hep-th/0309217
CERN-TH/2003-224

On the Geometry of Coset Models with Flux

Sangmin Leée

Theory Division, CERN, CH - 1211
Geneva 23, Switzerland

Abstract

We study the 3-form flux,,, , associated with the semi-classical geometrgz ¢l gauged
WZW models. We derive a simple, general expression for the flux in an orthonormal frame
and use it to explicitly verify conformal invariance to the leading ordet/in For super-
symmetric models, we briefly revisit the conditions for enhanced supersymmetry. We also
discuss some examples of non-abelian cosets with flux.
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Introduction

WZW models and their cosets (gauged WZW) provide examples of string backgrounds where
both the exact CFT description and the geometry of the target space are well-known. The coset
space7/ H is obtained by the identification~ hgh™' (g € G,h € H), hence its geometry is

quite different from that of the usual left-coset{ hg). The ‘adjoint-coset’ is also required to

have non-trivial dilaton and three-form fluxf{,,,) on it in order to ensure conformal invariance.

For left-cosets, the invariant one-forms and structure constants offer a clear intuitive picture
of the geometry. In Ref. [1], analogous one-forms were introduced for adjoint cosets and were
shown to define an orthonormal frame for the metric. The goal of this note is to take advantage
of these one-forms to better understand the geometry of the adjoint coset with emphasis on the
properties of the flux.

We first derive a simple, general expression for the flux in the orthonormal frdns
a consistency check, we use it to verify conformal invariance to the leading order. We then
specialize to supersymmetric cases and comment on the enhancement of world-sheet super-
symmetry fromN = 1 to N = 2 in the presence of the flux. Finally, we discuss the conditions
for vanishing of the flux and two examples of non-abelian cosets with@diH() = 6. Our
result may be useful in the study of how mirror symmetry works [3] (See also [4]) in an NS-NS
flux background and the geometric aspects of D-branes in gauged WZW model [5].

Setup

We begin with a very brief review of WZW model and its cosets to set up our notations. Let
G be a compact, simple Lie group. The Lie algebr&-as written in terms of an orthonormal
basis of anti-Hermitian generators as

[Ta,T5) = fasTe,  Te(TaTp) = —6ap. (1)
To describe the geometry of the group manifold, we introduce the standard one-forms:

g 'dg = E*Ty, dgg ' =ET,

EA=CAPEB Cup=-Tr(TugTsg™), CCT=1. (2)

Throughout this paper, we work only in the semi-classiedl 2 ~ 1/k < 1) limit because the problem of
obtaining the exact expression for the flux is quite involved [2].




The WZW model defined fof,
k 2 -1 -15 .
Sq = 1 d“zTr(g " 0g - g~ 0g) + ikl'wz, (3)

corresponds to a sigma model on the group manifold with constant dilaton and the following
metric and flux

1
ds* = EsEs, H= éfABcEAEBEC- (4)

More precisely, the metric and the flux should be scaled by the radius sgtiateky*a’ /4,
where the integek is the level of WZW model and is the highest root of Li&f). We will
suppresgi? in the following unless its precise value becomes important.

We will consider cosets of typ&'/H, whererank(H) = rank(G) and H acts onG as
g — hgh™'. We use(a,b,---) indices for Lie) and(«, 3, - --) indices for its orthogonal
complement. The coset theory is realized as a gauged WZW theory with the following action
and gauge transformation law:

S = SG + SA7 (5)
. ) ~ ~ _
Sy = 7 /d2zTr(Ag_lag — Adgg™" — AA+ g AgA)
T
P ) B _
= 5 /dQZ(AaE“ — AJE — A(nay — Cap) A?),
T
g — ulgu, A —u'(A+09)u ©)

The expression

Since the action is quadratic in the non-propagating gauge field, it is easy to integrate out the
gauge field and find [6, 1]

Gun = G%(})N + Q(M_l)abEa(MEbN)a (7)
Buyn = BJ(S)N + Q(M_l)abEa[]V[EbN]y (8)
e = detM, 9)

whereM,, = a4 — Cop. AlthoughG v and By, y carrydg = dim(G) indices, they actually
depend only on the ‘coset directions,’ as can be seen from the existencedpf thelim(H)
null vectors

ZM = BEM — EM = My By — CypEs™ = GunZ,M =0. (10)

2



Removal ofdy degrees of freedom and gauge-invariant way can be made clear with the help of
the one forms [1]

Hy,=FE,+E,M YCpo (Z,-H,=0). (11)
As shown in [1], these one-forms define an orthonormal frame, i.e.,
ds* = H,H,. (12)

It is natural to write down the flux also in this frame. A lengthy but straightforward computation
using the basic identities,

dCap = —CapfppcEc, (13)

fase = CapCprCcrfpEF, (14)
facpfeep = cGOaB,  facafoca = CHOab, (15)
fasefPor = 0, (16)
Jay = 0, (17)

shows that the flux also takes a very simple form in this frame,
1
H — g{faﬁV ¥ SA[QM}HQ A Hy A H,,
Aaﬁ'y = faaﬁ(M71>abe'y- (18)

This expression is the starting point of our discussion in what follows.
It is useful to note that the gauge transformation (6) translates into a local Lorentz transfor-
mations on vielbeing/,,. Suppose we choose a gauge sliger) with a set of coordinatéx* }

(w=1,---,dg — dg). Then, consider the following type of gauge transformation,
go(x) = h(f™(2)) go(x) h(f™(x)) ™", (19)
whereh(y™), (m = 1,--- ,dy) define a coordinate system éh. The functionsf™ (x) shift

the gauge slice from the original one without inducing a coordinate change. Upon this type of
gauge transformation, the one-forihs, £, and H, transform as

Ea - Qab(Eb - ecMcb)7
Ea - Qa,@(Eﬁ + ecocﬁ)y (20)
Ha — Qag(x)Hﬂ, (21)

whereQ g = —Tr(T4hTgh™ 1), andh~tdh = ¢,T,. Clearly, the change of gauge slice results
in a local Lorentz transformation of,,.



Conformal invariance

The leading order conformal invariance condition for a sigma model is well known to be
1

Ryn — ZH]VHJHNIJ +2VuVyo = 0, (22)
VM(e™*Hyy) = 0, (23)

1
2V (e — 6[—]2 = A. (24)

For WZW or coset models, the constanbn the RHS of the third equations equa{a\d) /3«/,
where(Ad) is the deviation of the ‘dimension of the target space’ (more precisely, the central
charge) from an integer value.

For a WZW model, it follows straight fromE 4, = —%fABCEB A Ec that

4Rsp = HacpHpep = facp[Bop = ccdas, (25)
CGdG - 4CGdG

R? k2’
At a largek, the value ofH? agrees with the central charge of the WZW model at lével

ky?da
k2 +cq

o? = (26)

subtracted from its value in the— oo limit (Recallc =

)- Eq. (23) follows from Jacobi
identity for the structure constants.

For a coset space, the computation is somewhat more involved. As usual, the metric con-
nection is derived from

1
dHy = =5 (fasy + Asa), Hy N Hy = (Mo fapHg A Eo. (27)

The last term ensures that the spin-connectign transform inhomogeneously under a local
Lorentz transformation. It also produces many non-tensor terms in the intermediate steps of
the computation of the curvature tensor. This complication can be avoided by using the gauge
transformation (20) to seft, = 0. This can be always done at any point on the coset space,
although care should be taken to include the derivativds,pfvhich do not vanish in general.

In this special gauge, the connection is given by

1
Wap = _é(fozﬁv — Aapy + Apya — AavL?)Hv = Wapy (28)

and the components of its derivatives that are relevant in compRtip@re

1
d(Wapy) = {i(AaﬂWS — Apyals + Aanpls) + Awa,@wé} H;,

Aaﬂ’YM = Aa,@a (A05W + fa5'y) + fa,@'y(M_l)abObcfcé'yu
2Awa,@h\5] = _(Mil)abfozﬁbfa'yd' (29)
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Using these results and the basic properties (13)-(17), it is straightforward to verify the confor-
mal invariance conditions (25) including the precise valuga of

N = 2 Supersymmetry

It is well-known [7, 8] that supersymmetry o = 1 G/H coset is enhanced t& = 2
when7 = Lie(G) — Lie(H) decomposes & = 7, © 7_, where7Z,. are complex conjugate
representations off with [7,,7.] C 7., [7_,7_] C 7_. In complex notation, closure under
commutation implies thafi;, = 0 = fi5; and fijo = 0 = fj;,. It follows that the(3,0) and

(0,3) components of the flux vanish. This fact is in agreement with a related analysis [9] of
supersymmetry enhancement of sigma models in the presence of the flux; in Ref. [9], it was
shown that in order for arv = 1 supersymmetric sigma model to have an extra supersymmetry,
the target space should be complex and (thé) and (0,3) components of the flux should

vanish.

Examples

Given the formula for the flux (18), it is natural to ask what are the conditions of/d coset

to have non-vanishing flux. First, we note that the flux cannot vanish when+# 0. The
reason is thaf,s, and Az, are orthogonal to each othefi,6, 4.3, = 0) as follows from (15)

and (17), and therefore cannot cancel each otherNFer 2 supersymmetric cosets (Kazama-
Suzuki models), all such examples have been classified in Ref. [10]. The simplest among them
is SO(5)/SU(2) x U(1) wheresu(2) is embedded along a pair of long rootssi#(5).

For cosets witty, 3, = 0, it remains to determine whety,s,) also vanishes To our knowl-
edge, the full answer to this question is not known. In the literature, all known examples with
fapy = 0@and Az, # 0 are abelian cosets (i.e., the subeis abelian) [11, 12, 13, 14, 15].
Several non-abelian cosets wifly, = Aj.3,) = 0 are also known[17, 6, 18, 19, 20, 21, 22, 23].
Using our formula (18) and a gauge choice similar to that of [6], we have computed the flux for
the two Kazama-Suzuki models of dimensiond7(4)/SU(3) x U(1) andSO(5)/SO(3) x
SO(2). It turns out that4, 3, vanishes for the former and not for the latter. It would be inter-
esting to develop a systematic method to determine whether a given coset,wite- 0 has
vanishing flux. Algebraic CFT description of coset models may turn out to be useful in that
direction.

2See [16] for an example ¢f> x G')/H coset that is rather different from tid¢/ H cosets considered here.
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