Lecture 21: Computational Geometry

Fundamental tools and the convex hull

® x=p1p" +Bor

p' = ap+ axq q



Goals for today

* Explore some fundamental tools for computational geometry

* Understand important tools/ideas such as:
* Dot and cross products
* The line-side test
* Convex combinations

* Define and solve the convex hull problem
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Representation and Model

How might we represent some of the following ideas?

Real number Flaahnﬁ—;ao[n F
Point Pa 1 O'j, el numbey
Line Efuabm; two Po[nls
Line Segment Two Fo'wb
Triangle Thee ponts

Concerns? Rownclwxj eMors (SWI- Real ek
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Fundamental Objects & Operations

Representation (Point): A pair of real numbers  (x, 4")
Representation (Vector): A pair of real numbers

We will use these interchangeably

Operation (Addition/subtraction):

oL Oyt (Xaga) = (X0 Xe, 4,792
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Fundamental Operations (continued)

Operation (Scalar multiplication): oL (*19)

oL (x,4) = (ote, °"3>

Operation (Length/magnitude):

I (”X:‘j) | = J X% 4 ﬂ"- /70%

hep Dslance  dlpig) = hq-pl




Fundamental Operations (continued)

Operation (The dot product):

ey e O ) = XX s 9y,
A'Pf\ cahong (Pma 11,63
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Application of the dot product

Application (Projection): Given a point p and a line L that goes through
the origin in the direction of g (a unit vector), find the point p’ on L that

s closestto p Po
peq = lpl g licos (6) Q\\ 3
= Jipl) cos (8 { o :“/g( o
Pr= (P g e
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Application of the dot product

Application (Projection, but more general): Now suppose L might not
go through the origin, but is defined by two points a, b on the line

o P- A
1= L2 (unt veckor) ¥
Ib-a |l
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Fundamental Operations (continued)

Operation (The cross product):

() O, g = et ([ 2 i D LTy
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Application of the cross product

Application (Projection distance): Given a point p and a line Ldeflned
by two points a, b, find the distance from p to L P

| (P~—cﬂ>< (b-a)
| [b-a ]
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Line-side test (Important!)

Operation (Line-side test): Given points p¢, p,, g, we want to know
whether g is on the LEFT or RIGHT of the line from p; to »,

V,= Pz~P)

V.= ¢ P
V,xV, >0 LEFT
v, xVa ¢ O Rlar T
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Convex Combinations

Definition (Convex combination): A convex combination of the points

pl; pz; ;pk |S d p0|nt .

P'ZZaiPi

1=1

suchthat )a; = 1 and a; = 0 forall i
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Convex Combinations (continued)

Claim (Convex combination of three points): Given three points p, g, 1,
convex combinations of them fill the triangle with vertices p,q,r

Proof as an exercise for you. See solution in the notes.
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The Convex Hull



Convexity recap

Definition (Convex set): A set is convex if for any points p, g, any
convex combination of p, g is also in the set

™\

16



The Convex Hull

Definition (Convex hull): Given a set of points p4, ..., py,, the convex
hull is the smallest convex polygon containing all of them

Goal: output the vertices of the hull in counterclockwise order

17



An 0(n3)-time algorithm

Observation (Hull edges): The edges of the convex hull must be pairs of
points from the input

Claim (Hull edges): A segment (p;, p;) is
on the convex hull if and only if...

all other pomk are on e left
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Better: An 0(n?)-time algorithm

Observation (Order helps): The O(n3)-time algorithm found the hull
edges in an arbitrary order... What if we try to find them in CCW order

Find  [owest  pomt

Find next [P0 1A with
leost angle
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Graham Scan: An O(nlogn) algorithm

Observation (Order helps again): We went from 0(n>) to 0(n?) by
finding the edges in order... but we still processed the points in an
arbitrary order. Can we order the points and do better?
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Graham Scan: An O(nlogn) algorithm

Algorithm:

Graham Scan

Find lowest point p,

Sort points p4, p,, ... counterclockwise by their angle with p,

H = [po, P1]
foreachpointi =2..n—-1

whle  LINESE TesT(R[-2) R[-17, pi)== RIGHT
H.POPC\)
H. append (pPi)

vehn  H
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Graham Scan: Complexity

Theorem: Graham Scan runs in O(n log n) time

Proof: Sm’f’”\@ Po/rwg Y O(h Z“”ﬂ )q>
O() +time  Scan



Lower Bound

Theorem: Any convex hull algorithm that uses line-side tests to find the
hull requires ((n log n) line-side tests (in a decision tree model)

Won’t prove this
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