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We describe how the ingredients and results of the Seiberg-Witten solution to
N = 2 supersymmetric U(N) gauge theory may be obtained from a matrix model.

Dijkgraaf and Vafa discovered that the non-perturbative effective super-
potential for certain d = 4 A/ = 1 supersymmetric gauge theories can be ob-
tained by calculating planar diagrams in a related gauged matrix mode
(for a more complete list of references, see Ref. H). In this talk, we will show
that matrix models can also be used to obtain all the ingredients and re-
sults of the Seiberg-Witten solution? of certain N = 2 supersymmetric
gauge theories, specifically U(N) theories without matter, or with matter
in fundamental, symmetric, or antisymmetric representation

1. N = 2 supersymmetric gauge theory

We will focus on the N' = 2 U(N) gauge theory with Ny hypermultiplets
in the fundamental representation to illustrate the matrix model approach,
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indicating where differences occur in theories with symmetric or antisym-
metric hypermultiplets. To apply the insights of Dijkgraaf-Vafa to an N/ = 2
gauge theory, one begins by expressing its field content in terms of N' =1
superfields. Let ¢ denote the adjoint A" = 1 chiral superfield belonging to
the N/ = 2 vector multiplet, and ¢/ and §; the N' = 1 chiral superfields
that comprise the A = 2 hypermultiplets transforming in the fundamental
representation. The N = 2 theory has the superpotential

Ny

Wi=2(0,¢,q) = Z lGroa" +mrdrg'] (1.1)

I=1
where m; are the masses of the fundamentals. The Coulomb branch of
the moduli space of vacua is characterized by an arbitrary diagonal vev
for the scalar field in ¢, but we may select a specific (but generic) point
¢ = diag(eq, - - ,en), at which the U(N) gauge group is broken to U(1)%,
by adding a perturbation to the superpotential

W(¢7Q7(j) = WN:2(¢7Q7Q) + W0(¢) (12)

where Wjj(z) = aHij\Ll(:v — e;). The perturbation breaks the supersym-
metry to N = 1, but the full A/ = 2 supersymmetry will be restored by
sending o — 0 at the end of the matrix model calculation.

2. The perturbative matrix model

Each AV = 1 chiral superfield described in the previous section has an analog
(denoted by a capital letter) in the corresponding matrix model; specifically,
an M xM hermitian matrix ®, and M-dimensional vectors @' and Q I
(The analog of a symmetric or antisymmetric matter hypermultiplet would
be an M x M symmetric or antisymmetric matrix.) The superpotential
) is reinterpreted] as the potential of the matrix model, whose partition
function is thus

w(e, Q,@) 21
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where G is the unbroken matrix model gauge group, and g is a parameter
that will be taken to zero in the planar limit M — oco. The matrix integral
&) can be evaluated perturbatively about an extremum
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where the M; are arbitrary, subject to Zi\il M; = M. The U(M) sym-
metry of the matrix model is broken by ®¢ to G = Hivzl U(M;). The
residual gauge symmetry must be gauge-fixed, and ghosts introduced; for
details, see Refs. 2L 6. For the U(N) gauge theory with an antisymmet-
ric representationz&'q of mass m, ®; must include an additional diag-
onal block ml,s and the antisymmetric matrix a corresponding block
J (the symplectic unit), breaking the symmetry of the matrix model to
Sp(My) x Hivzl U(M;). The inclusion of the extra block for the antisym-

metric case has been put in a broader context in Ref. [T

2.1. Topological expansion

The connected diagrams of the perturbative expansion of &I may be
organized, using standard 't Hooft double-line notation, in a topological
expansion characterized by the Euler characteristic x of the surface in which
the diagram is embedded

logZ =Y g XF\(S),  Si=gM;,  x=2-29-h—q  (23)

X<2

with g the number of handles, h the number of boundary components, and
q the number of crosscaps. We now take the large M limit, letting M; —
00, gs — 0 with S; held fixed. In this limit, the dominant contribution
Fy(S) = g%log Z ’Sphcm arises from planar diagrams that can be drawn on
a sphere. Theories with fundamental representations contain surfaces with
boundaries; the dominant such contribution Fy(S) = g,logZ ’ dige COmes
from planar diagrams on a disk. Theories with symmetric or antisymmetric
representations contain nonorientable surfaces; the dominant nonorientable
contribution Fy,(S) = gslog Z Rpp2 Comes from planar diagrams on IRIP?,
a sphere with one crosscap.

2.2. The effective superpotential

The values of S; in the matrix model, hitherto arbitrary, are determined by
the extremization of the effective superpotential, given by] L2

N
Weg(S) = — {Z %FS(S) + Fa(S) 4 4F(S) (2.4)

in the case where the gauge group U(V) of the gauge theory is broken to
U(1)N. The resulting vevs (S;) may be computed in an expansion in A, the



scale in the matrix model. For the U(NN) theory with Ny fundamentals, the
leading term 0

Ny
(Si) = O‘—HH:((ZJ:ZI)) APN=Nr 4 O(AIN2Ns) (2.5)

and the A*V=2Ns term is also computed in Ref. [l

2.3. Tadpole diagrams
The Seiberg-Witten solution of the N/ = 2 gauge theory is expressed, not

in terms of the parameters e;, but in terms of the renormalized order pa-
rameters a;, defined as the periods of the Seiberg-Witten differential®. The
matrix model prescription for computing a; was presented and motivated
in Ref. B

N
0
a; = e; + [Z o 95 (8 Wii)sphere + (61 Wij)disk + 4(tr \I’ii>rp] (2.6)

a5,

j=1 (S)

where WU;; is the ith diagonal block of ® — ®¢, and the vevs in Eq. (ZH)
represent tadpole diagrams with the specified topology. Equation ([Z0]) may
be computed in an expansion in A; the A2V =Ns contribution agreesﬁ with
the one-instanton relation between a; and e; computed in SW theorym.

2.4. Period matrix and prepotential

In Seiberg-Witten theory, the matrix 7;; of gauge couplings of the unbroken
U(l)N gauge theory is given by5,13
0°F(a)

7ij(a) = Darda,

(2.7)

AN T (i + )
2mi - Hj;éi(ai - a;)?

K2

Fla) = Fpert(a) + + O(A4N_2Nf)
where Fpert(a) is the perturbative prepotential and the one-instanton pre-
potential is shown explicitly.

The matrix model prescription for the gauge coupling matrix g

1 9%Fy(S)

Tij

In Ref. 6] this quantity was computed and re-expressed in terms of a; using
Eq. [8), and was shown to agree with Eq. () to one-instanton accuracy.



For theories with symmetric or antisymmetric hypermultiplets, the pre-
scription (Z8) must be modified by including relative signs among the var-
ious contributions to F5(S). The justification for these signs, together with
a prescription for computing 7;;, was given in Refs. 8, 9. With this modifi-
cation, and also the inclusion of the extra block for the case with antisym-
metric matter discussed above, the matrix model calculation of 7;; agrees
with the SW calculation to one-instanton accuracyg.

3. SW curve and differential from the matrix model

In this section, we will indicate how the usual ingredients of the Seiberg-
Witten approach, the SW curve and SW differential, may be obtained from
the matrix model using saddle point methods. In this approach, one intro-
duces the trace of the resolvent

ww»—%<m(zﬁ¢)> (3.1)

which, like the free energy [Z3)), may be expressed in terms of a topological
expansion, with ws(z) the leading term in the large M limit. The saddle-
point approximation to () implies’

wi(2) = Wi(2) ws(z) + 1.f(2) = 0 (3.2)

where f(z) is a polynomial, given by

fu>=4%<w(ﬂﬁ@liﬂﬁ@2)>. (33)

z—®

The polynomial f(z) is determined by extremizing the effective super-
potential ([Z4); this may be done exactlyh using Abel’s theorem, or
perturbatively” using ), as follows:

f(z) = 42 %(5}) +0(S?%) (3.4)
N N
=42\ Ns { H(z +mr) —T(2) H(z - ei)] + O(A*N=2Ny)
I=1 i=1

where T'(z) is the polynomial part of H?[:fl(z—i—mj)/ sz\il (z—¢€;). Defining
y(z) = —2ws(2z) + W{(z), one obtains
y? = Wi(2)* = f(2) (3.5)

precisely the Seiberg-Witten curve for this theory] 3 for the choice of moduli
e; consistent with Eq. ). See Refs. [0, @ for details.



The Seiberg-Witten differential may also be obtained in the matrix

model approach Ao LA6I3IS

N
0
/\SW_z{Zgws—l—wd—l—éLwrp dz. (3.6)
i=1 v

The cubic Seiberg-Witten curve (and associated SW differential) for the
gauge theory with symmetric or antisymmetric matter hypermultiplets may
also be obtained™* from the matrix model approach, using saddle-point
methods, together with extremization of the effective superpotential.
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