UPPER BOUNDS ON THE FINE STRUCTURE CONSTANT AND ON RUCLEQON
E, MAGNETIC MOMENTS IN TERMS OF COMPTON SCATTERING (ROSS-SECTIOCHS
i *)
3.M. Roy
CERN -~ Geneva
and
A.S. Vengurlekar
Tata Institute of Fundamental Research, Bombay
ABSTRACT
We derive and compare with experimental daia the
bound
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where o« is the fine structure constant, m the proton mass,

vo the photo-pion production threshold, Jtot and (do/dt)g

‘ are unpolarized total hadronic photo-absorption cross-section

! ' on protons and unpolarized forward differential cross-section
! for proton Compton scattering at photon-lab. energy vwh, and

: A and vy are any real numbers. We derive similar bounds on
L proton and neutron magnetic moments,
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1. - INTRODUCTION

We assume that the forward aucleon Compton amplitudes obey to
lowest crder in « the dispersion relations written by Geli-Menn,
Goldberger and Thirring 1). We then deduce rigorously bounds on o and on
the nucleon magneiic moments in terms of the pion mass m_y the nucleon
mass My, the total hadronic photo-abscorption cross-sections on nucleons
and the forward differential cross-secticns for Compton scattering. These
bounds remain valid if in the integrals over the cross-sections only part
of the physical region is retained, and thus provide tests of the dispersion

relations invelving only energy regions where datza exist.

2)

rule for the nuclecn magnetic moment by assumlng, in addition %o the above,

3)

Previocusly, Drell, Hearn and Geragimov ocbtained a sum

an unsubitracted dispersicn relation for the amplitude fé(v)/v, and Truong
obtained a bound on o by assuming unsubtracted dlspersion’relation for

the amplitude Ij/f1 (v]], where v is the lab. energy of the photon and

f,,p are vyN- N forward smplitudes defined in terms of the helicity
]

amplitudes by
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We are able to aveid their extra assumpticns due to & technique of simulta- .

(4)

neous use of the positivity properties of forward amplitudes and their in-

5)

verses introduced recently by Roy and Singh .

We state our results in terms of the amplitude

f(z) = §,(» +¢c 51(39 ) 2 = 22

(5)




where ¢ 1s a real number cbeying

2
< =M + ™
|C| < % 0 2y (6)

2. - BOUNDS ON THE FINE STRUCTURE CONSTANT o AND ON NUCLEON
ANOMATOUS MAGNETIC MOMENT

We prove the following results.

Theoren 1
Por vi > ZT >z and  real,
o (A o K2 1(z,2,) 4 —4]-A-16Y
—'ﬁ\‘ Q e ﬁﬂ) é 2 [Ji * I(’uz_l)alfaai’)‘) ?

(7)

where Q dis the nucleon charge (Q::1 for proton, O for neutron), and

0o
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I(,2), 20} = T | @-(@-2) | ’|$(2%i0)-
-)g?.

Further if 3 >-f(v§) and if [£{z'+10) -2| does not vanish for any
z! > vs then the bound (7) must be an equality for =all gz, Zy .

Remarks

i) The case ¢=0, Q=1, leads %o an upper bound on «. The cases

Yo >c>0 and vy = e < 0 lead to upper and lower bounds on %2

respectively, considering o as given.

ii) Note that I(z,z1) > 0, 1(21,0) > 0, and J(z,z1,l) > 0, because
the integrands are non-negative, The parameters )\, 2 and z,
are to0 be chosen to make the bound opitimal and sensitive to the

energy region required.
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iii) The right-hand side of (7) increases when J 1is decreased ; hence
an upper bound on (a/mN)(Q2+-cn2/2m )y in terms of v, and the
cross-sections o, S, and (do/dt) is obtained when we replace

in Eq. (8) If(z'+10) -A, by the upper bound

2
|50 -2 ¢ LaLdn) ¢ R -] BTGB

3T

16T 4T

. 2 ) 2 i/2
r o] 238 {d) - 5 - S22 |

Thecrem 2

- ——

(10)

where oo
4z’ Yo § (2'+i0)

-2 ‘5(24'&0)-)\? | (11)

Remarks

i} In the proof J(z1,x) is rot assumed to be finite. But (10) shows
assuming o > 0, that for ) > 0, ¢ > 0 and 2, < 0, J(zq,k) mast

be finite |}

ii) The bound remains valid if we retain in the integrals I(ZT,O) and
J(z1,h) only part of the energy region where data exist. Further,
we may replace |f(z'+10 -K{ in Eg. (11) by its upper bound
given by Bq. (9).
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i) Due to the optical theorem

ii)

iii)

iv.)

2
Gen § (2l4i0) 70 Jor 2 % (12)
. 12

1)

From the forward dispersion relations for £ and f., we deduce

1 2

f(z)= Fa) - I(2,24)

(13)

where 2,
Following Jin and Martin 6 we prove easily, using the positivity
property (12}, that Im £(z) > 0 for Im z > 0, and hence that

£(z) and -Ef(z[]'1 are Herglotz fu.nc‘tions‘?).

is a subtrection point and I(z,z1) is given by Eg. (8).

5)

For any £(z) obeying Bgs. {12) and (13), Roy and Singh have used

the Herglotz property to prove the following result.
2

For v, >z, 2z and for z, and A real,

Ref(2;410) 7 A+ Re I(2, &) +

I(!J §|)a(a't !I)A)

(14)

-

+ I(3>3l) [i \[.1 +

Further if 3 > f(vf) and if |£(z'+10}-21|#C for all z' > vg
then the bound {14) must be an equality for all =z, Zy0

8)

nuclieon Compton scattering yields
2 w*
fo) = ~ = [ +e L5 ]

Combining this with (14) for z,=0, we obtain Theorem 1.

The low energy theorem of Low 9)

and Gell«Mann and Goldberger for

(15)



v) To obtain Theorem 2, note first that for vi >z, >z and A Teal,
I(z,Z;)[J 4 -—i < 4 —.
—q 1+ I(Z2)J(2,2pA) =~ J(EBEN)
(16)

Further J(z,z1,x) > JA(z,z1,k), where JA denotes the corresponding
integral cut-off at the upper limit A, In this finite range integral

take the limit z—-® , and finally set A=® to deduce Theorem 2.

4, - COMPARISON WITH PRCTON COMPTON SCATTERING DATA

We test Theorem 2 for the case c¢=0 which involves only

unpolarized cross-sections after the replacement

If(g’.l-io)_)\‘z_—) %3(39{-2,+A1 -l--‘ll/\]‘f;;[('dag)." 9}% ‘
(17)

We obtain from the theorem an upper bound on J(z1,1) in terms of o, Dy

and compare it with the rather poor data on J(z1,1). The

m and o ’

i tot

cases ¢#£0 mnust await future direct experiments on dp, T, 3 their
derivation from photo-production data is not sufficiently reliable 1O).

Previously dispersion relation calculations of Damashek and
Gilman 11),12) and Armstrong ei al, 13) have yielded EBe f1/Im f1:]2 < 1/4
for v > 2 GeV ; data on (dcr/d‘t)o from 2.45 to 17 GeV give a qualitative
confirmation 14) assuming If2|2 < O.1]f1|2. The present method has the
advantage of not involving principal value integrations and of making rigo-
rous statements based on incomplete data, e.g., in the absence of low and

high energy data.

i) Choice of Compton_scattering data. The input data (see Tabie I) on
(dc/dt)o frem 2.45 %o 17 GeV from Ref. 14), and from 0.65 to 2.45 GeV

from Ref. 15), are chosen to be those extrapolations to t=0 which
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d0 not use dispersion relations ; when this value is smaller than
tot/(16ﬁ) and thus violates unitarity, we replace it by c t/(16ﬂ
in calculating J(ZT’A)

ii) Choice of T tot data. We use, from threshold up to 2.678 GeV values
listed in Ref. 13), and from 2.678 to 38,8 GeV the fit of 211 data
16

in this range

ﬁ;—’ haﬁ[wm 0 £30)/, mb
_ 16 + /570 \f'; >
o“lo’f = (9r8rté)+( (18)

which matches with the Ref. 13) fit at 2.678 geV.

iii) Choice of A, z,. The contribution to J(z1,x) of the region 0.15
to 0,64 GeV where no data exist can be suppressed by choosing )
and {-—zj) positive and sufficiently large ; on the other hand,
te have non-trivial tests of dispersion relations, ) and (-21)
must be sufficiently small such that the ipper bound Jogilcal
obtained by neglecting [ﬁe £(z'+i0) - i] in Bq. (11) is signifi-
cantly larger than the upper bound given by Theorem 2., Optimum

results are quoted in Table IT and the Figure.

5. - CONGLUSIONS

The contributions t¢ J from the region 0.64 to 17 GeV are
comfortably below the upper bound. To see what to expect when (dd/dt)
data below 0.64 GeV become available we have also quoted the contrlbutlon
to J from 0.15 to 17 GeV by adding a dispersion relation estimate of the
energy region below 0.64 GeV ; we see then that the bound is saturated
within the large errors of the data. Hence, it would be very interesting
to have measurements of (dc/dt)o below O.,64 GeV ss well as to have more

accurate measurements from 0.54 to 2.5 GeV.
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IGURE CAPTION

Contributions from the energy ranges 0,64 to 17 GeV (¢)
and 0.15 to 17 GeV (‘) to the integral J(Z’l’?‘) defined
by Eas. (11) and (17) are compared with the upper bound on
J(z,],)\) (x) given by Thecrem 2 for proton Compton scatter-
ing for the case ¢=0, The points + are obtained by
zdding to the points ¢ a dispersion relation estimate of
the region 0.15 to 0.64 GeV where (d@/dt)o measurements

are not availsble.
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