS = 0.2) is different. One axis distinguishes
between images with or without plants (green vs. yel-
low/brown), and the other axis corresponds to the amount
of saturation of the (blue) sky.

4.3 Navigation

In image retrieval, we can use the MDS of the image
thumbnailsas anew display technique. Thisdisplay makes
it easy for the user to grasp a large set of returned images
at a glance, and decide where to go next. When the user
clicksthemouse on alocation of thedisplayed MDS, anew,
more specific query isautomatically generated, and returns
a smaler set of images. These are again displayed by a
new MDS, which now reflects the new dominant axes of
variation. Thus, the embeddings are adaptive, in the sense
that they use the screen’s real estate to emphasize whatever
happen to be the main differences and similarities among
the particular images at hand. By iterating this process, the



user is ableto quickly navigate to the portion of the image
space of interest. Rather than following a thin path of
images from query to query, asin the traditional approach,
the user now zoomsintotheimages of interest. Precisionis
added incrementally in subsequent query refinements, and
fewer and fewer images are displayed as the desired images
are approached.

An example of navigation using the color signatures
described in section 4.2 is given in figure 4 (in the color
plates). We are looking for images of deserts. Since we
don’'t know which colors can describe the desert ground
(yellow? brown?) we only specify 20 percent blue for
the sky and the rest 80 percent as “don’t care’, and ask
the system to return 500 images. The MDS embedding
of the returned images is shown in part (a) of the figure.
By glancing at the results, we see that images are sorted
from right to left by the amount of blue they contain, and
from bottom to top by the amount of illumination. We see
immediately that images of desertswill probably belocated
in the upper-center part of the map so we click there (the
location of the mouse click is indicated by a black blob
in the figure) and ask for 100 images. In the new MDS
map (b), images at the bottom have more desert ground,
images at the top have more plants (green), images a the
top-right have more sky. Clickingagainand askingfor only
20 images resultsin anew MDS display, shown in (c).

The MDS can be computed quite efficiently. On a SGI
Indigo 2, MDS of 100 images, including the computation
of the full distance matrix (4950 EMD’s), takes about four
seconds on average.

44 Texture

While color is a point-wise property of images, texture
involves a notion of spatial extent: a single point has no
texture. The Fourier spectrum of an image filled with a
singletexture can beseen asthedistribution of signa energy
over the two-dimensional domain of spatial frequencies.
Because Gabor filtersarelocaized on the spatia frequency
plane, the energies of their outputs can be seen as samples
of the Fourier spectrum of the given texture. Inthissection,
we use Gabor filters[3, 2, 7] to compute texture signatures.
More details about the derivation of the Gabor wavelets
and the choice of parameters can be found in [6]. We use
a log-polar coordinates with A/ = 5 scales, and L = 8§
orientations. Since our images are homogeneous textures,
we take as our texture features the spatial mean of the
energies of the Gabor responses, whichwecall Ej,,, where
l isthe orientation and m isthe scale.

We can now use the EMD as the distance measure be-
tween textures. To thisend, we define our ground distance
in the frequency domain to be the Euclidean distance in
log-polar space, with cyclic permutation being allowed on
the orientation axis. In order to have rotation-invariant

representations of texture, we use the fact that rotation in-
variance reduces to cyclic shiftsaong the orientation axis
in the log-polar space, to perform an exhaustive search for
the minima distance over al shifts in orientation. For-
mally, let t; and t, be two texture-signatures. An EMD
that isinvariant to texturerotationis

EMD(tl,tz) = min

.=0,...,L—1

EMD(tq, ta2,/;) ,

where EMD(t1, t2, ;) is the EMD with orientation shift
ls. Theground distanceis

||Ellym1 - El2,m2||2 = (Al)z + (Am)z ) (7)
where
Al = min(|11 —la+1; (mod L),
L—|11—12—|—15 (HlOd L)D s
Am = m; —msy.

A 2D MDS (with a STRESS value of 0.077) using the
rotation-invariant EMD on the texture-signaturesis shown
in figure 3 (in the color plates). One axis emphasizes the
directionality of the texture, where textures with one dom-
inant orientation (any orientation) are at the bottom-right,
and textures without a dominant orientation are at the top-
left. The other axisis the texture coarseness, from coarse
textures at the bottom-left to fine textures at the top-right.
It isinteresting to notice that coarseness and directionality
were found by psychophysical experiments by Tamura et
a. [15] to be the two most significant perceived texture
festures.

5 Efficiency considerations

Itisimportant that the EMD be computed efficiently, es-
pecially for image retrieval systems, where a large number
of distances is computed for every query. There are two
waystoachievethis. Thefirstisto have efficient algorithms
for the transportation problem. The second is to have easy
to compute lower bounds which can significantly reduce
the number of EMD’s that actually need to be computed
for an image retrieval query by ignoring “unpromising”
signatures.

Fortunately, efficient algorithmsexist. Weimplemented
the transportation-simplex method which is a streamlined
algorithm based on the simplex method [4]. For theinitial
basic feasible solution we used Russdll’s approximation
method [10]. On a SGI Indigo 2, for random pairs of color
images, each represented by a color-signature with eight
clusters on average, as described in section 4.2, dlightly
more than 1000 EMD’s were computed per second. When
a user defined color signature with only three clusters was
matched against color signatures of real images, more that
5000 EMD’s were computed per second.



An easy-to-compute lower bound between two signa-
tures with the same total weight is the distance between
their centroids. Let p; and ¢; be the coordinates of cluster
i inthefirst signature, and cluster j in the second signature
respectively. Then, using the notations of Eq. 3,

Z Z cijfij = Z Z llpi — a5l fi;

i€ jeTJ i€Z jeT
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= Z(Zfij)pi_Z(Zfij)QjH
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Using this lower bound in our color-based, 20,000-image
databaseretrieval system reducesthe number of EMD com-
putations on average by afactor of six.

6 Conclusonsand Future Work

The earth mover’'sdistanceisagenera and flexible met-
ric, and does not suffer from the binning problems of most
extant definitionsof distributiondistance. It allowsfor par-
tial matches, and it can be applied to variable-length repre-
sentations of distributions. It can be computed efficiently,
and lower bounds are readily available for it. Because of
these advantages, we believe that the EMD can be of use
both for understanding distributionsrelated to vision prob-
lems, as exemplified by our case studies with color and
texture, and as a fundamental element of image retrieval
systems.

More genera definitionsof asignatureare possible, and
can lead to more general EMD’s. For example, including
positional and geometric information to record the spatial
location and extent in the image of the cluster pixels.

Our analysis of texture similarity in particular has
brought forth a number of interesting open problems. For
instance, how can the shortest distance between two signa-
tures be computed if either of them is allowed to undergo
a transformation from a predefined group a no cost? An
answer to this question would lead to a more direct ap-
proach to the issue of invariance when comparing textures
or other features. Also, can distances between images with
many textures be computed efficiently by using the earth
mover's metricitself asaground distancefor ahigher level
comparisons between distributionsof textures? We planto
pursue these issues in our future research.

Finally, it wouldbeinteresting to apply theearth mover's
distanceto other vision problems such as classification and
recognition based on other types of visua cues. In fact,

we surmise that the EMD may be a useful metric also for
problems outside the realm of computer vision.
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Figure2: 2D MDS of 1000 random color images using EMD between color signatures.
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Figure 3: 2D MDS of 20 textures with rotation invariance.
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Figure 4. Looking for a desert landscape. (a) 500 images. (b) 100 images. (c) 20 images. The black dots show where the
user clicked for the subsequent queries.



