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Introduction

It has been customary in the design of transport and acceleration
systems for positive jon or electron beams either to neglect the space
charge effects or to assume them to be linear (Vladimirskij and Kapchin-
skij, 19569). In a beam of circular cross-section this assumption of linea-
rity imposes a constant charge density over the beam radius. Experi-
mental results, however, indicate that this i1s not the case (Taylor, 1963)
a typical distribution being bell-shaped with a maximum on the axis.
For this, non-uniiform distribution, non-linear space charge forces are
present and these can have an important influence on the dynamical
behaviour of the beam.

Taylor (1969) has pointed out that there are two main consequences of
the field variation across a non-uniform beam. The first, due to the
variation of the horizontal field E, with x will cause an initially elliptic
emittance diagram in the phase plane (x, x") to be become distorted
(Fig. 1a), while the second, produced by the variation of E, with y, will intro-
duce a coupling between the transverse motions. This coupling has the
effect of produclng a centinuous spreading in the phase plane of the
projected beam distribution. Equi-density contours in the projection will
no longer enclose a constant area (as would be the case for a uniform
beam) and this manifests itself as an apparent increase in the emittance
in the projection. This is illustrated in Fig. 1 b which shows that the
fraction of the beam current lying inside a given area of the phase plane
is diminishing “with time. Alternatively we can say that the phase plane
area enclosing a given current is increasing.
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The present paper describes the work that has been carried out in the
PSLinac Group at CERN on non-linear space charge effects and summari-
ses the preliminary results that have been obtained.

Theoretical Considerations

In the study of the dynamics of charged particle beams the funda-
mental transport equation is the Boltzmann equation:
oF i oF <0F

Vi— —L
- ot +sp§dal 0x; —\}/—ek%ity m 0v1 ot >collisions ’ (1)

co-ordinates co-ordin ates

where F(xp» Xg X3 Vq, Vp V,, 1) dx, dx2 dx, dv, dv2 dv, is the number of
particles in the phase space volume dx, dx, dx, dv, dv, dv,. The f; are
the components of the so-called “field forces’ acting on a particle of
mass m and charge e.

In the Vlasov approach to the study of beam dynamics the effect
of the space charge field is included in the f;, that is it is considered
as a macroscopic field derivable from a potential. The term on the right
hand side of (1) represents the change in F due to binary collisions,
including ionisation and similar effects. At the densities normally encoun-
tered in a proton beam this collision term is negligible (Lapostolle et
al, 1968) so that the right hand side of thus (1) is zero. It is then interesting
to note that the left hand side may be written:

L

Dt
where D denotes differentiation in a frame of reference following the
element of phase space under consideration. Thus (1) has the same
form as Liouville's equation and the phase density F remains constant
if we follow the motion of an element in phase space.

A common method of studying beam dynamics is the so-called
Eulerian approach in which it is assumed that the beam is monoener-
getic, that is at any point in space the beam can be described by a

single density p and a single velocity field u. The basic equations to be
satisfied dre the continuity equation

do
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and the momentum equation
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where E is the sum of the external field and the space charge field of
the beam. Again D/Dt denotes a differentiation in a frame of reference.
following the motion of the element of the beam under consideration.
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All magnetic effects are assumed to be negligible and the motion is
taken to be non-relativistic.

Let us now consider a rotationally symmetric beam whose diver-
gence is small so that longitudinal effects may be neglected. We assume
that the axial beam velocity and the axial components of the external
field are constant over the cross-section of the beam. Then, in the
absence of rotational motion the equations describing the radial motion
of the beam are from (2) and (3)
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Ore may see the relation between these last two expressions and the
Boltzmann equation by taking the first and second moments of the
latter (Davies, 1969) when one obtains:
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One sees that these last two relations are identical in form with (5) and

(6), the difference being the use of the average velocity u, rather than
the local particle velocity and the appearance of the “temperature” term
on the right hand side of (6). When T==0, u~=u, and the solution of

the Boltzmann equation will yield the same values for p and u, as the
solution hydrodynamic eguations (4) and (5).

We may thus conclude that for beams of small emittance (i. e. a
small velocity spread and thus a small “temperature” so that the last
term on the riglit hand side of (7) is negligible) the density function
and particle velocities computed from (4) and (5) will be very good
approximations to the mean densities and velocities.

In general solutions of the hydrodynamic equations have only been
considered for the case of laminar flow when there is no “overtaking”
of particle trajectories, that is a particle having an initial radial co-ordi-
nate less than that of another particle will continue to have a smaller
radial co-ordinate.

Davies (1969) has however described a method by -which the
crossinz of particle trajectories may be taken into consideration. For a
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rotationally symmetric beam of zero emittance the state of the beam is
completely specified by a “zero emittance line” in the phase plane rr’
(Fig. 2). Whereas the charge density distribution can discontinuous if it
is taken to be a function of the radial co-ordinate, the distribution along
the zero emittance line is always continuous and no overtaking can occur
along this line. The basic idea of the method is to trace the motion of
the zero emittance line and the distribution of charge along it. This
distribution is only projected on to the r axis in order to compute the
space charge force on any element of the beam.

Davies has also shown that a very good approximation to the
motion of the beam envelope of a finite emittance beam can be obtained
if the space charge force on a typical particle on the envelope is com-
puted from the mean motion of the beam, that is from the charge density
distribution along the zero emittance line.

~ Although this method can give a great deal of information about
the beam dynamics and only uses a relatively small amount of computer
storage and time it does not trace the full four-dimensional phase dis-
tribution of the beam which is essential if, for example, one wishes to
project the distribution on to any one of the six phase planes.

Tanguy (1969) has developed an alternative approach to the prob-
lem in which he traces the four-dimensional phase space distribution by
a Lagranglan method.

Again the beam is taken to be rotationally symmetric and longi-
tudinal effects are assumed to be negligible. The beam is represented
as approximately 6000 groups of charge and the trajectories of these
groups are traced, at each stage the space charge at a given radius being
computed by determining the number of these groups inside that radius.
' Tangy’s procedure can be summarized as follow:

a) From the equations of motion:

X = (Lt y) 3 felr)de
gmv S ()

T
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. (4]

the unknown integrals on the right hand side are expressed in terms of
the current I(r) flowing inside a circle of radius r by:

T
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where v denotes the velocity of the particles.
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b) in terms of the total current I; carried by the beam the equations
of motion (8) become '
x  Kr)
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¢) Equations (10) are integrated for a great number of particles N,
whose initial co-ordinates and slopes are distributed according to the
desired distribution in the initial four-dimensional phase space. For each
particle | (J=1,+ - - N) and at each step of integration ratio I(r;)/l; is
given by:

I N
where N; denotes the number of particles whose distance to the axis of
the beam is equal to or less than r;.

d) The computation has been made possible when the number N of
particles is very large by using the following manoeuvre: let us suppose
that at the abscissa z the N particles are arranged so that their distance
to the axis of the beam are:

<1, j=1,- - - N | (12)
Thus the ratio is given by:
M) _Ni_ i (13)
It N N

As we are not dealing with a laminar flow the arrangement as defined
in (12) no longer holds, but as the integration step is small the degree
of this disarrangement is therefore small and a subroutine is able to
restore the arrangement of (12) in a very short time. Finaly let us note
that the method used has allowed us to reduce the computation time
by a factor of around 150. ,

In order to follow the evolution of the current r emittance function
the output of this programme can be analysed by fhe method described
by Warner (Taylor, Warner et al, 1966) which gives the equi-density
contours in the emittance projection and inregtares the areas and cur-

rents to produce the density curve (Fig. 1 b.)
In both the above methods the effects of linear® and acceleration

in the logitudinal direction can be taken into consideration.
Results

In Fig 3 a— e are shown the results of the calculations for the
case of a beam having an initial Gaussian distribution in principal axes

* Non linear external forces and any kind of rotationally symmetric density
distributions in the four-dimensional hypervolunie can be treated by Tanguy s procedure.
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(Fig. 3 a) drifting tn a drift space with no external fields. Fig. 3b gives
the results of the hydrodynamic rr’ calculation fordriftsof 1 mand 1.5m,
and for comparison the ringed points show the proejction on to
the xx’ plane of the y==0, y’=0 section as obtained from the Lagran-
gian calculation. From this figure we see that particle overtaking com-
mences at about 1.3 metres. Figs 3 ¢ ond 3 d show the density distri-
butions in real space obtained by both methods. Here we see the
formation of first a hump towards the outer radius of the beam which
finally tends to a singularity when overtaking of particle trajectories
has occured. Fig. 3 e shows the corresponding curves for the fraction
of the current I, inside radius r as a function of r.

We see from the emittance diagram corresponding to 1.5 metres
drift in Fig. 3 b that the curve may be divided into two regions. The
first, between the origin and about 1.6 c¢m, approximates to a long
thin ellipse with nearly constant charge density. If the rest of the beam
were absent we would thus expect to be able to focus the beam with
linear lenses without introducing any further aberrations since the space
charge forces will be nearly linear (in this case an ellipse will
always transform into an ellipse). The outer region beyond 16 c¢m dis-
play a larger amount of aberration and contains 50% of the charge in
the beam. Thus if one introduced a diaphragm to remove this outer
region one would also lose 50% of the beam current.

To illustrate the large aberrations that may be introduced by the
nonlinear space charge the computation was performed for the case of a
converging beam with same emittance as used previously Fig. 4 a—c.
Again the emittance curves obtained by the two methods are practically
identical.

Also shown dotted in Fig. 4c is the beam envelope one would
obtain on the assumption that the current is uniformly disiributed over
any cross-section. We see that the neglect of the non-linear effects may
give a completely unrealistic picture of the beam dynamics. In particu-
lar, whereas in the case of a uniform distribution the charge would all
be contained inside a radius of about 11.2 cm, in the non-linear case
only 39% of the charge lies inside this radius. ‘

Finally concerning the increase in the area of a given amount of
charge mentioned in the Introdnction, the analysis of the Tanguy prog-
ramme output shows that the inner equi-density contours increase by
the order of 30—40% in a drift of 1.5 m, whereas the total area increa-
ses by almost a factor of two. This effect represents a real reduction
in the emittance projéction, while the aberrations can lead to an effective
reduction. ,

Conclusinos

The above examples demonstrated that one is unjustified in neg-
lecting or linearising the space charge forces in a beam having a non-
uniform distribution in the transverse direction,
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The hydrodynamic or zero emittance method for studying the beam
dynamics can give a great deal of information about the beam dynamics
and because it is economical as regards computer storage and space is
very convenient for making a prellmmary investigation and design of a
transport or accelerating system.

The Lagrangian method, although requiring considerable computing
facilities, is able to trace the four-dimensional phase space distribution
and can give a more detailed final analysis.

Both these methods are to be used in the study of the proposed
new pre-injector and tank | of the CERN Linac.
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OIUCKYCCHu4

KanuuHcknit:. Heanneiitbie sddexts! B MPUHUMOE MOryT NPHBORMTL K  Pacimu-
peHnio  (a3oBoro oObeMa TONBKO B TeX CAyyadX, KOra NyuyoKk He coraacoBaH ¢ ¢o-
KyCHpYIOIMM KaHalioM, Pa3oBbie pacnpeaeneHHs, Bbi3HBAWIIHE HeNHHEHHbIE KYAOHOBCKHE
CHABI, HE TIPHBOAST K YBEJAMYEHHIO SMUTTAHCA, €CHH pacnpejcieHHd CTIIHOHApHH. B
3TOH CBsI3H CAELYyeT NONYEPKHYTh BAaWHOCTb COrAacOBaHWS NYYKa C KaHAJAOM, KOTOpOe
NOKa Ha BCeX JAeHCTBYIOIMK IPOTOHHBIX YCKOPHTENSIX' OCYWECTBASETCS HEAOCTATOuHO
Xopouuo.

219



§1ima)

-

£, f ¥ tnitial beam
with dvift

After drifting

Current_v. emittonce

>

Emittonce arec 2a
e
| 0 i

. {mm mwad)
Fig. 1a Effect of variaton of Ey with x. Fig. 1b. Effect of coupling
9
5 >

Eig 2. Zero emittance line,

o tnwed)

/Tf"—.‘:;\_. .t.'—
~a | ®

o1

Fig, 3a. Initial beam,

220



Fig.

b tmeodd

15 metre

= Mydrodynam«
& Llogrongeon

v {mm}
i

e e
S AL
2 6 8 0 12 14 6 W XN 22 M

Fig. 3b. rr" proection after drifting.

I D-mrypm
0"
304 cout/m?
34 Oemetre ) Smetrs
10metre 01

204

154 i

i

0t

H

rtmem
— 3 —-
¢ M L L LR T !

3c. Real space density distributions by zero emitance calculation.

P tertatrecy uneiel

Fig 3d. Real space density by Lograngian calculation

221



-
//’ - /'/
/U.an / Bmatre
/
/
’
/’
/
P
/
/ — Mydrodynoms
- == togronguan
rimm
} )
13 e

Fig. 3e. Fraction of current within a given radius,

/

-

} <tmead)

“10 4

4154

Fig. 4a, Initial beam.

o4
(B8
A .
) E . Y W
E s 10 1]

Fig. 4b. xx’ projection (y=0,
y’=0) after drifting 0.75 m.

222

A vinvod)
14
= lagrongran
+  Mydrodynom o+
74
//
st ¥/
Ve //
// 4 = [mend
- " 4 |
! H © 15

Fig. 4c. xx” projection (y==0, y’=0)
after 1, dm,



