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Why not just use one-Nearest Neighbor?

• Discontinuities
• Fits the noise
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k-Nearest Neighbor (here k=9)

K-nearest neighbor for function fitting smoothes away noise, but 
there are clear deficiencies.
What can we do about all the discontinuities that k-NN gives us?

Fits much less of the noise, 
captures trends. But still, 
frankly, pathetic compared 
with linear regression.

Appalling behavior! Loses 
all the detail that join-
the-dots and 1-nearest-
neighbor gave us, yet 
smears the ends.

A magnificent job of noise-
smoothing. Three cheers for 
9-nearest-neighbor.
But the lack of gradients and 
the jerkiness isn’t good.
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Kernel Regression
Four things make a memory based learner:
1. A distance metric

Scaled Euclidian
2. How many nearby neighbors to look at?

All of them
3. A weighting function (optional)

wi = exp(-D(xi, query)2 / Kw
2)

Nearby points to the query are weighted strongly, 
far points weakly. The KW parameter is the 
Kernel Width. Very important.

4. How to fit with the local points?
Predict the weighted average of the outputs:
predict = Σwiyi / Σwi



2

7

Kernel Regression in Pictures

Take this 
dataset…

..and do a kernel 
prediction with xq 
(query) = 310,    
Kw = 50.
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Varying the Query

xq = 150 xq = 395
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Varying the kernel width

Increasing the kernel width Kw means further away points get an 
opportunity to influence you.
As Kw infinity, the prediction tends to the global average.

xq = 310 (the 
same)
KW = 150

xq = 310 (the 
same)
KW = 100

xq = 310
KW = 50 (see the 
double arrow at top of 
diagram)
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Kernel Regression Predictions

Increasing the kernel width Kw means further away 
points get an opportunity to influence you.
As Kw infinity, the prediction tends to the global average.

KW=80KW=20KW=10
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Kernel Regression on our test cases

KW=1/16 axis width.
Nice and smooth, but 
are the bumps 
justified, or is this 
overfitting?

KW=1/32 of x-axis width.
Quite splendid. Well done, 
kernel regression. The 
author needed to choose 
the right KW to achieve this.

KW=1/32 of x-axis width.
It’s nice to see a smooth 
curve at last. But rather 
bumpy. If Kw gets any 
higher, the fit is poor.

Choosing a good Kw is important. Not just for Kernel Regression, but 
for all the locally weighted learners we’re about to see.
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Weighting functions
Let

d=D(xi,xquery)/KW

Then here are some 
commonly used 
weighting functions…

(we use a Gaussian)
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Kernel Regression can look bad

KW = Best.

Three noisy linear 
segments. But best 
kernel regression gives 
poor gradients.

KW = Best.

Also much too local. 
Why wouldn’t 
increasing Kw help? 
Because then it would 
all be “smeared”.

KW = Best.

Clearly not capturing 
the simple structure of 
the data.. Note the 
complete failure to 
extrapolate at edges.

Time to try something more powerful…
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Locally Weighted Regression

Four things make a memory-based learner:
1. A distance metric

Scaled Euclidian
2. How many nearby neighbors to look at?

All of them
3. A weighting function (optional)

wk = exp(-D(xk, xquery)2 / Kw
2)

Nearby points to the query are weighted strongly, far points 
weakly. The Kw parameter is the Kernel Width.

4. How to fit with the local points?
First form a local linear model.  Find the β that minimizes the 
locally weighted sum of squared residuals:
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Then predict ypredict=βT xquery
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How LWR works

1. For each point (xk,yk) compute wk.
2. Let WX = Diag(w1,..wN)X

X - - >          WX

3. Let WY=Diag(w1,..wN)Y, so that yk
wkyk

4. β = (WXTWX)-1(WXTWY)
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Linear regression not 
flexible but trains like 
lightning.

Locally weighted regression is 
very flexible and fast to train.

Query

Find w to minimize 
Σ(yi-ΣwjTj(xi))2

directly: w=(XTX)-1XTY
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Input X matrix of inputs: X[k] [i] = i’th component of k’th input point.
Input Y matrix of outputs: Y[k] = k’th output value.
Input xq = query input.  Input kwidth.

WXTWX = empty (D+1) x (D+1) matrix
WXTWY = empty (D+1) x 1        matrix

for ( k = 1 ; k <= N ; k = k + 1 )
/* Compute weight of kth point  */
wk = weight_function( distance( xq , X[k] ) / kwidth )

/* Add to (WX) ^T (WX) matrix */
for ( i = 0 ; i <= D ; i = i + 1 )

for ( j = 0 ; j <= D ; j = j + 1 )
if ( i == 0 ) xki = 1 else xki = X[k] [i]
if ( j == 0 ) xkj = 1 else xkj = X[k] [j]
WXTWX [i] [j] = WXTWX [i] [j] + wk * wk * xki * xkj

/*  Add to (WX) ^T (WY) vector */
for ( i = 0 ; i <= D ; i = i + 1 )

if ( i == 0 ) xki = 1 else xki = X[k] [i]
WXTWY [i] = WXTWY [i] + wk * wk * xki * Y[k]

/* Compute the local beta.  Call your favorite linear equation solver.  Recommend Cholesky 
Decomposition for speed.  Recommend Singular Val Decomp for Robustness. */

beta = (WXTWX)-1 (WXTWY)
ypredict = beta[0] + beta[1]*xq[1] + beta[2]*xq[2] + … beta[D]*xq[D]

18

LWR on our test cases

KW = 1/8 of x-axis 
width.

Nicer and smoother, 
but even now, are 
the bumps justified, 
or is this overfitting?

KW = 1/32 of x-axis 
width.

KW = 1/16 of x-axis 
width.
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Locally weighted Polynomial regression

LW Quadratic Regression
Kernel width KW at 
optimal level.

KW = 1/15 x-axis

LW Linear Regression
Kernel width KW at 
optimal level.

KW = 1/40 x-axis

Kernel Regression
Kernel width KW at 
optimal level.

KW = 1/100 x-axis

Local quadratic regression is easy: just add quadratic terms to the 
WXTWX matrix. As the regression degree increases, the kernel width 
can increase without introducing bias.
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