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Abstract

Nuclear binding energies and two-neutron separation energies are analyzed
starting from the liquid-drop model and the nuclear shell model in order to
describe the global trends of the above observables. We subsequently concen-
trate on the Interacting Boson Model (IBM) and discuss a new method in
order to provide a consistent description of both, ground-state and excited-
state properties. We address the artefacts that appear when crossing mid-
shell using the IBM formulation and perform detailed numerical calculations
for nuclei situated in the 50— 82 shell. We also concentrate on local deviations
from the above global trends in binding energy and two-neutron separation
energies that appear in the neutron-deficient Pb region. We address possible
effects on the binding energy, caused by mixing of low-lying 0" intruder states

into the ground state, using configuration mixing in the IBM framework. We
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also study ground-state properties using a deformed mean-field approach. De-
tailed comparisons with recent experimental data in the Pb region are amply

discussed.
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I. INTRODUCTION

In the study of nuclear structure properties, nuclear masses or binding energies (BE)
and, more in particular, two-neutron separation energies (Ss,), are interesting probes to find
out about specific nuclear structure correlations that are present in the nuclear ground state.
These correlations, to a large extent, express the global behavior that is most easily seen
in a global way and as such, the liquid drop model (LDM) serves as a first guide to match
to the observed trends concerning nuclear ground-state masses. There have been extensive
global mass studies carried out which aim, in particular, at reproducing the overall trends:
from pure liquid-drop model studies (LDM), over macroscopic-microscopic methods towards,
more recently, fully microscopic Hartree-Fock(-Bogoliubov) studies [1,2].

It is our aim to concentrate on local correlations that are rather small on the absolute
energy scale used to describe binding energies (or two-neutron separation energies) but
nevertheless point out to a number of interesting extra nuclear structure effects. These can
come from various origins such as (i) the presence of closed-shell discontinuities, (ii) the
appearance of local zones of deformation, and (iii) configuration mixing or shape mixing
that shows up in the nuclear ground state itself. Except for the closed-shell discontinuities,
the other effects give rise to small energy changes, about 100 keV or less, that were not
observed in experiments until recently. However, in the last few years a dramatic increase
in the experimental sensitivity, using trap devices or specific mass-measurement set-ups
(ISOLTRAP, MISTRAL, ...) [3,4], has shifted the level of accuracy down to a few tens
of keV (typically 30 — 40 keV for nuclei in the Pb region) such that mass measurements
are now of the level to indicate local correlation energies that allow to test nuclear models
(shell-model studies) [5-7]. Therefore, interest has been growing considerably and we aim
at discussing and analyzing, from this point of view, recent mass measurements.

In the first part of the present paper, we discuss the collective (or global) features of the
nuclear binding energy (or the Sy, observable) using the liquid-drop model (section II) and

some general properties of the shell model (section III). In section IV we concentrate on a



description of binding energies within the framework of the Interacting Boson Model (IBM),
where, besides a study of the global aspects of Ss,,, the specific nuclear structure correlations
(local part) are studied in, and close to, the symmetry limits U(5), SU(3), and O(6). Special
attention is given to obtain a consistent description of BE (S2,) values when crossing the
mid-shell point. Applications for the 50 — 82 shell are presented in some detail. In the
second part of the paper (section V) we concentrate on local modifications of the otherwise
smooth BE (S,) behavior that come from the presence of low-lying intruder states at and
near closed shells. We discuss the effect in both, an approximate IBM configuration mixing
approach, as well as by studying, in some detail, the statics of the total potential energy
surfaces. We apply and discuss both calculations for nuclei in the neutron-deficient Pb

region. Finally, in section VI we present a number of conclusions.

II. LIQUID DROP MODEL BEHAVIOR

Nuclear masses and the derived quantity, the two-neutron separation energy, Ss,, form
important indicators that may show the presence of extra correlations on top of a smooth

liquid-drop behavior. S, is defined as
S2n(A>Z):BE(Aaz)_BE(A_sz)v (1)

where BE(A, Z) is the binding energy defined as positive, (i.e. it is the positive of the energy
of the ground state of the atomic nucleus) for a nucleus with A nucleons and Z protons.
The LDM will be the reference point throughout this paper because it allows the overall
description of the BE along the whole table of masses, or for long series of isotopes. More
sophisticated calculations will be able to improve the description of the details for small

regions but will never provide a global framework.



A. The global trend of 53, along the valley of stability

To see how the values of S5, evolve globally, through the complete mass chart, we can

use the semi-empirical mass formula [8,9],
BE(A,Z) = ay A — asA% —acZ(Z — 1)A™5 — as(A — 22)%A°Y, (2)

where the pairing term is not considered because we will always deal with even-even nuclei.
The S5, value can be written as,

Z2

4 2
A(A—2)’ 3)

Sgn ~ 2(04/ — CLA) — gagA_% + g&cZ(Z — 1)14_% + 8CLA

where the surface and Coulomb terms are only approximated expressions. If one inserts the
particular value of Z, Z;, that maximizes the binding energy for each given A (this is the

definition for the valley of stability),

B A2
14 0.0077A2/3’

(4)
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we obtain, for large values of A, the result (see [6]),

1

—. (5)
4+ 0.06A3

4 1 2
Sgn = Q(CLV - CLA) — gCLSA_g + (SCLA + gCLCA%)

In the present form, we use the following values for the LDM parameters: ay = 15.85 MeV,
ac = 0.71 MeV, ag = 18.34 MeV and a4 = 23.22 MeV. In Fig. 1, we illustrate the behavior
of Sy, along the valley of stability (5) for even-even nuclei, together with the experimental
data. The experimental data correspond to a range of Z between Zy 4+ 1 and Z; — 2. It
appears that the overall decrease and the specific mass dependence is well contained within

the liquid-drop model.

B. The global trend of S5, through a chain of isotopes

We can also see how well the experimental two-neutron separation energy, through a

chain of isotopes, is reproduced using the LDM. From Fig. 1, it is clear that, besides the
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sudden variations near mass number A = 90 (presence of shell closure at N = 50) and
near mass number A = 140 (presence of the shell closure at N = 82), the specific mass
dependence for series of isotopes comes closer to specific sets of straight lines.

Next, we observe that the mass formula (2) is able to describe the observed almost linear
behavior of Sy, for series of isotopes. The more appropriate way of carrying out this analysis
is to make an expansion of the different terms in (2) around a particular value of A (or N,
because Z is fixed), Ay = Z + Ny, and to keep the main orders. Therefore, we define

X =A—-Apand € = X/A,. Let us start with the volume term,
BE\/(A) - BEv(Ao) = a,vX. (6)

The surface term gives rise to,

2 /2 1 2 X 1.X?
BEs(4) - BEs(Ao) ~ —asAj (52— 52°) = —ass 1 +asg—. (7)
Al Al

and the contribution of the Coulomb term is,

BEo(A) — BEo(Ao) ~ —acZ(Z — 1) A3 <_lg n 2€2>

379
a X 2a X?
= ?CZ(Z — )= - TCZ(Z - 1)=. (8)
Aj Aj

Finally, the asymmetry contribution is,

472 472 472 472
BEA(A) — BEs(Ag) ~ —aa [ Ao — o= ) e —au"oe = —an [1- ) X — ap—o X2,
Ay Ay Aj

First, it is clear that the coefficients of the linear part are (for Ag ~ 100 and Z ~ 50 and
taking for ay, ac ag, and a4 the values given in previous section) about two orders of
magnitude larger than the coefficients of the quadratic contribution. With respect to the
second order terms it is interesting to see the value of each of them: the surface term gives
0.0044 MeV, the Coulomb term —0.0083 MeV, and the asymmetry term —0.23 MeV. As a
consequence, in this case, the leading term is the asymmetry one and it is essentially the

main source of non-linearities in the BE and therefore, the source of the slope of the Ss,,. In
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order to illustrate these results, we present in Fig. 2 the different contributions of the LDM
(volume, volume plus surface, volume plus surface plus Coulomb and volume plus surface
plus Coulomb plus asymmetry term) to the BE and Sy, for different families of isotopes. It
thus appears that only the asymmetry term induces the quadratic behavior in BE and the
linear one in Sy,.

Finally it should be stressed that, far from stability and for very neutron-rich nuclei,
the asymmetry term can be at the origin of a decreasing trend in the BE when A further
increases. In equation (9), for Z ~ Ay/2 the linear term vanishes, but if this relation is not
satisfied, as is the case for neutron rich nuclei, the slope of the BE can become negative. In

the limit of A — oo, the nuclei will lose about 7 MeV for each nucleon we add.

I1I. SHELL-MODEL DESCRIPTION OF BINDING ENERGIES

Within the liquid drop model (LDM) description of the binding energy of atomic nuclei,
the volume term, the surface and Coulomb energy contributions give rise to an essentially
flat behavior in the S5, values. It is the asymmetry term that accounts for an almost
linear drop in the quantity Sy, within a given isotopic series as a function of the nucleon
(or neutron) number A (or N). This expresses the progressively decreasing binding energy
needed to remove a pair of nucleons out of a given nucleus.

Because the asymmetry term is related to an underlying shell-structure, governing the
occupation in the lowest proton and neutron single-particle orbitals for given fixed A number,
this linear drop in Sy, must show up in a shell-model description of nucleons moving in an
average field, characterized by the single-particle spectrum ¢;, that are subsequently coupled
to J™ = 07 pairs because of the major attractive binding-energy correlation on top of the
monopole binding-energy term. To fix the idea, one should start from a doubly-closed shell
nucleus as a reference nucleus in order to describe binding energies (or separation energies)
and then treat the interactions amongst nucleons filling a given single-j shell. Talmi has

shown [10,11] that, for a zero-range force (d-function interaction) using a pair-coupled wave



function that has seniority v as a good quantum number, the contribution to the ground-

state configuration can be expressed as

BE(j,n) = (j",v=0,J =0 ZV(i, E)j",v=0,J =0), (10)
or
i n
BE(j.n) = ne; + 2V, (11)

where Vo = (52,0 = 0,J = 0|V|j%,v = 0,J = 0) is the attractive 0" two-body matrix
element. This binding energy contribution is essentially equal to the volume part of the
liquid-drop model formulation (which scales like A), and scales with the number of inter-
acting valence nucleons moving in the single-j shell-model orbital and contributes with a
constant value to the Sy, two-neutron separation energy.

More general interactions (finite range forces, the standard pairing force, ...) contribute
with extra terms in the expression of the binding energy [10]. Coupling of the ground-state
seniority v = 0 with higher-lying seniority v = 2,4, ... configurations also modifies this
most simple expression given in (11). This then leads to a general diagonal energy that also
contains a term quadratic in the number of nucleons n (the specific coefficients depend on

the specific forces and coupling) and is given as [12]

BE(j,n) = C+an+6w + 4P, (12)

provided the seniority v is a good quantum number. Here, [n/2] stands for the largest
integer not bigger than n/2. Further, a is in general large and attractive (o = €; + %
with ¢ & —8 MeV and % ~ —(j+ %) G, with G the pairing force strength), 5 is much
smaller and repulsive (in agreement with the sign of the asymmetry term in the liquid-drop
energy expression) and P describes the odd-even pairing staggering to the binding-energy
expression (see Fig. 3). Thus, it is the 8 contribution that causes a linear drop in the Sy,
value as a function of the nucleon number. This expression has been used to fit S5, values in

various mass regions [11-13]. This shell-model behavior actually describes the long stretches
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of linear behavior in the Sy, curve over a large region of the nuclear mass table, indicating
that the above simple structure contains the correct physics and saturation properties of the
nucleon-nucleon two-body interactions. From the above discussion, it becomes clear that,
in order to correctly reproduce the experimental S,, behavior over a large series of isotopes,
one needs a good description of the single-particle energies €¢; and their variation over a
given mass region. The monopole term [14,15] is essential in order to correctly reproduce
saturation in the nuclear binding starting from a pure shell-model approach, i.e. if one
starts out, e.g. with the single-particle energies in the sd shell-model space around 'O and
considers the variation in these single-particle energies through the monopole proton-neutron

contribution

€, = €, + ngzp, (Jodp IV |dpdor) (13)

one should reproduce the observed relative energy spacing in the sd shell when reaching the
end of the shell near “°Ca.

We shall not start to discuss detailed shell-model calculations here but we like to refer
to the very good reproduction of the overall behavior in the S5, value when crossing the full
sd shell-model region [16], except near N = 20 and for the Ne, Na, and Mg nuclei [17,18].

In the next section, we shall carry out a more detailed study of Sy, properties with a shell-
model space that is truncated to that part which mainly determines the low-lying collective
properties, i.e. we will perform the IBM symmetry truncation. We expect essentially to
recover the shell-model features as described here. The IBM will allow, however, a more

detailed study covering large sets of isotopes in the nuclear mass table.

IV. IBM DESCRIPTION OF BINDING ENERGIES

The Interacting Boson Model [19] takes advantage of the group theory for describing
low-lying states of even-even nuclei. Such states present a clear quadrupole collectivity. The

building blocks of the model are bosons with angular momentum L = 0 (s bosons) and



angular momentum L = 2 (d bosons). The number of interacting bosons that are present in
the system corresponds to half the number of valence nucleons, N = n/2, and they interact
through a Hamiltonian containing, in the simplest case, up to two-body interactions, being
number conserving and rotationally invariant. The original version of the model is called
IBM-1 and in this approach no difference is considered between protons and neutrons [19,20].
In this section we use the IBM-1 version of the model.

In the last few decades the IBM has provided a satisfactory description of spectra and
transitions rates of medium-mass and heavy nuclei [21]. However in most of the cases the
binding energy has not been considered in the analysis. In a recent paper [22] it was pointed
out that it is extremely important to include the BE, or equivalently the S, values, in an
IBM study because its value is very sensitive to the Hamiltonian that it is used. Therefore,
it is very useful for choosing the most appropriate Hamiltonian in the description of a given
nucleus. As was shown by Garcia-Ramos et al. in Ref. [22] and will be recapitulated here,
in order to study the binding-energy properties, it is necessary to analyze a complete chain
of isotopes and not a single nucleus, which makes the study more complicated.

At this point it is convenient to write the definition of S,,. In case we use nucleon

particles outside of a closed shell, we define:
Son = BE(N) — BE(N —1). (14)
When using a description in terms of holes inside a closed shell, the definition of S5, becomes,
Son = BE(N) — BE(N +1). (15)

Later (section IV D), we shall present a prescription that contains only a single definition.
For later use (section IV F) we present here a very compact IBM Hamiltonian that will

be used throughout this section. This Hamiltonian is not the most general one but is ideal

for the purpose of studying binding energies and allows to describe many realistic situations

[23]. It can be written as follows,
ﬁzedﬁd—liQ'Q—i‘Hli'i, (16)
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where ny is the d boson number operator and

L=+10(d" x d)V, (17)
Q=s'd+d's+ x(d x d)?. (18)

The symbol - represents the scalar product. Here the scalar product of two operators with
angular momentum L is defined as T, - Ty =Y (=DM Ty Ty n where Th corresponds
to the M component of the operator 77,. The operator Y = (—1)"y_ (where v refers
to s and d bosons) is introduced to ensure the tensorial character under spatial rotations.
Note that in realistic calculations ¢; > 0 and £ > 0 [21]. It is common in this approach to

use for the E'2 transition operator the form

T(E2) = qut@Q, (19)

in which g.g denotes the effective charge and Q has the same structure as in the Hamiltonian
(18). This approximation is the basis of the so-called consistent-() formalism (CQF) [24].
In the description of BE using the IBM one has to distinguish between two contribu-
tions: a global (rather big) part that corresponds to the bulk energy of the atomic nucleus
and should change slowly (BE9), and a local (rather small) part coming from the specific
structure of the given nuclei (BE'"). We remark that the local contribution correspond to
the BE is obtained starting from a standard IBM calculation. However, the global part has
to be added ad hoc using a given prescription that will be presented in this section. The
simplest interpretation of the IBM global part comes from the LDM, and somehow, both
contributions must be related. For the different series of isotopes they result into a quadratic

behavior in BE and a linear one in Ss,,.

A. The global part of the BE (S,) in the IBM

The global part of the BE in the IBM (BE9Y) comes from that part of the Hamiltonian

that does not affect the internal excitation energies. Those terms are related with the
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Casimir operators of U(6), i.e. C1[U(6)] and Cs[U(6)] and can be written in terms of the

total number of bosons, N. Its contribution to the binding energy reads as,

BEY(N) = Ey + AN + gN(N —1). (20)

The corresponding contribution to Ss, is linear in the number of bosons:
S$L(N) = (A —B/2) + BN. (21)

In order to avoid ambiguities it is assumed in these expressions that N always corresponds
to the number of nucleons pairs, considered as particles and is never considered as holes.
We come back to this delicate aspect in section IV D.

In the latter expressions, it is implicit that the coefficients A, B and FE\ are essentially
constant when the value of N changes, but this assumption is not clear a priori. To find
a mathematical proof of the constancy of A and B is a difficult task. However, one can
find a number of arguments based on LDM, shell-model, and IBM itself, that imply such a

constancy.

e A LDM argument: In section II we noticed that the LDM gives a satisfactory global
description of the BE throughout the whole mass table. This description cannot
reproduce fine details, but it is able to explain the observed linear behavior of S5, for
series of isotopes. This behavior is the same as the one obtained from (21), using A

and B constants, and therefore supports our hypothesis.

e A shell-model argument: Another justification is based on the shell-model, in particular
in the use of the modified surface-delta-interaction (MSDI). It is well known that the
surface delta interaction (SDI) gives a good description of energy spectra although it
also results in a number of systematic discrepancies with respect to the reproduction
of the experimental levels. This discrepancy is especially notable for nuclear binding
energies. It was shown that this description could be largely improved when changing

the position of the energy centroids for the multiplets with different isospin. The
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modification of the interaction gave rise to the MSDI [25]. The most important point
for our present discussion is that this new element in the two-body interaction, if one
keeps the parameters constant, gives rise to a quadratic dependence in the nuclear

binding energy, equivalent to the one we obtain in eq. (20).

e An IBM argument: A third justification comes from an IBM analysis. It will be shown
in sections IVE and IV F that our ansatz provides an extremely good description of

S, for chains of isotopes in the region from Z = 50 to Z = 82.

B. The local part of the BE (S2,) in the IBM: the symmetry limits

The local contribution to the BE (BE'") comes from the IBM Hamiltonian that gives rise
to the nuclear spectrum. A first approximation to this Hamiltonian comes from studying the
symmetry limits of the model. Such limiting Hamiltonians do not correspond to realistic
Hamiltonians but can be used as a good starting point. In the present discussion, the
parameters of the different Hamiltonians are kept constant, which is not a realistic hypothesis
for long chains of isotopes. Therefore, the following results will be applicable if we cut the
chain of isotopes into smaller intervals and if we change the value of the parameters only
between intervals.

The symmetry limits, called dynamical symmetries of the IBM, correspond to particular
choices of the Hamiltonian that give rise to analytic expressions for the energy spectra
(which is the reason of its usefulness). At the same time the eigenstates exhibit certain
symmetries that allow to classify them in a simple way. The symmetry limits appear when
the Hamiltonian is written in terms of a particular combination of Casimir operators. Next

we succinctly review the three cases that were discussed before [19].
e U(5) limit.
The Hamiltonian that gives rise to the U(5) symmetry limit can be written as,
Hy@) = e CLUB)] + aColU(5)] + B CoO(5)] +7 Co[03)), (22)

13



where C,, [G] stands for the Casimir operator of order n of the group G. The ground

state of this Hamiltonian can be written as

1050) = |[N],nq = 0,v =0, L = 0), (23)

where [N], ng, v, and L are the appropriate labels that completely specify an eigenstate
of the Hamiltonian (22) (see e.g. [19,20]). The eigenvalue of (22) for a general state is

obtained as,
EU(S) :5nd+and(nd+4)+ﬁv(v+3)+’yL(L+1). (24)

As a consequence BEy =0 and 5%5):0. It is clear that there is no local contribution

to the BE in the case of the U(5) limit.

SU(3) limit.

In the case of the SU(3) dynamical symmetry, the Hamiltonian reads as,

Hs) = 0 Co[SU(3)] + v C4[O(3)]. (25)

The ground state for this Hamiltonian corresponds to,

05 = [[N], (A = 2N, jp = 0), 5k = 0, L = 0), (26)

where [N], (A, p), k, and L are the appropriate labels for completely specifying an
eigenstate of the Hamiltonian (25) (see e.g. [19,20]). The eigenvalues corresponding to

the Hamiltonian (25), for a general state, can be written as,

Esy) =0 (AN 4 p + A+ 3N+ 3u) + v L(L + 1). (27)

In this case the binding energy results into the expression,

BEsy@) = —6(4N* 4+ 6N). (28)

The value of S, for particles becomes,

14



S5UB) = _§(8N +2), (29)

while for holes this becomes

S5V®) — §(8N + 10), (30)

where § < 0 in realistic calculations. It should be noted that the local contribution to

Say, 15 also linear in the number of bosons.
O(6) limit.
The O(6) symmetry limit corresponds to the following Hamiltonian,
Ho) = ¢ Co[O(6)] + 8 C2[0(5)] + 7 C1[0(3))]. (31)
The ground state for this Hamiltonian reads as,

05) = [N, = N,7 = 0,L = 0), (32)

where [N], o, 7, and L completely characterize an eigenstate of (31) (see e.g. [19,20]).

The energy eigenvalues of the Hamiltonian (31) can be written as,
Eowy=Co(c+4)+p7(1+3)+vL(L+1). (33)

In this case the binding energy results into the expression,
BEo@ = —((N? + 4N). (34)
The value of Sy, for particles becomes,
S — ¢(2N +3), (35)
while for holes it reads,
SO — _¢(2N +5). (36)

In the more realistic calculations ¢ < 0. It should be noted that the local contribution

to S, is again linear in the number of bosons.
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At this point, it should become clear that the local IBM Hamiltonian, corresponding
to the three dynamical symmetries, does not change the linear behavior of Ss,. In the
case of the U(5) limit there is no extra contribution to Ss,, while for the SU(3) and O(6)
limits only a change in the values of the slope and the intercept of Sy, is introduced. The
analysis should only be valid within the smaller intervals and thus non-linear behavior in
Sy, could appear if the character of the nuclei, along a series of isotopes, is changing from
one symmetry limit into another one. An extra source for deviations of a linear behavior
arises when the parameters of the Hamiltonian themselves do change from one nucleus to

another nucleus, even preserving the dynamical symmetry.

C. The local part of the BE (S3,) in the IBM: near the symmetry limits

In this subsection we complete the previous analysis, but now we study more complex
situations albeit still in an analytical approximation. This will form a good starting point
in order to carry out a complete numerical analysis of Sy, using the IBM.

Here, we consider the Hamiltonian (16), which will prove to be extremely useful for our
purpose. This Hamiltonian encompasses the three symmetry limits for particular choices of
the parameters and the so called transitional regions. The transitional regions are interme-
diate situations between the symmetry limits, where one observes rapid structural changes
in the nuclei. One can identify three different transitional regions: (a) structural changes
between spherical (U(5)) and well deformed nuclei (SU(3)); (b) structural changes from
spherical (U(5)) to y-unstable nuclei (O(6)) and (c) structural changes from well-deformed
(SU(3)) to ~-unstable nuclei (O(6)). One observes that the borders of the transitional
regions correspond to the dynamical symmetries (indicated between parenthesis).

The idea here is to consider the main part of the Hamiltonian corresponding to a given
symmetry limit plus a small correction term that allows us to explore the transitional region
and that can be treated using perturbation theory. Next, we discuss three different situations

depending on the main part of the Hamiltonian.
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e Near the U(5) limit.

The vibrational limit appears when x = 0 in Hamiltonian (16). If x # 0 the wave
function (23) is only an approximate solution to the problem if |e;| >> |x|. The result
is in principle independent of x, but performing a simple analysis, one notices that the
range of applicability of the results depends on y. So, if one numerically diagonalizes
the Hamiltonian (16) for N = 8 and for different values of k/¢,4, one obtains that, even
for a ratio equal to 0.03 and with x = 0, the overlap (gs|[N],nq = 0,0 =0, L = 0) is
equal to 0.913. For y = —1 this overlap equals 0.876, and for y = —/7/2 it equals
0.833. So it becomes clear that the range of applicability is quite narrow and even

diminishes when |y| increases.

In the following discussion we assume k' = 0 because its contribution to the BE always
vanishes. If one calculates the mean value of (16), using the eigenstates (23), the result

becomes,

BE = —<O;rs—U(5)|€dﬁd - K@ : Q‘O;FS—U(sﬁ

= 5{0},_y5) Q- Ql0f_ys))- (37)

The first term vanishes because ny = 0 in the U(5) ground state (see egs. (23) and
(24)). In order to calculate the remaining part, we consider the expression of the
quadrupole operator (18) and we take into account that every d operator acting directly
on the ket state, or every d' operator acting directly on the bra state, gives a vanishing

contribution. The BE result then becomes,

BE = 5kN. (38)

The two-neutron separation energy for particles can be written as,

Sgn = 5%, (39)

while for holes it becomes,

17



Sgn = —Dk. (40)

As a consequence, near the vibrational limit, the local Hamiltonian only gives a con-

stant contribution to Ss,.

Near the SU(3) limit.

A particular case of a rotational nucleus corresponds to the SU(3) limit. In this case
€g = 0 and x = —/7/2 are the parameters that show up in the Hamiltonian (16). If
we include €4 # 0 such that |k| >> |e4], the wave function (26) will still be a good
approximation to the exact solution. In order to explore up to which values of €¢; one
can use perturbation theory, we calculate the overlap between the state (26) and the
exact solution for a system with N = 8 bosons. The result we obtain is that, even for
a ratio |eq4|/|k| = 10 ,the overlap is larger than 0.9 (in particular equal to 0.942). So
we can use the present approximation in regions quite far from the SU(3) symmetry
limit.

By calculating the expectation value of (16), using the state (26), the binding energy

becomes,

BE = —(0}, s g)|€ana — kQ=Y7* - QVIR0L o)

= —€d<0;,:_SU(3)|ﬁd|0;rs—SU(3)>

+’€<O;s—SU(3)‘QXZ_ﬁ/2 : QXZ_W/QMJS—SU(?,))‘ (41)

The expectation value of 7y in the SU(3) limit is known [19], with as a result,

) AN(N — 1)
(04— stz |74l 0 _spr(z)) = 3RN 1) (42)

On the other hand QX==V7/2. Qx==V7/2 g directly related with the SU(3) Casimir

operator appearing in eq. (25),

QXZ—\ﬁ/Q . QX:_\ﬁ/Q = %Cv2 [SU(B)] - IAJ ' IAJ (43)

| W
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Finally, one obtains the result,

AN(N = 1)

BE = —¢go
“BEeN 1)

+ K(2N? + 3N). (44)

The final expression for Sy, in the case of particles becomes,

8(N — 1)2
3(AN2 — 8N + 3)

Son = —€4 + k(4N + 1), (45)

while in the case of holes it reads,

SN2

Son = a3 9N

— k(4N + 5). (46)

The first term in both eqs. (45) and (46), formally introduces a quadratic N depen-
dence. However, studying the expression for S5 in more detail, one observes that the
final result is almost N independent. In the case of N — oo, the asymptotic value is
0.667. Already for N = 8 one obtains the value 0.670 in the case of particles and 0.669
in the case of holes. As a conclusion, the situation close to the SU(3) limit also gives

rise to a linear behavior in S,,,.

Near the O(6) limit.

The ~-unstable nuclei are well described using the O(6) limit. In this case one should
make the choice ¢, = 0 and x = 0 in the Hamiltonian (16). If we include ¢4 # 0 such
that |k| >> |eq], the wave function (32) becomes a good approximation to the exact
solution. In order to find out how far can one proceed in the choice of the value of €y,
we calculate the overlap between the state (32) and the exact solution for a system
with V = 8 bosons. The result is such that, even for a ratio |e4|/|x| = 10, the overlap

is larger than 0.9 (in particular equal to 0.916).

The calculation of the expectation value of (16), using the eigenstate (32), results in

the expression,
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BE = — <0g5 OG)|€dnd_’%QX = QX O‘Ogs O(6)>
= _€d<0;_5—0 6)|ﬁd‘03_s—0(6)>

TR < gs—O(6) ‘QX ° QX O‘Ogs O(6> (47>

The expectation value of 7y in the O(6) limit is known [19], with as a result,

N(N —1)

(04— 0(6) 11|05 _o)) = ANTI) (48)

On the other hand QX=0 . Qx=0 is directly related with the O(6) and O(5) Casimir
operators appearing in eq. (31),

~

Q- Q0 = GL[0(6)] — C5[0(5)]. (49)

Finally, the binding energy becomes,

N(N - 1)

BE = —eg——
“ONT 1)

K(N? + 4N). (50)

The value of S, for particles results in the expression,

N2+ N -2

o = Ny

k(2N + 3), (51)

and for holes it reads

N(N +3)
2(N + 1)(N +2)

Sgn = €4 — K(QN + 5) (52)

Again, the first term introduces a formal quadratic N dependence. However, studying
the expressions (51) and (52) in more detail, one observes that the N dependence
almost cancels. In the case of N — oo the asymptotic value is 0.5. Already for N = 8
one reaches the value 0.486 in the case of particles and 0.489 in the case of holes. As
a conclusion, the situations close to the O(6)) limit also give rise to a linear behavior

in Sgn.
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Note that the transitional region SU(3) — O(6) cannot be treated using the Hamiltonian
(16); a treatment based on perturbation theory does not result into a closed expression for
the binding energy.

The results obtained in this subsection exhibit the same characteristic as the ones ob-
tained in section IV B, in the sense that all situations that have been analyzed always give
rise to a linear contribution in Sy,. The only way of obtaining deviations from a linear be-
havior is through the presence of systematic changes of the parameters in the Hamiltonian.
This approach has been explored in detail in [22] and gives rise, indeed, to non-linearities in
Soy, for the transitional U(5) — SU(3) and U(5) — O(6) regions.

Now that we have carried out the various schematic analyses of Ss,, in the IBM, we present

a more realistic description of binding energies and Ss,, values in the next subsection.

D. Crossing the mid-shell

In the previous subsection we have derived closed expressions of Sy, for the case of
particles and for the case of holes, independently. However, the counting of particles/holes
produces some inconsistencies and problems: using the expressions (20) and (21), the sign
of B should be changed when crossing the mid-shell. On the other hand, when plotting
the binding energies (or Sa,) in terms of N (particles or holes) we obtain a “function”
that is double valued and can lead to some errors of interpretation. Moreover, we need
two definitions of Ss,, one for particles and one for holes. A possible outcome of these
inconsistencies is to introduce a new variable N that represents the number of valence
particle pairs and that is related with the number of bosons N (particles or holes) through
the definition,

y v
N forNSQ—

N= (53)

~ ~ 9] )
Q— N for N > 2
where Q = Y3(j + 1/2) represents the size of the shell, that is the total number of bosons

that can be put into that shell. The value of the BE then becomes,
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BE(N) = E, + AN + gﬁ(zv — 1) + BEY;,,(N(N)). (54)

Using the variable N we have a single definition of Sy, for both particles and holes, that

reads,
Syn(N) = BE(N) — BE(N — 1), (55)
or, equivalently,
Syn(N) = (A — B/2) + BN + BE'%,,(N) — BE%,,,(N — 1). (56)

Note that the expressions (30), (36), (46), and (52) can be used directly taking into account
the relation (53). The introduction of N is just a formal trick, but it will simplify all further
analysis.

Sometimes it might be useful to represent BE or Ss,, as a function of the atomic number
A. In those cases it is trivial to rewrite the equations (54-55) using A.

Although with the introduction of N we eliminate one ambiguity of the IBM, there still
appears a second problem that is intrinsic to the model. In order to illustrate it, we consider
a shell-model calculation. It is well known that, making the appropriate changes in the
shell-model Hamiltonian, it does not matter if one is using particles or holes. Of course,
changing from particles to holes when crossing the mid-shell reduces considerably the size
of the model space. This freedom is intrinsic to the shell-model because the Pauli principle
avoids the over-counting of states within any shell. In the case of the IBM, the situation is
completely different. Working in a boson space, one can put an unlimited number of bosons
in a shell that has only room for N,,,, = 2 “bosons”. This means that in the boson model
space, the Pauli principle, or equivalently the size of the “boson shell”, is introduced by hand
and, as a consequence, it is obligatory to change from particles to holes when crossing the
mid-shell. The relevant point here is that this change induces a discontinuity in the value
of S5, when crossing mid-shell. This jump cannot represent a physical effect and is not

observed experimentally either. In order to clarify this point, we compare calculations using
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a pairing Hamiltonian in a single-j shell in the fermion space, with the SU(3) Hamiltonian

(25) [1,26]. In the case of pairing, the binding energy and Sy, result as

BE =GN(Q - N +1), (57)
and

Son = G(Q — 2N +2), (58)

respectively, where G denotes the interaction strength and €2 describes the size of the shell.
In Fig. 4, we plot the expressions (57) and (58) for G = 1 (in arbitrary units) and © = 10.
One notices a smooth behavior even when crossing the mid-shell. In the case of the SU(3)
Hamiltonian one has to use the equations (28), (29), and (30). In Fig. 5 we plot these
expressions for 6 = —1 (in arbitrary units) and Q = 10. When comparing Fig. 5 with Fig. 4,
one observes clear differences with the pairing Hamiltonian, in particular in the case of S,
(It should be noted that both cases correspond to quite different physical situations. They
are only used here in order to see the different behavior when crossing the mid-shell). There
is a clear-cut unphysical behavior when crossing the mid-shell. A solution to cope with this
inconsistency is obtained when we add the global part of S5, to the local Sy, term. Thus, we
keep an almost continuous variation in S, by changing the value of A and B when crossing
the mid-shell. In the particular case of the SU(3) limit we have just to change the value
of A when crossing the mid-shell in 8 + 12, for § = —1 (in arbitrary units). In section
IV F we shall see that, even in realistic calculations, the solution to eliminate the spurious
discontinuity in Sa, is to change the parameters of the global part (BE9"). It should be noted
that in the case of odd €2, the equations (28) and (34) become invalid for N = /2 + 1/2.
For this value of N, the correct value is zero, while the expressions (28) and (34) give a value

different from zero.
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E. Deriving the global part: calculation of A and B

Up to now we have carried out a schematic analysis of the S,,, observable in the framework
of the IBM. We were able though to derive important conclusions. In this subsection we
present a new approach for studying Ss,, values, spectra and transitions rates in a consistent
way. In the next section, we apply the method to nuclei belonging to the shell Z = 50 — 82.
The method that will be used here was first discussed in [22].

The key point of the method is the assumption that a linear global part (S%.) needs to
be added to the local contribution. Of course, the coefficients in this contribution, A and
B, are taken as constant along the chain of isotopes under study.

In the previous subsections, the local Hamiltonian was taken to correspond to a symmetry
limit or to a situation close to this. In the following discussion we consider more realistic
Hamiltonians. In principle, one has many possibilities for choosing a realistic Hamiltonian.
The parameters of such a Hamiltonian should give rise to a reasonable description of low-
lying states of even-even nuclei (energies and transition probabilities). However, in Ref. [22]
it was shown that a correct description of spectroscopic properties does not always lead to
a corresponding correct description of the nuclear ground state properties, such as Sy,. A
particular class of Hamiltonian that seems to provide good results for the excited states as
well as for the ground state, is described in Ref. [23]. The Hamiltonian used corresponds to
(16) with " = 0. The main characteristic is that the value of x is fixed for all even-even
medium-mass and heavy nuclei to x = 0.030 MeV. The values of ¢; and y are adjusted
to obtain the best possible description of energy spectra and electromagnetic transition
rates. In this framework the main observables that we intend to reproduce are E(27),
BUT)/E@T), B@D), B0D)/(E2Y) — E(2f), B(E%25 — 0f)/B(E2%25 — 2f), and
B(E2;27 — 0f)/B(E2;2{ — 0f) (where the label v refers to the v band, quasi-y band or
even two-phonon-like band). In the present paper we take as a guide the values of x and €4
given in figures 10 and 11 of [23], but the value of ¢; will be fine-tuned in order to obtain

the best possible description for the energy spectra.
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Once we have fixed the local IBM Hamiltonian, it is a trivial task to deduce the linear

part of Sy, (S%.), i.e.
S9 = A+ BN = S5 — Gl (59)

(Note that for simplification we have made the substitution of A — /2 by A). In practice
the right hand side of eq. (59) is not an exact relation but gives approximately a straight
line. As a consequence the linear part is derived from a best fit to the data points, obtained
when plotting the right hand side in (59).

It should be stressed that the values of A and B thus obtained depend on the specific
choice of the IBM Hamiltonian and as a consequence, for the best description of S5, one
cannot mix local and global parts corresponding to different Hamiltonians.

Although we already have a detailed prescription for extracting the values of A and B,
we have to point out how to “operate” when changing between major shells or when crossing
the mid-shell point. In principle the values of A and B will change when passing between
different shells or crossing the mid-shell. That means that we have to consider different

separate regions in our analysis.

e Moving between major shells: In this case the values of A and B change, especially
the value of A (the intercept). In our calculations the nucleus corresponding to the
closed shell is excluded because the prescription that provides the Hamiltonian (16)
is not applicable and intruder states become important in the description. Therefore,
San, values corresponding to a closed shell and to a closed shell plus two nucleons (of

particles) will be excluded from the fit.

e Crossing the mid-shell: As was explained previously, the IBM contains a clear de-
ficiency when crossing mid-shell because the Pauli principle is only included in an
approximate way. One of the main manifestation of this fact appears when crossing
mid-shell. We already pointed out that a simple way to solve this artefact is to change

the linear part of Sy, for the second part of the shell. In all practical cases we notice
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that no data points should be excluded from the calculations as in the previous case.
The mid-shell point should be included in the calculation of S before and after the
mid-shell.

F. Realistic calculations in the shell 50 — 82

In the present section, we study the value of Sy, for the following chains of iso-

C 114—144 120—148 124—152 128—154 132—160 138162 148—166 150—168
topes: 54X€, 5654, 53Ce, soNd, g2 o101, 62Gd, 66 DY; e

127178y, 198187, 106-188yy 17019805 and 2% Pt, which are precisely the isotopes an-
alyzed in Ref. [23]. The superscripts refer to the range of A that we analyze in each series
of isotopes.

The main aim of this section is not only to obtain a good description of the experimental
San [27,28], but also to show that the hypothesis of constancy for A and B is fulfilled along
a wide region of nuclei. Somehow both ends are related.

Following the prescription given in subsection IV E, we choose a realistic Hamiltonian

for each series of isotopes and we subtract the local contribution of Ss,, S, from the

2n»

experimental values, S5.’. With these data we calculate the straight lines that give the

best fits. We need to distinguish four regions: (a) 50 < N < 66, (b) 66 < N < 82, (c)
84 < N <104, and (d) 104 < N < 126 (where N represents the total number of neutrons).
As can be observed, the points corresponding to the closed shell and to the closed shell plus
two neutrons are excluded, while the mid-shell point is taken into account in the calculations.
To illustrate the procedure in more detail, we carefully explain the case of the Xe nuclei. In
Fig. 6 we show the differences S5’ —S% together with the regression line. One observes three
different regions: before mid-shell in the shell 50 — 82, after mid-shell for the same shell and
before mid-shell in the shell 82 — 126. One notices the correctness of the present description
using a straight line for each region, separately. The parameters of the Hamiltonian are
given in table I; they correspond to the ones given in [23]. The coefficients of the straight
line in each region, from the left to the right are, A = 75.5+9.9 and B = —0.464 + 0.084;
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A=674+2.1and B=-0.392 + 0.016; and A = 39.90 £ 0.04 and B = —0.2225 + 0.0003,
respectively (all the coefficients are given in MeV). Note that the intercepts and slopes
correspond to a representation where we use the atomic number A instead of the number
of bosons N or N. This criterion will be used along this whole subsection. The error bar
derives from the standard deviation in obtaining the best fit and represents a measure of
the goodness of the ansatz.

We have carried out similar analyses for all the chains of isotopes indicated in the be-
ginning of this subsection, obtaining analogous results. The parameters of the Hamiltonian
that has been used are given in reference [23]. In fig. 7 we plot the values of A and B for
all the isotopes we studied. The panels (a)-(a’), (b)-(b’), (c¢)-(c’), and (d)-(d’) correspond
to the four regions defined previously. The error bars correspond to the standard deviation
in deriving A and B. We also present results from calculations using two different values of
. This is done in order to show the sensitivity of A and B with respect to small variations
in the value of k. In both sets of calculations, the values of x and €, are identical (strictly
speaking, due to the fine-tuning, €4 is slightly different in both calculations). We can safely
conclude that the values of A and B are not very sensitive to the choice of k, and the stan-
dard deviations are small enough to justify our ansatz that A and B are constant within the
different mass regions.

In figures 8, 9, 10, and 11 we compared the experimental Sy, values, S5.°, with the values

n
predicted by the IBM, combining the linear and the local part. In general, one obtains a
rather good description, even in the regions where the nuclear structure character is changing
quite rapidly and important deviations from the overall linear behavior appear. We stress
that we do reproduce Ss,, values and, at the same time, the properties of the low-lying states
in these nuclei. The IBM results correspond (figures 8-11) to x = 0.030 MeV.

This analysis presented here, together with the results obtained in Ref. [22], points to-
wards an intimate relation between the correct reproduction of the nuclear excited states

and nuclear ground-state properties. A simultaneous description guarantees that the Hamil-

tonian that is used, is appropriate for the nuclei studied over a large mass region.
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V. THE EFFECT OF INTRUDER STATES: SHAPE COEXISTENCE AND

SHAPE MIXING

In the former sections, we have studied within various approaches to nuclear struc-
ture: the liquid-drop approach (section IT), the nuclear shell-model (section III) and the
symmetry-truncated Interacting Boson Model (section IV). We have studied the behavior
of an important quantity, i.e. Sy,, and we have tried to understand its variation over large
regions of isotopes, in various mass regions. A consistent set of conclusions follows from the
above analyses.

It turns out, however, that if one starts looking to nuclear masses with the highest
possible precision [3-7], one becomes sensitive to localized correlations within the nuclear
many-body system. Such high-precision results in the lighter sd-shell region, at and very
near to neutron number N = 20 for the Na, Mg nuclei, have brought evidence for a new zone
of deformation, albeit very localized in (Z, N) values [17,18]. Very recently, Bollen’s group
has succeeded in performing mass measurements with the Penning trap mass spectrometer
ISOLTRAP at ISOLDE/CERN in the neutron deficient region of the Hg, Pt, Pb, Po, Rn,
and Ra nuclei [5-7]. The results are discussed by Schwarz et al. [7] and are given in Fig. 12
and Figs. 17, 18, 20, and 22. Very particular effects in approaching the neutron mid-shell
region near N = 104 show up.

A possible explanation might originate from the presence of shape coexisting configura-
tions in this particular mass region, which has been discussed in much detail in [18,29], and
a mixing between the intruding configuration and the ground-state, causing local deviations
from a smooth linear trend. This is particularly striking in the Hg and Pt nuclei.

Because model spaces within the shell-model quickly become prohibitively large if also
particle-hole excitations across the Z = 82 closed proton shell are included, standard large-
scale shell-model calculations cannot be carried out in a consistent way. Therefore, we
discuss two approaches that might allow for such effects to be treated in a consistent ap-

proximation: we start from the IBM but now taking into account 2p — 2h excitations as
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the addition of two extra bosons (subsection V A). We also study the modification of the
nuclear ground-state binding energy from a purely collective origin, in which total potential
energy surfaces are calculated taking into account competing shapes (spherical, prolate and

oblate configurations) (subsection V B).

A. Local nuclear structure effects: intruder excitations near closed shells within the

Interacting Boson Model

The effect of low-lying 0" intruder excitations, which seems to be related to mp — nh
excitations of nucleons across the adjacent closed shells, on energy spectra, electromagnetic
properties, nuclear transfer data, etc., has been amply illustrated all through the nuclear
mass table in the vicinity of closed shells [18,29]. This holds in particular for heavy nuclei
with the most explicit examples in (and near to) the Z = 50 (Sn) region near mid-shell at
N = 66 and in the Z = 82 (Pb) region when approaching the mid-shell at N = 104. A full
study has been carried out by J.Wood et al. [18] which concentrates on the full mass table.

The inclusion of low-lying intruder states in even-even nuclei has been modeled along the
IBM by including an extra configuration with two more bosons (N + 2), that may interact
with the regular configurations containing N bosons [30-35]; many calculations along these
lines have been performed. Even though detailed calculations may well turn out to have a
serious sensitivity to the choice of parameters describing the Hamiltonians corresponding to
the two subspaces [36-38], the general outcome remains very stable and gives the possibility
to obtain (i) low-lying 07 intruder states that exhibit a very specific mass dependence,

approximately described by the expression [39]
AEgy ~ 2AN,N,, (60)

which expresses the extra binding energy that results from the interaction of the extra
proton pairs, AN,, with the valence neutron pairs, N,, using a quadrupole-quadrupole

proton-neutron interaction with  as the force strength (see Fig. 13 left), or, (ii) to come to
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a “crossing” between the intruder configuration and the regular ground-state configuration
(see Fig. 13 right). The latter effect causes a more deformed state to become the ground state
and will subsequently show up in increased binding energy and, depending on the specific
nature of the intruder configuration, possibly gives rise to the appearance of a very localized
zone of deformation (island of inversion as called in the N = 20 mass region [17,18,40-43)).
In both cases, local effects can cause the ground-state to exhibit very specific deviations from
the otherwise mainly linear variation of Sy,. The former situation (i) will mainly appear
when we are sitting in a big shell like in the case in the Sn and Pb mass regions. The second
situation (ii), is more likely to show up near sub-shell closure (Z = 40, N = 58, Z = 64,
N =90). This effect is depicted schematically in Fig. 13 [39].

In the present discussion, we shall mainly concentrate on the Pb region where an exten-
sive data set has become available very recently ( [18,44] and references therein). We have
carried out studies within the Interacting Boson Model approach (IBM configuration mixing)
in which low-lying intruder configurations are allowed to mix with the regular ground-state
configuration. Calculations have been carried out for the Po isotopes with the aim of un-
derstanding the rapid lowering of an excited 0" state and the band on top of that [34,35].
Using a U(5) — SU(3) dynamical symmetry coupling (ds) (using two different sets of cou-
pling matrices) and also a more general IBM-1 Hamiltonian for the intruder excitations (g)
[45], we have studied the influence of mixing on the ground-state binding energy and thus
on the Sy, values. One can see in Fig. 14 that the overall trend is rather well reproduced
and that in the lightest Po nucleus, where data are obtained, albeit with a large error bar,
a local drop of about 400 keV to 150 keV results, depending on how states are mixing (for
more details see [35]).

In the Pb nuclei, no specific structure effects outside of a linear variation in S,, show
up except at the lowest neutron number observed at present. This is consistent with the
excitation energy of the lowest 0 intruder state not dropping much below 0.8 MeV [44].
The measured very slow FO decay rates in the Pb nuclei [46] are consistent with a very weak

mixing into the ground state and thus without local binding energy increase.
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Calculations in the Pt nuclei [33], using similar methods, in the region where the two
different families of states come close and interact with typical mixing matrix elements for
the 0" states of 100 — 200 keV, result in a specific variation in the mass dependence of
Sy, values consistent with the observed data. Independent studies that have attempted to
extract the mixing matrix element between the ground-state and intruder-band members,
all come close to this value of 100 — 200 keV as mixing matrix element giving a consistent
explanation [34,35,47].

Even though it is not possible to derive every single detail of the local S,, variations,
all studies and the various results on ground-to-intruder band state mixing point towards
the interpretation that it is a localized interaction between the ground state and the specific
low-lying intruder 07 states which is at the origin of the observed effects. Moreover, there
is a clear correlation between the energy where the ground-state and intruder states have a

closest approach and the maximal deviation in Sy, from a linear variation.

B. Total potential energy calculations

Instead of describing binding energies from a shell-model approach, formulating energies
within the shell model directly, or, using the IBM approximation, in which case interactions,
using pairs of nucleons, play the central role, one can use a different approach. Here, one
starts from the liquid-drop approximation to the nuclear structure but then one has to
incorporate specific deviations from the interacting nucleons in the nucleus and a charged
liquid-drop system using specific shell- and pairing correction terms. The latter method,
also called the Strutinsky renormalization method, has been applied to many mass regions
(including cranking of the average field) in order to study the regions where deformation in
a nucleus might appear and also to study extensively fission phenomena (see refs. [1,2,48-50]
for a detailed discussion of both, the method and various applications).

In shorthand notation, the total binding energy can be written as

BE = Erpy + Eshent + Epair- (61)

31



In the present study, we start from a deformed Woods-Saxon potential with parameters
taken from [51,52]; no special extra fitting procedure has been used. The single-particle

spectrum obtained was then used to calculate the shell correction term FEj,.,

B =23 e, — 2 /_ ; egle) de), (62)

by employing the standard Strutinsky prescription. The pairing correction was determined
by making use of the Lipkin-Nogami method, described in detail in [54-56]. The pairing
strength parameters used were those of [53]. For each value of quadrupole deformation, [,
the binding energies were then minimized with respect to 34 and (.

Total energy calculations (TPE) for a series of isotopes in the Pb region (the Po, Pt, Pb
and Hg isotopes) have been carried out before [34,57-59]. A similar study has been carried
out by R. Wyss [60]. This has been inspired by the high-resolution mass measurements
carried out by Schwarz et al. [7].

In the calculation of the TPE, an absolute and several local minima can occur, corre-
sponding to a regular state (¢ = 0) and to deformed states (¢ # 0). Since here, we are
interested in two-neutron separation energies, both the binding energies, i.e. the absolute
minimum, as well as the excitation energies of the local, deformed minima are important.
In going from nucleus (A, Z) to the adjacent nucleus, (A — 2, Z), in order to derive the Sy,
value, one has to take differences between the lowest total energy values for the nuclei that
are considered (in absolute value). The method is illustrated in Fig 15.

In the next subsection, we compare these results with the experimental values. One
has to stress from the beginning that TPE calculations can, at best, give a qualitative
description of binding energy differences (Ss, values) since dynamical effects obtained by
solving a collective Schrodinger equation are not taken care of (no mixing effects between

close-lying 0" are taken into account when making differences of TPE values, purely).
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C. Applications to the Pb region

The Pb region has shown a number of most interesting features when moving into the
neutron-deficient mass region. In the Pb nuclei, low-lying 0" excited states have been
observed [44]. In the Po nuclei, at the lowest mass numbers reached at present, clear
indications exist for a very low-lying 0% state that even might become the ground-state
[34,35]. In the Hg and Pt nuclei, clear-cut evidence has accumulated for the presence of
shape coexistence [18]. In the Hg nuclei, the oblate shape is observed as being lowest in
energy, even for the most neutron-deficient nuclei, whereas for the Pt nuclei, a change from
oblate into prolate shapes sets in around mass A = 188 and the reverse path back from
prolate into oblate around mass A = 178.

It is the aim of the present study to explore how well the mass dependence of the lowest
energy minimum in a series of isotopes correlates with the variations in the binding energy
(using the two-neutron separation energies Ss, as indicator) resulting from the recent high-
resolution mass measurements.

On the scale of a Sy, plot (MeV energy scale) (see Fig. 12), no details can be seen of the
“Intruder” correlations (expected to be of the order of a few hundreds of keV). Therefore,
we split up a S,, curve in two parts: a linear part and a part that contains local correlations
(deformation effects, specific mixing of configurations with the ground state, ...). In order to
visualize deviations from a linear behavior of the S5, values around neutron number, 100 <
N < 110 (the mid-shell region), where nuclear shape coexistence and shape mixing is known
to occur, the linear curve was fitted to available experimental data outside of this range (see
[5-7]). We shall concentrate on these differences S} (exp) = So,(exp) — San(lin — fit) (and
similarly in defining S5, (th) as the difference of the theoretical value with the linear fit). In
all following figures (unless stated explicitly), we use these reduced quantities. In Fig. 16,
we give an overview of the S} (th) values, obtained for the Pt, Hg, Pb and Po nuclei. We
shall give a more extensive discussion of these results in comparing them with the data in

the various subsections. Note the differences with IBM in obtaining Sa,(lin — fit) (Sg).
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1. The Pb (Z = 82) isotopes

The S5, (exp) values are given in Fig. 17. It is clear that down to the value at N ~ 110,
only a moderate lowering is observed (down to ~ 50 keV). Beyond mid-shell neutron number
(N < 104), a rather important increase in S}, (exp) results. The relative variation in this
quantity, moving out of the closed shell at N = 126 towards mid-shell and beyond, relative to
the linear fit (which is approximating the local liquid-drop variation very well) is a reflection
of the neutron shell-plus-pairing energy correction F,(corr). This latter energy correction
causes the neutron closed shell at N = 126 to become more strongly bound (compared to a
linear variation) and the mid-shell region to become less strongly bound (compared to the
linear variation). The fact that for the Pb nuclei, one has, at the same time, a closed proton
shell at Z = 82, makes these variations relatively small on an absolute scale and effects
of deformation (occurrence of oblate and/or prolate shapes) cannot easily be observed on
the present energy scale used. The theoretical values S), (th), as plotted on the same figure
17, are derived starting from a deformed Woods-Saxon in calculating the TPE curves. The
theoretical curve takes a large jump down approaching the neutron closed shell at N = 126
and then remains moderately flat down to N = 114. Then, a smooth but steady increase is
observed in passing through the mid-shell region (reflection of the behavior of E, (corr)). The
theoretical increase, though, advances the experimental increase by a couple of mass units.
It is clearly very interesting that masses for even lighter Pb isotopes could be determined to

test this behavior.

2. The Hg (Z = 80) and Pt (Z = 78) nuclei

The experimental reduced Sy, plots, S5, look rather similar (see figures 18 for Hg and 20
for Pt isotopes). Both show a systematic decrease in the separation energy for N decreasing

towards mid-shell at N = 104. The plot for Hg shows a smooth valley with a minimum

186

around —200 keV. Pt however, shows a sudden and steep minimum of —300 keV for "Z3Pt;s.
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Starting from mid-shell, the separation energies increase again for decreasing N.

One can check (see [18] for the specific energy spectra) that around mid-shell N = 104
two band structures are present. Apart from the first one, known from heavy nuclei, that
correspond to an oblate but weakly deformed structure, there appears another band that
can be interpreted as a rotational spectrum corresponding with a prolate shape of larger
deformation. In the Hg nuclei, this second band only approaches the ground state to ~ 400
keV, whereas in the Pt nuclei, the prolate structure becomes the ground-state band. As a
conclusion, the even-even ™8Pt 1105 nuclei will have deformed ground states [7].

For the Hg nuclei, we show in Fig. 18 a comparison between the reduced TPE calculations,
resulting in the theoretical S, (th) values and the corresponding experimental S} (exp)
values. We observe a rather good overall agreement, except for the fact that in the theoretical
curve a more pronounced flat region is obtained for neutron numbers in the interval 110 <
N < 120, and the fact that below mid-shell, the theoretical values become slightly positive.
The first region (110 < N < 120) can be understood by the fact that the oblate minimum
for these Hg nuclei starts to develop, giving rise to a relative increase in the binding energy
over a spherical liquid-drop behavior (the linear reference line at zero). The oblate minimum
deepens down to N = 112 — 114 and then moves out again in the region N = 98 — 100,
approaching the liquid-drop reference line (see Fig. 19).

For the Pt nuclei, the experimental and theoretical S, values are plotted in Fig. 20.
Concentrating on the theoretical curve, one can relate the general structure with the TPE
curves and their variation with decreasing neutron number. At first, around neutron number
N = 122 — 124, the oblate minimum starts to develop, deepening in going from N = 124
down to N = 118. At the same time, a prolate minimum takes shape and the minima for
the oblate and prolate shape are almost degenerate at N = 110. The prolate minimum
takes over and this minimum starts becoming less deep at neutron number N = 106. At
N =~ 96, the prolate and oblate minima become degenerate again, but now as much less
pronounced and deep minima (see Fig. 21). This changing structure reflects the variation of

the theoretical S),, values, a structure that is also observed quite clearly in the experimental
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data.

3. The Po (Z = 84) isotopes

The Po nuclei have recently been described using particle-core coupling and IBM studies
[34,35] and there, it has been discussed extensively that an intruder 0% excited state is
clearly dropping in energy with decreasing neutron number N (from N = 118 down to
N = 108) and might even become the ground-state itself for these very neutron-deficient
Po nuclei. Inspecting now the experimental S5, (exp) values (see Fig. 22), it looks like the
on-setting drop (below the reference linear fit line) from N = 118 down to N = 108 is
strongly correlated with the above drop in energy of the intruder 07 state.

In the results of the TPE calculations (see also [34,60] and Fig. 23), the spherical mini-
mum stays particularly stable down to N = 118 but then an oblate minimum starts coming
on and deepens systematically, relative to the spherical minimum. In this respect, the
comparison between the experimental and theoretical S} values goes rather well, down to
N = 118, in view of the energy scale used on the Fig. 22. At neutron number N = 118,
the theoretical and experimental curves are going opposite ways. For the theoretical results,
below N = 118 down to N = 108, the oblate minimum is developing relative to the spherical
minimum with a prolate minimum quickly entering the picture that already is the lowest
one (compared to the oblate minimum and the spherical point), see Fig. 23. The difference
with the Hg and Pt nuclei is, that in those cases (below Z = 82), very quickly, the oblate
and prolate minima appear much below the energy corresponding with the spherical point.
In Po, on the contrary, this is not the case. Potential minima develop at oblate and prolate
shapes, but the spherical point dominates down to N = 106 (see Fig. 23). It is this differ-
ence that causes the theoretical S5, (theo) curve to move up (relative to the linear fit). The
clear differences then point out either, that the TPE situation in the Po nuclei is not so well
reproduced, or, that dynamical effects, originating from mixing between the wave functions,

localized at the various collective minima and the spherical point, play an important role.

36



The latter effect, which is absent in any of the comparisons made in this section (the Pb, Hg,
Pt and Po nuclei) implies that in the present comparison we cannot expect detailed agree-
ment: only a qualitative correlation between trends in the theoretical and experimental S%
can be expected. Of course, the measurement of masses in the even more neutron-deficient
nuclei is extremely important. One might get access to the study of effects of (i) collective
(deformation versus spherical shape) correlations and (ii) specific local configuration mixing

inducing extra binding energy in the nuclear ground-state configurations.

D. A short conclusion

As a conclusion to this section, we can say that mixing between intruder and regu-
lar states has an influence on both nuclear energy spectra and nuclear binding energies.
However, we are still far from a detailed description of the consequences of mixing on the
separation energies, as has become clear from the previous plots (see figures 17,18, 20, and
22).

The TPE calculations contain too many adjustable parameters to claim a good un-
derstanding of the effects observed on the 100 keV energy scale. Although tuning those
parameters might produce energy surfaces and Sy, values that do not differ too much from
each other, it is clear that on the scale of reduced two-neutron separation energies, a rather
different behavior could result. One can ask the question whether this TPE method is
capable to deal with those problems, unless mixing is explicitly included.

It should be stressed that in the case of the IBM calculations, the parameters have been
chosen independently from the “Ss, problem”. They were obtained from an independent fit
of the energy spectra in this mass region for both, the regular and intruder states. The pa-
rameters have been held constant as much as possible. As far as the two-neutron separation

energies are concerned, the IBM results can count as a prediction for the actual S5, values.
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VI. CONCLUSIONS

In the present paper, in which we have studied nuclear binding energies and their global
properties over a large region of the nuclear mass table, we also concentrated on local
deviations from a smooth behavior and made use of the two-neutron separation energy, Ss,,
as an important property to explore the nuclear mass surface. The latter local variations
could stem from the presence of shell or sub-shell closure, the appearance of a localized
region of deformation or might originate in specific configuration mixing with the ground
state that causes local increased binding energies to show up.

The very recent high-resolution measurements that have been carried out, in particular
at the ISOLTRAP and MISTRAL set-ups at ISOLDE/CERN have allowed to study nuclear
masses with an unprecedented precision of 107 and as such brings the interest of mass
measurements from tests of global mass formulae or HF(B) studies into a realm that allows
tests of shell-model calculations.

Here, we have discussed up to what level calculations - making use of global macroscopic
models, the shell-model and the Interacting Boson Model - can give a correct overall des-
cription of the nuclear mass surface (along the region of the valley of stability as well as for
series of isotopes). It has become clear that, if one starts from a liquid-drop approach, the
observed almost linear drop in the Ss, value is accounted essentially through the asymmetry
term. This term causes nuclei to become less bound when moving out of the region where
Z ~ 4 in a systematic way and even turns to a linear variation in (9) when the neutron
excess is becoming really large. The liquid drop approach is able to give the correct overall
mass dependence in Sy, along the stability line as well as for long series of isotopes. It is
observed though that the experimental slope is somewhat less pronounced compared to the
liquid drop behavior (see Fig. 2).

These features also result from a shell-model approach in which we treat a given mass
region approximately starting from a reference (doubly)-closed shell nucleus and have the

valence nucleons filling a single-j shell model orbital. Using a zero-range ¢ interaction, a
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linear variation with the number of nucleons, n, in describing the binding energy BE(j,n)
results. For more general interactions, still keeping seniority, v, as a good quantum number,
a linear plus quadratic n dependence is obtained with the coefficient of the quadratic part
contributing with a repulsive component to the total binding energy of the shell. This term
is similar in nature and relative magnitude to the asymmetry term of the liquid-drop model
description. Finally, a linear drop in the value of Ss,, results.

There is a clear need to do better and try more detailed shell-model calculations. At
present, the limitations of large-scale diagonalization constrain the calculations to the fp
shell. There are extra problems connected with deriving absolute binding energies since
one needs a good description for the variation with A or N of the single-particle energies
€j. Some prescriptions are in use [14,15], but there remains a difficulty for pure shell-model
studies.

In plotting the value of S5, versus the number of nucleon pairs, the shape is close to
linear. Deviations, however, show up that must be due to the subsequent filling of a number
of single-particle orbitals and to the correlation energy that results from the interactions in
which pairing and proton-neutron forces play a major role. A pair approximation, as used
within the Interacting Boson Model, can then be used to take into account both, the global
and local components of nuclear binding energy. We have discussed a procedure which
starts from simultaneous treating binding energies and excitation energies in extracting
parameters for the linear and quadratic U(6) Casimir invariant operators. This approach
bases on the assumption that the added global part to the IBM result is the same for a chain
of isotopes. It should be stressed that the linear part will change when changing between
major shells and even when crossing the mid-shell region. This latter fact turns out to be an
intrinsic deficiency of the IBM due to the fact that the Pauli principle is included only in an
approximate way (there is no reference any more to the subsequent filling of a set of single-
particle orbitals with a maximal number of nucleons). In section IV E, we have reported a
detailed prescription in order to obtain a consistent description of binding energies, energy

spectra and transition rates in the framework of the IBM.
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In a second part of the paper, we have concentrated particularly on local deviations
from the above global description. The possibility to study nuclear masses with the highest
possible precision has become available over the last years, in particular at the ISOLTRAP
and MISTRAL set-ups at ISOLDE/CERN. Here, precisions of the order of 30 keV on a
total mass of a heavy Pb nuclei (= 1600 MeV) is reached. This has given rise to a number
of unexpected features in the masses of neutron-deficient nuclei in the region of Pt, Hg, Pb,
Po, Rn, Ra [5-7]. Before, similar local deviations had been observed in the region of light
N = 20 nuclei for Na, Mg [17,18,40-43].

In the present paper, we have pointed out the necessity to incorporate configuration
mixing of the regular ground state with low-lying 0" intruder states that approach the 0
ground-state in the neutron mid-shell region (N & 104) for nuclei near closed-shell configu-
rations. We have carried out detailed calculations for the Po nuclei. Similar calculations for
the whole region will be carried out elsewhere in a consistent way. At the same time, calcu-
lations for the total potential energy (TPE) of the given nuclei in the Pb region have been
performed, using the universal deformed Woods-Saxon parametrization. Here, the various
shapes: spherical configuration, oblate and prolate deformed shapes and their relative or-
dering, as a function of neutron number, is instrumental in understanding local ground-state
energy deviations from the background liquid-drop behavior. We observe a good correlation
between the experimental values of S,,, and the calculated ones on the 50 keV-scale. These
results are encouraging in the light of lack of dynamical effects: we just compare energy
minima for different shapes without taking into account mixing that will inevitably occur
between such close-lying states. This, however, is beyond present capabilities.

Resuming, we have shown, in a first part, that both, a liquid-drop approach as well as the
shell model and the IBM describe the global part of the Sy, value essentially identical. The
linear drop is mainly connected to the asymmetry term (in the LDM), the quadratic terms
(in the shell model) and the quadratic U(6) Casimir invariant (in the IBM), but all three
contain the same physics. Both, the overall drop in S5, for the whole mass region, as well

as in specific long isotopic series are well accounted for. The experimental drop is overall
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less steep. In particular, in the case of the IBM we have shown that it is possible to give a
consistent description of ground-state and excited-state properties. This description is able
to reproduce the experimental S, values rather well. Finally, in a third part, deviations in
nuclear binding from the global trend are showing up in various localized regions. In the Pb
region, it is most probably the effect of mixing of low-lying intruder configurations (oblate
and/or prolate shape configurations) into the ground-state that turns out to be responsible
for increased binding energies in the neutron-deficient region. Using configuration mixing in
the IBM, detailed studies can be carried out and a consistent study is planned for the Pb
region and for other (sub)shell-closures. The TPE study of static properties on the other
hand is able to give a guidance to the interpretation of the specific deviations that have been
observed in the Pb region.

Thus nuclear mass measurements are becoming increasingly important since they have
progressed now to the level of testing microscopic studies (shell-model effects, localized zones
of nuclear deformation, ...). This will become clearly an important line of research in future

projects.
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FIGURES
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FIG. 1. Comparison between the experimental Sa, (diamonds) values and the LDM prediction
(full line) along the valley of stability. The experimental data correspond to even-even nuclei

around the line of maximum stability.
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FIG. 3. Schematic representation of BE (left) and Ss, (right) for a shell model Hamiltonian

that preserves the seniority v as a good quantum number. The two different contributions to BE

(S2y,) are plotted separately.
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FIG. 15. Schematic representation of the TPE method for calculating So,.
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FIG. 16. Theoretical S5, values, S5, (th), for Pt, Hg, Pb and Po using TPE calculations.
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FIG. 17. S5, for Pb. Comparison between experimental data (full line connecting dots) and

TPE results (dashed line).
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FIG. 18. S5, for Hg. Comparison between experimental data (full line connecting dots) and

TPE results (dashed line).
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FIG. 19. Energy surface as a function of the deformation parameter 3o for different isotopes of

Hg.
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FIG. 20. S5, for Pt. Comparison between experimental data (full line connecting dots) and

TPE results (dashed line).
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FIG. 21. Energy surface as a function of the deformation parameter 3o for different isotopes of

Pt.
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FIG. 22. S5, for Po. Comparison between experimental data (full line connecting dots) and

TPE results (dashed line).

67



0.0 0.1 0.2 0.3
B,

FIG. 23. Energy surface as a function of the deformation parameter 3o for different isotopes of

Po.
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TABLES
TABLE I. Parameters for an IBM Hamiltonian for Xe isotopes. With ¢4 in keV, x = 30 keV

and x' = 0.

A N, €4 A N, €d
114 7 67 130 ) 62
116 8 67 132 4 70
118 9 66 134 3 80
120 10 70 138 3 61
122 9 65 140 4 45
124 8 62 142 ) 42
126 7 60 144 6 45
128 6 60
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