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1. Introduction

The discovery of an approximate SU(3) flavour symmetry of strong interactions [fl,
predates the quark model and has been of paramount importance in all subsequent devel-
opments. This symmetry has its origin in the smallness of up, down and strange quark
masses with respect to the QCD scale Aqcp. In static hadron properties, such as masses,
magnetic moments, decay constants, etc., it is accurate to about 1 to 3% for quantities
related by isospin and to about 20% for those related by U- and V-spin. The breaking
of SU(3) in dynamical observables can be larger and up to now is not fully understood.
One particularly striking example is the weak radiative decay > — pv: the experimental
azimuthal asymmetry in this decay is a, = —0.76 & 0.08 [{], which according to Hara’s
theorem [[f] implies 100% SU(3) symmetry violation.

In recent years SU(3)-symmetry-breaking effects in heavy-meson decays have attracted
increasing interest. These processes can be treated in heavy-quark expansion, which has
proved a very powerful theoretical tool, so that in some cases, for instance weak radiative
decays, B — py vs. B — K™, the uncertainty in SU(3) breaking is actually the dominant
source of theoretical error. The particular challenge of such processes is that, in the pres-
ence of a hard scale, hard exclusive reactions are dominated by rare configurations of the
hadrons’ constituents: either only valence-quark configurations contribute and all quarks



have small transverse separation (hard mechanism), or one of the partons carries most
of the hadron momentum (soft or Feynman mechanism) [f]. The size of SU(3)-breaking
effects in such rare configurations cannot be deduced from the symmetry breaking in static
properties, where the bulk of the wave-function contributes.

Hard contributions are simpler to treat than their soft counterparts and their structure
is well understood, see ref. [f. They can be calculated in terms of the hadron distribution
amplitudes (DAs) which describe the momentum-fraction distribution of partons at zero
transverse separation in a particular Fock state, with a fixed number of constituents. DAs
are ordered by increasing twist; the leading-twist-2 meson DA ¢9.p, which describes the
momentum distribution of the valence quarks in the meson P, is related to the meson’s
Bethe-Salpeter wave function ¢p pg by an integral over transverse momenta:

|ko|<p
do.p(u, 1) = Z2(M)/ d*k) ¢pps(u, k).

Here u is the quark momentum fraction, Z5 is the renormalization factor (in the light-cone
gauge) for the quark-field operators in the wave function, and p denotes the renormaliza-
tion scale. The study of the leading-twist DA of the pion has attracted much attention
in the literature, whereas the status of SU(3)-breaking effects that are responsible for
the difference between the kaon and the pion DAs has been controversial for a while [f].
These corrections have been recently reconsidered in the framework of QCD sum rules in
refs. [§-[L1]], with a consistent picture finally emerging. We will give a short review of these
developments below.

Higher-twist DAs are much more numerous and describe either contributions of “bad”
components in the wave function, or contributions of transverse motion of quarks (an-
tiquarks) in the leading-twist components, or contributions of higher Fock states with
additional gluons and/or quark-antiquark pairs. Within the hard-rescattering picture, the
corresponding contributions to the hard exclusive reactions are suppressed by a power (or
powers) of the large momentum ), which explains why they have received less attention.

In turn, soft contributions are intrinsically non-perturbative and cannot be further
reduced (or factorized) in terms of simpler quantities without additional assumptions. At
present, they can only be estimated using light-cone sum rules [I3-[4], see refs. [[15, [L§]
for sample applications to heavy quark decays. In this technique soft contributions are
extracted from the dispersion relations for suitable correlation functions, by introducing
an auxiliary “semi-hard” scale (Borel parameter) at which the two different representations
of the correlation function, in terms of quarks and in terms of hadronic states, are matched.
In calculations of this kind, the necessary non-perturbative input again reduces to DAs,
and the higher-twist DAs play a very important role, since they are only suppressed by
powers of the Borel parameter and not by powers of the hard scale ). The crucial point and
main technical difficulty in the construction of higher-twist DAs is the necessity to satisfy
the exact equations of motion (EOM), which yield relations between physical effects of
different origins: for example, using EOM, the contributions of orbital angular momentum
in the valence component of the wave function can be expressed (for mesons) in terms
of contributions of higher Fock states. An appropriate framework for implementing these



constraints was developed in ref. [[7: it is based on the derivation of EOM relations for non-
local light-ray operators [L§], which are solved order by order in the conformal expansion;
see ref. [IJ] for a review and further references. In this way it is possible to construct
self-consistent approximations for the DAs, which involve a minimum number of hadronic
parameters. Another approach, based on the study of renormalons, was suggested for twist
4 in refs. [P0, BT this technique is appealing as it allows one to obtain an estimate of high-
order contributions to the conformal expansion which are usually omitted. In this paper,
we generalize this approach to include SU(3)-breaking corrections and show how to combine
renormalon-based estimates of “genuine” twist-4 effects with meson mass corrections.

Pion DAs of twist 3 and 4 have already been studied in ref. [[F]. In ref. [2J], these results
were extended to the pseudoscalar octet; they include those meson-mass corrections that
break chiral symmetry, while still preserving G-parity. SU(3)-breaking in the normalization
of the twist-4 DA was estimated in ref. [23]. In this paper we continue the analysis of twist-3
and 4 DAs of the K meson and present, for the first time, the complete set of DAs, including
also G-parity-breaking terms that vanish in the limit of quarks with equal mass. The results
are of direct relevance to the discussion of, for instance, B-meson decays into light mesons
using light-cone sum rules and also in the SCET framework. We refrain from an analysis of
the n DAs, as the inclusion of the singlet part is crucial for phenomenological applications,
but goes beyond the scope of this paper, and in fact deserves a separate study.

Our paper is organized as follows: in section | we explain notation and review the ex-
isting information on leading-twist DAs. Section [l is devoted to twist-3 DAs: we give their
general classification, calculate meson-mass corrections, perform a conformal expansion and
formulate models in terms of a few non-perturbative parameters. A similar programme is
carried out for twist-4 DAs in section . In section [J we present numerical results for all
DAs and conclude in section f| with a short summary and outlook. The appendices contain
a collection of relevant formulas, in particular the QCD sum rules for the relevant twist-2,
-3 and -4 matrix elements.

2. General framework and twist-2 DAs

Light-cone meson DAs are defined in terms of matrix elements of non-local light-ray oper-
ators stretched along a certain light-like direction 2, 22 = 0, and sandwiched between the
vacuum and the meson state. We adopt the generic notation

gbt;M(u), T;Z)t;M(u), e (21)

and
rar(@), Trar(a), ... (2.2)

for two-particle and three-particle DAs, respectively. The first subscript ¢t = 2, 3,4 stands
for the twist; the second one, M = =w, K, ..., specifies the meson. For definiteness, we
will write most of the expressions for K mesons, i.e. s§ bound states with ¢ = u,d. The
variable u in the definition of two-particle DAs always refers to the momentum fraction

carried by the quark, u = ug; 4 = 1 — u = ug is the antiquark momentum fraction. The



set of variables in the three-particle DAs, a = {a1, a2, a3} = {as, ag, a4}, corresponds to
the momentum fractions carried by the quark, antiquark and gluon, respectively.

To facilitate the light-cone expansion, it is convenient to introduce a second light-like
vector p, such that

1 m?

=P, — -2, 2.3
Pu 1 2Z,u 2 > ( )
where P, is the meson momentum, pP? = m?w. We also need the projector onto the

directions orthogonal to p and z,

1 1
v = Guv — p_z(puzu + puzu)7 (2-4)
and use the notation

a, = auz", a, = aupt, by = buz", etc. (2.5)

for arbitrary Lorentz vectors a, and tensors b,,. a| denotes the generic component of a,
orthogonal to z and p.
We use the standard Bjorken-Drell convention [R4] for the metric and the Dirac matri-

1.2,3

ces; in particular, v5 = i7%v'92~3, and the Levi-Civita tensor €uvxo 18 defined as the totally

antisymmetric tensor with €p123 = 1. The covariant derivative is defined as D, = 9,, —igA,

and the dual gluon-field-strength tensor as G, = %GWPUGPU
The leading twist-2 DA of the K meson is defined as!

1
(0lg(2)[z, —2]vzv58(=2) | K(P)) = ifK(pZ)/O du ™" Go g (u, i) (2.6)

Here [z,y] stands for the path-ordered gauge factor along the straight line connecting the
points x and y:

[z,y] = Pexp {ig/oldt (x —y)Au(te + (1 - t)y)} , (2.7)
and p is the renormalization (factorization) scale. We also use the short-hand notation
€ =2u—1. (2.8)
The decay constant fx is defined, as usual, as
(01¢(0)3,355 (O (P) = ifx P (2.9

with frr = 160MeV [[]. The normalization follows from the requirement that the local
limit z — 0 of (R.§) reproduce (2.9), so that

1
/0 du ok (u) =1. (2.10)

' The leading-twist DA of a K meson is given by ¢y, (u) = ¢o;x (1 — u).



A convenient tool to study DAs is provided by conformal expansion [[9.2 The un-
derlying idea is similar to partial-wave decomposition in quantum mechanics and allows
one to separate transverse and longitudinal variables in the Bethe-Salpeter wave-function.
The dependence on transverse coordinates is formulated as scale dependence of the rel-
evant operators and is governed by renormalization-group equations, the dependence on
the longitudinal momentum fractions is described in terms of irreducible representations
of the corresponding symmetry group, the collinear conformal group SL(2,R). The confor-
mal partial-wave expansion is explicitly consistent with the equations of motion since the
latter are not renormalized. It thus makes maximum use of the symmetry of the theory to
simplify the dynamics.

To construct the conformal expansion for an arbitrary multiparticle distribution, one
first has to decompose each constituent field into components with fixed Lorentz-spin pro-
jection onto the light-cone. Each such component has conformal spin

(I+s),

l\')l»—\

J=

where [ is the canonical dimension and s the (Lorentz-) spin projection. In particular,
[ = 3/2 for quarks and [ = 2 for gluons. The quark field is decomposed as ¥, = A9
and ©¥_ = A_1 with spin projection operators Ay = p#//(2pz) and A_ = #j/(2pz), corre-
sponding to s = +1/2 and s = —1/2, respectively. For the gluon field strength there are
three possibilities: G| corresponds to s = +1, G| to s = —1, and both G| | and G,
correspond to s = 0. Multiparticle states built of fields with definite Lorentz-spin projec-
tion can be expanded in irreducible representations of SL(2,R) with increasing conformal
spin. The explicit expression for the DA of an m-particle state with the lowest possible
conformal spin j = jj + -+ + jm, the so-called asymptotic DA, is [[[7]

L(251 + 4+ 2jm) 2j1-1 2js—1 2jm—1
e = coeadmT 2.11
¢as(a1,a2’ ,Oém) F(231)F(2Jm) Qy Ay Qo ( )
Multiparticle irreducible representations with higher spin j +n,n = 1,2,..., are given by

polynomials of m variables (with the constraint » ;" ; ax = 1 ), which are orthogonal over

the weight function (R.11]).
In particular, for the leading-twist DA ¢x.o defined in (R.6]), the expansion goes in

Gegenbauer polynomials:

drca(u, p*) = 6u(l — u) <1 + Z aX (12)C3%(2u 1)) . (2.12)

To leading-logarithmic accuracy (LO), the (non-perturbative) Gegenbauer moments a,
renormalize multiplicatively with

a0 (u?) = D) g, (43), (2.13)

2See ref. @] for an alternative approach not based on conformal expansion.



where L = as(u?)/as(ud), fo = (11N, — 2Ny)/3, and the anomalous dimensions %(LO) are
given by

1O = 8C <¢(n+2) +E — % T2+ 1§(n+2)> : (2.14)

The reason why leading-order renormalization respects the (anomalous) conformal sym-
metry is that it is driven by tree-level counterterms that retain the symmetry proper-
ties of the Lagrangian. More technically, the Callan-Symanzik equation that governs the
renormalization-scale dependence coincides to this accuracy with the Ward identity for the
dilatation operator, which is an element of the collinear conformal group [I9].

To next-to-leading order (NLO) accuracy, the scale dependence of the Gegenbauer
moments is more complicated and reads [2d, 7]

2\ n—2

[0

O = an (BN + ) N a (i) YO L) (2.15)
k=0

where . o
W80 =00

1
+ 87TB§

ENLO — o /(260)

o) - asw%)]] , (2.16)

7,(11) are the diagonal two-loop anomalous dimensions [2§], 31 = 102 — (38/3)Ny, and the
1)

mixing coefficients dglk, k < n—2, are given in closed form in ref. [27], see also, for instance,
ref. 9] for a recent compilation. For the lowest moments n = 0, 1,2 one needs

(1) (1 23096 512 (1) _ 34450 830

% =0, T 93 _ng’ 20T a3 T s (217)
and
0
ap) = (50w - %)L - L’ (260)] (2.18)

The odd Gegenbauer moments ag, ;1 are first order in SU(3)-symmetry breaking for
the kaon and vanish for the pion by virtue of G-parity. The numerical value of af was
the subject of significant controversy until recently. The existing estimates are all obtained
using QCD sum rules. The first calculation of af by Chernyak and Zhitnitsky yielded
aff =~ 0.1 B, BI], but unfortunately suffers from a sign mistake in the perturbative contri-
bution [[{]. After the error is corrected, one finds that the two numerically leading contri-
butions come with different sign and cancel to a large extent, so that the sum rule becomes
unstable and numerically unreliable. This problem was reanalysed in refs. [§—[[1] using a
different set of sum rules, where it was also checked that the results are consistent with the
equations of motion for the relevant operators [fl, [[I]. The results are given in table [I.

As our best estimate, we take

af*(1GeV) = 0.06 + 0.03. (2.19)

Calculations of the second Gegenbauer moment for the pion DA, af, have attracted
quite a bit of attention and have a long history. Three different approaches have been used:
direct calculations using QCD sum rules, pioneered by Chernyak and Zhitnitsky; analysis



Method uw=1GeV | up=2GeV | Reference
QCDSR,D 0.0540.02 | 0.04 +£0.02 | [§
QCDSR,ND;EOM | 0.10 £0.12 | 0.08 +0.09 | [0
QCDSR,D;EOM | 0.06 +0.03 | 0.05 £ 0.02 | [id, [1]

Table 1: The Gegenbauer moment af(u?) from QCD sum rules. The abbreviations stand for:
QCDSR: QCD sum rules; D and ND: diagonal and non-diagonal correlation function, respectively;
EOM: equations of motion. The error estimates should be taken with some caution, as there is no

systematic approach to estimate uncalculated higher-order terms in the OPE.

Method u=1GeV uw=2GeV Reference
CZ model 0.56 0.38 B2,
QCDSR 0.2615:23 0.17+348 5]

QCDSR 0.28 +£0.08 0.19 +£0.05 this paper
QCDSR,NLC 0.19 + 0.06 0.13 +0.04 B3B3
Frppe LCSR 0.19 4 0.05 0.12+0.03(u=2.4) |[Bg

Fyrorye LCSR 0.32 0.20 (1 = 2.4) B7
Fror,LCSR,R 0.44 0.30 BY

Froe LCSR,R 0.27 0.18 BY

Fe™ LCSR 0.24 4 0.14 +0.08 |0.16 + 0.09 + 0.05 Eq, [
Fe™ LCSR,R 0.20 4 0.03 0.13 +0.02 B
Fp_.n0,,LCSR 0.19 +0.19 0.13+0.13 iG]

LQCD, quenched, 0.381 +0.23410-00210.233 +0.1437008%8 | ukQeD [
W/CW (1 = 2.67)

LQCD, N; =2, W/CW |0.364 + 0.126 0.236 + 0.082 (1% = 5) | QCDSF/UKQCD [[H]

Table 2: The Gegenbauer moment af(u?). The CZ model involves aj = 2/3 at the low scale

1 = 500 MeV; for the discussion of the extrapolation to higher scales, see ref. [@] The abbreviations
stand for: QCDSR: QCD sum rules; NLC: non-local condensates; LCSR: light-cone sum rules; R:
renormalon model for twist-4 corrections; LQCD: lattice calculation; Ny = 2: calculation using
Ny = 2 dynamical quarks; W/WC: Wilson glue and non-perturbatively O(a) improved Clover-
Wilson fermion action.

of the experimental data on the pion electromagnetic and transition form factors and the B
weak decay form factor, using light-cone sum rules; and lattice calculations. The summary
of these results is presented in table fI; see also, for instance, refs. [B7, 9 for another recent
compilation.



Our conclusion from table [ is rather pessimistic: aj can only be determined with
large errors, whatever approach is chosen. A fair quote is probably

a5(1GeV) =0.25 +0.15. (2.20)

The K-meson DA has attracted comparatively less attention. The old estimate by
Chernyak and Zhitnitsky, (£2)x/(¢%)r = 0.8 4 0.02 [BI], translates to

ak/al =059 +£0.04 — (al)cz(1GeV) =0.33 (2.21)

for the CZ model. A recent calculation, ref. [§], including radiative corrections to the sum
rules gives, however

a¥jaf ~1,  af(1GeV) =0.270%. (2.22)
This result is consistent with the most recent lattice calculation, using Ny = 2 dynamical
fermions [{4], which shows that (£2), stays practically constant under a variation of the
pion mass. For the purpose of the present paper we have done an update of the QCD

sum-rule calculation [§], using the corrected O(a;) quark-condensate contribution given in

ref. [I0], see appendix [B], which yields
a¥ /al =1.05+0.15,  af(1GeV)=0.30+0.15. (2.23)

The difference with [§ is small and mainly due to the larger value of the strong coupling
that we are using in this work. We conclude that the existing evidence points towards a
very small SU(3) violation in the second coefficient in the Gegenbauer expansion, so that
we accept aX = a3 in the range given in eq. (R-20) as our final estimate.

Estimates of yet higher-order Gegenbauer coefficients are rather uncertain. The light-
cone sum-rule calculations of the transition form factor Fr,« in refs. [Bg—BY| suggest a
negative value for aj, which is consistent with the result a](1 GeV) > —0.07 obtained in
ref. [16). However, this conclusion may be premature because of the omission of yet higher
moments and absence of any convincing method to estimate systematic errors involved in
the analysis. For this reason we adopt, in this paper, a model for the leading-twist DA,
which is given by the Gegenbauer expansion (R.13) truncated after the second term.

Last but not least we have to specify the value of the strange-quark mass. In the
last year several lattice calculations with dynamical fermions have been published; see
refs. [i5, i) for a summary and short review. In all these calculations the physical kaon
mass is used as an input to fix the strange-quark mass. There is good agreement between
data sets obtained using different non-perturbative renormalization procedures and, in fact,
also with earlier quenched calculations. On the other hand, the data still show considerable
dependence on the lattice spacing, so that it is clear that simulations on finer lattices are
needed for a systematic continuum extrapolation. In a different approach, the strange-
quark mass can be extracted from the eTe™ annihilation cross section and/or hadronic
7-decay data using QCD sum rules. These calculations have reached a certain degree of
maturity and yield results that are in reasonable agreement with lattice determinations;
see ref. [ for a recent summary and further references. In this paper we use

7i5(2 GeV) = (100 £ 20) MeV, (2.24)
which corresponds to ms = (137 £27) MeV at 1 GeV.



3. Twist-3 distributions

In this section we define all the twist-3 DAs of the kaon and derive models for them to next-

to-leading order in conformal expansion, which fulfil the QCD equations of motion. We

also work out the leading-order scale-dependence of the corresponding hadronic parameters.

Numerical values for the parameters and the corresponding models are given in section f.
To twist-3 accuracy, there are two two-particle DAs defined as

2 1 '
Ola(e)inss(~E(P)) = L [ aueore g (o), .1

: 2 1 ‘
Ola(E)nirss(—)K(P) = =5 Py = Poza) [ auc® 0 65, (32

In addition, there is also one three-particle DA:

(014(2)01u 159G ap(v2)s(=2) | K (P)) = (3-3)

=1 f3x (papﬂgi‘ﬁ — pap,,gf;ﬁ — (a B)) /Dg e*ipz(azfaﬁvas)q)s;K(al’ g, 3) 4 -,

where the integration measure is defined as
1
Da = / doy dag das 6(1 — aq — ag — ag) (3.4)
0

and the dots stand for Lorentz structures of twist 5 and higher.
To next-to-leading order in conformal spin, ®3.x is given by

1
<1>3;K(g) = 360(110[20[% {1 + )\3K(Oé1 — 012) + w3k 5 (70[3 — 3)} . (35)

The three parameters f3x, A3k, and wsg can be defined in terms of matrix elements of

local twist-3 operators as follows:

(01Goe759G ¢8| K) = 2if3x (p2)?,

_ . 3., . 3
<0|q0z§’75[ZDZa QGZ§]5 7 Zazqaz§75ng§5|K> = 2Zf3K(pZ)3 28 WK3,

= _ .= . 1
(0|@i D= 02¢759G¢5 — q0e759G ¢ D 8| K) = 2if3x (p2)? TR (3.6)

Numerical values for these parameters can be obtained from QCD sum rules and will be
discussed in section f.
The operators in (B.§) renormalize multiplicatively in the chiral limit, with one-loop

anomalous dimensions [Ag]

(0) 14 110
= 2C —Cp=—,
V3.f A+ 3 OF 9
0 _ §C’ ZC’ _ 208
73;‘) 3 A+ 3 F 9 )
© _ 5~ 4 139 3.7
73;)\ 3 A+ 6 F 9 . ( . )



For a massive strange quark, the operators in (B.6) mix with twist-2 ones. Using the

light-ray-operator technique of ref. [Lg], this mixing can be expressed in compact form as

2 2 . Crag ,u2 1 [t
Os(z,vz,0)" = O3(z,vz,0)"0 — imy In—~— [ dt {Og(z,vz) — 2t09(z,tvz)|, (3.8)
2m ug v Jo
where
O3(z, 02,00 = [4(2)02759G (v2)5(0)]* (3.9)
and
Og(az,bz)“2 = [cj(az)’yz'y5s(bz)]“2; (3.10)

p? stands for the normalization point. Sandwiching (B.§) between the K state and the
vacuum, and expanding in powers of pz, one can easily derive the mixing for local operators
with an arbitrary number of derivatives. We find that fsx mixes with fxm, and with
mesaf, whereas A3x and w3k mix in addition with mesaé(. The corresponding LO
renormalization-group-improved expressions read

Farc () = L3O fr(3) + 15 (1400 = L3900 fiem, )

6 (7 55/(960) _ 768/(960) K1(,,2

+ g (L3908 — L9900 film,af 1),

1
[farwsr| () = LYY O o) (ud) + 170 <L4/(ﬁ°) - L104/(9ﬁ°)> Frems(ud)

L[ 168/(980) _ 7104/(960) K1(,,2

+5 (L LIV O ficfm,al) (1)
2 (086/(960) _ 7104/(950) K1/ 2

+ G (L L > Jr[msay (1),

14
stcdarcl(s2) = LI/ 090 fpexape) i) — = (L0 — L1395 e, (,2)

14
+ = (Lﬁs/(%o) _ L139/(1850)) FrclmeaX](u2)
4
- (Lsﬁ/(%o) _ L139/(1860)) Frelmeal](u2), (3.11)

where L is the leading-log scaling factor: L = as(u?)/as(pd).

The two-particle twist-3 DAs (B.]) and (B.9) are not independent, but related to the
three-particle DA ®3.x by EOM ([, PJ). The EOM relations contain terms that depend
on quark masses and can conveniently be expressed in terms of two dimensionless param-

eters pf:
K _ (ms+mg)? K™ mg
s A (812)
K K

numerically pf ~ p&. The rationale for introducing two parameters is that p* changes
sign when switching from K mesons to K mesons, i.e. pf = pf, but p{( = —pX. In the
analysis of twist-3 DAs given in ref. [2Z], only terms in pf have been included. Here we
complete these studies by taking into account also the terms in pX.

,10,



From the non-local operator identities ([A.3)) and (A.4), one obtains the following rela-
tions for moments of the DAs, dropping the index K:

o o o 2(n—1)(n—2)
M3_5n0+?M32+2( M2, + 1 n—3
_ M¢2 M¢2
- 6(n — 1 ) 6n )
Mgf)S :6n0+ +3MZ)32+ ( _|_3)M:;)32 _|_3M:f31
3
- MP? M 3.13
where we use the notation )
M? = /0 du (2u — 1)"¢(u)
and introduce the auxiliary functions
u u )
= d dog ———— @ 3.14
/ 041/ T o, B, (3.14)
@) 2
(pg / dOél / d(XQ m ((Xl — Q2 — (2u — 1)) (pg( ) (315)
The normalization is chosen in such a way that
1 1
P o
= [audhw =1 M = [duog) =1-ps. (3.16)
0 0

Except for the new terms in p_, these moment relations agree with those obtained in

refs. (17, 9.

The relations (B.13)) can be solved exactly: separating the contributions of quark-an-
tiquark-gluon operators and the terms in p,

Ph(u) = 1+ % (u) + pi 5 | (u) + p— ¢h _(u),
¢35 (u) = 6ut + @3 ,(u) + py ¢35 1 (u) + p— ¢ _(u), (3.17)

we obtain the integral representations (cf. ref. [f9])

Shotw) = 5 [ 5 [0~ 26 0)+ () 0]

1 v
-1 e 0@ @26 0+ @) G
(0 1 v
5 (u) = i/o %¢é(v) —i/ %qbé(v), (3.19)
how =1 ["L pow -aw] -1 [ L e o], @)

where primes denote the derivatives in v: ¢'(v) = (d/dv)¢(v) etc.
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For the second twist-3 DA the solutions of the moment relations read, in the same
notation:

65,00 = —Jun{ [(ao (G4 2) (A0 + @D W) e

3 ol L |
40 = —gun ([ g+ [ g o).

65 (u) = ;uu{/ou dv <vi2 + %) bo(v) — /ul dv <v—12 + %) ¢2(v)} . (3.23)

We stress that the relations (B.1§) to (B.23) are valid in full QCD and involve no
approximation whatsoever. One consequence of these relations is that quark-mass correc-
tions to ¢4’ contain logarithmic end-point singularities. In particular for the asymptotic
leading-twist DA ¢9. i (u) = 6u(1l — u) we obtain

3 3
W) :1+pf§(2+1nua)+pff§(1—2u+1n ?). (3.24)

no gluons, asymptotic ¢a. i U

To NLO in conformal spin we obtain, using the truncated conformal expansions (R.19) for

(bQ;K and (E) for (1)3;[(:

1/2 27 3
QSg;K(u) = 1+3,0f(1 + 6ak) —9pffa{(+01/ (2u — 1) [7 pffa{( —p (5 +27a§>]

9
+Cy%(2u = 1) (30msc + 15p" 0k — 3p%af) + C3%(2u — 1) (10773KA3K -3 pKa§<>

3
= 3w Cy*(2u = 1)+ 5 (o + p)(1 - 3af + 6af ) Inu
3
+ 5 (0 = o)1+ 3af + 6a5) In, (3.25)

3 15 15
$.c (u) = 6ua [1 +5 pX 41508k — o) pRak + <3pfa{< -5 p§a§> 2 (2u—1)

2 2
+9ua(pk + pB)(1 — 3l + 6a) Inu + Jua(pk — p=)(1 + 3af +6af)Ina,  (3.26)

1 3
+ (57731( — = MBKW3K + = Pfa§> CS/Q(QU —-1)+ 773K)\3KC§/2(2U - 1)}

where, to simplify notations, we have introduced the parameter

fBK mqy + ms

— 3.27
3K fc mk (3.27)

These expressions are our final results for the two-particle twist-3 DAs and supersede those
given in refs. [[4, BJ. The terms multiplying Inu and In% are the first three terms in the
conformal expansion of ¢’27 (0) and gb’z; i (1), respectively. Numerical values for the hadronic
parameters are given in table fl The leading-order scale-dependence follows from (B.11])
and the scale dependence of the quark masses in pf and 3.
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We note in passing that the EOM relations

U 1, 5 1 .
5 ¢g;7r(u) + = (¢3;7r(u))/ = = ¢3;7‘(’(u) )
2 6 no gluons 6 no gluons
1—u 1 1
2 { g;W(U) B 6 (gbgnr (U)),}no gluons N 6 ¢g7ﬂ(u> no gluons ’

are no longer fulfilled for g%, but violated by mass corrections in p%.

4. Twist-4 distributions

In this section we derive models for the two- and three-particle twist-4 DAs to NLO in
the conformal expansion. There are four K-meson three-particle DAs of twist 4, defined

as 7, B

(017(2)7u159Gap(v2)s(=2)|[K(P)) =

1
= PulPazs = po7a) - fxParc(v.p2) + (P8Yan — PagB) [ Vasic (v, p2) + -+, (4.1)
(01g(2)VuigGap(v2)s(—2)| K (P)) =
1 ~ ~
= Pu(Pazg — PpZa) e fre®ak (v, p2) + (P3gay — Pagg) [k Vak (v,p2) + -+, (4.2)

with the short-hand notation

F(v,pz) = /Dge_ipz(”_aﬁw?’)f(g).

The integration measure Da is defined in (B.4), and the dots denote terms of twist 5 and
higher. For massless quarks and, more generally, for two equal-mass quarks, G-parity
implies that the DAs & and ¥ are antisymmetric under the interchange of the quark
momenta, o < o, whereas ® and U are symmetric [[7, BZ). Note that unlike twist-2
and twist-3 DAs, which are dimensionless, the twist-4 DAs have mass dimension 2 (GeV?).
The corresponding contributions to hard exclusive processes are suppressed by two powers
of the hard scale with respect to leading twist.

The distribution amplitudes ®4.x and &)4; x correspond to the light-cone projection
v:Gp, which picks up the s = +1/2 components of both quark and antiquark field and
the s = 0 component of the gluon field. The conformal expansion reads:

Dy (@) = 12001 agas[dl + ¢f (a1 — as) + @5 (3az — 1) + -],
;154;[((@) = 1200&1042063[56( + 5{((061 — 042) + 55((3043 — 1) + - ] (4.3)

G-parity implies that, for the 7 meson, ¢f = ¢5 = ~71T = 0, whereas ¢5( , (bé( and 5{( are
O(ms —my). B

In turn, the DAs V4.5 and W4,k correspond to the light-cone projection v, G, which
is a mixture of different quark-spin states with s, = +1/2,s5 = —1/2 and s, = —1/2, 55 =

3In the notation of ref. [@], Dy = m%A”, Wy g = m%iAl, :154;1( = m%ﬂ)u and @4;K =m%iV,.
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+1/2, respectively. In both cases s = 41 for the gluon. We separate the different quark-
spin projections by introducing the auxiliary amplitudes ¥T! and W', defined as

(01q(2)igGap (v2) 17 7ps (—2) | K(P)) = fx (pggiu - pagéu) Ul(v, p2),

(01a(2)igGlap(v2)1p37=5(~2) K (P)) = fic (pogi, — paghy) W (w,p2).  (44)
The original distributions W45 and @4; K are given by

1 1
U() = —3[¥Ha) + ¥ (@), (@) =3[ - v, (4.5)
U and U have a regular expansion in terms of conformal polynomials, to wit:

3
WW@=6ww4%Mw@myﬂmyuw<%—§mﬂ,

\Il”(g) = 6004104% [%T + ¢%T(043 —3ag) + wy (ag — gm)] ) (4.6)

For the m meson, thanks to G-parity,
Wl (an, 0n) = U] (g, 0n), (4.7)

so that 1/)2“ = 1/)2“.4 For K, we write
e A A (4.8)

where the 60; correspond to SU(3)-breaking corrections that also violate G-parity. From
(3), the following representations can readily be derived:

Tyx () = —30a§{¢§ (1— ag) + K [a3(1 —ag) — 6a1a2] (4.9)
#05 aal1 - aa) = (0 + o] — (1~ ) |68+t + 5 (50a - 305 |}

Vyx(a) = 30a§{05<(1 —ag) + 0K [a3(1 —ag) - 6041042} (4.10)
+63 [063(1 —ag) — g(a% + 045)} — (o — az2) [1/15( +agyft + % (has — 3)¢ﬂ }

In addition, we introduce one more three-particle DA Z4(a) [R1]:

(01@(2) 159D Gap(v2)s(=2)| K*(p)) = i fxpups / Da e~ Po2mcatves) 5y ().
(4.11)
The Lorentz structure p,pg is the only one relevant at twist 4. Because of the EOM,
D“Géﬁ =—g Zq q_tAwﬁq, where the summation goes over all light flavors, Z4.x(a) can be
viewed as describing either a quark-antiquark-gluon or a specific four-quark component of

4This implies, in particular, that only one of the DAs ¥ and T is dynamically independent.
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the pion, with the quark-antiquark pair in a color-octet state and at the same space-time
point. The conformal expansion of Z4 () starts with J = 4 and reads

Z1.x(a) = 8400 asal [Eé( 4o ] (4.12)

where ZX has mass dimension 2. The dots stand for terms with higher conformal spin
J =5,6, ..., which are beyond our accuracy. This DA was not considered in refs. [[7, PJ
because =K = O(ms — m,) and vanishes for mesons built of quark and antiquark with
equal mass.

The expressions in eqgs. (Ed), (£Y), ([E10), (E11) represent the most general para-
metrization of the twist-4 DAs to NLO in the conformal-spin expansion and involve 13
non-perturbative parameters. Not all of them are independent, though. In the following,
we shall establish their mutual relations and also express the expansion coefficients in terms
of matrix elements of local operators.

The asymptotic three-particle DAs correspond to contributions of the lowest conformal
spin J = js + jg + jg = 3. The parameters ¢(If , 56( , w(ff and 05( describing these DAs can
be expressed in terms of local matrix elements as

<0|Q77agéua8|K(P)> = iPufK(S%(,
(01q7aY519G uas| K (P)) = iPMme%(mK. (4.13)

These are the only two local twist-4 operators of dimension 5. Note that the second matrix
element vanishes for equal-mass quarks, because of G-parity. It also vanishes in the chiral
limit mg, ms — 0 because of the factor m%( Moreover, in this limit k45 can be calculated
exactly to leading order in my [f]:

1
K4K = —g + (’)(ms); (4.14)

numerical estimates of the corrections can be obtained from QCD sum rules and will be
discussed below.

Taking the local limit of eqs. (1), (f.3), one obtains

~ 1
vo = o = —3 Sk O = =0 = s mikrax. (4.15)
What about the scale-dependence of these parameters? Like fsg, 5% renormalizes multi-
plicatively for massless quarks, but mixes with operators of lower twist for mg # 0. At the
operator level, neglecting O(m?) corrections, the mixing is given by

~ - 8 2 1 2
((TyagGuas)MQ = ((T)/agGuas)Mg (1 o In M_2> - In ILL_Q mg [a}t(cﬁr}%s)]ﬂg . (4'16)
97 Jin 97 G

Taking matrix elements and resumming the logarithms, we find
5%1(%) = LW () + (1 - L0 (417)

with, as before, L = a(pu?)/as(ud).
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The scale dependence of k4 can most easily be derived by observing that this param-
eter is related to af and quark masses by the equations of motion [f:

1 ms —my 9 K m?—mg
— -1 e = S 4.18
MK S e tm, 10 T Tomz (4.18)

Taking into account the known scale dependence of af* and Mg g, ONE obtains

warc(?) = masc () — o (P00 —1) o (u3) + (/% —1) s —mal ) (4 4

40 2m?

To NLO in conformal spin, the discussion becomes more involved. As explained in
ref. [I7], for massless quarks the corresponding contributions can be expressed in terms of
matrix elements of the three existing G-parity-even local quark-antiquark-gluon operators
of twist-4. These three operators are not independent, however, but related by the QCD
equations of motion. One is left with one new non-perturbative parameter only, call it
war,> which can be defined as

i e~ 4 . _ =
(01g[iDyu, igGueles — 5 i0uaigGuees| K(P)) =
1
= fr0%wik (PHP,, —1 m%(gu,,> + O(twist 5). (4.20)
The scale dependence of wyp, for massless quarks, is given by

[ warc) (1) = L' [5warc) (1) -

For massive quarks, a distinction must be made between G-parity-conserving and G-pari-
ty-breaking contributions. G-parity-conserving corrections do not involve new operators,
and the difference to the massless case is mainly due to corrections proportional to the
meson mass. This case is described in detail in refs. [50, 3. Here we just quote the results
obtained in ref. [P

21 9 ~ 21
¢{( = g 5%((*‘)4[( - % m%(a5(7 ¢5( = g 5%((*}4[(7
1/1K—352w —imQaK 1/1K——52w —i—imQaK

The G-parity-breaking contributions, on the other hand, involve a different set of local
operators and in particular

71:75DegG s = —g* Y (qr75t") ($7:1°0)
Y=u,d,s

which determines the normalization and the leading conformal spin contribution to the DA
Z4.x () defined in eq. (.11)). Hence, a complete treatment of G-parity-breaking corrections
to twist-4 DAs requires also the inclusion of Z4.x.

°In the notation of ref. [@] wq = (8/21)e.
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It is beyond the scope of this paper to work out the corresponding relations between
the matrix elements of local operators and expansion coefficients. For this reason, and
also because QCD sum-rule estimates of matrix elements of large mass dimension are not
very reliable, we adopt a different approach and estimate G-parity-breaking corrections of
spin J = 4 using the renormalon model of ref. 1]. The general idea of this technique is
to estimate matrix elements of “genuine” twist-4 operators by the quadratically divergent
contributions that appear when the matrix elements are defined using a hard UV cut-off,
see ref. [R1] for details and further references. In this way, three-particle twist-4 DAs can
be expressed in terms of the leading-twist DA ¢o:

O [Pk (1)  ¢aik(an)
6 1—o 1l—ay |’

L (o, 02,a3) =

Lk (o1, 02,a3) =

3 L (1 - 041)2 (1 - 042)2

0k [ b2 () N b2,k (02)
6 L 1— a1 1— Qa9 ’

5 [azdak (o) a1¢2;K(d2)]

T (an, a2, 03) =

Fren 6%( -a2¢2;K(a1) a1¢2;K(d2)
il 02,08) = == 1-a)?  (—az? |’

20% [a2 por (1) a1 dok(an)
3 1— g 1-— a9 ’

Elé??((()él, a2, Oé3) = - (422)

where, in difference to [R1], we do not assume that ¢o(u) is symmetric under the exchange
U —1—u.

The expressions in (.22) do not rely on conformal expansion and contain the contri-
butions of all conformal partial waves. Projecting onto the contributions with the lowest
spin J = 3,4, we obtain

7

95 =0 of =% or =550l Ok
~ 1 ~ 7 ~ 7
1 7 7
w([](:_g(;%(’ ¢{(:E6%(’ ¢§(:§6%(’
7 7
0l = o0, oF = 1—0(1{(5%(, oK = —ga{ﬂs%(. (4.23)
It follows that in the renormalon model
WAK = Wir = 5> (4.24)

which is in good agreement with direct QCD sum-rule calculations [[[7. We also find
1
=K = ga{( 5% . (4.25)

Note that in the renormalon model §5 = 0. This is due to the fact that the contribution in
ki in eq. ([L15) is obtained as the matrix element of the operator ([.13) which vanishes
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by the EOM (up to a total derivative), see eq. (.1§). Therefore, against appearances,
this contribution has to be interpreted as “kinematic” power correction induced by the
non-vanishing K-meson mass rather than a “genuine” twist-4 effect.

We are now in the position to derive expressions for the two-particle DAs of twist 4.
They are defined as

1
(Olg(z)[z, —z]yuys8(—2) | K(P)) = ifKPp/O du " <¢2;K(u) + 355%4;}((“))
. 1 1 '
+ % IK o x“/o du 6Z5P$¢4;K(u), (4.26)

which is the extension of eq. (2.4) to twist-4 accuracy.® From the operator relations ([A.1))
and (A.9), we obtain

2(Py.x () — 2¥y k()

Vrca(u) = mic{205 1 (u) — doxc (w)} + - / qu/ da p—— ,(4.27)
2 u
d (ﬁ;;@g( ) = 1294, (u) — 12mK¢2 Kx(u) — 2% [(2u — 1)(mK¢2 x(u) + w;K(u))]
& 42%k () — Pak(a))
+W /0 qu/O dop (- —a)? (v — g — (2u — 1))
+4 Ms — Mg 9 d¢3;K(u) (428)

m
ms+mg  du

with the boundary condition ¢4 (0) = ¢4.x(1) = 0.
We solve this relations splitting the result in “genuine” twist-4 contributions ¢£‘}< and

Wandzura-Wilczek-type mass corrections 1/)4 e as
Vare (1) = Vi (u) + Y (u) (4.29)
with
Th(u) = = 5Kcl/2( — 1) +5{50/ — 05} 3 (2u - 1), (4.30)
W (u) = mi {1+ 6p5 (14 6a5) — 18p% af} €/ (2u — 1)

9
—|—m%({ 12;44;(—5@1 +27pK ol — 3K (1+18a§)}01/2(2u—1)

18
—i—{m%((l—i- 7 a¥ +30pFal —6p%a >+60f?’—K( s—i-mq)}CQl/z(Qu—l)

[k
9 16
+ {m%(<5a1 + g K - 9p%a > +20 J;f—;: (ms + mq))\gK}C;/z(Qu —1)
9 9 f3k 1/2
+ 58 mias —6 e (ms + mg)wsk ¢ Cy/ " (2u — 1) (4.31)

+ 6mg(ms +mg) (1 + 3af 4+ 6a) Ina + 6ms(ms +my)(1 — 3af + 6ad ) Inw,

where & = 2u — 1, see eq. (R:§). ¢}'¥ vanishes for mx — 0 and m, — 0.

617/14;;( and ¢4,k are related to the DAs defined in ref. @] by ¢4,k = m%g;{ and Y4, x = miAK.
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The complete expression for

duixc(u) = ¢ (u) + OLK (u) (4.32)
is rather lengthy. We find for the “genuine” twist-4 part:
200
ik (w) = = Shuu? + 20ua¢ {407 — 505}
+ 215%(w4K{ua(2 + 13u) + [2u® (6u2 — 15u + 10) Inw] + [u < a]}
+ 4005 {uug(2 — 3ua) — [2u®(u — 2)Inu] + [u < @]}, (4.33)

2.

and for the mass-corrections, neglecting numerically small terms of order m3:

Z/)év(u) = 16 m%(ml;({uﬂ&(l — 2uu) + [5(u - 2)u3 lnu] — [u a]}

3
+a 8 —l—mq)uu{?)O (1 - §w>
fK ms"’mq
+10Asx (g 1 — i) Z%:ZZ - 5uu]>

Wik (3 — 9lud + 28u2a® + 36—y 7uu]> }
ms + My

36 1
- Em%af{zuu(él — ua + 110u?a?) + [u?(10 — 15u + 6u?) Inu] + [u « u]}
9
+ 4m?% ui (1 4 3ua) (1 + 3a{( §> . (4.34)

The DAs for K mesons are obtained by replacing u by 1—u. Note that 4,k has logarithmic
end-point singularities for finite quark mass, whereas ¢4.x has no such singularities, so that
one can safely neglect the O(m?) terms.

The expressions given above provide a self-consistent model of the twist-4 DAs which
includes the first three terms of the conformal expansion.” An estimate of the contribution
of higher orders can be obtained using the renormalon model. In this case, the “genuine”
twist-4 contributions to the two-particle DAs given in eqs. (f.29) and (E33) have to be
replaced by

qSZ?ren(u) = 25%( /Oldv ng;K(v){% [uQ +u+ (v—u)ln <1 - %) ]H(U —u)
—l—% [uz—i-u—i-(u—v)ln(l—%)]H(U—v)},
T/Jzﬁ%ren(u) = % dd—; 01 dv ¢2.x (v) { <%>29(v —u)+ <%)2 0(u — v)} (4.35)

and used in combination with the complete renormalon-model expressions for the three-
particle DAs given in eq. (.23). As explained in ref. [R1]], the renormalon model does not

"One shortcoming of the model is that G-parity-breaking meson mass corrections of spin J = 4 are
missing and we only include the “genuine” G-parity-breaking twist-4 corrections estimated in the renormalon
model. Numerically, both effects may be of the same order.
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take into account the damping of higher conformal-spin contributions by the increasing
anomalous dimensions and, therefore, provides an upper bound for their contribution.
The effect of these corrections is, most importantly, to significantly enhance the end-point
behaviour of higher-twist DAs in some cases, which can be important in phenomenological
applications.

5. Models for distribution amplitudes

In this section we compile the numerical estimates of all necessary parameters and present
explicit models of the twist-3 and -4 two-particle distribution amplitudes that we introduced
in sections f] and |l The important point is that these DAs are related to three-particle
ones by exact QCD equations of motion and have to be used together; this guarantees
the consistency of the approximation. Our approximation thus introduces a minimum
number of non-perturbative parameters, which are defined as matrix elements of certain
local operators between the vacuum and the meson state, and which we estimate using
QCD sum rules. More sophisticated models can be constructed in a systematic way by
adding contributions of higher conformal partial waves when estimates of the relevant
non-perturbative matrix elements will become available.

Our approach involves the implicit assumption that the conformal partial wave expan-
sion is well convergent. This can be justified rigorously at large scales, since the anomalous
dimensions of all involved operators increase logarithmically with the conformal spin J, but
is non-trivial at relatively low scales of order u ~ (1-2) GeV which we choose as reference
scale. An upper bound for the contribution of higher partial waves can be obtained from
the renormalon model.

Since orthogonal polynomials of high orders are rapidly oscillating functions, a trun-
cated expansion in conformal partial waves is, almost necessarily, oscillatory as well. Such
a behaviour is clearly unphysical, but this does not constitute a real problem since physical
observables are given by convolution integrals of distribution amplitudes with smooth co-
efficient functions. A classical example for this feature is the yy*-meson form factor, which

[us o~ Y a

where the coefficients a; are exactly the “reduced matrix elements” in the conformal expan-

is governed by the quantity

sion. The oscillating terms are averaged over and strongly suppressed. Stated otherwise:
models of distribution amplitudes should generally be understood as distributions (in the
mathematical sense).

We give all relevant numerical input parameters for our model DAs in table [, at
the scale p = 1 GeV, which is appropriate for QCD sum-rule results, and, using the LO
and NLO scaling relations given in section [ and [, at the scale y = 2GeV, in order to
facilitate the comparison with future lattice determinations of these quantities. The mixing
of K-meson parameters with operators of lower twist depending on m is numerically small.

The parameters related to twist-2 matrix elements have been determined using various
methods; see the discussion in section f. Matrix elements of twist-3 and 4 operators for the
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K |(p=1GeV |p=2GeV |7 |p=1GeV |p=2GeV |Remarks
ms | 137127 100+ 20 My |5.6£1.6 |[4.1x1.1 |in units of MeV; see section E
af 10.06+£0.03 |0.05+£0.02 |af |0 0 taken from ref. ; G-odd
af 10.25+0.15 [0.17+£0.10 |af |0.25+0.15]0.17 4 0.10 | SU(3) breaking small;
average over various refs.
fax 10.45+£0.15 [0.33+£0.11 || f3, |0.4540.15]0.31 £ 0.10 | in units of 1072 GeV?
wsr |—1.2+£0.7 —0.9+£0.5 wsr | —1.5£0.7|-1.14+0.5
A3k [1.6+£04 1.454+0.35 | A3 |0 0 G-odd
82 10.20£0.06 |0.17+£0.05 |62 |0.18£0.06|0.14 & 0.05 | in units of GeV?
Kar | —0.09 £0.02| —0.10 £ 0.02|| K45 | O 0 taken from ref. ; G-odd
war 10.2+0.1 0.13+£0.07 |[w4r|0.2+0.1 0.13 £ 0.07 | taken from ref. ;
SU(3) breaking not incl.

Table 3: Hadronic parameters for the K DAs. We also give the corresponding parameters for the
7, which are a by-product of our calculations. All parameters have been calculated in this paper at
1= 1GeV, unless stated otherwise. The evolution between 1 and 2 GeV is done at NLO accuracy
for Mg, and af’QK , and at LO accuracy for the other parameters. The twist-4 parameters 0%, ¢X
etc. are given by eq. (), based on the renormalon model.

2 g1 2.
1. 75¢ 1 1750 ¢ 3
1.5¢ 1.5¢
1.25; 1.25¢
1.t 1.t
0. 75¢ 0. 75}
0.5F 0.50 /v
0. 25; 0.25;
v/,
0

Figure 1: Left panel: ¢4 as a function of u for the central value of the hadronic parameters, for
p=1GeV. Red (solid) line: ¢ ., green (long dashed): ¢4, ., blue (short dashed): asymptotic DA.
Right panel: same for ¢f.

7 meson were calculated a long time ago from QCD sum rules [B1], b2, [7]. In this paper, we
perform a complete reanalysis of these sum rules and also include SU(3)-breaking effects rel-
evant for the K meson. The corresponding sum rules and plots are given in the appendices.
One important result is that we cannot confirm the sum rule for f3, derived in ref. [F3] and
that our numerical value is considerably larger than that found in this paper. On the other
hand, our central value for §2 is similar to the one obtained in ref. [F1]], see also ref. [B7).
Finally, in figure [I] we plot the twist-3 and -4 two-particle DAs for the 7 meson, assum-
ing massless quarks, and for the K meson, together with the corresponding asymptotic DAs.
The figures show that quark-mass corrections significantly modify the end-point behaviour
of @£, where they induce a logarithmic end-point divergency, even if the contributions of
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Figure 2: Left panel: ¢4, as a function of u for the central value of the hadronic parameters, for
1 =1GeV. Red (solid) line: ¢4, in conformal expansion, blue (dashed): @4, using the renormalon

model gbii’ren for the genuine twist-4 corrections. Right panel: same for ¢4 .

Figure 3: Same as figure E for 4.

gluonic operators are neglected. This is not a problem because, as mentioned above, the
DAs themselves need not be finite, it is only their convolution with perturbative scattering
amplitudes that is meaningful. In figures P and f we show the twist-4 two-particle DAs
¢4 and 1)y, also for the 7 (left panels) and the K (right panels). The solid (red) curve in
figure [ is obtained from eq. (f.33) using the conformal expansion ([.33) to NLO in the
conformal spin, whereas the dashed (blue) curve includes the higher-spin contributions to
the genuine twist-4 corrections as given by the renormalon model ({.35). The mass cor-
rections ¢2/7TW vanish for the pion. It is clear that the higher-order contributions induced
by (l.39) modify both the end-point behaviour of ¢4, and the size of the DA away from
5
is very nearly the same as for m, but the relative difference is much reduced because of

the end-points. For the K, the absolute difference between both curves at, say, u =

large SU(3)-breaking effects induced by the mass-dependent contribution ¢X[;/1?/ . Also note
that the asymmetry of the curves induced by the non-vanishing value of af* is not very
pronounced, which is due to the smallness of that parameter as compared to a(lf =1 and
a¥. In figure f we plot 14, with the same meaning of the curves as in figure . Also here
it is obvious that the renormalon model modifies the end-point behaviour of the DA, in

particular for 14k, where it changes the sign of the logarithmic divergence at u = 0.
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6. Summary and conclusions

In this paper we have studied the twist-3 and -4 two- and three-particle distribution am-
plitudes of K-mesons in QCD and expressed them in a model-independent way by a min-
imal number of non-perturbative parameters. The work presented here is an extension of
refs. [[7, B2, 1] and completes the analysis of SU(3)-breaking corrections by also includ-
ing G-parity-breaking corrections in mg — mg,. Our approach consists of two components.
One is the use of the QCD equations of motion, which allow dynamically dependent DAs
to be expressed in terms of independent ones. The other ingredient is conformal expan-
sion, which makes it possible to separate transverse and longitudinal variables in the wave
functions, the former ones being governed by renormalization-group equations, the latter
ones being described in terms of irreducible representations of the corresponding symmetry
group. We have derived expressions for all twist-3 and -4 two- and three-particle distribu-
tion amplitudes to next-to-leading order in the conformal expansion, including both chiral
corrections O(ms + m,) and G-parity-breaking corrections O(mg —my); the corresponding
formulas are given in sections | and [|. We have also generalized the renormalon model of
ref. R1] to describe SU(3)-breaking contributions to high-order conformal partial waves.

We have done a complete reanalysis of the numerical values of the relevant higher-
twist hadronic parameters from QCD sum rules. Our sum rules can be compared, in
the chiral limit, with existing calculations for the = [F1], fJ. We confirm the sum rule
for the twist-4 matrix element 62 quoted in ref. [F1], but obtain different results for the
twist-3 matrix elements given in ref. [5J], which lead to a 50% increase in the numerical
value of the coupling f3,. Whenever possible, we have aimed at determining these matrix
elements from more than one sum rule; we find mutually consistent results, which provides
a consistency check of the approach. We have also studied the scale-dependence of all
parameters to leading-logarithmic, or, if possible, next-to-leading-logarithmic accuracy,
taking into account the mixing with operators depending on the strange-quark mass msg.
Our final numerical results, at the scales 1 and 2GeV, are collected in table [

We hope that our results will contribute to a better understanding of SU(3)-breaking
effects in hard exclusive processes and in particular in the decays of B and B; mesons into
final states containing K mesons.
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A. Non-local operator identities

For completeness, we quote the following non-local operator identities from ref. [@]

G, [t B
— q(@)yuyss(—x) = —i / dv vq(2)2agGap(vr)yY55(—)
aﬂfu -1

+(mg — ms)q(z)inss(—x), (A1)
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1
Odarmnss(-0) = —i [ v g()eagGas (v 55( )
T (e + mg)a(a)ins(—), (A.2)

o 1
0yi(a)155(=2) = =i G (@) s(=2) + [ dvvita)engGoulv)s(—a)

1
-if (@), (12)0055(—)

+(m8 - mq)q(x)7V75s(_x)7 (A?’)
1

0
dv q(z)2pgGpn (vT)y58(—1)
1

o 1) 5s(=2) = =0, pa(=a) + /

1
—i/ dvvq(x)x,9G o (V)0 755 (—x)
-1

- (ms + mq)Q(x)7V75S(—$). (A4)

Here 0, is the total derivative defined as

_ 9
Oula(@)ls(=2)} = 5= {q(z +y)lz +y, —w +yIls(~z +y)}
y# y—0
By taking matrix elements of the above relations between the vacuum and the meson
state, one obtains exact integral representations for those DAs that are not dynamically
independent.

B. Sum rules for twist-2 matrix elements

In this appendix we list and evaluate the QCD sum rules for twist-2 matrix elements
of the K. The sum rule for fg, including SU(3)-breaking corrections, was calculated
in refs. [53, [Ld], that for aff in refs. [B, [l0], and that for aX in ref. [, apart from the
perturbative terms in m?2 and the radiative corrections to the quark condensate, which are
new. The sum rules read:

fre /M — % /ds o5/ (8= m3)* (s + 2m) + 2 (1 ) e*SO/M2>

47T 53 T 47T2
m3
ms(5s) m; 13 o 1 <Oés 9 1 m?
1 =2 ) g (267 (145 1
+ M2 +3M2+ 9 =1 +12M2 T +3M2
4 ay ms(@@ﬁ 16mas ,_ 167 _\2 9
3z T oot \G0(ss) + g (@7 +(ss)), (B)
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(Gq) = (—0.24 +0.01)3 GeV?3 (55) = (1 — 83) (qq)

(GogGq) = mg (Gq) (s09Gs) = (1 - 65)(qogGq)
<% G2 = (0.012 + 0.006) GeV4

m2 = (0.840.1)GeV?, §3=02+0.2, &5 =02+02
Ms(2GeV) = (100 £ 20) MeV  «—  7,(1CGeV) = (137 & 27) MeV
as(mz) = 0.1187 £0.002 «— ay(1GeV) = 0.537 0

Table 4: Input parameters for sum rules at the renormalization scale p = 1 GeV. The value of m;
is obtained from unquenched lattice calculations with Ny = 2 flavours as summarized in ref. ),
which agrees with the results from QCD sum-rule calculations [{7]. a,(mz) is the PDG average [{].

+(5 <[ 124 M?  M?
_§m<SS>{1+a_[_—+§<1_WE+1H7+—6‘50/M2+Ei<_ﬂ>>]}

3 M2 T 27 9 S0 M?
5 m3(ss) 20 as my(qq) 5 ms(509Gs) 80mas ., .5 .o
_2Mms88) s 2 _ B.2
3T 2. M To o At st (99— 6, (B-2)
aé(fz oM /M? _
T (s —m2P@ml—s) T 7
4 —s/M? s — Mg 2ms —$ g 2 —s0/M? <a3 2>
— d — M=(1 — — G
471'2ms/ 5e s5 +727T2 T (1—e )+36M2 T
m3
7 ms(3s) as [ 184 25 M2 M? e s
L 1+ 22 22 (1 n o T emso/M? <——)
T3 M2{+7r o7 T\ ET E e R
49 as ms(qq) 35 ms(SogGs) = 224mas ., o 9 11270 , .,
A AN CA kY A . B.3
7w 02 13 At s (007 Gs)) + g @) s (B3)

We evaluate the sum rules using the input given in table [l The results for fx and a¥ are
shown in figure [l; fx depends rather sensitively on the choice of sp. In order to reproduce
the experimental result fx = 160 MeV, one has to choose sy = 1.1 GeV?2. This is the value
we will use also for all other sum rules for K matrix elements. For aé( , we then find

a(1GeV) = 0.30 £ 0.15, (B.4)

which is slightly larger than the result obtained in ref. [[i] and agrees with that obtained
in ref. [§]. For af<, we obtain the same result as refs. [[L0, [L1]:

af*(1GeV) = 0.06 + 0.03. (B.5)

C. Sum rules for twist-3 matrix elements

In this appendix we estimate the parameters of the twist-3 distribution amplitudes fsg,
A3rc and w3 from QCD sum rules. Our approach is similar to that of ref. [f3], where f3,
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Figure 4: Left panel: fx as function of the Borel parameter M? for so = 1.1 GeV?. Solid line:
central values of input parameters, dashed lines: variation of fx within the allowed range of input

parameters. Figure taken from ref. ] Right panel: same for aX at the scale u = 1GeV. The

results for aX are new.

and ws,; have been determined, and based on the calculation of the correlation function of
a non-local light-ray operator, which enters the definition of the three-particle distribution
amplitude (B.3), with the corresponding local operator:

Ip =i / dy eV (0|Tq(2)i0 259Gz (v2)5(0)5(y)ioy=159G = (y)a(y)|0)

= (pz)4/Dg e~ PHaztvas) o () | (C.1)
We also study the correlation function of that operator with the pseudoscalar current:®

np =i / d'y e PV (0|Tq(2) 02759 iz (v2)5(0)5(y)v5q(y)|0)

= (p2)? [ Dac e 2l ) (€2

for brevity, we do not show the Wilson lines in the non-local operators. Our calculation
goes beyond that done in ref. [fJ] by including SU(3)-breaking corrections, and by also
studying sum rules based on the non-diagonal correlation function, which allows a non-
trivial consistency check of the results.

Somewhat imprecisely, we will refer to IIp and IIyp as “diagonal” and “non-diagonal”
correlation functions, respectively. The hadronic representation of the non-diagonal cor-
relation function IIxp only contains pseudoscalar J© = 0~ contributions, whereas the
diagonal correlation function IIp also contains contributions of states with higher spin,
JP =27 and J¥ = 1. This is not a disadvantage, since such states all have considerably
higher masses than the K meson, and can effectively be thought of as parts of the con-

tinuum contribution. For reasons that will become clear below, we have also calculated a

8Note that the currents in IInyp contain no factors i, in contrast to IIp. This is so as to obtain a positive
spectral density.
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correlation function similar to ([C.1), but with operators of opposite parity:

Op =i / d*y e PV (0|Tq(2) 029G 12 (v2)5(0)5(y)01,29G (y)a(y)|0)

(pz)4/Dge_ipz(o‘2+w3) Tp(a). (C.3)

For the diagonal correlation function we find, using factorization approximation for the

four-quark condensates and dropping terms that vanish after Borel transformation:

mpla) = % alagagpQ In _,u_; — % % mj;s) agagé(al) — ; % % a1a35( 2)
O: m5<s;lgGs> < 772 o3+ le asaz + %z(pz)agai),) §(aq)
_|_ Qg M < 772 % + iala?’ — %i(pz)oqa%) 0(ag)
35:43 (473 ; o0 — % i(pz)cma%) d(ar)
a ;C_iq <4T43 ol + 3 ajas + % z(pz)alt)zg) 0(ag)
os & 2(5s 2< 79) (a1a3 0(a2) + anas 5(041)) (C.4)

To this accuracy, the expressions for 7p and 7Tp are almost the same, the only difference
being that in 7p the last term in ([C.4), the contribution of (gq)(ss), comes with a minus
sign. In the chiral limit, we can compare the above result with that obtained in ref. [52:
we find agreement for the perturbative contribution, but a different answer for the contri-
bution of the four-quark condensates. The leading-order contribution O(ay) of the gluon
condensate as well as that of the dimension-6 triple-gluon condensate (g% fG?) both van-
ish. We also have calculated the contribution of the gluon condensate in the local limit,
e~wz(o2tvas) | and find

89 a5 sas 5\ (p2)?
Mpl e 2 = Tp) o :———<—G>—, C.5
plis ) = Wolies ey = —5757 7 (5 P2 (©5)
which differs from the result obtained in ref. [fJ. In particular, we do not reproduce the
logarithmic term quoted in [p2].
For the non-diagonal correlation function we find

a 1 1 2
Tnp(e) = 2—7:3041612(13 (1 —— + T a2> p’In _M—pQ

n 1 <%G2> arazd(ag)

T almg + aam? — ayanp?
ag 1

+ 3 p?
205 1

T [ag +a} <ln _“—; ~ In(agas) — 1)] [ms(@a)d(az) + mq(ss)d(an)|

[mq (Gq)3 () + my (§s>a%5(a1)}
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+ |:;$7TO£S<SS> + ém&sagGs)} pl 0(aq)d(as)

16 1 1
+ |gpmes(a® + GmyaogGa) | S5o(az)ilan)
16ma

9pt

—o. 1 (79)(58)0(n)6(az). (C.6)

The sum rules for the couplings f3x, A3x and wsx are derived by expanding the
correlation functions in powers of (pz):

p = (p)" {1 +i(p2) |1 + (20 = DI | + O((p2)) }
Myp = (p2)? {10, +i(p2) g, + v = DAY | + O} . (C7)

Comparing these expressions with the corresponding expansion of the K contribution to
the correlation functions expressed in terms of the DA (B.H), one obtains

e = B [0®)] o).

1 [ 1

?f:?K)\sKe_m%(/MQ =B |1y + ‘Hg)] (M?),

3 . i o
7 Fiwse "KM = B _H< )+ 1411( )} (M?), (C.8)

and similarly

frmie 2 oe (0) 2
2f Mg +mq B 1_[ND} (M )’
1 m? 1
71 3K A3K ff+ ;;q mi/M = Hg\)}}) + §H§\%} (M?),
3 fxmie _wene @ L 3 0 2
—%ngngme K = B _HND+EHND (M )7 (Cg)

from the diagonal and non-diagonal correlation functions, respectively.

Bl..

eter.

. Here and below
J(M?) stands for the Borel transformation with respect to p?; M? is the Borel param-

From IIp, we obtain the following sum rule for f3x:

4 f| e /M % /80 dsse—s/M* 4 % (ms(5s) +me(qq))
1D 36073 Tar (s q
89 as Jas 9 Qs 1
5184 7 <7T G > Tose 172 (Ms(509Gs) +mg(GogGa))
1 o] 5 32 a2
729 32 (00 +(59)°) + g7 375 @) (59), (C.10)

where the subscript D indicates that this sum rule is derived from the correlation function
IIp. The last term on the right-hand side comes from the factorisation of the four-quark

condensate ((jo*w,tAq) ((jJWtAq). In ref. [F2], the authors have argued that this term, which
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induces a large power correction in their sum rule for f3;, is unreliable because of a po-
tential breakdown of the factorisation approximation for that particular condensate; they
suggested to determine f3, from a sum rule derived from the sum of the correlation func-
tions IIp +1IIp instead, where these large contributions cancel. Indeed, the Dirac structures
o and io,,y5 are not independent, but related by i0,,75 = —% €uvpo O pos Which induces
the relation

Ilp = i/d4y e_ipy<0|T€7(0)i0uz75gGuz(O)S(O)E(y)iguz75gGuz(y)Q(y)|0>

— / d*y eV (0|Tq(0)io,759Gv=(0)5(0)5(y)iow. 759G = (¥)a(y)|0) .

IIp receives no contributions from 0~ states because their contributions to the two cor-
relation functions on the right-hand side are equal and cancel in the difference; the same
applies to 11 states, so that the lowest resonance contributing to IIp is 1~. These states
can safely be included in the continuum so that it is possible to extract f3x from the sum
of correlation functions ITp + IIp. On the other hand, our sum rule (IC.10), derived from
IIp only, with the correct coefficients for gluon and four-quark condensates, is actually not
very sensitive to the term in (Gq)(ss), but dominated by the gluon condensate. As there is
no strong theoretical argument in favour or disfavour of either diagonal sum rule, the one
based on IIp and the one based on IIp +1Ip, we decide to use both. We also determine fsx
from a third sum rule based on the non-diagonal correlation function Ilyp; the difference
between these three results will be interpreted as theoretical uncertainty.

Explicitly, we obtain, in addition to (IC.10), the following sum rules for f3x, with the
index indicating the underlying correlation function:

4 f2 | _emmic/ME G " dsse™s/M” 1 %(m (ss) + mq(qq))
3K|D+D - 0 97 s q\q9

18073
89 ay /as 2> as 1 ~ )
2502 T <7r ¢ Fie 12 (Ms(509Gs) + mg(qogGa))
142 o2 ,,_ 5

799 ar2 (@07 +(5)7). (C.11)

2 S0 1
2f3K|NDw6*m§</M2 — i/o dsse—s/M’ 4 _<%G2> _ %(mq@@ + mg(3s))

ms + my 7273 12\ 7 o
2 oy 3 3 8 M? * ds /M2
= 5 2 + ) (549 - o [T )
1
+ W(ms@@]Gs) +mq(qo9Gq))
16 mag ., _ 16 mas ,_
57 32 (30" + (5)°) + 5 72 (70 (5s) - (C.12)

The sum rules for f3, are obtained by taking the chiral limit of the above expressions.
As for w3k, we have not calculated the gluon-condensate contribution to the diagonal
sum rule, which is expected to be dominant, so we cannot use the diagonal sum rule and
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only consider the non-diagonal one:

z(ngng)‘NDWiKijf;qe—m%/M2 = _68[;3 /050 dsse™*/M* %%(mq<QQ> + ms(ss))
- 2% g+ o) (5 40— 2y [T B o)
2 (@) 4 (s Gs) + mylaogGia)
o T ((q0)” + {5)) + o o (g (5s). (C.13)

In evaluating this sum rule, we replace fs3x by the expression obtained from (C.12).
2

As for Az, the gluon-condensate contribution is suppressed by a factor m: — mg by
virtue of G-parity and can safely be neglected in the diagonal sum rule. We did calculate
this contribution for the non-diagonal sum rule, though, where indeed it gives only a small
contribution. On the other hand, the (gg)(ss) contribution is also absent because of G-
parity, so that the two diagonal sum rules for f??K)\g K| pand f??K)\g K | D+D differ by a global
factor 2. As the values of f§K| p and f??K‘ D4+D also differ by a factor of approximately 2,

this theoretical uncertainty cancels to a large extent. The sum rules read:

—m 14 ay _ _
4 (o) | p e R = =2 =2 (ma(ss) — ma(da)
35 as 1 B _ 7a2 _
BEYE (ms(509Gs) —mg(GgogGq)) + 972 ((qq)* — (55)%), (C.14)
7m2 M2 28 Oés _ —
LB Aar) [ pp e "M = =15 22 (my(55) = my(da))

35 as 1 _ _ 14 a2, _
t506 = 2 (ms(509Gs) —mg(qogGq)) + 9 2 ((q9)

—(35)%), (C.15)

me2 —m2 2 7 Qg _ _
2(f3K)\3K)’ND ﬁe /M :6_(ms<ss>_mq<QQ>)
s q

7 as 8 M ®ds _
- 2% nafaa) — g5 (5 42— 2 [ 2 o)

0o S

7 <Ocs 2 2 2 M2 2 Oods _ M2
— s (G 2 md) (14— =y - M2 [ S
6M2 \ 7 s q 112 . 82

0
224 o

+ 3—J\742(mq(qaqu> —mg(30gGs)) + 97 M2 ((70)” = (55)%). (C.16)

Again, when evaluating these sum rules, we replace f3x by the corresponding expressions
obtained from (C.10), (C.11]), and (C.13).

The numerical results from all these sum rules are shown in figures [] to [ As for
fsr and f3g, all three sum rules yield very similar results, which is a strong indication
for the consistency of the approach. The diagonal sum rules are very stable in M?, the

non-diagonal ones less so. Taking into account the uncertainties of the input parameters
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for fax: so = 1.1 GeV?.

-0.75
-1.25
-1.5

-1.75

-2.25

Figure 6: Left panel: ws; as a function of the Borel parameter from the non-diagonal sum
rule ()7 so = 0.8GeVZ2. Right panel: same for wsx; so = 1.1GeV2. The results from di-

-
-
N
[
W |
-
o
=
©
N

0. 0055

0. 00

0. 0045 E

0. 004 E
0. 0035 3

0.003: ¥
0. 0025; 1

-0.25
-0.5
-0.75

-1.25
-1.5
-1.75

I —
W3k 3

=
=
N
=
ISy
=
[e)}
=
[ee]
N

agonal sum rules are not shown because the gluon-condensate contribution is unknown.

Figure 7: A3k as a function of the Borel parameter, calculated from the non-diagonal sum
rule ([C.14) (red, solid line), the pure-parity diagonal sum rule (C.14) (green, long dashes) and
the mixed-parity diagonal sum rule () (blue, short dashes); s = 1.1 GeV?; A\3r = 0 by virtue

1.8---_2x
1.6
1.4

1.2

>
w
A~
L

N N AL B

1.2

of G-parity.

T Y P N
1.4 1.6
MZ

,31,



as given in table f] and the difference in the results from the different sum rules, we obtain
the estimates

Far(1GeV) = (0.0045 £ 0.0015) GeV2,  fs(1GeV) = (0.0045 + 0.0015) GeV2.  (C.17)
The effect of SU(3) breaking is very small,
far/ far = 0.98 £0.03, (C.18)

as all sum rules are dominated by the contribution of the gluon condensate. Note that our
value for fs; is about 50% larger than the one obtained in ref. [p2], which is due to, as we
believe, the incorrect results for the contributions of the gluon and four-quark condensate
contributions obtained in this paper. As for ws, as explained above, we only evaluate the
non-diagonal sum rule. We find that the sum rules are less stable in M?, as with f3, and
that now the effect of SU(3) breaking is more prominent. Our final estimate is

w3r(1GeV) = —1.5£0.7, w3k (1GeV) = —-1.24+0.7, (C.19)

where the error reflects in particular the uncertainty of the value of the gluon condensate.
Our result is to be compared with that of ref. [F2], wsx ~ —3. Finally, A3x can be
determined from three sum rules, as the gluon-condensate contribution is suppressed by

a factor m2. All three sum rules yield perfectly consistent values, despite the fact that

the two diagonal sum rules (C.14) and ([C.1F) differ by an overall factor of 2, which, as
expected, is largely cancelled by the different values of ng] p and f??K] p+p- We obtain

A3k (1GeV) = 1.6 £0.4; (C.20)

the error is smaller than for wgx because the gluon condensate is suppressed. This result
is new.

D. Sum rules for twist-4 matrix elements

The aim of this section is to estimate the decay constant 5% that determines the normal-
ization of twist-4 distribution amplitudes. To this end we define the currents

J;:‘ = qgéuo/}’as7 J;Y = qgéua'}/a’)’flsa (D'l)

with quantum numbers J© = 11 and 17, respectively, and calculate the correlation func-
tions

Y =i / diz e® (0T THY (2)(TV)1(0)10) = pupe ™Y (9%) — g IV (07),  (D-2)

taking into account contributions of operators with dimension up to eight. Note that the
relative sign between fx and 6%( can be fixed from the non-diagonal correlation function
of J;;‘ and the axial vector current. This calculation was done in ref. [FI|] and will not be
repeated here; the result is that 6%( is positive.
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Similar correlation functions have been considered in the past, mainly in connection
with searches for exotic quark-antiquark-gluon mesons [p4]. We obtain

2 1 2
W - (2

160737 T 72 P2
Ol B ~ 12 2004 ~ ~ 12
+ 22y a0) + 55 1L 5 20 )+ g )] L
Srag ,_
52 (10)(5s) +0- (¢*FG®)
i%i[m (GogGq) + ms(309Gs)]
108 7 p2 q qogq S g
1 2 27,1
+ [5 In ,u_ + 27] —[ms(qogGq) + my(509Gs)]
25mas _ _ 14370y o,
- 3T4p4m(2)[<QQ>2 + <88>2] + W”%@QMSS)
T [ a2 - _
+ 18p? < i G > [mg(qq) +ms(3s)], (D.3)
2 1 /a MQ
mAY — % ey H L [P 2N 2y B
L 240m3Y " T2 T 36 < . >p TR
12 a 2
+ 6_[mq<qq> +m(5s)|p? In —5 p2 + 18—7T[m5<QQ> +mg(3s)]p* In 2
8mras ,_  ,_ 1 3.3
19 o u?
T 1 [mq(quGq> + ms(509Gs)] In ?
19 ag 12
T4 7 —[ms(qogGq) + my(509Gs)| In g
25mas _ _ 1817 o
—162p2 m%[<q(]>2 + (ss>2] + Wm%(qq><ss>
T g _ _ T B B
T 18p2 <? G2> [mq(aq) + ms(ss)] + 62 < GQ> [ms(qq) +mg(ss)]. (D.4)

In both cases the upper sign refers to the axial and the lower sign to the vector correlation
function, respectively; HS‘ has been calculated, in the chiral limit, in ref. [f1]. The quark
mass corrections and the expression for TI{' are new.

In this work we follow the procedure proposed in ref. [f]] and write the sum rule
directly for the correlation function H‘04:

Tibice™ M = BIUG)(M?) (D5)
The results for 2 and 62 are shown in figure §. We find
62 = (0.18 £ 0.06) GeV?, 6% = (0.20 4 0.06) GeV? (D.6)

and

6%-/62 = 1.10 £ 0.05, (D.7)
which can be compared to the estimate (fxd%)/(f-02) = 1.071513 obtained in ref. [23).
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