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We investigate the effects of color-octet contributions to the radiafiekecay within the Bodwin, Braaten,
and Lepage nonrelativistic QCINRQCD) framework. We compute the short-distance coefficients at next-to-
leading orderNLO) in a4 for the most relevant color-octet intermediate states and consider photons coming
both from the coupling to hard procesgédirect” ) and by collinear emission from light quark§ragmen-
tation”). An estimate for the nonperturbative matrix elements which enter in the final result is then obtained.
By comparing the NRQCD prediction at NLO for total decay rates with the experimental data, it is found that
the nonperturbative parameters must be smaller than expected from the naive scaling rules of NRQCD.
Nevertheless, color-octet contributions to the shape of the photon spectrum turn out to be significant.
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[. INTRODUCTION coupling to both heavy and light quarks. While contributions
coming from the former, at leading ordérO) in ag in the
Since the early times of QCD, heavy quarkonia decaysolor-singlet modelCSM), i.e., at the lowest order in ex-
have been considered among the most promising processgansion in NRQCD, have been known for a long time and
to test the perturbative sector of the theory and to extract th@® one of the first tests of QC[2,3], LO contributions

value of the strong coupling at scales of the order of theco.ming from coIIine_ar emission from light quarks_ have sur-
heavy-quark mass. In addition to the calculation and comprISIngly been considered only recently by Catani and Haut-

. . . . mann[5]. The inclusion of these “fragmentation” contribu-
parison of full inclusive decay rates, much attention has beeﬂons within the CSM was found to greatly affect the photon

devoted to the decays in WhICh one photon is emltted, and it8pectrum in thér decay at low values of the energy fraction
energy measureld]. Experimental data on the direct photon taken away by the photd]. Moreover, one finds that at LO
spectrum inY decays have been compar€y3], up to now, such a contribution comes entirely from the gluon, as the
under the assumption of a factorization between a shortdecay into light quarks vanishes.
distance part describing the annihilation of the heavy-quark It then becomes important to assess to what extent this
pair in a color-singlet state and a nonperturbative |ongpicture remains_unchar}ged once cqlor—oc_tet contributions are
distance factor, related to the value of the nonrelativistidncluded. The aim of this work is to investigate the effects of
wave function at the origin. such color-oc'get mtermecﬂate states on the photon spectrum,
Recently Bodwin, Braaten, and Lepa@@BL) [4] pro- at NLO order inag, including the cquplmg of the photong to
vided a new framework to study quarkonium decay WithinI|ght quarks and gluons. In fact, while the order of magnitude

QCD. Introducing an effective nonrelativistic theory of octet contributions is predicted using scaling rules, and

. . : ..~ ~7 found to be suppressed by powerswofnith respect to the
(NRQCD), perturbative and gauge-invariant factorization SLo color-singlet ones, their short-distance coefficients re-

obtained by including in the decay intermedi®&® states cejve contributions at lower order afg, and are then nu-
with quantum numbers different from those of the physicalmerically enhanced. Furthermore, once leading logarithmic
quarkonium state. The relative importance of various contricorrections are included, it is found that, contrary to the
butions depends on short-distance coefficients which are catolor-singlet case, quark and gluon fragmentation into a pho-
culable by standard perturbative techniques, and on longon appears at the same order in the a., expansion and
distance matrix elements, which can be either extracteehere is no signature to distinguish between the two.
phenomenologically from the data or calculated on the lat- The paper is organized as follows. In Sec. Il we summa-
tice. In the end one is able to organize all these terms in &ze the analysis of quarkonium decay into photons and had-
double perturbative series in the strong couplingand in  rons in the framework of NRQCD. Section Il describes the
the relative velocity of the heavy quarks, and then to make NLO calculation and the technique used to isolate and cancel
predictions at any given order of accuracy. or subtract IR and collinear divergences. In Sec. IV we give
In quarkonia decays, photons arise from electromagnetiestimates for the nonperturbative matrix elements by com-
paring the NLO predictions for total decay rates with experi-
mental data. Finally, we present a numerical study of the
*Permanent address: Dipartimento di Fisica dell’Universitel  impact of octet states on the shape of the photon spectrum.
Sez. INFN, Pisa, Italy. Email address: fabio.maltoni@cern.ch  The last section is devoted to our conclusions. Appendix A
TEmail address: petrelli@hep.anl.gov collects symbols and notation, Appendix B collects the re-
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sults for the Born decay rates b dimensions. A summary wheref,(z) are to be extracted from the data. This shows
of the NLO results is provided in Appendix C, where differ- explicitly that in general the determination of the spectrum at
ential decay rates are presented in their final form, after car®(a.) requires the knowledge of partonic kernélg in
cellation of all singularities. Eq. (1) at O(aX*?). This observation was first made, in
guarkonia decays, by Catani and Hautm@Bhwho evalu-
ated the effects of fragmentation contributions to the photon

energy spectrum within the CSM. They found a strong en-

A consistent descri_ption of _the phpton energy SPEC”“F“ irhancement in the region of small where soft radiation be-
Y — v+ X decay requires the inclusion of the fragmentauonComes dominant

compone_nts[S]. The differentiall photon decay can be ex- In the NRQCD perspective, a heavy-quarkonium state is

pressed in terms of a convolution between partonic kernels " s — ,

C, and the fragmentation functior . represented by a superposition of infin€) pair configu-
a a—y "

rations organized in powers of, v=(5%)*?is the average
dr 1dx 7 velocity of the heavy quark in the quarkonium rest frame.
&G+ 2 J TCa(x.MF)DM( )
a=0.q.9 Jz

1. NRQCD AND FRAGMENTATION

TiME Within this framework, the decay width is expanded in terms
X ; .
of the matrix elements of four-fermion operatdtlsat create

and annihilate a give®Q pair) times perturbative coeffi-
cients associated to each operator. By implementing the
NRQCD factorization formalism within the fragmentation
wherez=E /mq, is the rescaled energy of the photong is p!cture, the effects of higher Fock components in_the quarko-
the heavy-quark massThe first term corresponds to what is NiUM state can therefore be evaluated systematically.
usually called the “prompt” or “direct” photon production The NRQCD expansion for the coefficiers(x) reads
where the photon is produced directly in the hard interaction
while the second one corresponds to the long-distance frag-
mentation process where one of the partons fragments and
transfers a fraction of its momentum to the photon.

Each type of partona contributes according to the
process-independent parton-to-photon fragmentation func- (Y[O(Q,un)[Y)
tions D2, and the sum runs over all partons. Note that

Ecy+§ Ca®Da .y, (1)

Cs% C[O], i=7,9.9.0, (5)

CilQ]=Cil QI (as(mg). un)]—— 5
a—y

although the fragmentation functions are nonperturbative, we (6)
can assign a power of coupling constants, based on naively

counting the couplings necessary to radiate a photon: sinc&here u, is the NRQCD factorization scale and
the photon couples directly to the quallk, . , is of O(aen), Cil Q](x,as(mg), 1) the perturbative coefficienihiere we

while we might expect thabg ., is of O(aemas). An €X-  nhave dropped the dependence @f on the fragmentation

plicit calculation at leading order ing gives

2 %m 2
zDy.(2)= eqﬁ ZPy-.(2) Iogp ,

scaleug). The NRQCD sum is performed over all the rel-
evant spin, angular momentum and colour configuratigns
that contribute at a given order in In the case of &/, the
structure of the Fock state at ordef is

zDy_.,(2)=0, (3 _ _
[Y)=0(1)[bb[*S{']) + > O(v)[bb[*P'])

where the logD?/A?) in Eq. (2) comes from the integration J
over the transverse momentum of the emitted photon/and
is a collinear cut-off that reveals the breaking of the pertur-
bative approach and can be chosen of the ordeh gfp. ) ) .
The photon fragmentation functions evolve wiiif just as AS @ consequence, E(5) can be written in the following
the usual hadronic fragmentation functions do, as a result g#Xplicit form:
gluon bremsstrahlung anglq pair production. Such evolu-
tion can be derived from a set of coupled equations, which

+0(v?)|bb[ 1) + O(v?)|bb[*S ey, (7)

(Y|O:(PsyY) (Y[P.(CspY)
2

are the usual Altarelli-Parisi equations but with an addedcizci[gs[ll]] m +ci'[3s[111] m?
term that takes into account the leading behavior in 4.
The main result of the evolution is tha@, ., acquires a £ &P (Y[05(®Py)|Y)
nonvanishing contribution so that all tHe, ., show the 3 i*Py™] m?
typical logarithmic growth of Eq(2). This leads to using the
following leading-log approximatioflLLA ) for the fragmen- A 18] (Y| 0g(1Sp)|Y)
tation functiond 6]: +Cil'ss ]T
1 a . Y|O0g(3S))|Y
Dy (2.Q)= - o3 Tal2) @ e IR0 o0 ®
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FIG. 1. Sample of LO Feynman diagrams: direct and fragmen-
tation.
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Let us consider the direct contributionis<y). The leading
color-singlet dimension-six operator contribution is of 104 ~
O(asaen), and theP;-operator contribution is suppressed
by v2. All the color-octet processes start contributing at
O(asaenp?). By naive power counting, and using the ap- 107°
proximate relationes~v?, one finds therefore that the octet
states contribute to the same order as the singlet relativisticlo_s N T T T
corrections and might be comparable in size to these. More- 0.2 0.4 0.6 0.8
over differential quantities are obviously sensitive to the de- z
tf’ms of the kinematics and so it may happen that contribu- FIG. 2. Fragmentation functions of a light parton into a photon
tions that are suppressed by standard counting rules R cording to Ref[8].
actually leading, in some particular region of the phase
space. ) ) .

LO diagrams are shown in Fig. 1. By considering thePortional to the fragmentation functions and to terms propor-
following perturbative QCD expansions of the coefficientstional to §(1—2) which do not contributefor z<1.
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C.[ Q] and of the fragmentation functior; _; : The fragmentation functions of a light parton into a pho-
. ton have been calculated and modeled by several groups
(Y|0(Q)|Y) [8,9]. We have to stress that while at high valuesQf,

Da_,(x,Q) are fully calculable in perturbative QCD, for
lower values nonperturbative and beyond leading logarithm
—c0 (1) corrections are sizeable. In particular, the nonperturbative
Ca'lelrCalel+ © part of the fragmentation functions becomes model depen-
dent. In this paper we employ the set recently developed by
Di—»j:Di(Oﬂ)j—i_Di(Ej_F'“ : (10 Bourhis, Fontannaz, and Guillé8], where nonperturbative
effects are obtained by means of the vector meson domi-
one is able to write the general structure of the LO spectrumpance model. At the scales relevant in our case, these effects
dominate and indeed affect our predictions for the photon

Cal Q)= (C[ Q1+ CIIQ) 5

dro spectrum mainly for low values af With respect to this, we

W:Z {cPro1+coleny, may have to consider our results in this area of the phase
Q space, rather uncertain. Nevertheless the heart of our conclu-
+cho>[Q]®Dg(27 _ (11) sions rely on the relative importance of the quark-to-photon

respect to the gluon-to-photon fragmentation function. This
. " . fact can be approximately considered model independent
Since the LO color-octet contributions have a two partlcle[See e.g., Ref8] where different parametrizations are com-
final he kinematics is fix nd th Ita functi :
a_state, the kine _at CS 1S e_d_a d the delta fu Ctonpared and Fig. 2 Wher_e fu_nctlorIEgﬂy(z) and2 Dq_.,(2)
o(1—x) of the short-distance coefficient transforms the con-; o showih Moreover it will be clear from the results pre-

volutions in trivial products sented in the following section that at low valueszdhie LO
picture remains unchangdgthe process of a gluon into a
dr _2 photon is dominant in color-oct&-even states decay while
dz 5 [Ceom(@—g7)o(1~2) the fragmentation from quark into a photon is the leading
process in the case of38;® statg and so one can trace back
+ 2T gor( Q—99)DY. (2)] the effects of a different set of fragmentation functions by

comparing it with the one shown in Fig. 2.
+22 Teor(*Sf=q0DY. (2, (12)

. . 1Although we did not include these “direct” terms in our analy-
where the first sum is performed over the lowest-order NONgjs we expect that resummation of higher order effectszfod

zero octet configuration@= S, P!, PL¥, while the  will induce an effective smearing of the delta function and “feed
second one over the flavors of the light quarks. As @Q) down” some photons to lower values af[7]. This point will be
shows, at leading order the color-octet contributions are prodiscussed in more detail in the sequel.
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Ill. NLO RADIATIVE DECAYS: THE CALCULATION general both channelggg and qqg contribute to the real
TECHNIQUE term, theS, , are factors that account for the right counting
for identical particles in the final state, and for the multiplic-

In this section we briefly describe the strategy for the. i . X
calculation of higher-order corrections. A consistent calcula-Ity of the various corrections, antl ) is the total two-body

tion of these entails the evaluation of the real and V|rtualphase space iD dimensions:
emission diagrams, carried out I dimensions. The UV

divergences present in the virtual diagrams are removed by 1 (4m\¢T(1—e)

the standard renormalization. The IR divergences appearing (D(Z)ZE(W) T(2-2¢)" (14
after the integration over the phase space of the emitted par-

ton are cancelled by similar divergences present in the virtual

corrections, or by higher-order corrections to the long-while N andK are defined as

distance matrix elemenfgl]. Collinear divergences, finally,

are either cancelled by similar divergences in the virtual cor- )

rections or by factorization into the NLO fragmentation N= M (_) EF(1+ )

functions. The evaluation of the real emission matrix ele- ~ (4m)?\M? &

ments inD dimensions being particularly complex, we fol-

low in this paper the technique developed in Hé&0] and ,

already employed in Ref$11,12, whereby the structure of K=T(1+ O (1—e)~1+ 621. 15

soft and collinear singularities iB dimensions is extracted
by using universal factorization properties of the amplitudes.
Thanks to these factorization properties, the residues of all
IR and collinear poles i dimensions can be obtained with- The functionf(x,y) is defined as

out an explicit calculation of the fulD-dimensional real ma-

trix elements. In general they only require the knowledge of _

the D-dimensional Born-level amplitudes, a much simpler fRLQI(Xi,Y)=(1—x)Y(1—y) > |ARL Q1(X: ,y)|?

task. The isolation of these residues allows the complete can-

cellations of the relative poles i dimensions to be carried (16)

out, leaving residual finite expressions, which can then be

evaluated exactly directly ib=4 dimensions. In this way —

one can avoid the calculation of the flddimensional real- f[Q]=2 Rez (AgAY). (17)
emission matrix elements. Furthermore, the four-dimensional

real matrix elements that will be required have been known

in the literature for quite some tinjé3,14. The study of the Since divergences can appear only at the border of phase
soft behaw_or of the real-emission amplitudes was alread)épace, i.ey=0,y=1,x=0,x =1, fg is finite for all values
presented in Refd11,12 and we made substantial use of ot y andy within the integration domain. Therefore all sin-

those results. gularities of the total decay rates can be easily extracted by

To be more speciIig, let us consider the threff;bo‘jyll'aolating thee—0 poles from those factors in E¢L3) that
decay processes QM8 —k;+k,+ks, where Q'8

4y explicitly depend orx; andy. It must be noted that an infra-
=QQ[*"'LIM¥]. Using the conservation of energy- red divergence arises in the limif—0 wheni=g, giving a
momentum and rotational invariance, it is straightforward toterm of the form~logx, in the width. Nevertheless we are
verify that there are only two independent variables, whichnot interested in regularizing such a divergence, since, in this
we chose to bg;, the fraction of energy of the parton whose case, the physical resolution of the detector works as a physi-
spectrum we are interested in, apdhe cosine of the angle cal cutoff. For the same reason the virtual gluon emission at
of such parton with one of the other two. Within this choice,xg:o has not been included in the account of the multiplici-

6

the differential decay width i dimensions reads ties.
The virtual coefficients can be extracted straightforwardly
Cgl)[Q]:%Ei 1-2601 _y)~1-¢ from Ref. [12]. The calculation of the real coefficients is
: 2M K §; ™ ' much more complicated, and it has been carried out by ex-

1 ploiting the soft properties of the amplitude obtained in Refs.
XJ dy[y(1—y)] 1 <f [ Q](X: ,Y) [11,12. To illustrate the fqndamental sthps of the c;qlculatlon
0 of the real part, we consider here th‘zr%J [ Q] coefficients,

with Q being one among th€-even configurations S,

(D(Z) 3p[8] 3pl[8] _ ; ;
+ fy[ Q16(1—x;) Py, °P5. Let alsony=0 for the time being, so that we
2M S, I : gy
neglect contributions coming from the decay irgg. In
=Cc(Pro1+cVr Q. (13)  this case we reorganize the first term of Etj7) by expand-

ing the structure in powers af and using the symmetry of
The NLO spectrum coefficients are the sum of the virtualthe phase space. Considering the spectrum of the gluon 1, we
and the real(R) and the virtual ¥) QCD corrections. In find
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C(R)[Q]:%Ei 2 L fr[ Q](%,0) | N\ANM T -
9 2M K & |“\1-x/ ® ' ¢,
1 log(1—x) s P
X| ———+2logx | +2x| ————| f[Q1(x,0) R A
€coll 1-x + CMp © onsss :\'_‘4

1 1
~Z o0 [ ayiya-y1 el
0

—_—— e s
1 1 /1 ©, 1 © ) M
D — _ Cg *D 9= Cq *Dq77
vol ity [of}] woon|  as
+ +
s
<

The soft divergences 6(1—x) cancel by adding the vir- : S

tual contribution in the same area of the phase space. The last
piece of Eq.(18) is a state-dependent finite contribution. The
limit y—0 corresponds to gluon 1 and gluon 2 becoming
collinear 22 and the factor 2 in front accounts for the case . o
1I3. Integration over the phase space gives rise to a polgﬁgf.& Sample of NLO Feynman diagrams: direct and fragmen-
labelled bye.y, and a universal finite part. This divergence is '
not cancelled by adding the virtual term and reveals tha\tNhere all of the diver .
: O . gences are now concentrated in the
nonperturbative effects are leading in this case. In fact th?actorization—scale-de endent transition functighs. -
residual sensitivity can be consistently factorized into the P S -

™ (@
Cq *DQ’Y

fragmentation function of the gluon into the photon. Such o 1 A2 1
singular residual collinear part corresponds to the first term g, , =4,,8(1—x)+ 2—5 Ti=o —’g — —Ppa(X)
in Eq. (18) plus the collinear piece of the virtual contribution 7 I(1-e)\ ug €
[~ 8(1—x)] that comes from the gluon, ghost self-energy + K ap(X) 21)
loops of the gluon we are selecting, so that it reads abi /s
2\ e g y=Kgy(X), (22
clonpgj— - — | 74 ) I(1+e) —
9 coll M? B aemeg 1 477/.,L2 € 177 LK
x  1—x Ye-r=| 27 |TA-0 | w2 < Pra| T Kay (),
X 4§ 2Cpx W'FT'FX(]._X) (23)

11 wherea=g,q,q and all the coefficient€; are now finite for
+€CA5(1—X)]FBOW[ Q]. (19 e—0. The functionsP,,(x) are theD=4 Altarelli-Parisi
splitting kernels, collected in Appendix A, and the factors
_ ) _ o Kj;j are arbitrary functions, defining the factorization scheme.
If we now switch on the light flavors includingqg and  |" this paper we adopt tha1S factorization, in which
gluon vacuum polarization dlagrams, then we obtain the CO”Kij(x)zo for all i,j. The collinear factorss;; are usually
ventional counterterm-Pqq, which has to be subtracted at ghsorhed into the bare fragmentation functions by defining
the factorization scaleu .
This procedure can be extended to all short-distance terms B
and may be useful to express the factorization in a more Dqﬂy=gqﬁy+2 Gg—q'®Dgr_ Qqﬁg®Dgﬂy,
general way. At NLO the individual terms in E(L) may be a’
divergent and will be denoted by tilded quantities. As we
have already mentioned, such divergences correspond only - B B
to two final partons becoming collinear, and their form is Po-y gg_’erEq Ya-4%Pq-y* 099Dy
dictated by the factorization theorem. According to this we (24

can reorganize them as follows: ] ) ] o
so that we can write the physical decay rate in terms of finite

Cy:CerEq: Cq®Gqeyt Cq®Gy quantities
~ dr
Cq=2 Cq®Gy—qtCy®Gy g, 5(7+X)=Cy+§ Cq®Dq_,TCy®Dy_.,. (25
g
o As illustrated in Fig. 3, we write the general structure of
Cy=2 Cq®Gq g+ Cq®Gy g, 20 :
g % a®Ja-g ™ Ca®0gg 20 the NLO processes as
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FIG. 4. Different color-octet contributions to the photon spec-
trum in the'Y decay up toO(v?). The differential decay widths
dI'/dz are reported as a function e&E., /m. All the distributions
displayed are normalized to the respective Bghat isQ— gy for
C-even and®S;®'— qq for the only C-odd contribution.

dr

dz

(0)
9—v

(1)
9=y

> [cP[ol+cy[QleDy +C[Q]eD
Q

+2cro1ebl”  +2cPeD ). (26)
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T(Y—=LH)=c,(3S)(Y[0:(3s))|Y)
+d1 (CS(Y P (3SyIY)
+cs(3SPI(Y[0g(®Sy)| Y)
+ca(*Sy (Y] Os(*Sp)[ Y)

+§ csCPEI(Y|0g(3Py)[Y).  (28)

The short distance coefficientg ,c,,cg are known to NLO
accuracy inag [16,17,11 while d;; ,d; have been calculated
numerically and analytically in Ref$18,15. Using heavy-
guark spin symmetry4] which is valid up to corrections of
order v?, and the equations of motion of NRQCD
[15], one can reduce the number of independent MEs
to 4: (Y|O:38)]Y), (Y[Og(*Sp)|Y), (Y[0s(3S)|Y),
(Y[Og(*Pg)| Y).

Even if there is no possibility to obtain values for each
ME separately, one can still hope that the same linear com-
bination of color-octet MEs appears in the radiative decays.
Indeed this is the case only for the following combination:

(Y[0g(°Po)|Y)

M7E<Y|Os(1so)|Y>+7—m2—, (29

which contributes at LO in both the decays and it is still
maintained with a good approximation at NL(€e Ref[11]
and Fig. 4. This reduces the free parameters to three and

Different color-octet contributions to the photon spectrumallows to constraint at most a linear combination/ef; and

are shown in Fig. 4.

IV. RESULTS

(Y|0g(3S))|Y). We have to conclude that the information

we can extract from the total decay rates is not sufficient on
its own to allow a prediction for the radiative decays. Nev-
ertheless we will use this information to check if estimates of

In the previous section we have shown how the shortthe MEs obtained with other methods are compatible with
distance coefficients have been calculated and all the finathe experimental data.
state collinear divergences have been consistently absorbed A further possibility is given by the power counting tech-
into fragmentation functions. Now, in order to investigate theniques of NRQCD. The velocity-scaling of the MEs is basi-
phenomenological applications of color-octet states, an estrally determined by the number of derivatives in the respec-

mate of the NRQCD matrix elemen{ME) must be given.

tive operators and by the number of electric or magnetic

The long-distance MEs can be calculated on the lattice, exdipole transitions between th@Q pair annihilated at short

tracted from experiments when enough data are available, @fistance and th€Q pair in the asymptotic physical state.
roughly determined by using scaling rules of NRQCD or byThjs can nicely be described by a multipole expansion of the

renormalization grougRG) arguments. At the present time
none of the aforementioned techniques is able to give a set

are affected by large uncertainties.

Let us start our analysis by studying if the experimental

n?

pvave is already suppressed by relative to the production

data on total and leptonic decay rates of the bottomoniu
can provide useful bounds on the matrix elements whic
appear in the radiative decays. To NLO accuracy jnve
can write

LY =1117)=cy CSPIN(Y 0138y Y)
+dy CSH(Y PP ]Y)  (27)

and

1q[8]

nonperturbative transitiohl — Q: can be reached by a

precise values for MEs and, as we will see below, estimate%%romomagnetlc dipole transitioSy” by a double chro

moelectric emission, anaP[Js] by a simple chromoelectric
transition. The first two are of order* while the last only of
rderv?. Finally, since the hard-production vertex forPa

of an S state, one realizes that the color-odizeven states
and *S¥ all contribute at the same order in Following
this approach, we can write

<Y|08(351)|Y>”U4<Y|01(351)|Y>,

(Y|0s(PPy)[Y)~m? (Y |0:1(°SpY),
(30)
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where for bottomonium one usually take$=0.1 andm 60
=4.8GeV.

An alternative approach has been considered by Gremt
and Kapustin in Ref[15]. They obtain estimates for the
color-octet operators by solving the RG equati¢d$ To 50

dotted: singlet only

(As = 200, 220, 240 MeV)
solid: singlet + octet (G&K)
(A5 = 120, 140, 160 MeV)

| LI DR S | I T T T T

orderv* and leading order img, they read 3 dashes: experiments
A
d ] <
A (Y] Og(*Sp)| Y) = O(agw®), @) £ swof_ T ]
dA 5 Pr ]
2 L , ]
d 3 24BFaS 3 /‘\ L~ == T
A —(Y[O0s(°Sy)|Y) = —(Y|Og(°Po)|Y), £ R i
dA m 30 - —
32 . 1
d 8CFCYS = o
A 3 = - 2 = -
A g1 (Y[05(°Po)|Y) = —g7— (My—2m) N L
5 10 15 20
X <Y|01(381)|Y>, (33) Renormalization scale u(GeV )

where we used the heavy quark spin symmetry to reexpress F'G: 5 Ratiol'(Y—had)I'(Y —u"n") versus renormaliza-
the expectation values d? (sp ,) in terms of©® (3P ). We tion scaley for different values of\ 5. The solid lines include NLO
note here that our noimaﬁzation for the8 co?or—singletcomr'omet contributions with the RG estimates of the matrix ele-
NRQCD operators differs from the original one introducedmems' The dotted lines include color-singlet only.
by BBL, i.e., O;=(1/2N.) O%B" . Equation(32) differs from
the respective equations that appear in IRE5] because we not be justified unless their input values were accidentally
included the contribution of®P!® to the evolution of ~much smaller than the “natural” values given in E80).
04(%S,), which was left out in the previous treatméms- At this level the above assumption has to be considered as a
suming that logarithmic terms of the evolution are dominantdefinition of a model. In order to obtain an independent test
[4,15] over the MEs evaluated at a starting scale on the above MEs, itis useful to verify that the RG estimates
~Aqcp, We obtain are compatible with the bounds from total and leptonic decay
) rates discussed previously. To this aim we have analyzed
3ZBFCF(MY_2m) their impact on the observablR,(Y)=I(Y—had)I'(Y

3 ~
(Y10s(*Sp) Y )re~ 27 m —uu”). The use of this quantity is particularly advanta-

geous because of the cancellation of several sources of un-
certainties: both the color-singlet NRQCD matrix element
and the overall dependence on the bottom mass cancel in the
ratio. As a result the mass enters only in the logarithm of the
renormalization scale and its uncertainties can be naturally
8Ce 1 associated to the choice of the scale itself.
(Y]|0g(3P)| Y e~ ﬁ(|\/|Y—2m)2b— In Fig. 5, the ratioR,, is plotted versus the renormaliza-
0 tion scaleu (i.e., the NRQCD factorization scale is kept
equal to the renormalization opd”,, andI'p,qare given in
)<Y|(91(381)|Y>, Egs.(27) and(28). The dashes lines limit thes2band of the
experimental value oR,=37.3-1.0 [19]. The theoretical
(35 curves are drawn according to the following choice of pa-
rametersy?=0.1 anda.{mM,) = 1/132. Hence Fig. 5 shows
(Y]O0g(*So)| Y )re~0. (36) that, once the colour-octet RG MEs estimation is plugged in,
_ ) _ the ratioR,, is consistent with the experiments only fdr
Once_numbers are _plugged into the previous expression. 140 MeV[ ag(M,)=0.110. On the other hand if we drop
one realizes that MEs in EqE30) result larger by more than {he color-octet term, just the NLO color-singlet contribution
one orqer of magnitude W|Fh respect to the RG estlmategan still reproduce the experimental measure Rof by
shown in Eqs.(34)—(36). This suggests that the very first choosing a much higher value of\s, namely, Ag
assumption, i.e., that the nonperturbative matrix elements. 5o MeV[ ag(M,)=0.118.
should be dominated by QCD evolution, is doubtful and can-  Now we fix the renormalization scaleg=10GeV. We
note that, more than corresponding to the “natural” choice
ur=My, this value also satisfies the so-called “minimal
2The authors of Ref[15] agree that it is correct to include the Sensitivity principle” [20], i.e., it is the value at which

3pl8! contribution in the right-hand side of E¢32) (private com-  ur(d/dug)R,(ug) vanishes. Within this choice, we plot the
municatior). ratio R, versus the variable

1

1 2
F'Og(—)} <Y|01(351)|Y>,
0

X as(m)

(39

X log (M)
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0.6 ]
60 L T T T T T T T T T T T | T T T T ] r 381(1) :
r D b 05 |- - — — 351(8) -
B \%0 = N i
- z . I 3P0(8) ]
S0 ] 04 [ .- — 3pP2(8) -
i ] C RG MEs , A%= 140 MeV ]
- 1 S 03 | -
40=_ _ _ _ _~_ _ _=_ - = _ _ _ - * N 1
L o | j
N N P C ]
R. e ] 02 -
I [ ]
30 — ] N B
» 0.1 :— N ]
[ . N ]
L 4 L >~ > 7 d
(T = = = — .
i ] 0.0 L L ] ""l""‘""'~‘_+_"‘P'F"l‘l—H——r—r—‘l:_l—L.ar
20 — — 0.2 0.4 0.6 0.8
- T ¥4
i | | ] ] FIG. 7. Various Fock contributions to the photon spectrum as a
1 1 1 1 i 1 I 1 1 1 1

10 —4——1 function ofz=E, /m. The solid line gives the LO singlet contribu-
tion. Fragmentation and NLO direct are summed up for each color-
octet state. The NRQCD MEs are related to the color-singlet one
FIG. 6. Ratio'(Y—had)I'(Y—u*u") versus color-octet through the RG estimate. The color-singlet matrix element is arbi-
matrix elements for different values dfs. The dashed lines indi- trarily chosen to beY|O,(°S))|Y)=M?%4mr, so that comparison

cate the 2 interval of the experimental value f@t,, . with Ref. [5] is straightforward.

(@)
o
[}
=
[y
o))
[av]

<T|0g|T>/<T|0g|T>pge

Summing up, we can say that even if comparison with
(Y|O05(3Pp)|Y) (Y|0g(3S))|Y) scaling rules of NRQCD shows that RG estimates are size-
X= <Y|(98(3Po)|Y>RG= (Y]0g(3S)|Y)rs (37 ably smaller then expected, consistency between theory and
experiment in total decay rates strongly disfavor much larger
color-octet MEs. We then conclude that the RG estimates of
The result is shown in Fig. 6. The solid lines represent théhe color-octet MEs, are the most reasonable at the present
theoretical calculation oR,, and the dashed lines are the 2 Stage of our knowledge.
experimental range, as in Fig. 5. The larger the color-octet In Fig. 4 we show in detail the contribution of the single
MEs are, the smalleA s has to be taken. In particular, al- color-octet components. The figure reports LO, direct, and
ready for values of the MEs of the order of twice the RGfull NLO contributions for states normalized to their respec-
estimates, we would find a value dfs=80MeV [as(M;) tive Born decay widths aO(asaey). Let us consider the
=~0.107, well outside the present world average range.  C-even states firstG®! ,3PLE! °PL%)). It is evident that they
Following this line one finds that the MEs provided by the contribute to the spectrum with a very similar shape: there is
velocity scaling rules are strictly excluded. In an ideal globala strong enhancement at low valueszalue to the fragmen-
fit perspective both the value dfs and the color-octet MEs tation contribution that is present both at LO and NLO. Then
should be extracted from the data. Unfortunately, as we havi is clearly seen that direct photons mainly contribute near
explicitly shown previously, the experimental inputs in ffie  the end-point, a zone of the spectrum where the fixed-order
decay sector are not sufficient to perform a fit of such a largealculation is not reliable: in fact there are clear indications
number of unknown parameters. of a need of resummation both in the short-distance pertur-
As a confirmation of what we found in Figs. 5 and 6 bative expansion irg and in the long-distance series. In
shows that the RG estimate reproduces the experiment&ef. [7] Rothstein and Wise identified an infinite class of
value of R, for A;=140MeV. Such a value oAs corre- NRQCD operators, which determine the shape of photonic
sponds toag(m,)=0.190 anday(M5)=0.110. The world end-point functions, and introduced the so-called “shape
average ofag [ag(M;)=0.119-0.004 (or equivalently function,” to be extract from data. The overall effect of
As=237MeV) is actually consistent with a vanishiigr ~ color-octet states would be a smearing of the energy distri-
even negativeoctet contribution to thé' decay into had- bution near the end point on the interegl~0.1. In the case
rons. Nevertheless the uncertainties involved are still largeof the 33! component, the direct amplitude is not divergent
NNLO QCD correctiongreflected in thew dependence of in z=1 and the NLO correction to the LO fragmentation
the NLO correctiop might be important as well as higher picture is very small. Indeed the NLO contribution from di-
twist effects. A clear indication that higher order effects arerect photons is negative in tHdS-renormalization scheme
not negligible, comes from the two-loop calculation of theand is almost balanced by the other NLO fragmentation
leptonic width recently performed by Benekgal. [21]: in terms.
this case, it is found that th®(«?2) correctionstNNLO) are Finally Figs. 7 and 8 show the total contribution to the
of the same sizéor even largerof the NLO ones. spectrum, using the RG estimate for the nonrelativistic ma-
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06 nonperturbative MEs was also given. By comparing the
available experimental data on fully inclusive and leptonic
decay rates with the NLO theoretical predictions of NRQCD,
we found an unexpected result: estimates based on naive
scaling rules result in large color-octet contributions to the
total rates which are not consistent with the data. In particu-
lar, it turns out that nonperturbative MEs should be much
smaller then expected from NRQCD scaling rules. Neverthe-
less, using the above mentioned estimates for the nonpertur-
bative MEs, we showed that there are sizeable effects at the
end points of the spectrum of the photon. In the case of low
values ofz, the possibility of measuring the fragmentation
function of a gluon into a photon, which was suggested by
the LO result in the CSM5], becomes unfeasible: for the
color-octet states both quark and gluon fragmentation pro-
R T e e e e cesses are of the same ordenwigr, and there is no signa-
o0 . 8 ture to distinguish between the two. Moreover, for values of
z z near the end point, breaking of the fixed-order calculation
is manifest, and the resummations of both short-distance co-
FIG. 8. Total color-octet contribution on the LO, color-singlet efficient in as and nonperturbative MEs in, are called for.
photon spectrum. Notice that neither NLO QCD nor relativistic Nevertheless a ‘“‘safe” r'egion7 for OQZ<09, has been
effects are included in the singlet contribution. Normalization andfond where octet effects are at their minimum and the per-
MEs as in Fig. 7. turbative expansion in powers af, andv under proper con-
trol. Following this point of view, we consider the NLO
trix elements. We notice that the overall effect of octet state§)CD correction the color-singlet differential decay
is at its minimum in the central region of the spectrum, eX'dF/dEy(Y—>3S[11]—>ygg) worth while to be undertaken.
actly where the singlet LO direct contribution dominates.
This indicates that this region of the spectrum is “safe” from
color-octet effects, and therefore we think that it should be ACKNOWLEDGMENTS
used to make a comparison with experimental data. More-
over this indicates that relativistic corrections to the singlet It is a pleasure to thank M. L. Mangano for valuable ad-
(which are indeed importanand higher-order strong ones Vice, discussions, and suggestions during all the stages of
should be included to have a consistent theoretical picture dhis work. We thank L. Bourhis for providing us with a
NLO. On the other side, for small values mf color-octet ~ready-to-use set of photon fragmentation functions. More-
components are not negligible. In this area of the phasé€ver, we are grateful to M. Beneke and G. T. Bodwin for
space, the fragmentation components from gluons contributéeading the manuscript and for their useful suggestions. This
at the same order ifrg as the ones from quarks, and there iswork was supported in part by the EU Fourth Framework
no signature to distinguish between the two. Contrary to LOProgramme “Training and Mobility of Researchers,” net-
expectations in the framework of CS[8], we conclude that Work “Quantum Chromodynamics and the Deep Structure of
the decay ofY into a photon would not be useful for an Elementary Particles,” Contract No. FMRX-CT98-0194
estimate of the photon fragmentation functions. (DG 12-MIHT), and partially by the U.S. Department of En-
As a final remark, we notice that, not surprisingly, manyergy, under Contract No. W-31-109-ENG-38.
of the aspects of the photon spectrum in quarkonium decay,
resemble those in photoproducti¢®2,23. Cross sections
plotted versus the inelasticigof the quarkonium state show APPENDIX A: SYMBOLS AND NOTATION

a very similar pattern: foe~1, a divergence, which is not ;s appendix collects the meaning of various symbols,
supported by the available experimental data, reveals thg,. h are used throughout the paper.
breaking of the NRQCD expansion in powersaf andv. Kinematical factors:

On the other side, for low values ef the resolved contribu-
tions, which corresponds to fragmentation in the decays, are

indeed dominated by color-octet states. M2
M=2m, v= 1—?, (Al)

V. CONCLUSIONS

0.5 TOTAL

+ = - — SINGLET at LO

BRREN
[

0.4 — — — OCTETS at NLO

AN

il

RG MEs , A= 140 MeV

03 —

dr/dz+10*
T

0.2

| I B

0.1

/
AN

We presented the calculation @(a2aen,) color-octet wheres is the partonic center-of-mass energy squared and
corrections to the decay of into one photon plus light S,,q4is the hadronic oney is the velocity of the boundan-
hadrons. Both direct and fragmentation contributions havei)quark in the quarkonium rest framep 2hen being the
been included at NLO. In order to study the impact of theseaelative velocity of the quark and the antiquark. The follow-
contributions on the photon spectrum, an estimate of théng expression is used:
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47T,LL2 € a
fE(Q2)=(—Qr> I'(1+e) [TCOL+=[T(X)]a— 5(1—X)f0 T(x)dx.  (A15)
14 6( _ yE+Iog(4w)+Iog%22 +O(). In particular it is straightforward to get
1 1
(A2) m) =(m) +8(1—-x)log(1—a), (A16)

Altarelli-Parisi splitting functions.Several functions re-
lated to the AP splitting kernels enter in our calculations. We ('09(1—X)) _ ( log(1—x)
+

1
+68(1—X) Elogz(l—a).
a

collect here our definitions: 1-x 1-
Al7
+x? (ALD)
Pga(X)=Cr| 7~ €(1=X) |, (A3) Color coefficients:
NZ-1 NZ—4 1
+x2 3 _ e _ _ e _
Pqq(X)=Cg W+§5(1—X) : (Ad) Cr 2N, Ca=Ne, Br 4N, Te=3
* (A18)
Pag(X) =Te[X*+(1—x)*—2ex(1-x)], (A5)  The following standard symbol is used:
Poa(X)=Te[ X2+ (1—x)?], (AB) 11 2
* bo="5-Ca— 3 Tens, (A19)
1+(1—x)?
P ()= X €X, (A7) with n; the number of flavors lighter than the bound one.
NRQCD operators.To denote a perturbativ®Q state
1+(1—x)? with generic spin and angular momentum quantum numbers,
Pg(x)= — x (A8) and in a color-singlet or color-octet state, we use the symbol
1+(1_X)2 Q[1'8]5Q6[23+1L51'8]]. (AZO)
qu(x):CF o €X|, (A9) . . . . .
Notice that, according to the discussion in REE1], our
) conventions differ from the Bodwin, Braaten, and Lepage
1+(1-x) ones[4] (labeled here as BBLin the case of a color-singlet:
Pyq¥) =Ce| ————|. (AL0) [41¢ B ¢
1
— BBL
X 1—x Ol_ 2Nc Ol ’ (A21)
Pgg(X)=2Ca ——+ ——+Xx(1—-x) |, (Al11)
1-x X BBL
0g=0g . (A22)
X 1-x
Pyg(X)=2Cp a0, " — XTX(1=X) [+ Dd(1—x). APPENDIX B: SUMMARY OF LOWEST ORDER
(A12) RESULTS

. . " . 1.B idth
The P;; are theD-dimensional splitting functions that appear orn widths

in the factorization of collinear singularities from real emis-  The decay rates read
sion, while the functions?; are the four-dimensional AP

’ [1,8]
kernels, which enter in thMS collinear counter-terms. The I(Y—o*"—ab)

+ anda distributions are defined by =f(Q[1'81—>ab)<Y|O[18](25+1LJ)|Y> (B1)
1 1 .
f dX[T(X)]+¢(X):f dXT(X)[ p(x)— H(1)], the short-distance coefficients having been calculated ac-
0 0 cording to the rules of Refl11]. We shall use the short-hand

(A13)  notation
1 1 (L8, ap)=T(Y _— Ol18_,
[CaxT01a00= | axtoorsmo- s M@ map)=f(Y= a7 mab) - (B2
2 2 (A14) to indicate the decay of the physical quarkonium stdte
through the intermediat®Q state Q[%8=QQ[251L[ 8.
where T(x) is the function associated to the distributions The D-dimensional D=4—2¢)O(asa.y) level decay rates
[T(X)]+ a- We recall a useful weak distributional identity, read
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32a o it m?
Poon( 'S —gy) = ——— 15— P (1= €)(1-2¢)
X(Y|Og(*Sp)|Y), (B3)
Teom(*SP'—g7) =0, (B4)
288u e
FBorn(gpg)S]_)g'}’): > ;]4(?
1-€ 3
Xq)(Z)E(YlOS( Po)|Y),
(BS)
Tgom(*PY¥)—07)=0, (B6)
FBorn(SP[ZB]_>g’)’)= 2 em4Q
(6—13e+4€?)
(3—2¢€)(5—2¢)
X(Y|Og(3P,)|Y). (B7)
LowestO(«?) contributions:
1—‘Born(lsg)s]‘wgg)
1602 ptem? 1
:BFT®(2)(1_€)(1_26)<Y|08( So)|Y),
(B8)
FBorn(38[18]_’qa)
2 4e 2
asu” e 1-€
=8— P53 _(Y|O(*S)|Y), (B9)
1_‘Bom(apg)g]_>gg)
14402 u*em? (1-¢)
= B,: m? ®(2)(3—26) <Y|08(3P0)|Y>1
(B10)
I‘Born(sl:)[ls]_’gg):Oa (Bll)
1_‘Bom(ap[zg]_>gg)
3202 ptemr? (6—13¢+4€?) .
_BF m4 ®(2)(3_26)(5_26) <Y|08( P2)|Y>,
(B12)

PHYSICAL REVIEW D59 074006
where® ., is defined according to Eq14).

2. The LO spectrum coefficientsC(©[ Q]

We can now read out the lowest-order coefficients accord-
ing to Egs.(5)—(11). For 9=°P}®!, 5¥ we have

CO[Q(D)=Teor Q—9716(1-2),  (B13)
CLOLQ](X)= 2T gord Q—9gl(1—X),
(B14)
Cy'[Q1(0 =0, (B15)
and, for33®,
cPr3s®(2)=0, (B16)
Cy'[*81(x) =0, (817
COPSP(%) =T gord Q—GqIS(1—X).
(B18)

APPENDIX C: SUMMARY OF O(afgaem) RESULTS
1. The NLO photonic coefficientsC{’[ Q]

We summarize the NLO spectrum coefficient following
the convention of Eq95)—(26). The photon energy fraction
is z=E.,/m. Components~ §(z) have been neglected. For
0=19¢, 3pEl, 3pLsl we have

ds
C1Q)= 5 Taord Q—g7]

MR
X A[Q]+2bologﬁ)5(l—2)
1 ) o (Iog(l—z)) 6
+t1 X i[Ql()+ T1-7 . [QI(2) |,
(CY
where
2 121 «%| 10
Alrg8= CF( —10+ %) +Ca| 75~ %) — g MTe,
(C2
3pl[8] 14 85 19
APPEN=Ce| =5+ 5| +Cal 75~ 5|~ g T
(C3)

AlPPR=—-8Cr+Cy

9 45 '

and

074006-11



FABIO MALTONI AND ANDREA PETRELLI PHYSICAL REVIEW D 59 074006

118 (z)=C (— 72+ 1447— 17622+ 10423 — 237%) . 5 )
i 12)=Ca 6(—2+z)22 +ns F§Z, 5

3p[8] 1 2 3 4 5 6 7 8
f1°Py ](z)=CAm(—96O+336&—62242 +5312%°— 1544"— 520>+ 496z° — 136z + 92°)

2
(z+2)?%, (C6)

+ nfTFﬁ

1
23PN (2)= CAW (— 240+ 184& — 78202+ 13976&° — 12710* + 6254° — 16285+ 19727 — 152°)

1
+nfTF§(1o— 5z+7%), (C7)

2(+ 12— 36z+562°— 5273+ 282* — 82°+ Z5)
(—2+2)%7° :

f31S(2)=Cn

(C8)

23PN (2) +160— 7202+ 16247°— 2016&° + 136" — 4682° + 10428 — 662" + 4028 — 102° + 2%0),

(C9

2
~Crg =212

1
£213PL8)(2) = cAm (+40— 348+ 161&%— 36842°+ 47022 — 366%° + 182628 — 5827 + 1158 — 137%+ 219).
(C10

For the 3Si®) component we obtain

20aenegas
9 Z(—2+2z)

cVresPl= 5 (8—122+72°—272°)
(Y]Og[*S,]]Y)

2(—1+z)(8—122+522)Iog(1—z)} p—

T 27 2%
38 Qem 4m? )
+ o s[l1_,qa)7pyq(z) log— +log(1—2)+2 logz| X, €2, (C11)
ME q

and finally for 3P{®,

clrep=

2anfla’ 1
- 3 S 2427 (240+ 312— 262>+ 4204° — 315Q¢* + 126Q:° — 2762°+ 3127)

12
T ARG 527—4307%+ 71623 - 5882*

2—x](Y|Og[*P4]|Y)

— . (C12

2
+275°— 7428+ 112" — 28)log(1—2) + 3N

2. The NLO gluonic coefficientsC{"[ Q]

In this section we present the NLO QCD spectrum of the gluon arising from the color-octet components. Contributions
~ 8(x) have been neglected. The gluon energy fraction is denotec=d,/m. For 9=1s*, 3pi¥!, 3Pl we have

Wr o1 ¥s 4m? |Og(1—x)) 1
Cg [Q]= ?FBorr[ Q‘)gg] Iongfpgg(X) +2 |OgXng(X)+ ? +(1—X)ng(X)+ m +f[Q](X)
+( B[Q]+4bologg—:]) S(1-x) |, (C13
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where

2
B[ls[OBJ] — CF( —10+ Tr_

139 1 L} 10 . o1
2 | Cal g™ g M TE (C14
Breple_c. | _ 4. w2 Y (R AT 1
[ 0 ]_ F 3 2 A 54 270g 12 9 nf F ( 5)
14 1 8
B[SP[ZSJ]:—SCFJrCA 5+ glog 2—577 ) 4SnfTF, (Cle
and furthermore
18] C 2 3 4 5 6
folsh(x m( 120+ 336K — 494x2 + 4103 — 215¢* + 72x5— 12x®)
2CA(—1+X 2
(ZA(_f)sxz)(16—40x+50x2—26x3—8x4+16x5—7x6+x7)log(1—x)+nfTF§x, (C17)

3plely( Ca 2 3 4 5 6 7 8
fg[*Po '1(X W( — 1536+ 5376 — 963X+ 10016°— 9288&" + 12976 — 16906¢° + 1391& ' — 662X

9_ 1 2CA(—1+x) 2 3 4 5 6 7

+1664°— 17X + B0 (256— 896x+ 15042 — 10083 — 516x* + 1795 — 2276¢°+ 201 1x
2(24+x)?
— 12208+ 464x°— 990+ 9x Y log(1—x) + nfTF%, (C18
fo[*PL1(x) W( 384+ 307X — 127042+ 25376¢3 — 3073&*+ 269985 — 1923 K5+ 10924 — 4373

9 1 Ca(=1+x) 2 3 4 5 6 7 8

+1028¢°— 106¢%) + 305 (64— 512+ 2033 — 38403+ 374*— 157 %5 — 515+ 116" — 800«
1

+308x°— 66x1°+ 6x1Y)log(1—x) + NTegx (10— 5x+x?). (C19

For the 3S®) component we obtain

3

cesP= 7 (1168 3264+ 37402 — 22003+ 693K — 108«°)

18 (—2+x

4(—1+x)

Y |Og[3S,]|Y
+ 2505 (584— 163X+ 1904* — 11343+ 324x*— 27x°)log(1 — X) M

m2

—3+3x—x? 2

+ Nl gorm( S[ ]_’q_) X

4m
(Iog +log(1—- x)+2|ogx> qX) | (C20

Finally for 3P8,

5a2
(Up3pl8lj s~ _ 2 3_ 4 5
Cy'[*PY]= 73 { = 2+X)4X3(384+384x 4192%%+ 75523 — 6446¢* + 2876«
12
—485¢6— 141"+ 828 — 10x°) + 205 (—1+x)(64+ 64x— 6882+ 12803

— x| (Y| Og[*P1]]Y)
. — . (Cc21)

2 2
—1181x*+626¢x°— 195¢®+ 36x" — 4x®)log(1—x) + 3N
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3. The NLO quark coefficients C{"[ Q]

We report in this section the quark energy spectrun@irqqg decays. The adimensional energy of the quagkm is
denoted byx:

2
C&“[ls%s]k%rBom[ls[ofibgg][qu(x)Iog%mf+2x<1—x>TF+qu<x>log[x2<1—x>]+f[l%g]ux) . (c22
F
where
fol 1S (x) =x(1—x)[1+log(1—x)]. (C23
We have

1 4m? 1+x2 C 1 log(1—x)
(Lr3gi8ly— 38 Is| = SF et D (1| 2T
Cy 388N =Tgonl *SE'—qq] W[Zqu(x)log p +CF(1_X)+|OQX+ 5 (1 X)+2(1 X)( 1—x )+qu(x)

+ %) PSPI00+ LS00, (C29
where
A[3S[18]]:CF( - ZZS+ %2 +Cp %)-i- glog 2— ?) - 19—0nfTF+2 Iogg—:], (C25
and
fq[3S[18]](x)=CFE(—4+X)—CA§(5—SX+ZXZ)+CA(l—x)(—2+x)Iog(1—x), (C26)
CEPPE=Brata1—x)| - slogtt va,| ORI o opiar g

2

X| 2x(1=X) T+ log[x3(1—X) ] Pyq(X) + 1 fI(X) + Pyq(x)l0 am [J=0,2].(C27)
FTi0g a9 1-x/, ag X109~ 7, 2.

We also have

8 MA <Y|Os[3P1]|Y> 1 <Y|(98[3P1]|Y>
Dr3pl8—r 351\ — cian A L o (ML Pallt 7 3 (2 ) c() e, 2B Tt/
Cq 2P =Brads(1—x) 9IomeﬂLal e +asBe| T +f0| (X) po— , (C28
where
2 1 B 7 c29
a0_§! al 9! a2_4_5’ ( )
and finally
(0) 1 2 2
foq (X)= 2—7[x(33—72x+43x )—3(1—x)(4—9x+9x%)log(1—x)], (C30
(1) 2 2
fy (x)=§[x(3+6x—5x )+3(1—x)log(1—x)], (C3)
1
fP(x)= 36X(57—90x+ 53x?) —3(1—x)(5— 12+ 12x?)log(1—x)]. (C32
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