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Abstract. Random projection is a simple technique that has had a
number of applications in algorithm design. In the context of machine
learning, it can provide insight into questions such as “why is a learning
problem easier if data is separable by a large margin?” and “in what sense
is choosing a kernel much like choosing a set of features?” This talk is
intended to provide an introduction to random projection and to survey
some simple learning algorithms and other applications to learning based
on it. I will also discuss how, given a kernel as a black-box function, we
can use various forms of random projection to extract an explicit small
feature space that captures much of what the kernel is doing. This talk
is based in large part on work in [BB05, [BBV04] joint with Nina Balcan
and Santosh Vempala.

1 Introduction

Random projection is a technique that has found substantial use in the area
of algorithm design (especially approximation algorithms), by allowing one to
substantially reduce dimensionality of a problem while still retaining a significant
degree of problem structure. In particular, given n points in Euclidean space
(of any dimension but which we can think of as R™), we can project these
points down to a random d-dimensional subspace for d < n, with the following
outcomes:

1. If d = w(Z logn) then Johnson-Lindenstrauss type results (described below)
imply that with high probability, relative distances and angles between all
pairs of points are approximately preserved up to 1 4 +.

2. If d = 1 (i.e., we project points onto a random line) we can often still get
something useful.

Projections of the first type have had a number of uses including fast approxi-
mate nearest-neighbor algorithms [IM98|, [EK00] and approximate clustering al-
gorithms [Sch00] among others. Projections of the second type are often used
for “rounding” a semidefinite-programming relaxation, such as for the Max-CUT
problem [GW95], and have been used for various graph-layout problems [Vem9§].

The purpose of this survey is to describe some ways that this technique can
be used (either practically, or for providing insight) in the context of machine
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learning. In particular, random projection can provide a simple way to see why
data that is separable by a large margin is easy for learning even if data lies
in a high-dimensional space (e.g., because such data can be randomly projected
down to a low dimensional space without affecting separability, and therefore
it is “really” a low-dimensional problem after all). It can also suggest some
especially simple algorithms. In addition, random projection (of various types)
can be used to provide an interesting perspective on kernel functions, and also
provide a mechanism for converting a kernel function into an explicit feature
space.

The use of Johnson-Lindenstrauss type results in the context of learning was
first proposed by Arriaga and Vempala [AV99], and a number of uses of random
projection in learning are discussed in [Vem04]. Experimental work on using
random projection has been performed in [FMO03] [GBNO05|, [Das00]. This survey,
in addition to background material, focuses primarily on work in [BB05, BBV04].
Except in a few places (e.g., Theorem [I] Lemma [Il) we give only sketches and
basic intuition for proofs, leaving the full proofs to the papers cited.

1.1 The Setting

We are considering the standard PAC-style setting of supervised learning from
i.i.d. data. Specifically, we assume that examples are given to us according to
some probability distribution D over an instance space X and labeled by some
unknown target function ¢ : X — {—1,+1}. We use P = (D, ¢) to denote the
combined distribution over labeled examples. Given some sample S of labeled
training examples (each drawn independently from D and labeled by c¢), our
objective is to come up with a hypothesis h with low true error: that is, we want
Pry~p(h(z) # c(x)) to be low. In the discussion below, by a “learning problem”
we mean a distribution P = (D, ¢) over labeled examples.

In the first part of this survey (Sections 2l and Bl), we will think of the input
space X as Euclidean space, like R™. In the second part (Section Hl), we will
discuss kernel functions, in which case one should think of X as just some ab-
stract space, and a kernel function K : X x X — [—1,1] is then some function
that provides a measure of similarity between two input points. Formally, one
requires for a legal kernel K that there exist some implicit function ¢ mapping X
into a (possibly very high-dimensional) space, such that K (z,y) = ¢(z)-¢(y). In
fact, one interesting property of some of the results we discuss is that they make
sense to apply even if K is just an arbitrary similarity function, and not a “legal”
kernel, though the theorems make sense only if such a ¢ exists. Extensions of
this framework to more general similarity functions are given in [BB0G].

Definition 1. We say that a set S of labeled examples is linearly separable
by margin v if there exists a unit-length vector w such that:

in [{(w - > .
min [t - 2)/ ] = 5

That is, the separator w - x > 0 has margin « if every labeled example in S is
correctly classified and furthermore the cosine of the angle between w and x has
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magnitude at least 'y For simplicity, we are only considering separators that
pass through the origin, though results we discuss can be adapted to the general
case as well.

We can similarly talk in terms of the distribution P rather than a sample S.

Definition 2. We say that P is linearly separable by margin ~ if there
erists a unit-length vector w such that:

P L(w - <~v]=0,
P 16w 2)/lfal] <)
and we say that P is separable with error o at margin ~ if there exists a
unit-length vector w such that:

JPr w2/ lal| <] < .

A powerful theoretical result in machine learning is that if a learning problem is
linearly separable by a large margin v, then that makes the problem “easy” in the
sense that to achieve good generalization one needs only a number of examples
that depends (polynomially) on 1/7, with no dependence on the dimension of
the ambient space X that examples lie in. In fact, two results of this form are:

1. The classic Perceptron Convergence Theorem that the Perceptron Algorithm
makes at most 1/4? mistakes on any sequence of examples separable by
margin v [Blo62, Nov62, [MP69]. Thus, if the Perceptron algorithm is run
on a sample of size 1/(ey?), the expected error rate of its hypothesis at a
random point in time is at most e. (For further results of this form, see
[Lit89, [FS99]).

2. The more recent margin bounds of [STBWA9S| BST99| that state that
|S] = O(%[,yi2 1og2(%) + log #]) is sufficient so that with high probability,
any linear separator of S with margin - has true error at most e. Thus, this
provides a sample complexity bound that applies to any algorithm that finds
large-margin separators.

In the next two sections, we give two more ways of seeing why having a large
margin makes a learning problem easy, both based on the idea of random
projection.

2 An Extremely Simple Learning Algorithm

In this section, we show how the idea of random projection can be used to get an
extremely simple algorithm (almost embarrassingly so) for weak-learning, with

! Often margin is defined without normalizing by the length of the examples, though
in that case the “y?” term in sample complexity bounds becomes “y?/R?”, where R
is the maximum ||z|| over € S. Technically, normalizing produces a stronger bound
because we are taking the minimum of a ratio, rather than the ratio of a minimum
to a maximum.
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error rate 1/2 — /4, whenever a learning problem is linearly separable by some
margin . This can then be plugged into Boosting [Sch90, [FS97], to achieve
strong-learning. This material is taken from [BB05].

In particular, the algorithm is as follows.

Algorithm 1 (Weak-learning a linear separator)

1. Pick a random linear separator. Specifically, choose a random unit-length
vector h and consider the separator h - x > 0. (Equivalently, project data to
the 1-dimensional line spanned by h and consider labeling positive numbers
as positive and negative numbers as negative.)

2. Ewaluate the error of the separator selected in Step 1. If the error is at most
1/2 — v/4 then halt with success, else go back to 1.

Theorem 1. If P is separable by margin v then a random linear separator will
have error at most 3 — /4 with probability £2(v).

In particular, Theorem [ implies that the above algorithm will in expectation
repeat only O(1/v) times before halting

Proof. Consider a (positive) example x such that x - w*/||z|| > v. The angle
between 2 and w* is then some value a@ < 7/2 — 7. Now, a random vector h,
when projected onto the 2-dimensional plane defined by = and w*, looks like a
random vector in this plane. Therefore, we have (see Figure [I]):

f}’zr(h'x§0|h'w* >0)=a/r<1/2—v/7.

Similarly, for a negative example z, for which = - w*/||z|| < —~, we have:

l;r(h-x20|h-w* >0)<1/2—~/n.

Therefore, if we define h(x) to be the classifier defined by h -z > 0, we have:
Elerr(h)|h-w* > 0] < 1/2 —~/7.

Finally, since the error rate of any hypothesis is bounded between 0 and 1, and
a random vector h has a 1/2 chance of satisfying h - w* > 0, it must be the case
that:

Prplerr(h) < 1/2—v/4] = 02(v). O

2 For simplicity, we have presented Algorithm [ as if it can exactly evaluate the true
error of its chosen hypothesis in Step 2. Technically, we should change Step 2 to
talk about empirical error, using an intermediate value such as 1/2 — «/6. In that
case, sample size O(%2 log %) is sufficient to be able to run Algorithm [l for O(1/7)
repetitions, and evaluate the error rate of each hypothesis produced to sufficient
precision.
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W*

Fig. 1. For random h, conditioned on h - w* > 0, we have Pr(h -z < 0) = /7 and
Pr(h-z>0)=1—-a/r

3 The Johnson-Lindenstrauss Lemma

The Johnson-Lindenstrauss Lemma [JL84, [DG02, IM98] states that given a set
S of points in R", if we perform an orthogonal projection of those points onto a
random d-dimensional subspace, then d = O(%z log |S|) is sufficient so that with
high probability all pairwise distances are preserved up to 14+ (up to scaling).
Conceptually, one can think of a random projection as first applying a random
rotation to R™ and then reading off the first d coordinates. In fact, a number of
different forms of “random projection” are known to work (including some that
are especially efficient to perform computationally, considered in [Ach03][AV99]).
In particular, if we think of performing the projection via multiplying all points,
viewed as row-vectors of length n, by an n x d matrix A, then several methods
for selecting A that provide the desired result are:

1. Choosing its columns to be d random orthogonal unit-length vectors (a true
random orthogonal projection).

2. Choosing each entry in A independently from a standard Gaussian (so the
projection can be viewed as selecting d vectors uy, us, . . ., uq from a spherical
gaussian and mapping a point p to (p- u1,...,p - uqg).

3. Choosing each entry in A to be 1 or —1 independently at random.

Some especially nice proofs for the Johnson-Lindenstrauss Lemma are given by
Indyk and Motwani [IM98] and Dasgupta and Gupta [DGO02]. Here, we just
give the basic structure and intuition for the argument. In particular, consider
two points p; and p; in the input and their difference v;; = p; — p;. So, we
are interested in the length of v;; A. Fixing v;j, let us think of each of the d
coordinates yi,...,yq in the vector y = v;;A as random variables (over the
choice of A). Then, in each form of projection above, these d random variables are
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nearly independent (in fact, in forms (2) and (3) they are completely independent
random variables). This allows us to use a Chernoff-style bound to argue that
d= O(%z log %) is sufficient so that with probability 1 — 6, y? + ...+ y2 will be
within 14+ of its expectation. This in turn implies that the length of y is within
1 £~ of its expectation. Finally, using § = o(1/n?) we have by the union bound
that with high probability this is satisfied simultaneously for all pairs of points
Di, p; in the input.

Formally, here is a convenient form of the Johnson-Lindenstrauss Lemma
given in [AV99]. Let N(0,1) denote the standard Normal distribution with mean
0 and variance 1, and U(—1,1) denote the distribution that has probability 1/2
on —1 and probability 1/2 on 1.

Theorem 2 (Neuronal RP [AV99]). Let u,v € R". Letu' = %UA and v’ =
%UA where A is a n x d random matrixz whose entries are chosen independently

from either N(0,1) or U(—1,1). Then,
Pr{(L =)l —ol® < [l =/ < (14 y)[[u—v]P] > 1 - 275,

Theorem [2 suggests a natural learning algorithm: first randomly project data
into a lower dimensional space, and then run some other algorithm in that space,
taking advantage of the speedup produced by working over fewer dimensions.
Theoretical results for some algorithms of this form are given in [AV99], and
experimental results are given in [FMO03], [GBN05| [Das00].

3.1 The Johnson-Lindenstrauss Lemma and Margins

The Johnson-Lindenstrauss lemma provides a particularly intuitive way to see
why one should be able to generalize well from only a small amount of training
data when a learning problem is separable by a large margin. In particular,
imagine a set S of data in some high-dimensional space, and suppose that we
randomly project the data down to R%. By the Johnson-Lindenstrauss Lemma,
d = O(y"%1og|9]|) is sufficient so that with high probability, all angles between
points (viewed as vectors) change by at most +~v/ 28 m particular, consider
projecting all points in S and the target vector w*; if initially data was separable
by margin -, then after projection, since angles with w* have changed by at most
v/2, the data is still separable (and in fact separable by margin +/2). Thus, this
means our problem was in some sense really only a d-dimensional problem after
all. Moreover, if we replace the “log|S|” term in the bound for d with “log %”,
then we can use Theorem [2] to get that with high probability at least a 1 — ¢
fraction of S will be separable. Formally, talking in terms of the true distribution
P, one can state the following theorem. (Proofs appear in, e.g., [AV99, BBV04].)

3 The Johnson-Lindenstrauss Lemma talks about relative distances being approxi-
mately preserved, but it is a straightforward calculation to show that this implies
angles must be approximately preserved as well.
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Theorem 3. If P is linearly separable by margin ~y, then d = O (%2 10g($)> is

sufficient so that with probability at least 1 — 68, a random projection down to R®
will be linearly separable with error at most € at margin v/2.

So, Theorem [3] can be viewed as stating that a learning problem separable by
margin v is really only an “O(1/v?)-dimensional problem” after all.

4 Random Projection, Kernel Functions, and Feature
Selection

4.1 Introduction

Kernel functions [BGV92, [CV95] [FS99, MMR 01} [STBWAO9S| [Vap98| have be-
come a powerful tool in Machine Learning. A kernel function can be viewed
as allowing one to implicitly map data into a high-dimensional space and to
perform certain operations there without paying a high price computationally.
Furthermore, margin bounds imply that if the learning problem has a large
margin linear separator in that space, then one can avoid paying a high price in
terms of sample size as well.

Combining kernel functions with the Johnson-Lindenstrauss Lemma (in par-
ticular, Theorem [B] above), we have that if a learning problem indeed has the
large margin property under kernel K(z,y) = ¢(z) - ¢(y), then a random lin-
ear projection of the “¢-space” down to a low dimensional space approximately
preserves linear separability. This means that for any kernel K under which
the learning problem is linearly separable by margin v in the ¢-space, we can, in
principle, think of K as mapping the input space X into an O(1/+?)-dimensional
space, in essence serving as a method for representing the data in a new (and
not too large) feature space.

The question we now consider is whether, given kernel K as a black-box
function, we can in fact produce such a mapping efficiently. The problem with the
above observation is that it requires explicitly computing the function ¢(z). Since
for a given kernel K, the dimensionality of the ¢-space might be quite large, this
is not efficient[d Instead, what we would like is an efficient procedure that given
K(.,.) as a black-box program, produces a mapping with the desired properties
using running time that depends (polynomially) only on 1/ and the time to
compute the kernel function K, with no dependence on the dimensionality of
the ¢-space. This would mean we can effectively convert a kernel K that is good
for some learning problem into an explicit set of features, without a need for
“kernelizing” our learning algorithm. In this section, we describe several methods
for doing so; this work is taken from [BBV04].

Specifically, we will show the following. Given black-box access to a kernel
function K(z,y), access to unlabeled examples from distribution D, and para-
meters v, €, and §, we can in polynomial time construct a mapping F : X — R?

4 In addition, it is not totally clear how to apply Theorem [ if the dimension of the
¢-space is infinite.
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(i.e., to a set of d real-valued features) where d = O (v% log %), such that if the

target concept indeed has margin « in the ¢-space, then with probability 1 — ¢
(over randomization in our choice of mapping function), the induced distribution
in R? is separable with error < e. In fact, not only will the data in R¢ be sepa-
rable, but it will be separable with a margin v = £2(v). (If the original learning
problem was separable with error o at margin « then the induced distribution
is separable with error o + € at margin +'.)

To give a feel of what such a mapping might look like, suppose we are will-
ing to use dimension d = O(é[%2 +In #]) (so this is linear in 1/e rather than
logarithmic) and we are not concerned with preserving margins and only want
approximate separability. Then we show the following especially simple proce-
dure suffices. Just draw a random sample of d unlabeled points z1, ..., x4 from
D and define F(z) = (K (z,21), ..., K(z,24))H That is, if we think of K not so
much as an implicit mapping into a high-dimensional space but just as a simi-
larity function over examples, what we are doing is drawing d “reference” points
and then defining the ith feature of x to be its similarity with reference point
i. Corollary [ (in Section below) shows that under the assumption that the
target function has margin « in the ¢ space, with high probability the data will
be approximately separable under this mapping. Thus, this gives a particularly
simple way of using the kernel and unlabeled data for feature generation.

Given these results, a natural question is whether it might be possible to
perform mappings of this type without access to the underlying distribution. In
Section we show that this is in general not possible, given only black-box
access (and polynomially-many queries) to an arbitrary kernel K. However, it
may well be possible for specific standard kernels such as the polynomial kernel
or the gaussian kernel.

4.2 Additional Definitions

In analogy to Definition B, we will say that P is separable by margin v in
the ¢-space if there exists a unit-length vector w in the ¢-space such that
Pro~p [l(w - ¢(x))/||0(x)|| <v] = 0, and similarly that P is separable with
error « at margin 7 in the ¢-space if the above holds with “= 0” replaced by
“<a”.

For a set of vectors vy, vs,...,v; in Euclidean space, let span(vy,...,vx)
denote the span of these vectors: that is, the set of vectors u that can be written
as a linear combination ai1v; + ...+ agvi. Also, for a vector u and a subspace
Y, let proj(u,Y’) be the orthogonal projection of v down to Y. So, for instance,
proj(u, span(vy,...,vx)) is the orthogonal projection of u down to the space
spanned by v1,...,v5. We note that given a set of vectors vy,...,v; and the
ability to compute dot-products, this projection can be computed efficiently by
solving a set of linear equalities.

5 In contrast, the Johnson-Lindenstrauss Lemma as presented in Theorem [ would
draw d Gaussian (or uniform {—1,+1}) random points 71, ...,74 in the ¢-space and
define F(z) = (¢p(x) - r1,...,¢(x) - 74).
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4.3 Two Simple Mappings

Our goal is a procedure that given black-box access to a kernel function K(.,.),
unlabeled examples from distribution D, and a margin value -y, produces a map-
ping F : X — R with the following property: if the target function indeed has
margin 7 in the ¢-space, then with high probability F' approximately preserves
linear separability. In this section, we analyze two methods that both produce a
space of dimension O(%[v% + In 1]), such that with probability 1 — § the result
is separable with error at most €. The second of these mappings in fact satisfies
a stronger condition that its output will be approximately separable at margin
v/2 (rather than just approximately separable). This property will allow us to
use this mapping as a first step in a better mapping in Section .4l
The following lemma is key to our analysis.

Lemma 1. Consider any distribution over labeled examples in Euclidean space
such that there exists a linear separator w - x = 0 with margin . If we draw

8[1 1
d>—[—2+ln—}
Y

T € 0
examples z1, . . . , zq iid from this distribution, with probability > 1—20, there exists
a vector w' in span(zy, ..., zq) that has error at most € at margin v/2.

Remark 1. Before proving Lemmal[Il we remark that a somewhat weaker bound
on d can be derived from the machinery of margin bounds. Margin bounds
[STBWASS, BST99] tell us that using d = O(L[Z log(=) +log }]) points, with
probability 1 —0, any separator with margin > v over the observed data has true
error < €. Thus, the projection of the target function w into the space spanned
by the observed data will have true error < ¢ as well. (Projecting w into this
space maintains the value of w - z;, while possibly shrinking the vector w, which
can only increase the margin over the observed data.) The only technical issue
is that we want as a conclusion for the separator not only to have a low error
rate over the distribution, but also to have a large margin. However, this can
be obtained from the double-sample argument used in [STBWA9S, [BST99] by
using a 7 /4-cover instead of a «/2-cover. Margin bounds, however, are a bit of
an overkill for our needs, since we are only asking for an existential statement
(the ezistence of w') and not a universal statement about all separators with
large empirical margins. For this reason we are able to get a better bound by a
direct argument from first principles.

Proof (Lemmaldl). For any set of points S, let w;,(S) be the projection of w to
span(.S), and let wyy:(S) be the orthogonal portion of w, so that w = w;, (S) +
Wout (S) and w;p, (S) L weyt (). Also, for convenience, assume w and all examples
z are unit-length vectors (since we have defined margins in terms of angles, we
can do this without loss of generality). Now, let us make the following definitions.
Say that weye(S) is large if Pr,(Jwout(S) - 2| > 7/2) > ¢, and otherwise say
that weyut(S) is small. Notice that if we,:(S) is small, we are done, because
w-z = (Win(S) - 2) + (Wout (S) - 2), which means that w;y,(S) has the properties
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we want. That is, there is at most an ¢ probability mass of points z whose dot-
product with w and w;,, (S) differ by more than /2. So, we need only to consider
what happens when wy,:(S) is large.

The crux of the proof now is that if we,:(S) is large, this means that a
new random point z has at least an e chance of significantly improving the
set S. Specifically, consider z such that |wey:(S) - z| > v/2. Let 2 (S) be the
projection of z to span(S), let zou:(S) = 2 — 2, (S) be the portion of z orthogonal
to span(S), and let 2’ = 25ut(S)/||2out (S)||- Now, for " = S U {z}, we have
Wout (S) = Wout (S) — Proj(weut (S), span(S")) = weut (S) — (Wout (S) - 2’)2’, where
the last equality holds because wey:(S) is orthogonal to span(S) and so its
projection onto span(S’) is the same as its projection onto z’. Finally, since
Wout (S”) is orthogonal to 2’ we have ||wout (S)|1? = |[wout (9)]]? — |wout (S) - 2|2,
and since |Wout(S) « 2’| > |wout(S) « Zout(S)| = |wout(S) - z|, this implies by
definition of z that |[wews (8")][2 < ||weut (S)]|2 = (7/2)°.

So, we have a situation where so long as wy,: is large, each example has
at least an e chance of reducing ||weu||?> by at least ¥2/4, and since ||w||?> =
|[wout (M)]|* = 1, this can happen at most 4/9? times. Chernoff bounds state

that a coin of bias ¢ flipped n = 8 [7% + In %} times will with probability 1 — 6

&€

have at least ne/2 > 4/~42 heads. Together, these imply that with probability at
least 1 — 6, wout(S) will be small for S| > 2 ['v% +1In %} as desired. O

Lemma [T implies that if P is linearly separable with margin v under K, and we
draw d = g[,y% +1In %] random unlabeled examples z1, ..., z, from D, then with
probability at least 1 — é there is a separator w’ in the ¢-space with error rate
at most € that can be written as

w = 041¢(£L'1) +...+ ad¢(gcd).

Notice that since w'- ¢(z) = an K (x,21) +. ..+ agK (2, z4), an immediate impli-
cation is that if we simply think of K (x, ;) as the ith “feature” of  — that is,
if we define Fy(x) = (K(z,21),...,K(z,24)) — then with high probability the
vector (o, ...,qq) is an approximate linear separator of Fy(P). So, the kernel
and distribution together give us a particularly simple way of performing fea-
ture generation that preserves (approximate) separability. Formally, we have the
following.

Corollary 1. If P has margin v in the ¢-space, then with probability > 1 — 6,

if x1,...,2q are drawn from D for d = g [,%2 + 1n% , the mapping

Fi(z) = (K(z,21),...,K(x,24))

produces a distribution Fy(P) on labeled examples in R® that is linearly separable
with error at most €.

Unfortunately, the above mapping F; may not preserve margins because we
do not have a good bound on the length of the vector (ai,...,as) defining
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the separator in the new space, or the length of the examples Fj(x). The key
problem is that if many of the ¢(z;) are very similar, then their associated
features K (z,x;) will be highly correlated. Instead, to preserve margin we want
to choose an orthonormal basis of the space spanned by the ¢(z;): i.e., to do an
orthogonal projection of ¢(z) into this space. Specifically, let S = {x1, ..., zq4} be
a set of g[,yl—2 + In }] unlabeled examples from D as in Corollary [[l We can then
implement the desired orthogonal projection of ¢(z) as follows. Run K(z,y)
for all pairs =,y € S, and let M(S) = (K (x4,2;))s, 2,es be the resulting kernel
matrix. Now decompose M (S) into UTU, where U is an upper-triangular matrix.
Finally, define the mapping Fy : X — R% to be Fy(x) = Fy(z)U~!, where F}
is the mapping of Corollary [[l This is equivalent to an orthogonal projection of
¢(z) into span(p(x1),...,P(xq)). Technically, if U is not full rank then we want
to use the (Moore-Penrose) pseudoinverse [BIG74] of U in place of U L.

By Lemma[I] this mapping F5 maintains approximate separability at margin
v/2 (See [BBV04] for a full proof):

Theorem 4. If P has margin vy in the ¢-space, then with probability > 1 — 6,
the mapping Fy : X — R? for d > g [V% + In %} has the property that Fo(P) is
linearly separable with error at most € at margin /2.

Notice that the running time to compute Fa(z) is polynomial in 1/7,1/e,1/6
and the time to compute the kernel function K.

4.4 An Improved Mapping

We now describe an improved mapping, in which the dimension d has only
a logarithmic, rather than linear, dependence on 1/e. The idea is to perform
a two-stage process, composing the mapping from the previous section with
an additional Johnson-Lindenstrauss style mapping to reduce dimensionality
even further. Thus, this mapping can be thought of as combining two types of
random projection: a projection based on points chosen at random from D, and
a projection based on choosing points uniformly at random in the intermediate
space.

In particular, let Fy : X — R be the mapping from Section A3 using ¢/2
and §/2 as its error and confidence parameters respectively. Let F: R — Ris
be a random projection as in Theorem [2. Then consider the overall mapping
F3: X — R% to be F3(x) = F(Fy(x)).

We now claim that for dy = O(%[,yi2 +In3]) and dy = O(,Y%log(%)), with
high probability, this mapping has the desired properties. The basic argument is
that the initial mapping F» maintains approximate separability at margin /2 by
Lemma [I], and then the second mapping approximately preserves this property
by Theorem [2 In particular, we have (see [BBV04] for a full proof):

Theorem 5. If P has margin v in the ¢-space, then with probability at least
1 -6, the mapping F3 = FoF,:X — R%, for values do = O (l [,%2 +In %D

€
and d3 = O (,Y% log(s%)>, has the property that F3(P) is linearly separable with

error at most € at margin /4.
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As before, the running time to compute our mappings is polynomial in 1/7,
1/e,1/6 and the time to compute the kernel function K.

Since the dimension dz of the mapping in Theorem [ is only logarithmic in
1/e, this means that if P is perfectly separable with margin 7 in the ¢-space,
we can set € to be small enough so that with high probability, a sample of size
O(dslogds) would be perfectly separable. That is, we could use an arbitrary
noise-free linear-separator learning algorithm in R% to learn the target concept.
However, this requires using dy = O(1/7%) (i.e., O(1/4*) unlabeled examples to
construct the mapping).

Corollary 2. Given e’,6,v < 1, if P has margin v in the ¢-space, then O( 1)
unlabeled examples are suﬁiczent so that with probability 1—6, mapping F3 : X —
R has the property that F3(P) is linearly separable with error o(¢'/(dzlogds)),
where d3 = O(=3 L log - v6)

4.5 A Few Extensions

So far, we have assumed that the distribution P is perfectly separable with mar-
gin «v in the ¢-space. Suppose, however, that P is only separable with error
a at margin v. That is, there exists a vector w in the ¢-space that correctly
classifies a 1 — « probability mass of examples by margin at least v, but the
remaining « probability mass may be either within the margin or incorrectly
classified. In that case, we can apply all the previous results to the 1 — « portion
of the distribution that is correctly separated by margin v, and the remain-
ing « probability mass of examples may or may not behave as desired. Thus
all preceding results (Lemma [l Corollary [I, Theorem [ and Theorem Bl still
hold, but with e replaced by (1 — a)e + « in the error rate of the resulting
mapping.

Another extension is to the case that the target separator does not pass
through the origin: that is, it is of the form w - ¢(x) > B for some value 3.
If our kernel function is normalized, so that ||¢(z)|| = 1 for all © € X, then
all results carry over dlrectly note that one can normalize any kernel K by
defining K (z,2') = K(x,2')/+/K (z,z)K (¢, 2")). In particular, all our results
follow from arguments showmg that the cosine of the angle between w and
¢(z) changes by at most € due to the reduction in dimension. If the kernel is
not normalized, then results still carry over if one is willing to divide by the
maximum value of ||¢(z)||, but we do not know if results carry over if one wishes
to be truly translation-independent, say bounding only the radius of the smallest
ball enclosing all ¢(z) but not necessarily centered at the origin.

4.6 On the Necessity of Access to D

Our algorithms construct mappings F' : X — R? using black-box access to
the kernel function K(z,y) together with unlabeled examples from the input
distribution D. It is natural to ask whether it might be possible to remove the
need for access to D. In particular, notice that the mapping resulting from the
Johnson-Lindenstrauss lemma has nothing to do with the input distribution:
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if we have access to the ¢-space, then no matter what the distribution is, a
random projection down to R% will approximately preserve the existence of a
large-margin separator with high probabﬂityﬁ So perhaps such a mapping F
can be produced by just computing K on some polynomial number of cleverly-
chosen (or uniform random) points in X. (Let us assume X is a “nice” space
such as the unit ball or {0, 1}" that can be randomly sampled.) In this section,
we show this is not possible in general for an arbitrary black-box kernel. This
leaves open, however, the case of specific natural kernels.

One way to view the result of this section is as follows. If we define a fea-
ture space based on dot-products with uniform or gaussian-random points in
the ¢-space, then we know this will work by the Johnson-Lindenstrauss lemma.
However, this requires explicit access to the ¢-space. Alternatively, using Corol-
lary [[l we can define features based on dot-products with points ¢(z) for x € X,
which only requires implicit access to the ¢-space through the kernel. However,
this procedure needs to use D to select the points . What we show here is that
such use of D is necessary: if we define features based on points ¢(z) for uniform
random z € X, or any other distribution that does not depend on D, then there
will exist kernels for which this does not work.

We demonstrate the necessity of access to D as follows. Consider X = {0,1}",
let X’ be a random subset of 2"/2 elements of X, and let D be the uniform dis-
tribution on X’. For a given target function ¢, we will define a special ¢-function
¢ such that c is a large margin separator in the ¢-space under distribution D,
but that only the points in X’ behave nicely, and points not in X’ provide no
useful information. Specifically, consider ¢. : X — R? defined as:

(1,0) ifo g X'
de(x) = ¢ (—1/2, Vv3/2) ifz e X’ and c(z) =1
(=1/2,—+/3/2) if z € X" and ¢(z) = —1

See figure 2l This then induces the kernel:

1 if x,y € X' or [z,y € X' and ¢(x) = ¢(y)]
Ke(z,y) = {—1/2 otherwise

Notice that the distribution P = (D, ¢) over labeled examples has margin v =
V/3/2 in the ¢-space.

Theorem 6. Suppose an algorithm makes polynomially many calls to a black-
box kernel function over input space {0, 1}™ and produces a mapping F : X — R?
where d is polynomial in n. Then for random X' and random c in the above
construction, with high probability F(P) will not even be weakly-separable (even
though P has margin v = \/3/2 in the ¢-space).

5 To be clear about the order of quantification, the statement is that for any distrib-
ution, a random projection will work with high probability. However, for any given
projection, there may exist bad distributions. So, even if we could define a mapping
of the sort desired, we would still expect the algorithm to be randomized.
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x in X’
c(x)=1

120 x not in X’

xin X’
c(x)=—1

Fig. 2. Function ¢. used in lower bound

Proof Sketch: Consider any algorithm with black-box access to K attempting
to create a mapping F : X — R Since X’ is a random exponentially-small
fraction of X, with high probability all calls made to K when constructing the
function F are on inputs not in X’. Let us assume this indeed is the case. This
implies that (a) all calls made to K when constructing the function F' return the
value 1, and (b) at “runtime” when z chosen from D (i.e., when F is used to map
training data), even though the function F'(z) may itself call K (x,y) for different
previously-seen points y, these will all give K (x,y) = —1/2. In particular, this
means that F(z) is independent of the target function c. Finally, since X’ has
size 2"/2 and d is only polynomial in n, we have by simply counting the number
of possible partitions of F(X’) by halfspaces that with high probability F(P)
will not even be weakly separable for a random function ¢ over X’. Specifically,
for any given halfspace, the probability over choice of ¢ that it has error less than
1/2 — € is exponentially small in |X'| (by Hoeffding bounds), which is doubly-
exponentially small in n, whereas there are “only” 29(4") possible partitions by
halfspaces. a

The above construction corresponds to a scenario in which “real data” (the
points in X’) are so sparse and special that an algorithm without access to D
is not able to construct anything that looks even remotely like a real data point
by itself (e.g., examples are pixel images of outdoor scenes and yet our poor
learning algorithm has no knowledge of vision and can only construct white
noise). Furthermore, it relies on a kernel that only does something interesting on
the real data (giving nothing useful for ¢ X’). It is conceivable that positive
results independent of the distribution D can be achieved for standard, natural
kernels.
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5 Conclusions and Open Problems

This survey has examined ways in which random projection (of various forms)
can provide algorithms for, and insight into, problems in machine learning. For
example, if a learning problem is separable by a large margin ~, then a ran-
dom projection to a space of dimension O(%2 log %) will with high probability
approximately preserve separability, so we can think of the problem as really
an O(1/4?)-dimensional problem after all. In addition, we saw that just pick-
ing a random separator (which can be thought of as projecting to a random
1-dimensional space) has a reasonable chance of producing a weak hypothesis.

We also saw how given black-box access to a kernel function K and a distri-
bution D (i.e., unlabeled examples) we can use K and D together to construct a
new low-dimensional feature space in which to place the data that approximately
preserves the desired properties of the kernel. Thus, through this mapping, we
can think of a kernel as in some sense providing a distribution-dependent feature
space. One interesting aspect of the simplest method considered, namely choos-
ing 1, ...,2q from D and then using the mapping x — (K (x,z1),..., K(z,z4)),
is that it can be applied to any generic “similarity” function K (x,y), even those
that are not necessarily legal kernels and do not necessarily have the same inter-
pretation as computing a dot-product in some implicit ¢-space. Recent results
of [BBO6] extend some of these guarantees to this more general setting.

One concrete open question is whether, for natural standard kernel functions,
one can produce mappings F : X — R? in an oblivious manner, without using
examples from the data distribution. The Johnson-Lindenstrauss lemma tells us
that such mappings exist, but the goal is to produce them without explicitly
computing the ¢-function. Barring that, perhaps one can at least reduce the
unlabeled sample-complexity of our approach. On the practical side, it would
be interesting to further explore the alternatives that these (or other) mappings
provide to widely used algorithms such as SVM and Kernel Perceptron.
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