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ABSTRACT: The non-commutative geometry of deformation quantization appears in string
theory through the effect of a B-field background on the dynamics of D-branes in the topo-
logical limit. For arbitrary backgrounds, associativity of the star product is lost, but only
cyclicity is necessary for a description of the effective action in terms of a generalized prod-
uct. In previous work we showed that this property indeed emerges for a non-associative
product that we extracted from open string amplitudes in curved background fields. In
the present note we extend our investigation through second order in a complete deriva-
tive expansion. We establish cyclicity with respect to the Born-Infeld measure and find
a logarithmic correction that modifies the Kontsevich formula in an arbitrary background
satisfying the generalized Maxwell equation. This equation is the physical equivalent of a
divergence-free ©, which is required for cyclicity already in the associative case.
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1. Introduction

In a seminal paper, M. Kontsevich [ gave an explicit formula for the deformation quanti-
zation of a Poisson structure on R” in terms of a formal power series and established the
global existence on arbitrary Poisson manifolds using formal geometry. By definition, a
deformation quantization is an associative deformation of the commutative product that is
proportional to the Poisson bracket {f,g}e = 070, f0,g to first order in ©. A symmetric
part of ® would be a Hochschild cocycle, which can be removed by a gauge transforma-
tion [, B]. The Jacobi identity of the Poisson bracket is equivalent to a vanishing Schouten
bracket [©,©] = 0, which, in turn, is necessary for the existence of an associative deforma-
tion.

Much work on deformation quantization was stimulated by the observation that non-
commutative geometry arises in open string theory [B]-[f]. The case of a constant back-
ground B-field was shown to lead to a non-commutative product of functions on the world
volume of a D-brane, which turned out to be given by the Moyal-Weyl formula. Cattaneo
and Felder [f, [ then gave a physical derivation of Kontsevich’s formula in terms of a path
integral quantization of a Poisson sigma model [§], which corresponds to an open string
theory in a certain topological limit.

More recently the situation of open strings in curved backgrounds was considered and
it was shown that the resulting non-associative deformation coincides with Kontsevich’s
expression at first order of a derivative expansion [[-[[I]. In [[0] we argued that a non-
vanishing field strength H = dB of the 2-form B-field is incompatible with a topological
limit of Einstein’s equations. The dependence on the metric g,, therefore should not be
ignored. The background fields actually include a gauge connection 1-form A that lives on
the brane in addition to the bulk fields B, and g,,. The equations of motion, however,
can only depend on the gauge-invariant field strength H = dB and F = B + (2ra’)dA of
B and A.



Since D-branes can be embedded at arbitrary codimension we expect that only the
variational equation for the gauge field plays a role for the non-commutative dynamics
while the bulk field backgrounds B and g should remain unconstrained. The antisymmetric
non-commutativity parameter ©#” and the “open string metric” G*¥ are related to these
fields by the matrix inversion G + © = (g + F)~!. The generalized Maxwell equation,
G D,Fou— %@’”H MA}" au = 0, which comes from the variation of the Born-Infeld measure
\/det(g + F) with respect to the gauge connection A, can thus be recast into the form

0, (\/det(g—l—]-")@“”) ~0. (1.1)

For the resulting non-associative product [f], [[0], we showed that, to first derivative order,
e the integrated product of two functions reduces to the ordinary product and that
e the integrated expression for the associator of three functions vanishes

up to surface terms for the Born-Infeld measure, if the generalized Maxwell equations ([.1])
are imposed on the background gauge field [[L0]. This property is called cyclicity. It is the
purpose of the present note to confirm that cyclicity in the above sense can be extended
at least through second order in the derivative expansion.

The topological limit corresponds to the situation where the metric is much smaller
than all eigenvalues of F so that © ~ F~!. A vanishing field strength H = dB = dF =0
(on the D-brane) thus becomes equivalent to the Poisson condition [©,0] = 0 and the
Born-Infeld measure reduces to the Liouville measure for the symplectic structure ©. If
we then drop the condition that © be invertible and consider arbitrary Poisson structures
the Kontsevich formula still defines a deformation quantization, but the natural measure
is lost. In that context a measure 2 has to be introduced as an independent object [[2].
Notably, Felder and Shoikhet constructed a cyclic (gauge-equivalent) modification of the
Kontsevich product for Poisson structures © that are divergence-free with respect to a
measure {2, i.e.

[atxg b= [a @en-s (1.2)

M M
for functions f,g,h € C*(M) of compact support if divg® = 0 [[J. Using the identity
g*x1 = 1x%g = g this immediately implies the generalized Connes-Flato-Sternheimer

conjecture [[[4]:

[ouen=[a sy 13)

M M
In the context of open string theory, there exists a natural measure regardless of the rank
of F or of ©, and the divergence condition has the natural interpretation of a generalized
Maxwell equation ([J) if € is identified with the Born-Infeld measure \/det(g — F) d”x.
Moreover, cyclicity ([.2), (I.3)) of the deformed product can be preserved, at least through
second derivative order, even in the non-associative case. We conjecture that this property
can be maintained to all orders, but it may then become necessary to take into account
derivative corrections to the Born-Infeld measure [[5-[R1].



In this note we explore the cyclicity property at second derivative order of the back-
ground fields. Since a diagrammatic calculation along the lines of [[L0] would be extremely
tedious, we check the consistency of our proposal with an ansatz. We should, of course,
reproduce the topological limit, which essentially fixes the product up to gauge equivalence.
Since we need the explicit expression for the associator we first include all Kontsevich-type
graphs without loops with arbitrary coefficients. Associativity up to terms proportional to
the ‘Jacobiator’ J = %[9, ©] of the Poisson bracket then fixes all coefficients of the ansatz,
except for a contribution to the product that is itself proportional to J. (Obviously such a
term is not constrained by associativity, but it can be fixed by a symmetry argument.) Thus
we recover the known results of [R3, PJ] and, since we are working in a derivative expansion,
extend them to all orders in the constant part of the non-commutativity parameter.

The main focus will then lie on the verification of the cyclicity property. Using the
equations of motion for the background gauge field and the expression for the associator,
cyclicity also fixes the gauge part of the product. We thus recover the contribution from
a loop diagram in Kontsevich’s expansion with the same coefficient that was explicitly
calculated in R4]. In addition, we find a new term with a logarithmic derivative of the
Born-Infeld measure, which restores cyclicity up to terms with at least three derivatives on
the background fields © and G.

The paper is organized as follows: section P| contains a discussion of the physical
relevance of the cyclicity property and a brief review of the results of [[[0]. In section §] we
present the ansatz for the non-commutative product and derive the modifications that are
required by cyclicity. We conclude with a discussion of our results. The evaluation of the

associator is outlined in the .

2. Physical relevance of the cyclicity property

The requirement of a cyclicity property has shown up on a fundamental level of string theory
in several places. In the context of open string field theory it constitutes a necessary prereq-
uisite to be able to write down an action which satisfies the BV master equation [PF]. An
analogous statement is known for closed string field theory [R6] and topological strings [R7].
In this section we discuss why cyclicity of a non-commutative product is a desirable prop-
erty in an effective action arising from open string theory, regardless of the associativity
of the product. Our arguments will be based on the lagrangian formalism and the varia-
tional principle of a (space-time) quantum field theory and on modular invariance of open
string theory on the disk. These considerations are quite general and apply to the full
non-commutative product emerging from string theory.

As is well known, the space-time low energy effective action can be obtained by comput-
ing string amplitudes; the equations of motion for the string background fields emerge from
calculating the conformal anomaly. Both quantities should be related by the variational
principle in the low energy effective theory. Turning to the perspective of string theory, the
purpose of introducing a non-commutative product on the world-volume of a D-brane is to
sum up the effect of the background fields in an elegant way. We expect that both the ac-



tion and the equation of motion can be expressed in terms of a non-commutative product,
which means that the antisymmetric background field © should only appear implicitly via
the product. What are the implications of such an assumption?

To illustrate these considerations we pick some interaction term, say [® o (® o ®).
Applying the variational principle in order to obtain the equations of motion, we obviously
obtain three terms. From SL(2,R) invariance of disk on-shell correlators and from the
fact that the properties of the product should not depend on the on-shell condition of the
functions (because of the lack of a proper metric dependence), we can expect that the trace
property of the integral holds, i.e. that

[tregen=[rogon, (2.1)

as well as [ fog = [ go f. Then our variation takes the form 3 [ §®o(®o®).} To separate
the contribution to the equation of motion we still have to remove all derivatives from the
variation d®. Doing this by partial integration would produce an explicit © dependence in
the equation of motion. Therefore, we infer that as a building block of a field theory the

/fogz/f-g- (2.2)

Sticking to our example, we obtain 3 [ §® - (P o®), which gives rise to ® o ® in the equation

product should obey

of motion. Therefore we expect that the low energy field theory obtained from open string
theory contains a (generically non-commutative and non-associative) product that satisfies
the cyclicity property (B1) and (P-2).

In order to see how this works at first derivative order, and as a warm-up for the
calculation in the next section, we briefly review the non-commutative product found in [[[0].
It was obtained from the computation of off-shell correlators of an open string sigma model
with arbitrary, massless, on-shell background fields apart from the dilaton, which was set
to zero. In the bulk these are the background metric g and the antisymmetric B-field and
at the boundary it is the gauge field A. The product found in [[[0] to all orders in the

non-commutative parameter © and to first derivative order in the background fields is
1
f(@)oglz) = [xg— 50"0,0" (0u0y] * 059 + 05 + 0udyg) + O ((00)*,0%0) , (2.3)

where ‘x’ denotes the Moyal contribution to the product,

2

@) g(a) = e300 () g(0)] ey (2.4)

Although formally the same, this represents a non-associative version of Kontsevich’s star
product formula since © is not assumed to define a Poisson structure. Associativity of (£.3)
is violated by terms proportional to the Jacobi identity

1
(fog)oh—fo(goh)= G (017 9,0"P + 6”7 9,0 + 07 9,0M) (9, f * O,g * O,h] +
4 7 2.5
0(8?

nteractions with higher powers in the fields yield a sum over different positionings of brackets.



where we introduced the abbreviation

[ 494 B] = O @00 0004 000:8) () g(0) h(uw) 2.

U=v=w==x "’

which denotes the Moyal-type triple product with all terms containing derivatives on ©
removed. Imposing the generalized Maxwell equation ([L.1)), it was shown in [[[0] that the
product (P.J) satisfies the cyclicity relations (P.1]) and (P.2)) to first derivative order of the
background fields. The relevant integration measure is given by the Born-Infeld measure
[ = [dPz\/det(g — F), which arises from the vacuum amplitude. This result confirms
our general arguments above and motivates us to look at further derivative corrections to
the product.

Before we go on to the next section and consider the second derivative order, we want
to make a comment concerning the Moyal-type triple product [f*g=h]. It differs from both
f#(g*h)and (f % g) * h. Expressions like (R.f) are useful for the evaluation of derivative
expansions, since they automatically keep all orders in the undifferentiated ©. We should
keep in mind, however, that we actually work with a double expansion because already the
Moyal-type contributions have to be understood as formal power series. We do not use
the conventional % to indicate this fact because our derivative expansion is a formal power
series in two variables, controlling the number of ©’s and the number of derivatives acting
on them, respectively. Our formulas keep terms of arbitrary order in the first parameter
and we drop all terms that are cubic in the second one.

3. The non-associative product at second derivative order

In order to check for the cyclicity of the ‘o’ product, we first need to evaluate the associator.
For this purpose it is sufficient to drop all Hochschild coboundaries, i.e. all terms that can
be gauged away by a transformation

fog— D YDfoDy), D=1+A"9,0,+ -, (3.1)

where D is some formally invertible differential operator. In particular, contributions to
f o g of the form X*9, f0,g with symmetric X can be gauged away with A" = —XH.
We thus start with an ansatz for the product that contains expressions with arbitrary
coefficients for all Kontsevich-type graphs with two derivatives acting on ©, as displayed
in figure Il

Abbreviating derivatives acting on f and ¢ with subscripts, we obtain the following
contributions to the product from Kontsevich-type graphs [f] that contain structures of

Figure 1: Graphs with two derivatives acting on ©.



the form in figure flA-flE:
1 1
fog=fxg— ngaﬁ@w(fw *gp+ fp* guv) + 4 859117&/@%(14 fu * Gv) —

i
- g(—)ﬂ’yel}éa’yaé(—)p)\(Blfuup * gy + BZf)\ * Guvp + B3fup * gl/)\) - (32)

1
= 30"70,0"° 050" X(C1 fup * Gux + Cofon * Gup + Cafuvp * 9+ Cafr * Gwp) +

1
+ E(@M,yaV@pA)(GV(S&S@OT)(le,upl/o * gar + D2fﬂp'r * Qv T D3f)vr * g,upzza) .

There is no contribution from [JE' because the only possible term @5737@‘“’85@”‘ fup * gur
vanishes due to symmetry of pup and vA and antisymmetry of ©. The contribution of
graph []A can be gauged away and hence does not contribute to the associator (fog)oh—
fo(goh). Nevertheless, it does contribute to the Kontsevich product with a coefficient
A = 1/6, which is exactly what we will need for cyclicity.

The evaluation of the associator in the shows that consistency with the
topological limit fixes

1 1 1
BIZ_B2:6’ B3 =0, 02—0125, C3=Cy=0, Dy=2Dy=D3=—

The ambiguity C7 — C;—Cy and Cy — Cy— C'y had to be expected because a contribution
of the form %CJJ“”‘S@g@p"fup * gye With

14 3 v 14 1% v
JH = 2[e,01 = 00,0 +610,0% + 67,6" (3.4)

generates that shift and vanishes for J = 0 (the last term in (B.4) yields a contribution of
the form [JE that vanishes identically). The Kontsevich formula inherits invariance under
the parity transformation exchanging f and g and the sign of © from string theory via its
topological limit. This symmetry exchanges C; with —Co, By with —By, D1 with D3 and
leaves all other terms invariant, which implies that the appropriate value is C1 = —Cy =
—1/6. For the sake of generality we will, however, keep the C's dependence in the following
expressions. The resulting product reads

1 1
Jog=Fxg—50M0,0"((fu g+ forgu) + 7 000,07 (A fuvg,) -

i 14
— 159767 0,0,0" (fup * 90 = S * G ) —

i 1
= 5019,07050((Co = 3) Jup 9o+ Ca fin % 9p) +

11
+ ——(@W&,@p’\)(@”‘s(%@”) (fupucr * gar + qup'r * Owo + o * g,upzza) ) (3'5)

2122

and for the associator we obtain

(fog)oh—fo(goh)=
_ éjwp[fu*gy*hp]ju



12
+2( 5 ) (©70,0)5 ([fupw % 97 % hra) + g * 927 % ol + [fir * gupr * ho) +

12
+ [fl/* gupT* h)\a] + Q[f;w* ng* h)\a] + Q[f)\u * gpr * hua] +
+ [fu * gt * hupo] + [fu/\ *gr *x h,upa]) +

57 /"0 050 (8Chlfyp * g Il + (3C2 = Dlfp * g2 hu] -
- 302[fu *gp * hual — (3C — 1)[fp * Gu * huy) +
+ [fu * Jup * hal + [fa * Gup * hu]) +

i
57010, ([ Fuv % Gp % ha] = [fo  ga * hW]), (3.6)

where each term contains the Jacobiator (B.4) as required by consistency with the topo-
logical limit.

Associativity up to surface terms. We will now check relation (P.T) for the prod-
uct (B-H) to second derivative order. To this end we integrate the associator (B.6)) with the
measure, y/det(g — F), and take the equations of motion for the background fields into
account. We will find that lines 3 — 5 of (B.6]) vanish by themselves. The same holds for
lines 6 and 7. The second line can be pushed to second derivative order and cancels the
last two lines.

We start with the easiest piece, the terms proportional to (©90)J. In fact, these can
all be pushed into the third derivative order by partially integrating one of the derivatives
contracted with J, e.g.

dPzy/det(g — F)O1 0,07 [ + g7 % hao] =
— st — / P9, ( det(g — f)JW) O119,0P £,y * gr * hre] —
— /d%( det(g — F)J"°7)8, (00,0 [ fup * gr * hrg]| —
- / dPx(\/det(g — F)J""T)OM 0, 0P 0% fup * gr * Pro)
~ 0+ 0(0%), (3.7)

where the derivative 0; acts only on the ‘stars’ in the product [f., * g- * h)s], since J is
totally antisymmetric. In a similar way the two lines containing the constant C's vanish by
partially integrating twice.

The remaining second derivative terms in (B.6) are mixed up with the first derivative
order. Therefore let us concentrate on the latter and rewrite it as

% dPx/det(g — F)J"P(f, % gy * hy) =
=s.t. — é /de Ou(v/det(g — F)JHP)[f * gy x hp) — (3.8)

B 11_2/dD96 det(g—F)J*P0,0([fo * Gup * Pl +[fa * Gu * hps]+[f * Gua * hpp]).



The second line of eq. (B.§) can be shown to vanish because of the relation

9, (v/det(g — F)J) ~ 0, (3.9)

which holds by way of the equations of motion of the background field ([L.1]). This can be
seen as follows.
Expanding the Jacobiator we find

Ou(v/det(g — F)JHP) = (Ou/det(g — F)) (070,07 + ©770,0"") +
++/det(g — F) (0,6"70,0°" + 0,0770,0") +
+ /det(g — F) (©"70,0,07" + ©6770,0,06""), (3.10)
where the second line vanishes identically because of the antisymmetry of ©. Next we
exchange the partial derivatives in the last line of (B.10) and use the background field
equation ([[.1)), obtaining
Ou(v/det(g — F)JHP)=(0,/det(g — F)) (670,07 4 ©770,01) — (3.11)
1
—+/det(g — F) (@”@ (Bux/det(g —F) @W—> +
det(g — F)
1
+ 0770, | Oy\/det(g—F))OH ——eee >
Vdet(g—F)

The terms where the partial derivative in the second and third lines acts on the ©’s cancel
the contributions from the first line, while the other terms cancel again, owing to the
antisymmetry of the ©’s. Thus we have established our claim (B.9), which shows that
from (B.§) only the last line

- 1_12 dPx V det(g — f)JMVpau@aﬁ([fa *Guvp * hp] + [fa*gu* hpﬁ] + [f * gua * hpﬁ]) (3.12)

survives. It has to be considered together with other JOO contributions in (§.G).
To this end we try to transform the last line of (B.6) into this form. As a first step we
rewrite it as

i
21 dDm\/det(g — ]—“)GwavJ””A([fW * gk M) — [fp* gr % hy]) =

1
~ 1 dPx\/det(g — F)J"P0M 0,0 ([ fuva * gps * hal + [fuva * p * hag) +

+ [f;u/ * Jpa * h)\ﬁ] - [fpa *grg * h;w] -
- [fpa * gy k huuﬁ] - [fp * G * h,uuﬁ]) -

i
~ 5 dPx+/det(g — f)J”p’\@‘W([fW * oy ¥ D]+ [fuw * gp % hay] —
— [foy % gx * Py) = [fp % 9oy * b)), (3.13)

where only the last expression cannot be written as surface term. Note that this is of first
derivative order. By partially integrating 0,, we obtain

i
By dPz+/det(g — }“)@H'Y[«)VJVP/\([fW * G hal = [fp x gn * hyw]) = (3.14)



dPx V/det(g — JT)JVPAau@W([fu * Goy * WAl + [ % gp * Py ] —
- [fm * gy *x hu] - [fp * ghy * hu]) -
dPx Vdet(g — f)JVp)\@Wav@aﬁ([fuoc * Goy * Ml + [fua * oy * gl +

[f,u * Joya * hAB
f;wc * gp * h)qﬂ

]+ [fua * gpp * h)q] +
+ 1 ]+
— [fora * grg * hyu] —
-1 |-
—f -

[fu * Gpa * hA’yB]
[fpva * gy k h ,3]
[fpa * gxyg * h
[fp

fp’y*g)\a*h g ]
* Goya * hygl)

a*g)\’y*huﬂ

The last twelve terms in expression ( cancel by partially integrating with respect to
0y, modulo higher derivative orders. Thus we are left with the four terms

dPx V/det(g — f)Juwav@p)\([fp*guA*hV]"'[fp*gu*hwx]_ Lfux*guxhol = [ fu* guaxhp)),
(3.15)

which we have brought into standard index ordering.
Now we are ready to take all remaining terms of (B.6) into account, i.e. expres-

sions (B.12), (B.19) and the seventh line of (B.6). If we rewrite (B.12) as
—gy [ APVl = F,00 x
< (U il 5100 bl = 31600l = g ) - (3.16)
and add () we obtain
dPa\/det(g — F)J*0,0PM([fr % Gup * hp) + [fu * Gup * BA) - (3.17)

But this expression cancels exactly the next to last line in (B.6). So we have finally shown
that eq. (B-1) is fulfilled in second derivative order, i.e.

/(fog)oh_fo(goh) ~ 0(5°). (3.18)
In particular, we observe that the constant C's remains undetermined.

Ordinary product up to surface terms. We proceed in checking whether the prod-
uct (B-F) reduces to the ordinary product under the integral. This task is greatly simplified
by observing that all terms with third or higher powers in © can be pushed to third deriva-
tive order. The linear © term was already shown to vanish by the background equation ([.1])
in [Ld], so that it remains to consider

1 1
/f og = /(f : .g_g@ﬂpgygf;w : gpa_E@ﬂ’ya'y@Vp(f,uu “gp + fp : g;w) +

+§%@W@ewﬂ,%>. (3.19)



By the usual arguments expression (B.19) can be rewritten as

[ (#0452 00m0,07 5,0, + 000,00 ely — 7)) -0
(3.20)

Demanding that expression (B.20)) becomes the ordinary product of functions requires A =
1/6; moreover, it shows that we have forgotten a contribution to the product, which is
capable of compensating the last term in (B.2()). In fact, we involved only tree level and
loop diagrams in the product (B.5), which can be constructed with ©. In particular, the
second term in (B.2()) comes from a loop diagram in Kontsevich’s expansion. However,
the last term is not of this type and arises much in the same manner as the integration
measure (cf. [I(]]). Requiring relation (P.2]) therefore determines the explicit dependence of
the product on loop contributions, i.e. it fixes the constant A and the factor in front of the
logarithmic term.

The product (B.H) therefore becomes

1
fog=fxg-— E@’”&/@”/’(fw * 9o+ fp* gu) +
1 1
+ ﬁ(%@“pﬁp@”“f“ * gy — ﬂ@“p@wap@o(ln Vdet(g —F)) fuxgy —

i 1

— 59’”(%@”5(%@”\ <(C2 - g) fﬂp * gy + Co fu)\ * g,up) -
i v 11

- E@MW@ 6(9786®p)\ (f,uzzp kg — fax guup)§@ X

X (OR19,0P2) (02050 (fupvo * Gar + 2fupr * Grvo + For * Gupwo) - (3.21)

The coefficient for the loop diagram, 9090, coincides with the result of ref. [p4], whereas
the term In /det(g — F) represents a new contribution to the product. One may wonder

whether this term spoils relation (B.1§), but it can be eliminated by a gauge transforma-
tion (B.1]) and thus has no effect on the associativity.

4. Conclusion

We have constructed a non-associative product that is cyclic with respect to the Born-Infeld
measure through second order in the derivative expansion. To this end we have evaluated
the associator for the product of three functions on the world-volume of a curved D-brane,
whose consistency with the topological limit yields the weights for an infinite number of
Kontsevich graphs as a by-product (cf. figure [[). Our product reproduces the Kontsevich
formula, including the gauge term, but has an additional contribution with a logarithmic
derivative of the measure that may diverge in the topological limit (note that a vanishing
divergence of the Poisson structure for some measure is required by cyclicity already in
the associative case [[[J]). In the context of effective low energy actions for open strings
in background fields cyclicity, rather than associativity, therefore seems to be the crucial

property.

,10,



We conjecture that our results can be extended to arbitrary orders in the derivative
expansion, provided that one takes into account corrections from vacuum loops to the
Born-Infeld measure, see for instance [[J-[R1]. It is well known that certain ambiguities
exist in the computation of the renormalized partition function [[Lf], which are related to
the scheme dependence of the renormalization procedure. Some of these ambiguities may
be fixed by imposing the cyclicity condition using the open string partition function as
measure.

Since the non-associativity in the non-topological situation comes from the singularities
of the boundary OPEs, which we removed in [[I0] by subtraction, a proof of our conjecture
may require an analysis of the Ward identities and of the A, structure of open string field
theory [R3, Rg.

Recently, string-inspired superspace deformations have attracted a lot of interest [Rg—
BJ]. Such a deformation arises from considering open superstrings in a graviphoton back-
ground and can be directly calculated using a covariant quantum description of superstrings
with space-time supercoordinates [B4]-[Bq]. Clearly, the starting point for these investiga-
tions is constant background fields. A corresponding investigation of non-constant back-
grounds is lacking at present. It would be interesting to see how Kontsevich’s formula
generalizes to a non-commutative product on superspace and whether non-associativity
is constrained in these cases by supersymmetry. Furthermore, it would be rewarding to
explore the physical aspects of curved brane geometries, such as brane stabilization due to
non-trivial background fluxes [B7]-[f0] in a supersymmetric setting.
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A. Evaluation of the associator

In order to compute the associator for a product that is compatible with the topological
limit, we start with the ansatz

1
fog=fxg— E@“V&Y@Vp(f“y*gp—kfp*gﬂy) - (A'l)

1
= 30700 0,050" (B fup * 9r + Bafr* Guup + Bafup * 9i) —

1
= 30"70,0"°050"X(C1 fup * Gux + Cofon * Gup + Cafuvp * 9+ Cafr * Guwp) +

1
+ E(@u’yaV@p)\)(@msa&@oT)(le“pya * gar + D2fﬂp'r * Qavo T D3f)vr * g,upzza) )

where we used the notation 0, f = f, for the derivatives acting on the inserted functions.
The coefficients B;, C; and D; are arbitrary constants and we dropped the gauge term with
coefficient A of (B.d). Compatibility with the case of a Poisson manifold implies that the

— 11 —



associator of three functions
(fog)oh—fo(goh)=0+0O(J,0J) (A.2)

only contains terms that are proportional to the Jacobiator J#? (B4) or derivatives thereof.

Obviously the terms involving four ©’s do not mix with the other terms in the second
derivative order. Inserting the different contibutions to the generalized star product into
the associator (A.J), we obtain the following (©90)? terms from expanding the lowest
order part:

(frg)xh—fx(gxh)= %(9“”379’“)(9”535@”) ([foo * xr * yw] = [fw * Gpo * hiar])

(A.3)
where square brackets around the product of three or more functions indicate that there
are no derivatives on ©’s contained in theses expressions. Introducing the notation

1
f 019 = _E@ﬂ’ya’\/(-)yp(fuu *Gp + fp * guy)

for the first derivative order we obtain the following terms

(forg)xh—fx(go1h) = —%(@Way@m)(@%aé@”) X
X ([fupo * gar * ho] + [fao * Gupr * ] + [fo * Gupo * har] +
+ [fv * 9o * Pypr])
(fxg)orh—for(gxh) = —%(@W@v@m)(@%ag@”) X

_|_

[foo * Gur * hun] +
[fo * gar * hywp) +
Lfux * Gupo * he] +
[fux * go * Pypr)

X ([fupa * gr % hw\] + [f;w * gpr * hl/)\]
+ [fo * Gupr * hu)\]+ [f)\o * gr *x h,uup]
+ [fuup * gho * hT]+ [fuup * Jo ¥ h)\T]
+ [fu/\ * Juo * hp7]+ [fu/\ * Jpo * h;u—]
1 2
(forg)oth—foi(gorh) = <E> (OM79,0°2)(6"°950°T) x
X ([f,ul/po * gr *x h)\] [
[fupT * Juo * h)\]+
fl//\a *gr *x h,up +

+ + +

o * Gor ¥ W]+ [fove * gur ¥ hn] +
fur * Gpvo * T+ [fpr * Guvo * P

+] J+[far % guo * hypl = [fup * Guo * har
—[fup * 97 * have | = [fx * Guvo * Ppr] =[x * Govo * Ppr
=[x * Guo * Pyupr| =[x * Gur * Rpvo) = [ * Gpr * Rywo
— [fx* 97 * hywpol) (A4)

[ J+ J+
[ I- I-
[ I- I-
[ I- I-

where we have used symmetry properties to cancel some contributions. Next, we have to
consider the contributions of the second derivative order in (A.T]). We use the following
notation:

1
f %(©00)2 9 = _1_6(@H’Yay@pk)(emsaé@m')(leupyo * ghar + DZfMﬂT * Oavo + D3 far * gupua) .
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The terms arising from this contribution are the only ones where the arbitrary constants
D; enter the calculations. We obtain

(fo©a0)2 9) * h— f* (900002 h) =
1
= 15(0/70,07)(©"050°7) (D1 [fupvo * gar * h] + Dalfupr * gavo + 1]
+ D3[f)n— * Gupvo * h} - D [f * Gupvo * h)n—] -
- D2 [f * Gupr * h)\zxcr] - D3 [f * gar hupuo‘]) (A5)

and

(f *9) o@se)2 h — f o@se) (g*h) =
1
= 1_6(@N787@P)\)(D1[(f * g)[upyo‘] * h)\T] + D2[(f * g)[um’] * h)\ua] +

+ DB[(f * g))«r * h,upzza] - Dl[f,upzza * (g * h)[)\ﬂ] -
— Dy [fupT * (g * h)[)\zza}] - D3[f)\7- * (g * h)[,upuo]])v (AG)

where the indices in square brackets remind us that the derivatives act only on the inserted
functions but not on the ‘star’; since these terms are already of second derivative order. In
expanding these expressions we have to be careful, because of the symmetries mentioned
above. Putting (A.§) and (A.G) together we find that all terms containing undifferenti-
ated functions cancel. Comparing the result with (A-3) and ([A.4)), we observe that there
are only two contributions with four derivatives acting on f and two contributions with
four derivatives acting on g. From the index structure, antisymmetrization makes it clear
that terms containing four derivatives acting on the same inserted function can never be
absorbed into a term proportional to a Jacobiator. Thus these terms have to cancel

1\2 D
(@lwafye)p)\)(@lﬂa&@mr) [fupucr % g * hrl <<E) — _1> =0,

which fixes Dy to be D1 = 1/18. In the same way we obtain

1
D3=D1=—.
3 T
Now the remaining constant D has to be chosen in such a way that all terms combine to
expressions proportional to a Jacobiator. Let us collect all terms of the form [03 f*0g*0?h).

After rearranging the indices, and using the symmetries, we find

1 1 2 2
<§_D2) [fupr*gA*huo]+<§+D2> [fupa*gu*hAT]+§ [fupu*gT*hAa]+§ [fup‘r*go*h)\u] .

The first term has to vanish, since it cannot, because of the index structure, be expressed
as part of a Jacobiator. This fixes the remaining constant to be

1
Dy == .
279
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With the same value the remaining three terms are cyclic in vo7 and thus turn the prefactor
(©9950°7) into a full Jacobiator

1\2
(E> (©M78,0P2).J"7 2 [fpo * g * has] (A7)

where we have written the full expression with the correct numerical prefactor. Repeating
this procedure for the other terms gives the following contribution to the associator

(fog)oh—fo(goh)=2 (12) (0", (._)p)\)JVUT

X ([fupu * gr X h)\cr] + [fupy * gar ¥ ha] + [fl/)\ * Guor * ha] +
+ [fu * Gupr * hAU] + Q[f,uu * Jor * hAU] + 2[f>\u * Jor * h;w] +
+ [fu * gar ¥ hupo] + [fl//\ * gr hup0]> . (AS)
Now we turn to the next contributions arising from our ansatz (AI)). Let us consider

the part proportional to ©©000 and collect all terms in the associator that arise from
expanding lower order parts of the generalized star product

1
(fxg)xh—fx(gxh) = E@W@Wsayag@pk([fw 50y % hal = [f, % ga + hW])
(forg)xh—f*(gorh) = i@weﬂawag@pk([fyp % g % bl + [ * Gup * T

Lt Gup Il [fi 5 92 Py ) - (A.9)

From the contributions at second derivative order, terms with undifferentiated functions

again do not survive, and we obtain

(f ca00 g) * h+ (f * g) csse h — [ * (g cape h) — f osse (g% h) =
= —éewevéa 9507 x (A.10)
X <C7 f,uu*gp*h)\] +2 [fup*gu*hk] + [fp*g;w*h)\] + +2 [fu*gup*hk]) -
- Cg ([f)x*g,uu*hp] +2 [f)\*gup*hu] + [f)x*gp*h,uu] +2 [fA*gu*hpp])+
+ Co ([fu*gp*hwx] + [fp*gu*hw\] - [fup*gu*hk] - [fup*gA *hV]))-

Collecting the terms with two derivatives acting on the insertion f, we find

i 2
1—16@“7@’/58«,55@’)’\ ((1 —2B1) [fuw * gp * ha] + (§ + 233> [fup * gx * hy] +

+ (4B1 — 2B3) [fu)\ * gu * hp]) . (A.11)

We observe that the three terms are cyclic in vpA, provided the coefficients are equal; this
fixes the constants to be

B = By =0.

1
6 )
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Going through the same procedure for the terms with two derivatives acting on g, we find

1 2
E@W@W&?@g@m((—1 —2B5) [f, % g * hy] — (— 4 233) [y % gp * hun] +

3
+ (4By = 2B3) fx % v * b)) (A.12)
which fixes the constants to 1
B2 = _6 ; B3 = 07

and is thus compatible with the above values. With these values for By and By the
remaining terms cancel and we are left with the following result

i@;ﬂ@wiav(%@p)\ ([f;w * Gp * Pl + [fup % gx x hy] + [fu/\ * gy * hpl —
— [fo g3 % by = [Fo % 9p % ] = [ % 90 D] ) - (A13)
To turn these expressions into terms proportional to a Jacobiator, we rewrite
Or1O 9,950 = 119, (02 9;0) — ©119,0Y° 950 .

Then the first term on the right-hand side gives rise to

i 1%
ﬂ@wyay‘] pA([fW *Gp * ha] — [fp * gk h;w]) . (A.14)

The remaining terms proportional to ©0000,

_i@w&{@%(%@p/\ ([f;w *Gp * hal + [f,up * gx x hy| + [fu/\ * gy * hp] -
- [fp * g x h;w] - [fu * Ggp * hu)\] - [fA * gy * hup]) ) (A'15)

still have to be considered. To this end we follow the above procedure and collect the terms

proportional to ©90©J0 arising from lower derivative orders:

(Forg)sh—fr(gorh) = 5:090,0 5507 (Ifuy # ga ] + [fa s gup ] + (A1)
S [f* Gup * Bl + [f * gn * hyp])

(fxg)orh—for(gxh) = i@wav@”éas@pA([fup*gx*hu] + [fo * gur * ho] —
_[fp*g)\*huu]‘i‘[fuu*gp*hﬂ_
_[fl/*g,up*h)\]_[fu*gp*hu/\]) -

i
~5707°0,0 050" (1fup # g% hal + U g * o] =
- [f)\ * Gup * hu] - [f)x * m * hl/p]) .

Note the different tensorial structures of these terms. Owing to the symmetries, the second
and third terms in the last parenthesis of (JA.16)) cancel. We rearrange the two terms in
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the second equation of ([A.16) proportional to ©7°9,0H*9;0P* by
~ Lemg emy @”’\([f % gy * hal = [fa % gu % hap) ) = (A.17)
2 Y 0 up * Gu A A *gu vpl ) = .
U s 9 oo
= 51T 050 (g x g% o] = Lo g ) =
i
_ ﬂ@uvay@uéa(;@/’)\([fw * gy * hA]—[j}\*gu*hl,p]—[fl,p*gu*hA]—i—[f)\*gV*hW]).

Putting the pieces of (A1H), (A.16) and (A17) together, we find:

i 14
ﬂ@wyay@ 585@p)\ ([fup * gy k hu] + [fup * 9u * h)\] + [f)\ * Gup * hu] +
+ [fu * Gup * h)\] + [fp *gul * hu] + [fu * gu ¥ hp]
+ [f,u * gy x hup] + [f)\ * g * hup]) :
The terms with two derivatives acting on the insertion g can be recast to give Jacobiators;

thus the contribution of the lower derivative order (A.15)) and (A.1€]) to the associator is
given by

i
I 0050 (g * g % )+ [P % 9o % gl + % Gup 5 Bl + [ 5 g ¢ ] ) + (A18)
i
+ ﬂ@u'ya}y@u&a&@pk ([fup * gy k hu] + [fup * 9u * h)\] + [fu * gy ok hup] + [f)x * 9u * hup]) .

Now we compute the terms that arise from the second derivative order contribution to the
o-product proportional to Cy and Cs. Again terms involving undifferentiated functions
cancel and we obtain

(f °00000 g) * h+ (f * g) cesese h — f * (g cesese h) — f cesese (9 * h) =
= —é@”’y&y@m&s@p}\ <C1([f,u *gp * hyy] + [fp * gu * hual) —
+ C2([f1/ * gy ok h,up] + [fA * gy * hup]) -
- Cl([fup * gy * hA] + [fup * gX *x hl/]) -
= Collfur * gu Byl + [fur 9+ 1))

In order to arrange the pieces from ([A.1§) and (A.19) in terms of Jacobiators we have to

impose the condition

1
CQ—Clzg

on the constants C7 and Cy. Eventually we obtain

i
5777050 (3Chlfup * g % hal 4+ (3Co = 1)l fiap % 925 hu] + [Fy ¥ 9up % o] +

[ Gup o] = BCal Sy g % o] = (3C2 = D)[f # gy % hunl ) - (A.19)

This already completes the calculations of the associator (]A.2), since the terms proportional
to C'5 and Cy cannot be recast into Jacobiators, in view of the symmetrization of uvp. Thus
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the coefficients C3 and C4 have to be zero. Hence we obtain the final result

2
(fog)oh—fo(goh) = %J“Vp[fﬂ*g,,*hp]—{—Q <i> (@W&W@M)J”‘” X

12
% ([fupw # 97 * o] + [fuow * 93 % o) + [fur * Guor + ho)
Lo * Gupr * o] + 2L Gpr * o] + 20w * Gpr * o]
+ [fv % gar * hypo] + [fur * g7 * hupo’]) + 2%J“”%5@” X
% (3Calfup * g0 % ol + (8C2 = 1)[fup * g % hu] =
—3Co[fu*gp* hur] — (3C2 — 1)[fp * gu * hun] +
+ [fu % Gup * ] + [fa * Gup * h;J) +

+21—4@“767J”p’\<[fﬂ,, % 0p % ha] = [fp % ga * hW]) . (A.20)

It contains one free parameter, namely Cy. The product (Ad]) then reads

1
fog=fxg— E@M’Y@fy@l/p <f,u11 *gp+ fp *g;w) -
i v 1
—£0710,0"0;0™ ((Ca = 3) fun * 9or + C For* gup) —
i v 11
— 4_8@WY® 68786@[))\ <f;wp kg — fax g;wp) 5@ X
X (@w(%@px)(@ua(%@or) (f,upucr * ar + 2f,up‘r * Qo + far * g,upua) )

and the coefficients coincide with those known from Kontsevich’s formula [[ 3.

References

1]
2]

M. Kontsevich, Deformation quantization of Poisson manifolds, I, g—alg/9709040]

D. Sternheimer, Deformation quantization: twenty years after, AIP Conf. Proc. 453 (1998)
107 [math.qa/9809054).

V. Schomerus, D-branes and deformation quantization, |J. High Energy Phys. 06 (1999) 030
[hep-th/9903205].

F. Ardalan, H. Arfaei and M.M. Sheikh-Jabbari, Noncommutative geometry from strings and
branes, Y. High Energy Phys. 02 (1999) 01€ |hep-th/9810072.

N. Seiberg and E. Witten, String theory and noncommutative geometry, |J. High Enerqy Phys)

09 (1999) 039 [hep-th/9908147.

A.S. Cattaneo and G. Felder, A path integral approach to the Kontsevich quantization
formula, [Commun. Math. Phys. 212 (2000) 591| [math.qa/9902090.

A.S. Cattaneo and G. Felder, On the globalization of Kontsevich’s star product and the
perturbative Poisson o-model, Prog. Theor. Phys. Suppl. 144 (2001) 38-53 [hep-th/011102§].

P. Schaller and T. Strobl, Poisson structure induced (topological) field theories,

Lett. A 9 (1994) 3129 [hep-th/940511(];

P. Schaller and T. Strobl, Iintroduction to Poisson o-models, hep—th/9507020]

,17,


http://xxx.lanl.gov/abs/q-alg/9709040
http://xxx.lanl.gov/abs/math.qa/9809056
http://jhep.sissa.it/stdsearch?paper=06%281999%29030
http://xxx.lanl.gov/abs/hep-th/9903205
http://jhep.sissa.it/stdsearch?paper=02%281999%29016
http://xxx.lanl.gov/abs/hep-th/9810072
http://jhep.sissa.it/stdsearch?paper=09%281999%29032
http://jhep.sissa.it/stdsearch?paper=09%281999%29032
http://xxx.lanl.gov/abs/hep-th/9908142
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CMPHA%2C212%2C591
http://xxx.lanl.gov/abs/math.qa/9902090
http://xxx.lanl.gov/abs/hep-th/0111028
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=MPLAE%2CA9%2C3129
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=MPLAE%2CA9%2C3129
http://xxx.lanl.gov/abs/hep-th/9405110
http://xxx.lanl.gov/abs/hep-th/9507020

[9]

[10]

[11]

[12]
[13]
[14]

L. Cornalba and R. Schiappa, Nonassociative star product deformations for D-brane
worldvolumes in curved backgrounds, |Commun. Math. Phys. 225 (2002) 33
lhep-th/0101219].

M. Herbst, A. Kling and M. Kreuzer, Star products from open strings in curved backgrounds,
V. High Energy Phys. 09 (2001) 014 [hep-th/0106159].

M. Herbst, A. Kling and M. Kreuzer, Non-commutative tachyon action and D-brane
geometry, J. High Energy Phys. 08 (2002) 010| [hep—th/0203077].

B. Shoikhet, On the cyclic formality conjecture, math.qa/9903183.

G. Felder and B. Shoikhet, Deformation quantization with traces, path.qa/0002057}

A. Connes, M. Flato and D. Sternheimer, Closed star-products and cyclic cohomology

Math. Phys. 24 (1992) 1|

[15]

[16]

[17]

Y. Okawa, Derivative corrections to Dirac-Born-Infeld lagrangian and non-commutative
gauge theory, INucl. Phys. B 566 (2000) 34§ [hep-th/9909137.

O. Andreev, More about partition function of open bosonic string in background fields and
string theory effective action, |Phys. Lett. B 513 (2001) 207 [pep-th/0104061].

N. Wyllard, Derivative corrections to D-brane actions with constant background fields,

Phys. B 598 (2001) 247 [hep-th/0008125).

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

A. Fotopoulos, On (a')? corrections to the D-brane action for non- geodesic world-volume
embeddings, |J. High Energy Phys. 09 (2001) 005 [hep-th/0104146].

S.R. Das, S. Mukhi and N.V. Suryanarayana, Derivative corrections from noncommutativity,
V. High Enerqy Phys. 08 (2001) 039 [hep-th/0106024].

N. Wyllard, Derivative corrections to the D-brane Born-Infeld action: non-geodesic
embeddings and the Seiberg- Witten map, |J. High Energy Phys. 08 (2001) 027
[hep-th/0107185].

S.S. Pal, Derivative corrections to Dirac-Born-Infeld and Chern-Simon actions from
non-commutativity, Int. J. Mod. Phys. A 17 (2002) 1253 [hep-th/0108104].

M. Penkava and P. Vanhaecke, Deformation quantization of polynomial Poisson algebras,
[math.QA/980402d].

A. Zotov, On relation between Moyal and Kontsevich quantum products. Direct evaluation up
to the h3-order, [Mod. Phys. Lett. A 16 (2001) 615 [hep-th/0007079].

G. Dito and D. Sternheimer, Deformation quantization: genesis, developments and
metamorphoses, path.qa/0201168.

M.R. Gaberdiel and B. Zwiebach, Tensor constructions of open string theories, I.
Foundations, [Nucl. Phys. B 505 (1997) 569 [hep-th/970503g].

B. Zwiebach, Closed string field theory: quantum action and the B-V master equation,

Dhys. B 390 (1993) 39 [hep-th/9206084].

[27]

M. Alexandrov, M. Kontsevich, A. Schwartz and O. Zaboronsky, The geometry of the master
equation and topological quantum field theory, nt. J. Mod. Phys. A 12 (1997) 1405|
[hep-th/9502010].

,18,


http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CMPHA%2C225%2C33
http://xxx.lanl.gov/abs/hep-th/0101219
http://jhep.sissa.it/stdsearch?paper=09%282001%29014
http://xxx.lanl.gov/abs/hep-th/0106159
http://jhep.sissa.it/stdsearch?paper=08%282002%29010
http://xxx.lanl.gov/abs/hep-th/0203077
http://xxx.lanl.gov/abs/math.qa/9903183
http://xxx.lanl.gov/abs/math.qa/0002057
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=LMPHD%2CA24%2C1
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=LMPHD%2CA24%2C1
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB566%2C348
http://xxx.lanl.gov/abs/hep-th/9909132
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB513%2C207
http://xxx.lanl.gov/abs/hep-th/0104061
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB598%2C247
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB598%2C247
http://xxx.lanl.gov/abs/hep-th/0008125
http://jhep.sissa.it/stdsearch?paper=09%282001%29005
http://xxx.lanl.gov/abs/hep-th/0104146
http://jhep.sissa.it/stdsearch?paper=08%282001%29039
http://xxx.lanl.gov/abs/hep-th/0106024
http://jhep.sissa.it/stdsearch?paper=08%282001%29027
http://xxx.lanl.gov/abs/hep-th/0107185
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=IMPAE%2CA17%2C1253
http://xxx.lanl.gov/abs/hep-th/0108104
http://xxx.lanl.gov/abs/math.QA/9804022
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=MPLAE%2CA16%2C615
http://xxx.lanl.gov/abs/hep-th/0007072
http://xxx.lanl.gov/abs/math.qa/0201168
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB505%2C569
http://xxx.lanl.gov/abs/hep-th/9705038
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB390%2C33
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB390%2C33
http://xxx.lanl.gov/abs/hep-th/9206084
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=IMPAE%2CA12%2C1405
http://xxx.lanl.gov/abs/hep-th/9502010

28]

[29]

30]

H. Kajiura, Noncommutative homotopy algebras associated with open strings,
math.qa/0306333.

J. de Boer, P.A. Grassi and P. van Nieuwenhuizen, Non-commutative superspace from string
theory, [Phys. Lett. B 574 (2003) 9§ [hep—-th/0302079)].

H. Ooguri and C. Vafa, The C-deformation of gluino and non-planar diagrams,

Math. Phys. 7 (2003) 53 [hep-th/0302109].

[31]
[32]

[33]

H. Ooguri and C. Vafa, Gravity induced C-deformation, hep—th/0303063.

N. Seiberg, Noncommutative superspace, N = 1/2 supersymmetry, field theory and string
theory, |J. High Energy Phys. 06 (2003) 01( [hep-th/0305248].

N. Berkovits and N. Seiberg, Superstrings in graviphoton background and N =1/2+4 3/2
supersymmetry, YJ. High Energy Phys. 07 (2003) 010| [hep-th/0306226].

N. Berkovits, Super-Poincaré covariant quantization of the superstring, . High Energy Phys)

04 (2000) 01§ [hep-th/0001035].

N. Berkovits, ICTP lectures on covariant quantization of the superstring, hep—th/0209059|

P.A. Grassi, G. Policastro, M. Porrati and P. Van Nieuwenhuizen, Covariant quantization of
superstrings without pure spinor constraints, [J. High Energy Phys. 10 (2002) 054
lhep-th/0112162.

C. Bachas, M.R. Douglas and C. Schweigert, Flux stabilization of D-branes,

Phys. 05 (2000) 048] [hep-th/0003037)].

[38]

[39]

[40]

AY. Alekseev, A. Recknagel and V. Schomerus, Brane dynamics in background fluxes and
non-commutative geometry, |J. High Energy Phys. 05 (2000) 010 [hep-th/0003187].

A. Kling, M. Kreuzer and J.G. Zhou, SU(2) WZW D-branes and quantized worldvolume U(1)
fluz on S?, [Mod. Phys. Lett. A 15 (2000) 2069 [hep—th/0005148].

T. Takayanagi and T. Uesugi, Flux stabilization of D-branes in NS-NS Melvin background,
[Phys. Lett. B 528 (2002) 15¢ [hep-th/0112199].

,19,


http://xxx.lanl.gov/abs/math.qa/0306332
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB574%2C98
http://xxx.lanl.gov/abs/hep-th/0302078
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=00203%2C7%2C53
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=00203%2C7%2C53
http://xxx.lanl.gov/abs/hep-th/0302109
http://xxx.lanl.gov/abs/hep-th/0303063
http://jhep.sissa.it/stdsearch?paper=06%282003%29010
http://xxx.lanl.gov/abs/hep-th/0305248
http://jhep.sissa.it/stdsearch?paper=07%282003%29010
http://xxx.lanl.gov/abs/hep-th/0306226
http://jhep.sissa.it/stdsearch?paper=04%282000%29018
http://jhep.sissa.it/stdsearch?paper=04%282000%29018
http://xxx.lanl.gov/abs/hep-th/0001035
http://xxx.lanl.gov/abs/hep-th/0209059
http://jhep.sissa.it/stdsearch?paper=10%282002%29054
http://xxx.lanl.gov/abs/hep-th/0112162
http://jhep.sissa.it/stdsearch?paper=05%282000%29048
http://jhep.sissa.it/stdsearch?paper=05%282000%29048
http://xxx.lanl.gov/abs/hep-th/0003037
http://jhep.sissa.it/stdsearch?paper=05%282000%29010
http://xxx.lanl.gov/abs/hep-th/0003187
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=MPLAE%2CA15%2C2069
http://xxx.lanl.gov/abs/hep-th/0005148
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB528%2C156
http://xxx.lanl.gov/abs/hep-th/0112199

