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Introduction to optimization

Outline
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Optimization definitions

We'll write optimization problems like this: @ LA e\t
. £ N\
minimize f(x) c ej/

subjectto x € C

which should be interpreted to mean: we want to find the value of x that
achieves the smallest possible value of f(x), out of all points in C
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Optimization definitions

minimize f(x)
X
subjectto x € C

Important terms:
* x € R" - optimization variable (vector with n real-valued entries)
* f:R"™ - R - optimization objective
* C € R™ - constraint set

* x* = argmin f (x) — optimal solution
X€C

e fr=f(x*) = mel(r;’l f (x) — optimal objective
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Example: Weber point

Given a collection of cities (assume
on 2D plane) how can we find the

location that minimizes the sum of s
distances to all cities? v

VERMONT

NEW
HAMPSHIRE

NEW YORK

Denote the locations of the cities as ,ﬂ WSy
1 m | CONNECTICUT 5
y( )’ cer ) y( ) . Rl

Write as the optimization problem:

m
minimize E ||x — y(‘)”
x 2

i=1

Phil>~~phia

NEW JERSEY



Example: image deblurrin

£ L&

(a) Original image. (b) Blurry, noisy image. (c) Restored image.

Figure from (O’Connor and Vandenberghe, 2014)

Given corrupted image Y € R™*"

minimize Zlyij — (K = X)yj| + ﬂz ((Xij — Xi,j+1)2 + (K41, — Xij)z)
i,j Lj

, reconstruct image by solving problem:

where K * denotes convolution with a blurring filter

1
2
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Example: image deblurring

Given corrupted image Y € R™*", reconstruct image by solving problem:

miniXmize Z|Yij — (K *X)ijl + ﬂz ((Xij _Xi,j+1)2 + (Xi+1,j - Xij)z)
| o | i,j

N =

}

\ ,
Reverse image blurring "prior” on natural images: nearby pixels are similar

where K * denotes convolution with a blurring filter

Total variation image deblurring
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Example: robot trajectory planning

We want a sequence of control inputs that
take a robot from start to goal

Why tricky? Some obstacles, and also can't
simply move along any coordinate at will
(joint limits)

One approach: model this as a search problem
(sample points in the space, discard ones that
hit obstacles and

Figure from (Schulman et al., 2014)
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Example: robot trajectory planning

Robot state x; and control inputs u,

T
minimize ZHutll%
X1:TU1:T-1 =

subject to x;4q = fdynamics(xt» Us)
x; € FreeSpace, Vt
X1 = Xinit» XT = Xgoal

Figure from (Schulman et al., 2014)
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Example: learning from examples

As we will see in much more detail shortly, virtually all (supervised) machine
learning algorithms boil down to solving an optimization problem

m
miniemizez{’(hg(x(i)),y(i)) I > V?-%V’L”'“%L
i=1

Where x¥) € X are inputs, y) € Y are outputs, € is a loss function, ad hy is a
hypothesis function parameterized by 6, which are the parameters of the model
we are optimizing over

Find a model that best fits the observed data

Much more on this from next lecture...
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The benetit of optimization

One of the key benetits of looking at problems in Al as optimization problems:

we separate out the definition of the problem from the method for solving it

For many classes of problems, there are off-the-shelf solvers that will let you
solve even large, complex problems, once you have put them in the right form

/
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Outline

Types of optimization problems, convexity
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Classes of optimization problems

Many different names for types of optimization problems: linear programming,
quadratic programming, nonlinear programming, semidefinite programming, integer
programming, geometric programming, mixed linear binary integer programming

We're instead going to focus on two dimensions: convex vs. nonconvex and

constrained vs. unconstrained
Which problems are easy?

Constrained 0

C

Cv.,

Unconstrained

>
Convex Nonconvex

——
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Classes of optimization problems

Many different names for types of optimization problems: linear programming,
quadratic programming, nonlinear programming, semidefinite programming, integer
programming, geometric programming, mixed linear binary integer programming

We're instead going to focus on two dimensions: convex vs. nonconvex and
constrained vs. unconstrained

Constr ained A- -------------------------------- -g
R ﬂ
nconstrained )
"\
Convex Nonconvex \'\M

d_— 24



Constrained vs. unconstrained

A A C
T T X1 X
> >
X9 I
L minimize f(x)
minimize f(x . ﬂq
X f( ) X O_uﬂ

subjectto x € C )

In unconstrained optimization, every point x € R" is feasible, so singular focus
is on minimizing f(x) -

In contrast, for constrained optimization, may be hard to even find a point x € C
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Convex vs. nonconvex Optlmlzaw

Convex function Nonconvex function

Or1%mally, researchers distinguished between linear (easy) and nonlinear (hard)
problems

But in 80s and 90s, it became clear that this wasn't the right distinction, key difference
is between convex and nonconvex problems

mlmmlze \J
sub]ect t

Where f is a convex function and C is a convex set

Convex problem:
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Convex sets

A set Cis convex if, forany x,y €ECand 0 <6 <1
Ox+(1—-60)yecC

Line segment between two points
in the set is also in the set

Convex set Nonconvex set
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[ %, Y] Ax ~(-2)3

Convex sets
(%t 751_9 AKL'%’U'”/QZL

ZIntervals C = {x € R"| [ < x < u} (elementwise inequality)
_* Linear equalities C = {x € R"*|Ax = b} (for A € R™™, b € R™)
* Norm balls

* Intersection of convex sets C = NiL, C;
-

N\

Convex set Nonconvex set



Convex functions

A function f: R™ — R is convex if, forany x,y E R*and 0 < 6 < 1

s+ -6 < 0rCo+ 1 - 9)f(yD

.......... Function is below the
tp’\/\- <x7 f<x>> ...................... (y) f(y)> llne ]Olnlng tWO pOintS

Convex functions “curve upwards or at least not downwards)

() P A4 w 29



Convex functions

If f is convex then —f is concave (curves downwards now)

If f is both convex and concave, it is affine, must be of form:
n

f(x) =Zaixi + b

i=1

i 4

Function can be neither convex nor concave
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Examples of convex functions

Exponential: f(x) = exp(ax), a € R

Negative logarithm: f(x) = —logx, with domain x > 0

— \'n 2 .
xTx = Di=1 X Exponential

2
- : _ ( (v
Euclidean norm: f(x) — \ \\ L

Convex function of affine function f(x) = g(4x + b), g convex

Squared Euclidean norm: f(x) = ||x||3

Non-negative weighted sum of convex functions

m
f(x) = Z wifi(x), w; = 0, f; convex Negative log
i=1
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Examples of convex functions

Exponential: f(x) = exp(ax), a € R

Negative logarithm: f(x) = —logx, with domain x > 0

T, —\yN .2
XX = )ieq X;

Squared Euclidean norm: f(x) = ||x||3
Euclidean norm: f(x) = [|x]|,
Convex function of affine function f(x) = g(4x + b), g convex

Non-negative weighted sum of convex functions

f(x) = Z w; f;(x), w; = 0, f; convex
i=1

Negative log

32



Convex sets and functions: piazza
QX +Q—0)Y £C ¥ X, 4el
[>T/he union of two convex sets C = C; U C, N; AW K

. Theset{x e R* | x = 0,x,x, = 1} {_M"#-L
L
oow*ﬂ“

x The function f:R%2 - R, f(x) = x;x, with domain x > 0
« L&) Q’li Z))
he function f:R? > R, f(x) = xZ + x% + x1x,

2
SIRCATE S I A N
—_— 9 p 3(4-«
{/‘\/“—/ N Ny wo
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Convex optimization

The key aspect of convex optimization problems that make them tractable

is that all local optima are global optima
—
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Convex optimization

Definition: a point x is globally optimal if x is feasible and there is no feasible y
such that f(y) < f(x) —

Definition: a point x is locally optimal if x is feasible and there is so
such that for there is no feasible y with ||x — y|[, < R, f(y) < f(y)

Theorem: for a convex optimization problem all locally optimal points are
globally optimal
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Picture proof



Proof of global optimality

Proof: Given a locally optimal x (with optimality radius R), and suppose there exists
some feasible y such that f(y) < f(x)

Now consider the point

Q\: W\MA 2 z=0x+(1-0)y, 9:1—2” R ”
bt\M 1 = X — Y2

1) Since x,y € C (feasible set), we also have z € C (by convexity of C)

Furthermore, since f is convex:

'V(z) = f(6x+ (1 =0)y) < OF(x) + (1 = 0)f() < F(N)
and ||x — z||, = Hx — (1 —

R(x—vy)
)x+ vl =l
2|lx=yll, 2|lx=yll, 2|lx=yll,

Thus, z is feasible, within radius R of x, and has lower objective value, a contradiction

of supposed local optimality of x
|
37



Local optimality => global optimality

If you are not at the minima of a convex function, there is a direction that reduces
your function value locally

We used both convexity of feasible set and convexity of objective
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Solving optimization problems

Outline
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The gradient

A key concept in solving optimization problems is the notation of the gradient
of a function (multi-variate analogue of derivative) /

h) — 2
Derivative: f'(z) = ;lLiH%) flz })L /) /
—
-

4

Partial derivative: A partial derivative of a function of several variables is
derivative with respect to one of those variables with rest constant
Q,Oq-c'cp\\f‘a:&‘

of — im f(x +Hhey)) — f(x) K 9“"‘3 \

(9587; h—0 h M\BAS}A
" m':ki‘ S




ﬂ

’f(rﬂt;’("'D = .—111',., '2..’1(1’5 g+ = 272: ’
7§ ok ( 0) The gradient (A_ =¢

4

For f: R"™ — R, gradient is defined as vector of partial derivatives

Af ()] A

of (x) \’
Vef(x) ER™ =] 9x, L1

of (x)
i axn i >
L9

Points in “steepest direction” of increase in function f
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First-order condition for convexity

2 f(z) +(y —z) Vf(z)




Gradient descent

Gradient motivates a simple algorithm for minimizing f(x): take small steps in
the direction of the negative gradient

Algorithm: Gradient Descent

Given: Z/
Function f, initial point x,, step size />
Initialize: =
X = X
Repeat until convergence:

x=x —gVf(x)

“Convergence” can be defined in a number of ways

43



Why does gradient descent work?

Smooth function: Derivative exists everywhere, and gradient is L-Lipschitz

IViy) = Vi)l < Lz =y N

2.

\y ~ \\2,
S P T,
Z NP tb = __—ZL

fly) < fl@)+ @y —=) Vof(z)+ g\ly - fvj

il—
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Why does gradient descent work?

Smooth function: Derivative exists everywhere, and gradient is L-Lipschitz

[ Ti11 = Xy — NV f(x¢) .

:j -~ K T ) "'"'-L
L
ehe F@e) < fx) = nVE @) V@) + SV @3
N—g

bl e

1 Function value
f(xtﬂ) - f(xt) 2L H f($t)|‘2 decreases

&
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Why does gradient descent work?
Convexity: First-order condition f(y) > f(z) + (v —2) ' Vf(x)

* * T 1 2
\f@ ) > f(wy) + (27 — ) Vf(l’t)} \f(CUtJrl) < flme) — EHVf(fEt)HQ )

| Convexity | Smoothness
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S el
1 2 0?} Why does gradient descent work?

Convexity: First-order condition f(y) > f(z) + (v —2) ' Vf(x)

* * T 1 2
\f@ ) > f(wy) + (27 — ) Vf(ﬂi’t)} \f(l’t+1) < flme) — ﬁva(fEt)Hz |

| Convexity | Smoothness

* * 1 2 *
|er1 — 2|13 = [l — 2712 + ﬁHVf(fL‘t)II% (2t =) ' Vf(z)

D L '3 Wt Uk '_%)
Lt = KJL — ’/va@’fi@ (RVERCAN T "vamt
= oA . _ A V(H(i@ = l\w\\wL © Wl
o = T
L wV
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Why does gradient descent work?
Convexity: First-order condition f(y) > f(z) + (v —2) ' Vf(x)

* * T 1 2
\f@ ) > f(wy) + (27 — ) Vf(ﬂi’t)} \f(CUtJrl) < flme) — EHVf(fEt)HQ )

Y Convexiczf_; o Mo Y Smoothness
o
* 12 * 12 1 2 2 * T Ao\
|zt 41 — 275 = ||oe — 27|53 + ﬁHVf(th)llz + z(l’ —x¢) Vf(xr) Con )"a
\-’W ~— -~

L

(. SuwnS
f(iUtJrl) < f(:lﬁ*) + E(th — .CU*H% — ||$t+1 — :B*||§) — %Q’Q‘m L'O?\
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Why does gradient descent work?
Convexity: First-order condition f(y) > f(z) + (v —2) ' Vf(x)

) S+ @t =20 VI | f@) < fo) = IVl

\ ) \
| Convexity | Smoothness
* |12 * 12 1 2 2 * T
lwers — 272 = [loe — 27| + 5 IVA@)llz + 7 (@7 —2e) V()
T lnuwieD

Fleen) < @) + 2 (lae =213~ e - 2*3) 0 b loson

*
(o — 2*13 I
/ .

flxp) — f(z") <




Why does gradient descent work?

Function value decreases via smoothness assumption

Combining smoothness with convexity, with telescoping sums, we get

L

(2o — 2* |3

flxr) — f(z™) <
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When does gradient descent work?

Do you need smoothness?

What we really needed to show function value decreases:

fly) = fl@)+ (y—2) ' Vf(z)
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When does gradient descent work?

Do you need smoothness?  What we really needed to show function value decreases:

f) = f@) +(y—x) Vi)
Can use subgradients instead fly) > fz)+ gT(?J — 1)

A subgradient is something “like” a gradient, in that for a convex Example: f(z) = |z|, subgradients are given by
function it must lie below the function everywhere 1 r <0
Vallz) = { 1 z>0

gef0,1 z=0
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When does gradient descent work?

Do you need smoothness?  What we really needed to show function value decreases:

fly) = fl@)+ (y—2) ' Vf(z)

Can use subgradients instead fly) > fz)+ gT(y — 1)

Method: subgradient “descent”

Need a decreasing sequence of step sizes. ..

Theory and practice of convergence is quite different
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When does gradient descent work?

Do you need convexity?

Local optimality no longer implies global optimality

Works surprisingly well in practice...
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Gradient descent in practice

Choice of a matters a lot in practice:

minimize 2x{ + x5 + x;x, — 6x; — 5x,

X

3.0 ' \— 3.0 ' \—

2.5 2.5

2.0 - 2.0 i
% 1.5 : N 1.5 .

1.0 . 1.0 i

0.5 . 0.5 i

00 | | | . 00 | | | .

0.00.51.01.52.02.53.0 00051.0152.02.5 3.0
x1 x1
a = 0.05 a=0.2

X2

3.0
2.5
2.0
1.5
1.0
0.5
0.0

| | |
0.00.51.01.52.025 3.0

x1
a = 0.42
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Dealing with constraints

For settings where we can easily project points onto the constraint set C, can use
a simple generalization called projected gradient descent

Repeat: x := Pe(x — aV,f(x))

62



Optimization in practice

We won't discuss this too much yet, but one of the beautiful properties of
optimization problems is that there exists a wealth of tools that can solve them
using very simple notation

Example: solving Weber point problem using cvxpy (http://cvxpy.org)

import numpy as np
import cvxpy as cp

(5,10)

np.random.randn (n,m)

cp.Variable (n)

sum(cp.norm2(x - y[:,1]) for i in range(m))
p.Problem(cp.Minimize (f), []) .solve()

4

i n s
I

n
y
X
f
c



http://cvxpy.org/
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