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Abstract

The strong head-tailinstability of a positronor proton
bunch may be causedby wakefields arising in the elec-
tron cloud presentin the beampipe. Thesewakefields
are known to produceboth deflectionand tuneshiftvary-
ing alongthe bunch. We discussa modelinvolving this
tuneshiftas well as the machinechromaticity and trans-
versefeedback.

1 INTRODUCTION

Therecentyearsbroughtalot of informationconcerning
the influenceof electroncloud on collective dynamicsof
positron/protorbeamssee[1] andreferencesherein.Par-
ticularly, obsenationsof the thresholdsand growth rates
of the trans\ersebeaminstabilitiesat KEKB LER, CERN
SPSandothermachineseento beconsistentvith thehy-
pothesiof thehead-taiinstability in asinglebunchcaused
by the cloud wakefields[2], degradationof the effective
trans\erseemittancebeinga manifestatiorof this instabil-
ity.

Our objective in this paperis a detailedcharacterization
of the stronghead-tailinstability, provided the cloud re-
sponséds alreadyknown. We first considerthe properties
andparametrizatiorf the electroncloudwake in Sections
2,3. In Section4.1 we summarizeessentialof the stan-
dard techniquefor analysisof single-turninstabilitiesin
a bunchedbeam,seee. g. [3]. The stability analysis
is basedon finding the complex tunesof transwerse(syn-
chrobetatron)nodesfrom linearizedVlasov equation.We
emphasizeherole of the machinechromaticityin control
of the modegrowth rates. The trans\erseelectroncloud
wake known from simulationsis thenusedfor characteriz-
ing the chromaticity-dependemhodetunesin KEKB LER
andCERNSPS.

Thestandardvake andimpedancepproaclitanbemod-
ified soasto includesomespecificfeaturesof thecloudre-
sponseln Section4.2 we includein our consideratiorthe
betatrontunevariationalongthebunchdueto differencen
incoherentuneshiftcausedy growth of the clouddensity
duringthe bunchpassagépinchingof the cloud).

Simulationof the cloud responseshaws that the cloud
pinching resultsin non-trivial behaior of the transerse
dipolewakefield[4, 5], andin Sections4.3,4.4we present
the modificationof the standardvlasov eigervalue prob-
lem for thewake function W (z, z’) whichis notreducible
to thedifferenceargumentz — z’.

In Appendicesve discussvhy themodeswith very high
ordercanbe disrggardedin practicalsituations. The stan-
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dardapproactcanincludea simplified modelof thetrans-
versebunch-to-tunchfeedbackits influenceon the beam
instability dueto electroncloudis discussedn Sectionb.

Using the presentedechniqueswe discussthe typical
behaior of thehead-tailmodesin Section6, usingthe pa-
rametersof the electroncloud wake for KEKB LER and
CERNSPS.

Section? is devotedto the estimateof stability basedon
the coasting-beantimit. And finally, we summarizethe
resultsin Conclusion.

2 EQUATIONSOF MOTION

Following the theory of beam-ionor beam-electrorin-
teraction[6] we derive one-dimensionatquationsof mo-
tion for our casewherethe photoelectrortloudis already
presenfrior to arrival of the bunchwhosemotionis stud-
ied.

We write the linearequationgor the beamcentroidoff-
setyy(s, t), andelectroncloud centroidy.(s, t) atthe ma-
chineazimuths atthetime ¢. Uniform longitudinaldensity
is assumedn boththe electroncloud and positronbunch,
aswell asequaltrans\ersesizes.
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Betatronoscillationsof thebeamaretakenin thesmooth
form with &y = 1/, 8 beingthe verticalamplitudefunc-
tion.

The beam-cloudinteraction parameterg can be ex-
presseds
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n. is thetime-areragecelectroncloud density
o, ando, aretheverticalandhorizontalbeamsizes,
e istheelectronchage,
m is its restmass,
~ is thebeamLorentz-factor
c isthespeedof light,
r. istheclassicaklectronradius.
Electronsof thecloudoscillatein thebunchspacechage
field with thefrequeny we,
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here N, is the bunch populationand ¢, is its Gaussian
length.
We canobtainthe equationfor thebeamcentroidalone,
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With a slowly-varying complex amplitude A(s, z) of the
betatronoscillation,

y(s, z) = ReA(s, z)e s,

afteraveragingoutthe A* termon theright-handside,we
have
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Thusthe problemis reducedo the beambreakupwith an
oscillatingtrans\ersedipole wake function W (z — 2/),

W(z—2") gu(};\?: sin %(z -

2").

3 DECOHERENCE AND
PARAMETRIZATION OF THE WAKE
FUNCTION

Non-uniformity of the positronbunch densityleadsto
the frequengy spreadof the photoelectroroscillationand
resultsin decoherenceof the cloud response. A sim-
ple estimatecan be done by averagingthe wake with a
weightfunction f(x) which impliese. g. horizontalnon-
uniformity of the bunchdistribution affecting the vertical
wake function:

W (we, 2) — /W(wc(x),z)f(x)dx.

If we take a Gaussiardistribution of the beamdensity

@)= 2

z? /4

then
we(T) = woe™

Hencewe obtainthewake with theaccounbf decoherence,

W(z)= gw—ol /OO sin (%e_xz/“) \/ge_3x2/4dm.
& 0 C ™

Theresultcanbe expressedn termsof the Struve function
andcanbe fitted eitherby the Besselfunction J; (wgz/c)
for large z, or by the broad-bandesonatomvake,
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Figure 1 shavs the comparisonof thesefits with actual
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Figure1: Thedecoherenceake IV (z) (solid line) andthe
fitting function (dashedine). Top: fit by the Besselfunc-
tion J;(wgz/c); bottom: fit by the broad-bandesonator

withw = wo.

The correspondingtrans\erse impedanceis sampled
by the long bunch spectrumin the low-frequeng range
(wro./c ~ 3 atKEKB LER),
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Thebroad-bandesonatoparametergelevantto theKEKB
LER andthe SPS(seeTable 1 for the parametelists) are
determinedrom the simulationsof the wake function [4,

5], andlistedin Tables2,3.

4 STRONG HEAD-TAIL INSTABILITY

In contrastto the beambreak-upproblemin alinac, the
dynamicsin a circular machineis stronglyaffectedby the
synchrotronoscillations. The electroncloud effect on co-
herentmotion of the singlebunchcanbe modelledby the
stronghead-tailinstability [2]. Thiswill betheframeavork
of the stability analysisin the following section.

4.1 Sandard Case, the Transverse Wake Func-
tioninthe Form W(z — 2/)!

Notation:
N, is thenumberof positronsin abunch,

1in this subsectionve closelyfollow thederiation presentedh Chap-
terVI of A.W. Chao Physics of Collective Instabilitiesin High Energy Ac-
celerators (J. Wiley, New York,1993),andrefer to the equationgherein
usingtheformat“Eq. (6.xxx)” in thefollowing partof the paper



Table1: Basicparameter®f the KEKB LER and CERN

SPS
variable KEKB-LER SPS
particletype et D
circumference 3016 m 6900m
beamenegy 3.5 GeV 26 GeV
bunchpopulation 3.3 x 1010 1. x 101
bunchspacing 8ns —
rmsbeamsizes 0.42 mm 3mm
0.06mm 2.3mm
bunchlength 5mm 30cm
rmsenegy spread 0.0007 0.002
slippagefactor 1.8x107% | 5.8 x 1074
chromaticity 4/8 0/10
synchrotrortune 0.015 0.0046
betatrontune ~46. 26.7
averagebetafunction 15m 40m

Table 2: Analytically determinedparametersfor wake
force inducedby electroncloud using the resonatorap-
proximation. R/Q in units of Q@ can be obtainedby
cRs/Q x 30. cRs/Q andwg, which linearly dependon
p, areevaluatedor p. = 10'2 m~3,

KEKB-LER CERN-SPS
X y y
wels™!] 6.4 x 1019 [ 1.70 x 10** | 1.5 x 10
wpls™!] 1.7x10° | 45x 105 | 1.4x10°
cRs/Qm™2] | 1.5 x 10° | 2.9 x 10° | 8.3 x 10°

Table 3: Simulatedparametergor the wake field induced
by anelectroncloudof densityp, = 10'2 m—2, asobtained
by fitting to theresonatomodel.

KEKB-LER SPS
X y y
wrls ] | 8.7 x 100 [ 22 x 10 | 1.5 x 107
Q 2.7 6.3 4.9
cRs/Q[m™2] | 2.9x 106 | 8.3x 105 | 3.2 x 10°

Px(y) (8, 2") is the horizontal (vertical) dipole momentof
particlesat 2/,
7 is theslippagefactor
¢ is therelatve momentundeviation,
Wa,a(y) = ¢/ Ba(y) IS the horizontal(vertical) angularbeta-
tronfrequeng in the smoothapproximation,
€= _E saw) is the chromaticity
w&m( ) 8E

ws is theangularsynchrotrorfrequeng.

The beamdistribution function canbe split into the un-

perturbedermandasingle-frequeng perturbation,
U =0, + \IjlefiQs/c’

and ¥, is expressedvia functionsof the unperturbedn-
variantsof motionfor eachdegreeof freedom,

Vo = to(q)po(r),

where

sin@ .

quwg,
gcost, p,= —%
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The Vlasov equationis linearizedfor a small perturba-
tion of thedistribution function, ¥, (¢, 0, r, ¢):
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wheretheactionof trans\ersedipolewakefield W, (z — 27)
is representetly theforce

Nbre

F(s,2) = — /Wy(z —2Npyal(s,2)dz',  (2)
andp, 1(s, z') is theverticaldipole momentof particlesat
2’ for the perturbeddistribution ¥ .

In the dipole approximation,the solution should be a
function of ¢ and @ in the form which follows from Egs.

(6.168-169,175),
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wherex(¢) is thechromatigphaseyx (¢) = {wpsr cos ¢/cn,
and f;;;(r) form a setof orthogonalffunctionswhich char
acterizeradialmodesandsatisfythe normalization

/ K(r) fue(r) fue (r)rdr = Sppe 4)
0
K(r) being the weight function of radial modes. This
weight function is relatedto the unperturbedongitudinal
distribution g (r):

Ws

K(r) = %900(7“)-

(®)

By usingthe expansionEq. (3) in Eqg. (1), replacing
sin @ — €% /2i in the smoothapproximationyewriting the
force EqQ. (2) in the frequeny domainvia theimpedance,



and substitutingthe Fourier transformof the dipole mo-

mentdistribution from Eq. (6.75),the problemis reduced
to alinearequationset,and? is to be foundfrom the cor

respondingeigervalueproblem,

Ws
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( 6) arg = (161 Okpr + Mg gr) apgr . (6)

Thematrix M is expressedy
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andwg = £wg/n is thechromaticfrequeng.
Thewake force entersvia its impedanceepresentation,

Zi(w) = i / h d—je*iwz/cwl (). )

If wetakethebroad-bandesonatoimpedancenodel,then
for given shuntimpedanceRg, quality factor @, andres-
onatorfrequeny wg, theimpedanceés expressedis
C RS
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For a Gaussiandistribution in the longitudinal phase
spacetheunperturbedlistribution functionandtheweight
functioncanbewritten as
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The orthonormalradial functionsare the generalized_a-

guerrepolynomials
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thenfrom Eq. (8),
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This corresponds theHermitemodesof thedipole mo-
ment,

(13)

py(z) ox esz/ZGQH\lHQk ( (14)
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We considererethe azimuthalmodecouplingonly for
threelowestradialmodes(k = 0, 1, 2). The couplingma-
trix consistf 9 blocks,

Ly + Moo Mo, Mig,1r2
M= M0 1oy + Mi1,1 M0 )
M2 10 M2, 1 [0y + M2,2
(15)
Nyrec iUe()e(l!
‘Z\/Ilk,l’k’:_ b <) ( )

i
Ay Towpws /B[ k)E(V]+E)!

2 2,2 wo
X [ Zy(w +we)e @0/ =
/ 1( 5) (\/ic

— 00

[U 4|V |+2(k+E")
) dw.

Before computing, the integration variable w should be
changedo the dimensionless = wo /¢, andaccordingly
we introduce

WR = WRO /¢, X =weo/c= V,@éUE/E7
Vs
C . CRS/Q
EZl(W) o w/Q—l—i(wR—wz/wR)' (16)

Here  is the effective value of chromaticphasefor a
Gaussiarbunch,andtheimpedances substitutedrom the
broad-bandesonatomodel,Eg. (10). Thenwe rewrite the
modecouplingmatrix as

Nyree(cRs/Q) ie()e(l)
Mgy = —i
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w+x)/Q+i(wr—(w+x)*/wr)’

Thetuneof eachmode(Q2 — wg) /ws is obtainedy solv-
ing the eigervalueproblem,Eq. (6), for matrix 18;;: dxrr +
Mgk . At Ny — 0 themodefrequeng 2 = wg + lw;
correspondso the /th synchrobetatrosideband.The ma-
trix hasinfinite dimensionbecausef —co < I < .

For most casesconsideredbelon we can truncatethe
matrix at —5 < [ < 4, andcalculatethe eigervaluesnu-
merically To check-upthe convergeng/, we comparedhe
eigervalueswith thoseof thetruncationat—9 < | < 6.

4.2 Betatron Tune Variation Along the Bunch

Thetrans\ersefields of the positron/protorbunchcause
variationof the effective trans\ersesize of electroncloud
over the bunchpassageThe variabledensityof the cloud
resultsin differentincoherenttuneshiftsalongthe bunch.
Simulationshavs thatin somecasesve canonly consider
thelinearpartof thetunevariationalongthe bunch([5].

Let usmodify the standardanalysisof Sectiond.1to in-
cludethis effect. Now, in additionto the chromaticityef-
fect, we have to introducethe betatronfrequeng variation
term(z/c, then

wp(8,2) = wp(l + &0+ (/o)



and the trans\ersedipole perturbation¥; in the Vlasos
equation(1) shouldbedecomposeds
\Il . .
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wherebesideghe Chromatlcphase,

X(¢) = Ewgr cos @/cn = wer cos p/c, we = Ewg/en,
we introduced
A(¢) = Cwgrsin¢/ows = wersing/e, we=_(wge/ows.

This will modify the Besselfunction agumentin Egs.
(6.74,75)andhenceforth,
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= gleilo Jl(g (w—we)? + wg),
where
¢o = a‘rg(w —we + iwc).
As a consequenceaye shouldmodify the modespectrain
Eq. (7) usingEq. (8),

gik((/(w —we)? +wi) = e~ il /OC rdrK (r) fix (1)
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andthusthe formalismfor the longitudinaltune variation
is ready

For the Gaussiarbunchwe only have to replacethe ar
gumentf g (w) in Eq. (13),
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The final form of the coupling matrix for the Gaussian
bunchandbroad-bandesonatoimpedancenow is
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Theeigervaluesdo notdependonthesignof A.

With the sameSPSparameteraisusedin Figs. 6,7, we
canseein Figs. 15,16thestabilizingeffect of thetunevari-
ationatA > 1, aspredictedn [7]. Thepositve chromatic-
ity effectremainsseeFig. 17.

4.3 General Case, the Transverse Wake Func-
tioninthe Form Wz, 2)

For moregenerakituationse. g., for theelectroncloud
responsdo dipole perturbationstranslationinvariancein
z doesnot hold, andthe wake function cannotbe reduced
to the form W(z — z’). We now tracethe differencesn
thelinearizedVlasov formalismresultingfrom thegeneral
form of thewake, W1 (z, 2). Thisfunctionmustvanishfor
z> 2.

First we introduceits full Fourier transformZ; (w, w’)
andcall it a generalized impedance,

Wiz, 2') = /
(20)

The particularcasewhere Z, (w, w') = 2n6(w — ') Z(w)
correspondso the corventionalwake Wy (z — 27).

Substitutingeq. (20) into Eq. (2), we find thetrans\erse
force

Note —soure [
F(s,z) = —ieﬂQs/c/ Wi (z,2")p1(2")dz'
Y
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where
p(w) = /dze*i“’z/cpl(z) (22)

is the Fouriertransformof the beamdipole momentdistri-
bution p1(z). Usinga derivationshavnin Eq. (6.75),we
arrive attheresultof Eq. (6.178),

= 277—2/ rdrK(r

Ji((w' —we)r/e).

We putthisexpressionn Eq. (1) transformedappropriately
(cf. thederivationof Eq. (6.177)),
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andrelating the weight function K (r) to the unperturbed
distribution ¢o(r), Eg. (5), we only needto usethe or-

thonormalityconditionEq. (4) to reducetheintegral equa-
tion Eq. (24) to a linear equationsetin the basisof mode

functions fy,
Q—w .
( » £ _ l> g = — Z]V[lk,l’k’al’k’ ;
S %
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where the generalmode coupling matrix Mzk,z/k/ is ex-
pressedia the generalizedmpedance,

Xy fiei ™! (23)
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x//dwdw'glk(w—wg)gl/k,(w'—wS)ZAl(w,w’), (26)

while themodespectrunmy;; (w) is givenby Eq. (8), asfor
the standarctase.

Goingto the time domain,we introducethe dipole mo-
mentdistributionscorrespondingo themodespectra,

dw

_Cglk(w)ewz/ca qu(—=2) = gix(2), (27)

aik(z) = o

andrewrite thedoubleintegral,in Eq. (26),
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It is easyseethatat vanishingchromaticity we = 0, all the
matrix elementsarerealnumbers.
This time-domainform may give an advantagein com-
putationof themodecouplingmatrix.

4.4 Gaussian Bunch

For the radial head-tailmodesof the Gaussiarbunch,
we useEgs. (11-13)to write the final form of the mode
couplingmatrix,
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To obtain the time-domainform, we transformthe mode
spectrafEq. (13),andget
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gik(z) = Fk+—7_;__7
() = 2 03 27
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for eveni, and
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Guk(z) = isignl

(1)

for odd!l. Of coursethehypeigeometridunctioncanbere-
ducedto the “oscillator wave functions” expressediia the
Hermite polynomials,seeEq. (14). However, for higher
ordermodesthe above form is moreefficientin computa-
tion. For z > o+/|l| + 2k thesefunctionshave a Gaussian
cut-off, andthusthe infinite integrationrangein Eq. (28)
is notaseriougproblem.Finally we have to substituteEgs.
(30,31)into Eq. (28) in orderto evaluatethe generaimode
couplingmatrix for the Gaussiarbunch.

5 ASIMPLE MODEL OF TRANSVERSE
FEEDBACK

A bunch-to-lunch feedbackintegratesthe dipole mo-
mentover the total bunchlength (o, = 5mm at KEKB!)
and appliesits proportionalkick after one turn, with a
tunablegain and phaseshift. The feedbackkicker pulse
is practically constantover this bunch length. At KEKB
2nvs < 1, thusthe one-turndelaymay not causea prob-
lemlikein LEP machine.

Assuming a perfectly linear (no gain saturation)and
noiselesgeedbackhardware,we candescribéts actionby
anequialenttranserseimpedance,

ZFB = —igFBei¢FB5(w)

wheregrp and¢rp arethefeedbackgainandphase.
The feedbackphaseparametercan be tunedto purely
resistve, prp = /2, or purelyreactve, prp = 0, T, Or
mixedmode.
At zero chromaticity the feedbackonly actsuponthe
! = 0 mode; at positive chromaticity higherorder syn-
chrobetatronrmodesarealsoinfluenced.

6 TYPICAL BEHAVIOR OF THE MODE
TUNES

Theeigervaluesof truncatedM, Eq. (17) (i. e.,tunesof
eachmode)are computedasfunctionsof cRg/Q atfixed
bunchintensity usingwr and@ from thewake simulation
for KEKB LER andCERNSPS[4, 5].

The following figures shav the computedmodetunes
vs Rg/@Q or the cloud densityp., since Rs/Q is linearly
relatedwith it.

The positive slopeof all the modetunesresultingfrom
incoherenteffect of the electroncloud (single-particlefo-
cusingby thecloud)is equalin all the modes;t is ignored
in thefollowing figures.

The parameter®f the trans\ersedipole wake from the
electroncloud correspondo large valuesof the wake os-
cillation parametep = wgro,/c. For KEKB LER p = 3,
for CERN SPSp = 1.5. So, we are working with the
caseof “long” bunch, the beam spectrumsamplesthe
low-frequeng part of the cloud impedance. An impor-
tant consequencés that the positive chromaticity results
in dampingof all thelower-orderhead-tailmodesup to or-
ders|l| + 2k ~ p?, atleastfor small bunchintensities,
AvVgop < Vs,

The above statementoesnot contradictwith the van-
ishing sumof all decrementsseeAppendixA. Thedamp-
ing of a dozenlower-ordermodesis balancedy the weak
anti-dampingf agreatmary of higherordermodes How-
ever, their weakinstability is notimportantbecausef sta-
bilization by the incoherenttune spreadof ary nature,or
by quantunfluctuationsin electron/positromachinessee
AppendixB.

At highintensitythe modecouplingbecomesmportant,
althoughfor the long-bunchcasethe diagonalelementsn



the mode coupling matrix tend to dominate. With suf-
ficiently high chromaticities,y ~ 2, all the lower-order
modesincludedin truncationbecomestable,i. e. the high
positive chromaticity can significantly enhancehe TMCI
thresholdfor “long” bunches.

Figures2,3 shaw the effect of positive chromaticityfor
the parameteref KEKB LER. With highervaluesof @,
seeFigs. 4,5, the chromaticityeffect becomesmore pro-
nounced. The instability thresholdswith Q@ = 1, Figs.
2,3, arein reasonablagreementvith obsenationsof the
positronbeamblowup at KEKB LER [8].

The sameeffectis shovn in Figs. 6,7 with the param-
etersrelevantto the CERN SPS.The chromaticitydepen-
denceshown is consistentvith the electroncloud instabil-
ity simulationfor this machin€[9].

Now returnto the KEKB LER. Thetrans\ersefeedback
is not very efficient againstratherhigh incrementsof the
TMCI at zerochromaticity Fig. 8. However, thefeedback
tunedresistie, andin combinationwith the moderatepos-
itive chromaticity canseriouslyraisethethreshold Fig. 9.
The sameenhancemerfrom the reactve feedbackalone,
Figs. 10,11 leadsto aconclusiorthattheparametersf the
bunch-to-lunchfeedbackjncludingits phase canbe opti-
mizedwith respecinot only to the residualdipole oscilla-
tion, but alsoto the beamblowup believedto be causedy
theelectroncloud. And in combinatiorwith thechromatic-
ity, Fig. 12, the effect of thefeedbackphasds stronger

Dependencef the instability thresholdon the bunch
current with different filling patternsat KEKB LER is
shawvn in Figs. 13,14. Herevariationof the bunchcurrent
meansproportionalvariationof the cloud densityplusthe
square-rooscalingof thewake oscillationfrequeny wr.

For the parameteref CERN SPS Figs. 15,16show the
modecouplingdependencat 6 differentgradientsof the
lineartunevariationalongthe bunch,the tunevariationof
1 meansthat the incoherenttune shift variesfrom @, to
—Qs over +o,. Thegraphsdemonstratéhe stabilizingef-
fect from the longitudinalvariationof incoherentbetatron
tune, cf. [7]. Fig. 17 presentghe effect of the positive
chromaticityat fixedtunevariationparameter

7 MODE STABILITY IN THE COASTING
BEAM LIMIT

Usingthe coasting-beartimit, wro, /¢ > 1,for estima-
tion of the bunched-beanstability, one usually takes the
maximumof ReZ; to besurethatall the modes arestable.
For theBBR w4z & wr, thismeanReZ; (wr).

However, for our casewith low modenumbers] ~ 1,
andic/o, < wg, thiswill yield too stronga condition
(sufficient, but not necessary).

Let ustake the coasting-beantimit conditionfor stabil-
ity in its full form, seeEq. (6.263)in [3]:

N  r.c
cTy 27 Towg

ReZ1(nwo + wg) < Ad| — nwon + &wgl,

with thelineardensitycorrespondingo thatin the bunch,

N, N
=
V2mo, o

andAJ correspondingo o/ FE for Gaussiarbunches.
Relating this coastingbeam situation to the bunched
beamparametersye shouldalsoreplace

nwg — w of the mode

€wg/n — we, the chromatic frequency

enAd/ws — o,, the bunch length

For the higherordermodesthe accuratetreatmentby the
TMC theoryshows stability.
For thelower-ordermodes,/ ~ 1 — 2, we take

c
w~——I (K wg)
o,

andapproximateheimpedance
cRs_w
Q Qui’

Then,neglectingws < w, we obtainthestability condition
for thelth mode

ReZ1 ~

Nrec? cRs 1

2VT3wpwso, Q Qu

(%1%
cl

<’1+

= 1+x/1,

wherey is the chromaticphase Notethatw? o Ny /o,
N, cRs/Q x pe, andwso, o 1.

Hence,we cometo the scalingof the thresholdlevel of
the electroncloud density

Pesh XNQ 1+ x/|, forl~1-2.
For thecasew ~ —wpg, we approximate

fis Q
Q wgr’

andarrive at somevhatdifferentstability condition,

R()Zl ~

Nroc? cRs @
¢ TS5 o+ .
2~/T02w@w50z Q CUIQ% | W{/WR|,

whencethethresholdscalingis
7 c
Pc,th X §|1 + X@L for [l ~ chrZ/c,

i. e.themodenumberiis replacedvith thewake oscillation
parameterln thesaturatiorcondition,p. th < Np.th/Lsep-

For theoppositesituationwro . /¢ < 1, fromthesingle-
bunchinteractionparametetZ; N, /o, with 7; « p., we
find a differentscalingof theinstability threshold,

Z1Ny/o, < NE 0, Lep.



8 CONCLUSION

The paperpresentanalyticaltoolsfor studiesof strong
head-tailinstability causedy electroncloud,includingthe
machinechromaticity The standardmulti-mode eigen-
valueanalysisof thetranswersemodecouplingis extended
by including into consideratiorthe specific propertiesof
the cloudresponseausedy its pinching,Section4.

On the basisof this studywe cometo a conclusionon
very importantrole of the high positive chromaticity the
mostappropriatameasuref its stabilizingeffect beingthe
respectie chromaticphasey. In differentparametesets
consideredn Section6 we alwaysobtainedstabilizationat
x ~ 2 radian. Smallervaluesof the chromaticity were
neverthelessefficient in combinationwith the trans\erse
bunch-to-lunchfeedbacksystem.

Although it is difficult to take into full accountanalyt-
ically sucha complex phenomenorasthe electroncloud,
the analyticaleffort appliedto simplified dynamicalmod-
elsmayprovide somensightandhelpin betterunderstand-
ing the resultsof simulationstudiesof the beamdynamics
undertheinfluenceof the electroncloud.
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Appendix A: The Sum of Decrements for a Gaus-
sian Bunch
Thesumof eigervaluesis equalto thetraceof themode

couplingmatrix. Hence from Eq. (7), the sumof the syn-
chrobetatrormodedecrements

N
Z ImQ = — €
™ 2vTowg

X /700 dw'Re[Z1 (w' + we)] ngk(w’)

k.l

For a Gaussiarbunch,from Eq. (13),

2/ 2/c? c- *0” /2¢7) l1+2k
_ 7&) loa C
QFZglk(w - Z Z (|1 +k)!
k,l l=—00k=0
2 2,2 s w202
= vl Z Il( c? )
l=—¢

= e “(Io(x) + 2L (x) + 212(x) +...)
= e Ye"=1.

Sincewakefieldsarerealfunctionsof s, ReZ; (w) is anodd
function of w with a vanishingaverage. Thus,the sumof
themodedecrements) _, , Im(2, alsovanishes.

Appendix B: Effect of Diffusion on Higher-Order
Head-Tail Modes

With the fast-oscillatingwake (or for a “long” bunch),
the positive chromaticity can stabilizeall the lower-order
head-tailmodesupto modenumbergl|+2k < (wgro,/c)?.
However their decrementsvill be compensatetly (small)
incrementof alargenumberof higherordermodeso give
avanishingsum.Butthereis areasorwhy thehigherorder
modesareof no specialconcern.

In e"e~ machinesquantum fluctuationsof the syn-
chrotronradiationcausediffusion in particle oscillations.
Consider|l|, k > 1, thenthe dipole momentis given by
theHermitemode,Eq. (14),

7'22/20-2H < V4 ) l~_Z <
y(2) < e — | — cos—, |z| L oO.
pu(2) e 5 ~. I
In theabove, = |I| + 2k. The Greenfunctionof diffusion
is
1 { (z— z')g}
exp | — s
2v Dt 4Dt
wherethe diffusionconstantD ~ o2/, andr is theradi-

ationdampingtime.
After ashorttime, t < w; ',

e~ [ o6t

G(z,2) =

l 12Dt
~ cos—zexp -— ] ~ efizt/pr(z).
o

Thus,while theincoherendampinggiviasT/Z, thediffusion
smeartime is evenmuchshorter ~ 7/12.
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Figure2: KEKB LER, head-tailmodetunesin units of the synchrotrontune vs the cloud density p. x 10~2m~2 at
I, = 0.52mA, @ = 1. Left: realpart,right: imaginarypart. Fromtop to bottom: the chromaticphasds 0.0,0.25,0.5.
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Figure3: Continuedrom previousfigure: KEKB LER, head-tailmodetunesin unitsof thesynchrotrortunevsthecloud
densityp. x 10~ 12m~3 at I, = 0.52mA, = 1. Left: realpart,right: imaginarypart. Fromtopto bottom: the chromatic
phases1.0,1.5,2.5.



Figure4: KEKB LER, h ead-tailmodetunesin units of the synchrotrontune vs the cloud densityp. x 10~ 12m~2 at
I, = 0.52mA, Q = 6.3. Left: realpart,right: imaginarypart. Fromtop to bottom: the chromaticphaseas 0.0,0.25,0.5.
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Figure5: Continuedrom previousfigure: KEKB LER, head-tailmodetunesin unitsof thesynchrotrortunevsthecloud
densityp. x 107 2m=2 at I, = 0.52mA, Q = 6.3. Left: real part, right: imaginarypart. From top to bottom: the
chromaticphasas 1.0,1.5,2.0.
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Figure 6: CERN SPS,head-tailmodetunesin units of the synchrotrontune vs the cloud densityp. x 10~ 2m~3 at
N, = 10, Q = 2. Left: realpart,right: imaginarypart. Fromtop to bottom: the chromaticphases 0.0,0.25,0.5.
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Figure7: Continuedrom previousfigure: CERN SPS head-tailmodetunesin unitsof the synchrotrortunevsthecloud
densityp. x 107 12m~2 at N, = 10!, Q = 2. Left: realpart,right: imaginarypart. Fromtop to bottom: the chromatic
phases 1.0,1.5,2.5.
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Figure8: KEKB LER, head-tailmodetunesin units of the synchrotrortunevs the cloud densityp. x 10~2m~3. Left:
realpart,right: imaginarypart. Fromtop to bottom: thefeedbacldampingis 0.0,0.1,0.2,0.5; @ = 1, I, = 0.52mA and
zerochromaticity
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Figure9: KEKB LER, head-tailmodetunesin units of the synchrotrortunevs the cloud densityp. x 10~2m~3. Left:
real part,right: imaginarypart. Combinedactionof the chromaticityandfeedbackfrom top to bottom: a) no feedback,
no chromaticity;b) thefeedbackdampingis 0.2; c) no feedbackandthe chromaticphases 0.5; d) thefeedbackdamping
is 0.2,andthechromaticphasas 0.5.QQ = 1, I, = 0.52mA.
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Figure10: KEKB LER, head-tailmodetunesin unitsof the synchrotrortunevs the clouddensityp. x 10~12m~3. Left:
real part, right: imaginarypart. Effect of the feedbackphase from top to bottom: a) no feedback;b-d) the feedback
dampingis 0.2,andits phases varied90°, 135°, 180°. Q = 1, I;, = 0.52mA.
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Figurell: KEKB LER, head-tailmodetunesin unitsof the synchrotrortunevs the clouddensityp. x 10~12m~3. Left:
real part, right: imaginarypart. Effect of the feedbackphase from top to bottom: a) no feedback;b-d) the feedback
dampingis 0.3,andits phases varied90°, 135°, 180°. Q = 1, I, = 0.52mA.



2 0.4

:

0 0.1

E 0.5
:é\\% 93

3 0.3

0 1 2 3 4 5 0 1 2 3 4 &5
f 0.4

0 0.2
_1\\ 0 /\
) = -0.2

-3 0.4

AT %3 71 = 0 1 2 3 4 5
2 0.2

1 0.1

0 0

B —— 0.1

-2 —=——— -0.2

-3 0.3

-4

0 1 2 3 4 5 0 1 2 3 4 &5
2 0.2

1 o.%

9 0.1

I ———

-3 — 0.4

'40 1 2 3 4 5 0 1 2 3 4 5

Figure12: KEKB LER, head-tailmodetunesin unitsof the synchrotrortunevs the clouddensityp. x 10~12m~3. Left:

real part,right: imaginarypart. Combinedactionof the chromaticityandfeedbackfrom top to bottom: a) no feedback,
no chromaticity; b) the feedbackdampingis 0.2, its phaseis 135°; c) no feedbackthe chromaticphaseis 0.5; d) the
feedbackdampingis 0.2, its phasds 135 andthe chromaticphasds 0.5.Q = 1, I, = 0.52mA.
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Figure13: KEKB LER, head-tailmodetunesin units of the synchrotrortunevs the bunchcurrent,mA. Left: realpart,
right: imaginarypart. Fromtop to bottom:the bunchspacings 2, 3,4, 6; Q = 1.
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Figure 14: KEKB LER, head-tailmodetunesin units of the synchrotrontune vs the bunch current,mA. Left: real
part, right: imaginarypart. Combinedactionof the chromaticityandfeedbackfrom top to bottom: a) no feedbackno
chromaticity;b) the feedbackdampingis 0.2; c) no feedbackandthe chromaticphaseds 0.5; d) the feedbackdampingis
0.2,andthechromaticphasds 0.5.Q = 1.
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Figure 15: CERN SPS,head-tailmodetunesin units of the synchrotrontune vs the cloud densityp. x 10~12m~—3 at
N, = 10*%, Q = 2, zerochromaticity at differenttune variation. Left: real part, right: imaginarypart. From top to
bottom:thetunevariationis 0.0,0.5,1.0.
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Figure 16: Continuedfrom previous figure: CERN SPS,head-tailmodetunesin units of the synchrotrontunevs the
clouddensityp. x 10~12m=2 at N, = 10!, Q = 2, zerochromaticity at differenttunevariation. Left: realpart, right:
imaginarypart. Fromtop to bottom: the tunevariationis 1.5,2.0,2.5.
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Figure 17: CERN SPS,head-tailmodetunesin units of the synchrotrontunevs the cloud densityp. x 10~ 2m~3 at
N, = 1011, Q = 2, thetunevariationis 1.0. Left: realpart, right: imaginarypart. Fromtop to bottom: the chromatic
phases 0.0,1.0,2.5.



