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Abstract: An energy-preserving finite difference method is first presented for solving the nonlinear
coupled space-fractional Klein-Gordon (KG) equations. The discrete conservation law, boundedness
of the numerical solutions and convergence of the numerical schemes are obtained. These results are
proved by the recent developed fractional Sobolev inequalities, the matrix analytical methods and so
on. Numerical experiments are carried out to confirm the theoretical findings.
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1. Introduction

This paper mainly focuses on constructing and analyzing an efficient energy-preserving finite
difference method (EP-FDM) for solving the nonlinear coupled space-fractional Klein-Gordon (KG)
equations:

d

u,t—KZZ(9§kku+a1u+b1u3+cluv2:0, (1.1)
k=1
d

vy — K Z Oy +axy + bv? + cou’v = 0, (1.2)
k=1
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with (x,7) € Q x [0, T] and the following widely used boundary and initial conditions

(u(x, 1), v(x, 1) = (0,0), (x,f) € dQ x [0, T], (1.3)
(u(x,0),v(x,0)) = (¢1(x), $2(x)) , x € Q, (1.4)
(u(x, 0), v/(x,0)) = (¢1(x), p2(x)) , x € Q. (1.5)

Here, x = (x1,...,x2)7(d = 1,2,3) € Q C R, 0Q is the boundary of Q, Q = QJoQ, « is a constant
and a;, b;, c; are all positive constants. ¢1, ¢, 1, ¢, are all known sufficiently smooth functions. u(x, ),
v(x, 1) are interacting relativistic fields of masses, % u and d%/v stand for the Riesz fractional operator
with 1 < a; <2,(k=1,...,d) in x; directions, which are well defined as follows

8% u(x, 1) = — |-ooD%u(x, 1) + DY ux, )], (1.6)

2 cos (am/2)
where —coD¥u(x, t) and , D} u(x, t) are the left and right Riemann-Liouville fractional derivative.
Plenty of physical phenomena, such as the long-wave dynamics of two waves, are represented by
the system (1.2). For example, these equations are used to study a number of issues in solid state
physics, relativistic mechanics, quantum mechanics, and classical mechanics [1-4].
Especially, when a; tends to 2, the fractional derivative 9 would converge to the second-order
Laplace operator, and thus Eqgs (1.1) and (1.2) reduce to the classical system of multi-dimensional

coupled KG equations [5-7]. The system has the following conserved energy, which is mentioned in
detail in [11],

1 1 , K, 1 , K
E®) == — (u)”" + —|Vu|"+ — (vp))* + —|Vv|* + 2G(u,v) | dQ2 = E(0),
2 Jalc C1 (&) (6]

where

The coupled KG equations is initially introduced in [8] and is applied to model the usual motion of
charged mesons within a magnetic field. There have been many works for solving the classical KG
equations. Tsutsumi [9] considered nonrelativistic approximation of nonlinear KG equations and
proved the convergence of solutions rigorously. Joseph [10] obtained some exact solutions for these
systems. Deng [11] developed two kinds of energy-preserving finite difference methods for the
systems of coupled sine-Gordon (SG) equations or coupled KG equations in two dimensions. He [12]
analyzed two kinds of energy-preserving finite element approximation schemes for a class of
nonlinear wave equation. Zhu [13] developed the finite element method and the mesh-free deep neural
network approach in a comparative fashion for solving two types of coupled nonlinear
hyperbolic/wave partial differential equations. Deng [14] proposed a two-level linearized compact
ADI method for solving the nonlinear coupled wave equations. More relevant and significant
references can be found in [15-17].

However, it has been found that fractional derivatives can be used to describe some physical
problems with the spatial non-locality of anomalous diffusion. Therefore, more attentions have been
paid to fractional KG equations. There are also some related numerical methods for the related
models. These methods may be applied to solve the fractional KG systems. For example, Cheng [18]
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constructed a linearized compact ADI scheme for the two-dimensional Riesz space fractional
nonlinear reaction-diffusion equations. Wang [19] proposed Fourier spectral method to solve space
fractional KG equations with periodic boundary condition. Liu [20] presented an implicit finite
difference scheme for the nonlinear time-space-fractional Schrodinger equation. Cheng [21]
constructed an energy-conserving and linearly implicit scheme by combining the scalar auxiliary
variable approach for the nonlinear space-fractional Schrédinger equations. Similar scalar auxiliary
variable approach can also be found in [22, 23]. Wang et al. [24, 25] developed some
energy-conserving schemes for space-fractional Schrodinger equations. Meanwhile, the equations are
also investigated by some analytical techniques, such as the Fourier transform method [26], the Mellin
transform method [27] and so on. Besides, the spatial disccretization of the KG equations usually
gives a system of conservative ordinary differential equations. There are also some energy-conserving
time discretizations, such as the implicit midpoint method [28], some Runge—Kutta methods [28, 29],
relaxation methods [30-32] and so on [33,34]. To the best of our knowledge, there exist few reports
on numerical methods for coupled space-fractional KG equations. Most references focus on the KG
equations rather than the coupled systems.

The main purpose of this paper is to develop an EP-FDM for the system of nonlinear coupled
space-fractional KG equations. Firstly, we transform the coupled systems of KG equations into an
equivalent general form and provide energy conservation for the new system. Secondly, we propose
a second-order consistent implicit three-level scheme by using the finite difference method to solve
problems (1.1) and (1.2). Thirdly, we give the proof of the discrete energy conservation, boundedness
of numerical solutions and convergence analysis in discrete L* norm. More specifically, the results
show that the proposed schemes are energy-conserving. And the schemes have second-order accuracy
in both the temporal and spatial directions. Finally, numerical experiments are presented to show the
performance of our proposed scheme in one and two dimensions. They confirm our obtained theoretical
results very well.

The rest of the paper is organized as follows. Some denotations and preliminaries are given in
Section 2. An energy-preserving scheme is constructed in Section 3. The discrete conservation law
and boundedness of numerical solutions are given in Section 4. The convergence results are given in
Section 5. Several numerical tests are offered to validate our theoretical results in Section 6. Finally,
some conclusions are given in Section 7.

Throughout the paper, we set C as a general positive constant that is independent of mesh sizes,
which may be changed under different circumstances.

2. Denotations and preliminaries

We first rewrite Eqs (1.1) and (1.2) into an equivalent form

ity — ,BZ O%u + —(u V) = 2.1)

VYV — O'ZG v+ —(u V) = (2.2)
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with the widely used boundary and initial conditions

(u(x,1),v(x,1) =(0,0), (x,1)e€dQx][0,T], (2.3)
(M(x’ O)’ V(x’ O)) = (¢1 (x)’ ¢2(x)) , X € Qv (24)
(,(x, 0), v,(x,0)) = (1(x), 2(x)) , x € Q, (2.5)
where G(u,v) = —u + b2 v4 + 3 u + “2 v+ u vianda = 1/c, B =k*/ci,y =1/cr, 0 = K*]cy. A

similar treatment 1s mentloned 1n [1 1]. The deﬁnluon of operator 93/ is already presented in Eq (1.6),
where the left and right Riemann-Liouville fractional derivatives in space of order « are defined as

1 3_2 SRTER)
F(Z ) 6x2 (x &)l
u(€, 1)

r(z @) ax2 (& — x)o!

_oDju(x, 1) =

dé, V(x,f) e Q,

D{ u(x,t) =

> _ge Y(x,f) € Q.

Theorem 1. Let u(x, 1), v(x,t) be the solutions of this systems (2.1)—(2.5), the energy conservation law
is defined by

d d
E@) = Q’”“t” +,6’Z 1052 ull7, + Yl + GZ 6272V, + 24(G(u, v), 1) | (2.6)
k=1 k=1

Namely, E(t) = E(0), where ||u(, t)||i2 = fQ lu(x, £)*dx and (G(u,v), 1) = fQ G(u,v)dx.

Proof. Taking inner product of Egs (2.1) and (2.2) with u, and v, , then summing the obtained
equations, and finally applying a integration over the time interval [0, 7], it yields the required result.

The finite difference method is used to achieve spatial and temporal discretization in this paper. We
now denote temporal step size by 7, let T = T/N, t, = nt. For a list of functions {w"}, we define

B Wn+1 + Wn—l Wn+1 — " Wn+1 + W
W=———— 6w'= , W' = —,
2 ’ He 2
) Wn+l _ wn—l 5[wn + 5[Wn—l . Wn+l — W+ Wn—l 6twn _ 5[Wn—l
D[W = = . 6[ = =
27 2 72 T

Let Q = (ay, b)) X ---(ay, by), with the given positive integers M, - -- , M, for the convenience of
subsequent proofs, we have set it uniformly to M, so we get h; = (by — ap)/M = h(k =1,---,d) be
the spatial stepsizes in x;-direction, then the spatial mesh is defined as €, = {(xg,, X, -+, X,) | 0 <

ki <M, s=1,---,d}, where x;, = a, + k;h;.
Moreover, we define the space (Vg as follows by using the grid function on €2,

Vi ={v=v .y, | Vi, =0 for (ki,--- kg) € O},

Uy +1-k g —Uky ok

where 1 <k, <M;—-1, s=1,---,d, 0 <n < N. Then we write 0, uy,..,, = ; “  Notations

Ox Ukyk, (8 =2,--+,d) are defined similarly.
We then introduce the discrete norm, respectively. For u, v € (Vg, denote

Mi—-1 Mi—1
d

(u,v) =h E g Uy kg Vi kg Ul = A/ (u, 1),
k=1 kqa=1
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1

s

d Mi-1 My—1
UR, = > 116, U, lull, = [hd Do )
s=1 ky=1

ki=1

Based on the definitions, we give the following lemmas which are important for this paper.

Lemma 1. ( [35]) Suppose p(x) € Li(R) and

p(x) € C*(R) := {P(X) | f (1 + kD> |pt)] dk < 00},

where p(k) is the Fourier transformation of p(x), then for a given h, it holds that
1 &
~Dip() = o2 > wpr— (k= Dy + O (1),
k=0
1 S
Dip) = 2 3w pet (k= 1)) + O (1),
k=0
where w,({”) are defined by

(@) (@) (@) 0 (27)

{ ng) = /llgéa), WEQ) = /llg(la) + /l()g(al)
W]((a) = /hgk + /logk—l + /1_1gk_2, k>?2,

where/ll :(CL’2+3Q’+2)/12, /10:(4—02)/6, /l—l :(af2_3a/+2)/]2andgl(<0‘):(_1)k( Z )

In addition, we arrange in this section some of the lemmas that are necessary for the demonstration
of later theorems in this paper.

Lemma 2. ( [36]) For any two grid functions u,v € VY, there exists a linear operator A® such that
—(0%u,v) = (A2u, A2v), where the difference operator A% is defined by AZu = Lu, and matrix L
satisfying C = LTL is the cholesky factor of matrix C = 1/(2h® cos(an/2))(P + PT) with

W(la) Wgr)
W(za) W(la) Wf)a)
P-= : Wga) W(la)
ngc/;)_z : , ng)
,wﬁj)_l wgff_z W(za) W(la) HM-1)x(M-1)

While for multi-dimensional case, we give a further lemma.
a

Lemma 3. ( [18]) For any two grid functions u,v € VY, there exists a linear operator A such that
% % a %

—(5u,v) = (A2 u, A2 v), k=1,---,d,where A} is defined by A;? u = [2 cos(aym/2)h™ ]~ *Lyu, and

matrix Ly is given by -1® ---D,, ® I = [2 cos (ay7/2) hee] ™! Llf L. 1 is a unit matrix and matrix D,,

is given by D,, = —1/ (2 cos (aym/2) h**) (Pk + Plf ) Py is the matrix P in the case a = qy, as defined in

Lemma 2.
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Lemma 4. ( [11]) Let g(x) € C*(I), then ¥xy € I, xo + Ax € I, we have

2

(xo+Ax)—2g (x0)+g (xo—Ax) Ax> (!
840 i = §MT2Y g (x0)+ = f |89 (xo+282)+8® (xo—AA0)| (1-2)d 2,
0

_ I
g(x0+Ax);-g(xo Ax) _ g(X0)+AX2f [g” (xo+AAX)+g" (xg—AAX)] (1-)dA.
0

Lemma 5. ( [11]) Let u(x,t), v(x,t) € C**(Q x [0, T]), and G(u,v) € C** (R1 X Rl). Then we have

G (un+l , Vn) -G (un—l , vn)

oG
= E (l/l (x’ tn) sV (x’ tn)) + O (T2> ’

un+l _ un—l
G n’ n+l) _ G n’ n—1
(u vvn+? _ vn—(fl - ) = ((99_? (I/t (x’ tn) sV (x, t,,)) +0 (72) .

Lemma 6. For any grid function u € VY, it holds that
c 1 o
lluel |, < Cllul™ (szlulHl + YIIMII) , 2<p<o,

where C,,,,C,,,C,, are constants related to p, | = min{ly,-- - ,l;}, and d is the dimension of space V?.

Specially, for two-dimensional case, the parameters Cp,, = %, C,, = max {2 V2, %} and Cp,, = 1 - %

are shown in [37, 38].
While in the case of three dimensions, Cp,, = ’1—;6, C,, = max {2 V3, %} and C,, = %, the proof'is
given in Appendix.

Lemma 7. ( [39]) For M > 5,1 < a <2 and any v € VY, there exists a positive constant Cy, such that

cos(am/2)

2
IvllI” < Cin2

(5v.v) = _cos(a/JT/Z) ||A7

|2
CiIn2

2

(Yik
Specially, for multi-dimensional case, it can be written as ||v||* < C ZZZI A/ v|| , where C is a positive

constant.

Lemma 8. ( [40]) Assume that {g" | n > 0} is a nonnegative sequence, y° > 0, and the nonnegative
sequence {G" | n > 0} satisfies

n—1 n
G" Sl//O+TZGl+TZgl, n > 0.
=0 =0

Then it holds that

G"Se’"(tﬁo+72gl), n>0.

=0

Lemma 9. For any grid functionu € V°, V}? is defined in Section 2 for the the three-dimensional case,
let p <r<gq,ac0,]1] satisfying % = % + 1_7“, then

a 1-a
el < el - [l
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Proof. By using Holder inequality, we have

-1 Mr—1 M3— -1 Mr—1 M3—

ar+(1-a)r
h h2h3 E E E |uz]k
i=1 j= 1 k=1 i=1 j= 1 k=1
ar -ar
-1 M>—1 M3— P M—1 M—1 M3-1 (1-a)
— Q)N 75—
h h2h3 § Tar h1h2h3 | l]k| (1 (t)r
=l j=1 k=l =1 j=1 k=I

= llully” - faelly =
p q

This completes the proof.
3. The energy-preserving scheme

Now we are ready to construct the fully-discrete numerical scheme for systems (2.1) and (2.2).
With the help of Lemma 1 and for clarity of description, we will denote the space fractional operator
under one-dimensional case firstly.

M-j

a . _ (@) NG (@) W
0.V = E Wi Vigarr Oxe j Z Vitk-1>

k=0
519) = 11 coston/2) (3] + 2.,

X+]

where w( “ is given in Eq (2.7). In the multi-dimensional case, the definitions of 85 are similar to it.

For numerlcally solving systems (2.1)—(2.5), we propose a three-level scheme. We firstly define the
following approximations.

Let uk gy = = u(x,t,) and vk = = v(x,1,), for ease of presentation, we shall henceforth write uk *
for u". Denote numerical solutions of #” and v" by U" and V", respectively.

With the definition of G(u, v) in systems (2.1) and (2.2) and by using Lemma 5, then we have

G n+1’ "G n—l’ n
G uv?_uf’ v)=6—(:(u(x,tn),v(x,tn))+0(rz), 3.1)
n n+l) _ n n—1
Gy ? G_(lu ~ ): 6—G(u(x,tn),v(x,rn))+0(rz), (3.2)
yrHl —yn ov

which is given in [11]. Further, using the space fractional operator which is already introduced above

and second-order centered finite difference operator to approximate at node (x, #,), it holds that

ot - ﬁgagguﬁ + G(uluv? _ ;gln_l’vn) =R}, 2<n<N-1, (3.3)

Yo" — aZd: SV + G(MVV? _ i_(]un’vn_l) =R, 2<n<N-1, (3.4)
and _

u' = ¢ (x) + 191 (x) + 5= ,BZ S (%) = —— (¢1 (), 2 (X)) | + Ry, (3.5)

Networks and Heterogeneous Media
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2 [ ¢ oG
vl = ¢y (x) + 19 (%) + ;—y G; 0% (x) — N (91 (x), ¢ (x))| + R, (3.6)

where R} and R} are the truncation errors.
Let u(x, 1), v(x,1) € C**(Q x [0, T]). Combining Lemma 4 with Egs (3.1) and (3.2), the truncation
errors can be estimated as follows.

2 || pnl? 2 22\
lsrgc_l{m IR }SC(T FR 44 ) 3.7)
where C is a positive constant and d means the dimension of space.
Omitting the truncation errors in Eqs (3.3)—(3.6), we can get the three-level EP-FDM.:
d G(U”+1,Vn)—G(Un_l,Vn)
217 ;TR _
ad2U" - ,8; SIU + G =0, (3.8)
d i G(U", Vn+1) _ G(U", Vn—l)
YOV = > SV + Sy =0, (3.9)
i=1
and
U'=V"=0, xedQ,, 0<n<N\, (3.10)
2 d ]
T _ oG
U' = ¢1 (x) + 791 (x) + o ,3253’(251 (x) = = (¢1 (x), 2 (X)) |, (3.11)
a| & ou |
72 4 oG —
Vi= (@) + o () + [az 5Ua (x) = 22 (1 (X), 62 (1) | (3.12)
Y = ov |

where U! and V! are obtained by applying Taylor expansion to expand u(x, 7) and v(x, 7) at (x, 0), and
by Eq (2.4) we know that U° = ¢, (x), V° = ¢, (x).

For contrast, by doing explicit treatment of nonlinear terms ‘g—g and %, we introduce an explicit
scheme as follows

d 4G
217N ;7T n ny _
ad’U" - B ;:1 SYU™ + m (U, v" =0, (3.13)
d 4G
2y/n ;Y77 n ny _
YoV — o ;:1 SUV™ + ™ ", vh =0, (3.14)
U'=V"=0, x€0Q, 0<n<N\, (3.15)
2 d 1
_ oG
U' = ¢ (x) + 79 (x) + _27 B E 041 (x) — — (¢1 (%), 2 (X)) ], (3.16)
@ i=1 6u |
1 72 d o oG ]
Vi=¢(x)+ 702 (x) + v E 0502 (X) — — (91 (x), 2 (X)) |, (3.17)
7 i=1 av B

which will be used in Section 6 later.
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4. Boundedness of the numerical solutions and discrete conservation law

In this section, we give the energy conservation of the fully-discrete schemes (3.8)—(3.12) and
boundedness of numerical solutions. Here, the lemmas given in Section 2 are applied.
Now, we present the energy conservation of the EP-FDMs (3.8)—(3.12).

Theorem 2. Let U™, V" € ‘Vg be numerical solutions of the three-level FDMs (3.8)—(3.12). Then, the
energy, which is defined by

d d
@ % o a
:§||5rU"||2 + 'g Zﬂflll\k2 UlI> + %II&V“II2 +s Zp,n/\kz V12
k=1 =1

M-1 My—1
1

+ hd Z Z G Vi )+ G s Vaﬂkd)] @1

k1= kq=1

9
is conservative. Namely, E" = E°, forn=1,--- ,N — 1, where A is already introduced by Lemma 3.

Proof. Multiplying h’D,U 1, (0 both sides of Eq (3.8), summing them over €, by using Lemma 3,
we obtain

d
04 @ B
2 (16,071 = 16,0 ) + 2 3 (1ad v —iad vy
2T 41 —
| Ml Mad
+ _hd Z Z G(Ugrlkl V’:ll kd) G(U/r:| 1kd V/?] ky)] = O (42)
k1= kg=1

where the second term can be reduced to

2k 2k %k
IIA U - IAZ U™ = 2(,uz||/\,<2 U"IP = NG U”_lllz),

then Eq (4.2) turned into
a 2 n—1)2 ﬁd . F 12
5z (18,071 = llo,u| )+2—T;(u[nAk U'IP = wlIA; U ||)
1 M;-1 My-1
+ 5ok Z Z G Vi) = G Ve )] = 0. 4.3)

k1= kg=1

Similarly, multiplying th[V]:ll"‘kd to both sides of Eq (3.9), summing them over €, by using
Lemma 3, we obtain

d
Y n n—1 g * n(2 * n—12
- (18I = 16V 1)+ 5= (sl VIR = A VIR

2T —
1 M -1 Mi—1
* _hd Z Z G(Ukl “ka> Vl?lﬂkd) - G(Ukl ~ka> Vl:l1 lkd)] =0. 4.4)
l kd 1

Adding up Eqgs (4.3) and (4.4) yields that (E" — E""')/t = 0, which infers that E" = E"!.

Networks and Heterogeneous Media Volume 18, Issue 3, 957-981.
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By Theorem 2, we present the following estimation.

Theorem 3. Let U", V" € (Vg be numerical solutions of the EP-FDMs (3.8)—(3.12). Then, the following
estimates hold:

/4 /4
max {II(ZU”II,|I5zV”II,|IU"II VAL A UL (|AS V!
1<n<N

} <C, 4.5)

b

where C is a positive constant independent of T and h and 1 < a; < 2. Specially, when ay = 2, it holds
that |U”|1r-1l <C, |Vn|Hl <C.

Proof. It follows from Theorem 2, there exists a constant C such that

d d
n _g ny2 é %k ny2 )_/ n||2 z %k n|2
E" =216 U +5 3wl UM + S8 VP + 2 ;u,u/\k 4l

k=1
1 Mi-1 My—1
sk 3 Y G Vi) + G Vi) = B0 = C.
k=1 ka=1

then, we obtain
lo. U <C, o, V'II<C, NIAZU"I<C, [IAS VI <C.

By |16,U"|| < C, we have ||[U"! — U"|| < Cr, then it is easy to check that

n—1 n—1
"= 1U° + 7 )" s < 10O +7 ) .Ul < C.
i=0 i=0

This completes the proof.
5. Convergence analysis

In this section, the convergence analysis of the proposed scheme is given, which is based on some
important lemmas presented in Section 2.

We first give the error equations of the EP-FDMs (3.8) and (3.9). Lete" = u" - U", 0" = V' - V"
and for more readability we denote

G(un+1’vn) _ G(un—l,vn) G(Un+1,Vn) _ G(Un—l’Vn)

n+1 n+1\ _
=2 (I/t ’ ’ U ' ) - untl — yn-1 Un+l _ Un—l ’ (51)
G(un’vn+1) _G(un’vn—l) G(U”, Vn+1) —G(U”, Vn—l)
& (v, v = S - . (5.2)
yntl — yn= yn+l _ yn-1
By deducting Egs (3.8) and (3.9) from Eqgs (3.3) and (3.4), we have
d
01(5,26" —,B’Z(Sgi"e’_’ + & (u"”, U"H) =R|, 1<n<N-1, (5.3)
i=1
d
Y60~ Y 6n0 + e (L V) =R, 1<n<N-1, (5.4)

i=1
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=0"=0,xed, l<n<N-1, (5.5)
=6"=0,xeQ, (5.6)
le'll < 17, x € Q, (5.7)
16']| < a7, x € Q. (5.8)

Before giving a proof of convergence, we provide the following estimates for Eqs (5.1)—(5.2).

Lemma 10. On Q,, we have

(Sl(um’Um)’Dren)SC(Z e Z Afe o 2+||5;e"||2+||6,e”_1||2} (5.9)
k=1 k=
d Q,
(sz(v’”l,V’”l),Dﬂ”)SC[Z ke 9'*1 A29" : +||5,0"|| o0 ) (5.10)
k=1

where C > 0 is a constant, independent of grid parameters t,hy,--- , hy.

Proof. Recalling the definition of G(u, v), we can obtain

o1 (!, Um) = zb_cll{[(um)z +(un—1)2] oy [(Um)z +(Un_1)2] Uﬁ}

+ [0 (") - vy ot + =2 Z

k=

Noting that U* = u* — ¢ and V¥ = v¢ — 6% (k = n — 1,n,n + 1), then we get

Ql Zbg [2 n+1 n+1 (en+1)2 + 2un—1en—1 _ (en—l)z] ur'z
1
212 [(Mn+l)2 _ 2un+len+1 + (en+1)2 + (un—l)2 _ zun—len—l + (en—l)z] er‘z, (51 1)
1
Q> =2u"V'9" — u" (") + (V") €. (5.12)

When d = 2, combining Theorem 3, Lemma 6 with Lemma 7,we can get the estimation of ||e’"||j, lle™ 18,
lle™ |12, that is

2
1
4 2
lle™lly < lle™]| (2 "l + 7 ||€'"||)

2
< [le™|” [8 (e + 10" ) + 3 ("1 + ||U'"||2)]

2

(Yik
<Clle Al e (5.13)
The same reasoning can be used to prove that
o |12 o |12
le"lg < AZe| el < Aze (5.14)
1
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Smilarly, when d = 3 the results can be found in the same way.
By using Cauchy-Schwarz inequality and the widely used inequality [(a + b)/2]* < (a® + b*)/2 (a >
0,6 > 0, s > 1), multiplying both sides of Eq (5.11) by h?D,e", then summing it on whole €, it follows

that
(01D <3 |55 )+ (3M + i)( e[l
o)+ 5 (e e+ e )+ g (el +
b (5M° + 6M + 1) IDie"|I

Cl
2
+‘

the last inequality is derived by inequalities (5.13) and (5.14), similarly, we can also obtain

3M
o)+ (B M iner

b] 2
en+1|| +

S5M? (

o)

T nel F n-l
Al e Al e

2 b
) + g (M7 60 + 1) (18:'17 + 5.1 [F).~ 5.15)

n M M2 n 2
(02, D) < MO + 101 + = (e[ +

4

d 2 o 2 o 2
<C E ( +‘Ak2 Hl o+ A7 ! )
k=1
M M\( s i
+(—4 +Z)(||6,e P+ [Jse ) (5.16)
D n %C < A%k n+1 2 A%k n—1 2 1 S np 2 S n—1]|2 517
: < + + - + , :
@) < 3 k§:l St e ader )+ 3 (10ene + o F) (5.17)

combine inequalities (5.15)—(5.17), then we get inequality (5.9) is proved. We can demonstrate that
inequality (5.10) is likewise true using techniques similar to inequality (5.9). This completes the proof.

Now we further investigate the accuracy of the proposed scheme with the help of the above lemmas,
see Theorem 4.

Theorem 4. Assume that u(x, 1), v(x,t) € C**(Q x [0, T]) are exact solutions of systems (2.1)—(2.5), let
”Zr-kd = u(x,t) and V21~~-kd = v(x, t), denote numerical solutions by UZI'“kd and Vl?1~-~kd’ define e" = u"-U",
0" =v'—=V*(1 < n < N). Then suppose that T is sufficiently small. The error estimates of the EP-FDM
are

d
DIASEI < CE 4 I+ DA [ < O I+ + ),
k=1

d
S UAEGI <O + 1+ + 2P, 0] < CG* + B 4+ 1),
k=1

where C is a positive constant, independent of grid parameters t,hy,- - - , h.
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Proof. Noting that at every time level, the systems defined in Eqgs (3.8) and (3.9) is a linear PDE.

Obviously, the existence and uniqueness of the solution can be obtained.
For ease of expression, we write

d d
Sk Xk
I" = alls, "> + B § wlAZ €I + 6.8 + o § mllAZ 01
k=1 k=1

Apparently, we have that I' < C(z* + I + - - - + h3).

Multiplying h¢D,e" and h’D,6" to both sides of Eqs (5.3) and (5.4), then summing it over the whole

Q) respectively. Then adding up the obtained results, it follows that

I — In—l
27
by using Cauchy-Schwarz inequality, we have
Pl e (0, U) D+ e (97, V) D
27

1 n 1 n n—
+ EllRlll2 + 7 (Io.e 112+ 116" 11%)
1 n 1 1 1 —
+ EIIRZII2 + 7 (I, 12+ 166" 1),
multiplying 27 to both sides of inequality (5.19) , and using Lemma 10, then we get
=1t <20t + 1) + 7RI + TlIRS 1.

Thus, VK(2 <n < K <N — 1), summing n from 2 to K , we get

K-1 K
(1=2C0% < 1" +4Ct Y 1"+ 3" 1(IRIP + IIRSIP),
n=1 n=2

when Ct < %, inequality (5.21) is turned into

K-1 K
X <30+ 12&21" +37 Z(HR';HZ + IR,

n=1 n=2

then by using Lemma 8 and inequality (3.7), we obtain

K
I < e (I' + 3t ) (IRIIP + IRSIP))
n=2
<SCET+ 1+ + W)~

By the definition of /, it is easy to conclude that

d
@
Z IAZ €' IP <CE@ +hi+---+ ), 116"l < CET* + I+ + h)),
k=1

+ (&1 (w0, U, Diet) + (&2 (v, V), DY) = (RY, Die™) + (RS, D),

(5.18)

(5.19)

(5.20)

(5.21)

(5.22)

(5.23)
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d
> IAZ @IF < CE2 42+ 4+ 2R 60 < CE + 12+ + 1),
k=1

furthermore, we have

n-1 n—1
le'll = lle® + 7 )" o€l < T YN8l < O + I+ -+ + 1)),

i=0 i=0

Similarly, ||| < C(z* + A7 + - - - + h3). This completes the proof.
6. Numerical experiments

We carry out several numerical examples to support the theoretical results in this section. All
computations are performed with Matlab. Throughout the experiments, the spatial domain is divided
into M parts in every direction uniformly, that is, in the 1D case, we set M; = M, while in the 2D
case, we set M| = M, = M, and the time interval [0, T'] is also divided uniformly into N parts. Then
we use the discrete L*-norm to measure the global error of the scheme, namely,

EM,N) = U" = u(D)lleos  E(M,N) = [V = w(T)||s,
Example 1. Consider the following one-dimensional coupled KG model
Uy — Kzaiu +ayu+ b’ + cow? = g, (eQx|[0,T],
Vi — Kzagfv tav+bv +eutv=g (x1)eQx[0,T],
with Q = [0, 1]. The initial and boundary conditions are determined by the exact solutions
u(x, ) = x*(1 - x)%e™,  v(x,0) = (1 - x)° cos(l + 1),
as well as the source term g. Here, we take ay =a, =1, by = —-1,b, =-2,c; =1,¢c, =05and k = 1.

The precision of the scheme in spatial direction is first tested by fixing N = 1000. We compute
the global errors at 7 = 1 with different mesh sizes, and the numerical results with @ = 1.2,1.5,1.8
are listed in Table 1 and Table 2. As can be seen in the table, the proposed scheme can have second
order convergence in space, which confirms the results of theoretical analysis in Theorem 4. To track
the evolution of the discrete energy, we preserve the initial value condition in this case and set the
source term to g = 0. Additionally, for the terminal time 7" = 50, we fix 4 = 0.05 and 7 = 0.05. The
evolutionary trend image for schemel (3.8)—(3.12) and explicit scheme?2 (3.13)—(3.17) with various «
are displayed in Figure 1. Then we further verify that the proposed schemel (3.8)—(3.12) preserves the
discrete energy very well but scheme?2 (3.13)—(3.17) does not .

Table 1. L™ error and spatial convergence rates of schemel (3.8)—(3.12) for Example 1.

a=1.2 a=1.5 a=1.8
M E,(M,N) order(u) E,(M,N) order(u) E,(M,N) order(u)
32 1.51e-05 * 5.86e-06 * 4.30e-06 *
64 3.69e-06 2.03 1.46e-06 2.01 1.09e-06 1.98
128 9.18e-07 2.01 3.66e-07 2.00 2.74e-07 1.99
256 2.28e-07 2.01 9.08e-08 2.01 6.75¢-08 2.02
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Table 2. L™ error and spatial convergence rates of schemel (3.8)—(3.12) for Example 1.

a=1.2 a=1.5 a=1.8
M E,(M,N) order(v) E.(M,N) order(v) E,(M,N) order(v)
32 1.61e-06 * 3.33e-06 * 2.21e-06 *
64 4.11e-07 1.97 8.14e-07 2.03 5.30e-07 2.06
128 1.04e-07 1.99 2.02e-07 2.01 1.31e-07 2.01
256 2.60e-08 2.00 5.06e-08 2.00 3.28e-08 2.00
10° . ! .

10—10

MO ENIN R TR A S A LA AW -8 2720
A W

a=1.2(scheme1)

= =1.2(scheme2)
1015 + o=1.5(scheme1) i
------ a=1.5(scheme?2)

® (=1.8(scheme1)

a=1.8(scheme2)

1020 Wif e ¢ ¢ Vo oo

+
+ ® ® 7

|E-EO|

10-25 I I I |
0 10 20 30 40 50

t

Figure 1. The long time discrete energy of Example 1 with 2 = 0.05, 7 = 0.05 for schemel
(3.8)—(3.12) and explicit scheme?2 (3.13)—(3.17).

Example 2. Consider the following two-dimensional coupled KG model

Uy — Kzaﬁlu - KZG;’Zu +au+bd +ewt =g, (x,y,1)eQx[0,T],

Vi — Kzailv — K26;'2v +ay + bV + Py = g (xy,0)eQx|[0,T],
with Q = [0,2] X [0, 2]. The initial and boundary conditions are determined by the exact solutions
u(x,y,t) = ¥*2 - )’y - y)’e”’, v(x,y,0) = x*Q2 - 0)**2 - y)*sin(1 + 1),

as well as the source term g. Here, we take ay =ay =1, by = -1, b, =-2,¢c; =1,¢c, =05andk = 1.

Similar to Example 1, we verify the convergence orders of the scheme in spatial direction at 7 = 1.
For spatial convergence order, we still set N = 1000 and thus the temporal error of the scheme can
be negligible. The numerical results are presented in Table 3 and Table 4 with different values of
and @, which are in the x and y directions, respectively. The second-order accuracy of the scheme is
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achieved. Moreover, for the terminal time 7 = 100, Figure 2 shows the evolution of discrete energy
for schemel (3.8)—(3.12) and explicit scheme?2 (3.13)—(3.17) when g(x,y,?) = 0. The figure indicate
that the discrete conservation law holds very well if the proposed schemel (3.8)—(3.12) are used. In
contrast, scheme2 (3.13)—(3.17) cannot preserve the discrete energy. Both tables and figure further
confirm the theoretical results.

Table 3. L™ error and spatial convergence rates of schemel (3.8)—(3.12) for Example 2.

a1:1.3, Q2:1.6 (1’1:1.5, 02:1.5 (1’1:1.7, (1’2:1.2
M E,(M,N) order(u) E,(M,N) order(u) E,(M,N) order(u)
3.76e-02 * 3.76e-02 * 3.82e-02 *
16 9.44e-03 2.00 9.28e-03 2.02 9.63e-03 1.99
32 2.32e-03 2.03 2.30e-03 2.01 2.37e-03 2.02
64 5.70e-04 2.02 5.65e-04 2.03 5.85e-04 2.02

Table 4. L™ error and spatial convergence rates of schemel (3.8)—(3.12) for Example 2.

a;=1.3, a,=1.6 a;=1.5, a,=1.5 a=1.7, a,=1.2
M E.(M,N) order(v) E,(M,N) order(v) E.(M,N) order(v)
2.98e-01 * 3.02¢e-01 * 2.77e-01 *
16 6.16e-02 2.28 6.13e-02 2.30 5.72e-02 2.28
32 1.46e-02 2.08 1.45e-02 2.08 1.36e-02 2.08
64 3.60e-03 2.02 3.56e-03 2.02 3.34e-03 2.02
10° ' '

100 [ J’iiv;’\‘v'-'// 7’-;"'\..(5_/,-?7—1\1{;,-;;.17--'-.\;V”r,‘_.\[,:r
oh ¢ >
-

«a,=1.3, a,=1.6(scheme1)

a,=1.3, a,=1.6(scheme?2) B

10°
+ o =15 a,=1.5(scheme1)

1 2
1 2
1 2
...... a1=1 .5, a2=1 .5(scheme?2)
1 2
1 2

|E-EO|

10-10 L ® o =17, a,=12(scheme1) i

a,=1.7, a,=1.2(scheme2)

.
10'15} E ++ ]

10_20 1 L 1 L
0 20 40 60 80 100

Figure 2. The long time discrete energy of Example 2 with 2 = 0.1, 7 = 0.05 for schemel
(3.8)—(3.12) and explicit scheme?2 (3.13)—(3.17).
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Example 3. Consider the following two-dimensional coupled KG model

Uy — Kzazlu - K26‘;’2u +au+b +cw* =0, (x,y,1)eQx[0,T],

Vi — Kzailv — K28;’2v +av+by +cutv=0, (x, v, 1) € Qx[0,T],
and
(u(x,y, 1), v(x,y,1)) =(0,0), (x,y,t) € dQx][0,T],
(M(X, Y, O)’ V(X, ) 0)) = (MO(X’ )’), VO(-X’ y)) s (.X, y) € Q9
(ut(x7y7 0), V[(.x, y, 0)) = (Oa 0)7 (X,}’) € Qa
with Q =10, 1] x [0, 1].

Here, we take
up(x,y) = 2[1 — cos(2nx)][1 — cos(2ry)] sech(x + y),

vo(x,y) = 4sin(rx) sin(rry) tanh(x + y)

and
a) = 10,a2 :4,b1 = 6,[72 :5,01 :2,02 = 3,K: 1.

The schemel (3.8)—(3.12) with
T=h= 0.05,0’1 =ap = 1.5

are used to Example 3. Figure 3 and Figure 4 show the surfaces of U}; and V}; at different times,
respectively. The significant dynamical evolutionary features of the numerical solutions U}, and V7,
such as radiation and oscillation, can be found in Figure 3 and Figure 4.

NS ose;
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e
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- o N b
S w b
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Z OS>
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/ .3;;"‘

-
3%!‘23{‘,2';\1\\-‘«
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=N o N

U180

L
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U320

Figure 3. Surfaces of U{’j at different times of Example 3 with a; = @, = 1.5 for schemel
(3.8)—(3.12).
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Figure 4. Surfaces of V} at different times of Example 3 with a; = @, = 1.5 for schemel
(3.8)—(3.12).

7. Conclusions

In this paper, the three-level energy-preserving scheme is proposed for the space-fractional coupled
KG systems. The scheme is derived by using the finite difference method. The discrete conservation
law, boundedness of numerical solutions and the global error of the scheme are further discussed. It
is shown that the scheme can have second order convergence in both temporal direction and spatial
direction. Several numerical examples are performed to support the theoretical results in the paper.
Moreover, due to the nonlocal derivative operator and considering that the implicit methods involve
Toeplitz matrices, fast methods are fairly meaningful to reduce the computational cost of the proposed
scheme; refer to the recent work [41,42] for this issue.
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AppendixA

In the following, we present the proof of Lemma 6.
Proof of Lemma 6: Obviously, the result holds for p = 2. We prove the conclusion for p > 2.

Forany m,s =1,2,..., M, — 1, and m > s, using mean value theorem, we have

P
3
|umjk| — |Usjk

, m—1 » » p m—1 »
, » 2 2y
3 _ 3 3 = >
= g (|Mi+1,jk| - |“iﬂ<| ) -3 z :(|“i+1’f"| - |uijk|)§iﬂ< ’
i=s i=s
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’

Mi+1,jk|})-
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Then,

Us jk
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It is easy to verify the above inequality also holds for m < s. Thus, we have
1

, M1 v, Yo oMl )
|umjk|§ < P[hl Z |uijk|7_ ) (hl Z |5x1uijk| ) +

i=1 i=1

)4
. Y1<m,s <M, - 1.

Uy jk

Multiplying the above inequality by /#; and summing up for s from 1 to M; — 1, we have

M-

M—-1 5 % M;—-1 »
ll |umjk| < llp[hl Z |uljk| ] [hl Z |5X1uijk| J +h1 Z |uijk|§
i=1 i=1
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Dividing the result by /;, and noticing that the above inequality holds form = 1,2,..., M; — 1, we have

1 1
M1 I M-l 2 M1
4 ) 2 1 2
< P(hl E i ] [hl § O, Ui ) + l_hl E ]
1

i=1 i=1 i=1

max

Um jk
1<m<M;-1

Multiplying the above inequality by hh3; and summing over j, k, then applying the Cauchy-Schwarz
inequality, we obtain

Mr—1 M3—1
h2h3 Z 1<IIl[2‘1/IX |I/tljk|
TG e
-1 M3— i Mi-1 5 % 1 »
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= p(ellz,) 6xlu||+%(|u|| ). (A1)

Multiply both sides of inequality (A.1) by (h2h3)%, it follows easily that there exists a constant C such
that (Jioh3)? < C, we obtain

-1 M3—
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=1 k=1
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-1
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Similarly to the previous analysis, we have
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Using the Cauchy-Schwarz inequality, we have
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Substituting the above inequality into inequalities (A.2)—(A.4), we have
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the last inequality is obtained by inequalities (A.5)—(A.7).
In addition, we set [ = min{/y, [, [3}, by using mean value inequality then we have
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Combining inequalities (A.8) and (A.9) yields

_ 1 3
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We consider the case p > 6, applying Lemma 9 for p > 6, it holds
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Substituting the above inequality into inequality (A.10), we get
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Thus, we have proved the result for p > 6. Taking p = 6 in inequality (A.11) yields

1 1 :
llulls < C*|lull? '(2 V3Julg + 7|IM|I) : (A.12)
When 2 < p < 6, using Lemma 9 and inequality (A.12), we have
3p—6
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This completes the proof.
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