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Abstract

Using approximately 4 million hadronic Z decays recorded with the aleph detector from 1991

through 1995, the lifetime of the b baryon is measured with three independent methods. From

the impact parameter distribution of candidate leptons in 1063 events with �`�combinations,

the average b baryon lifetime is measured to be 1:20�0:08�0:06 ps. From a sample of 193 fully

reconstructed �+
c candidates correlated with a lepton and a sample of 46 �`+`� combinations,

the �b lifetime is measured to be 1:21 � 0:11 ps. The product branching fractions to these

�nal states are Br(b ! �b) � Br(�b ! �`��X) = 0:326 � 0:016 � 0:039% for the �rst sample

and Br(b ! �b) � Br(�b ! �+
c `
��X) = 0:86 � 0:07 � 0:14% for the second and third samples

combined.
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1 Introduction

Measurements of individual b hadron lifetimes are of interest as they test theoretical

understanding of b hadron decay dynamics. No case has been more intriguing than that of

the b baryon. Previous measurements of �(�b) have shown it to be signi�cantly shorter than

the B meson lifetime [1], in contrast to theoretical predictions [2, 3]. In the simple spectator

model, the lifetimes of the b hadrons are equal. When interactions involving the spectator quark

are included, theory predicts small lifetime di�erences between species. Indeed, understanding

the short �b lifetime has been named one of the problems in heavy quark theory.

Evidence for b baryons in Z decays was �rst established via �`� combinations1 in Z ! bb

decay [4] and subsequently with �+
c `
� pairs [5]. Both samples have been used previously by

aleph to measure the lifetime { in the �rst, the average over all b baryons decaying to �,

and in the second, that of the �b exclusively [6]. This paper presents the lifetime of b baryons

measured with three independent methods: re�ned versions of the two previously published plus

a third analysis based on partially reconstructed �+
c 's. The �rst method, based upon the lepton

impact parameter distribution of high transverse momentum leptons from �b ! �`��X decays,

gives the highest statistical precision. The second relies on full reconstruction of �+
c 's paired

with high momentum leptons, corresponding to the decay �b ! �+
c `
��X. The third employs

a similar technique, but uses partially reconstructed �+
c candidates, namely �b ! �+

c `
��X

with �+
c ! �`+X. In addition, the product branching fractions to each observed �nal state are

measured, essential inputs in determining the various b hadron fractions in hadronic Z decay [7].

The current measurements use a sample of about 4 million hadronic Z decays, recorded from

1991 to 1995. In addition to the increased data sample, these current measurements improve on

the previous aleph results [6] via the reconstruction of new decay modes and better selection

e�ciency, yielding twice the number of observed �`� combinations with an increased sample

purity and about four times as many �+
c `
� events reconstructed. The third analysis is new

and provides an additional source of reconstructed events. These measurements supersede the

previous results.

The following sections describe the aleph detector, the measurement of the b baryon lifetime

and branching fractions extracted from analysis of the lepton impact parameter spectrum of

the �`� sample, the measurement of �(�b) from the proper time distribution of exclusively

reconstructed �+
c 's paired with leptons, �(�b) measured from the proper times of partially

reconstructed �+
c 's correlated with a second lepton, and the branching fractions of �b measured

from partially and fully reconstructed �+
c 's.

2 The ALEPH detector

The aleph detector and its performance are described in detail elsewhere [8, 9, 10], only a

brief overview will be given here. The subdetectors critical to this measurement are the tracking

chambers for precise impact parameter and decay length reconstruction, and the electromagnetic

and hadronic calorimeters and the muon chambers, for missing energy measurement and for

lepton identi�cation.

A high resolution vertex detector (vdet) consisting of two layers of double-sided silicon

1In this paper lepton, `, refers to either an electron or a muon. In addition, charge conjugate reactions are

always implied.
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microstrip detectors surrounds the beam pipe. The inner layer is 6.5 cm from the beam axis

and covers 85% of the solid angle and the outer layer is at an average radius of 11.3 cm and

covers 69%. The spatial resolution for the r� and z projections (transverse to and along the

beam axis, respectively) is 12 �m at normal incidence. The vertex detector is surrounded by

a drift chamber (itc) with eight coaxial wire layers with an outer radius of 26 cm and by a

time projection chamber (tpc) that measures up to 21 three-dimensional points per track at

radii between 30 cm and 180 cm. These detectors are immersed in an axial magnetic �eld of

1.5 T and together measure the transverse momentum pT, relative to the beam axis, of charged

particles with a resolution �(pT)=pT = 6 � 10�4pT � 0:005 (pT in GeV/c). The resolution

of the three-dimensional impact parameter in the transverse and longitudinal views for tracks

having information from all tracking detectors and two vdet hits can be parameterized as

� = 25�m + 95�m=p (p in GeV/c). The tpc also provides up to 338 measurements of the

speci�c ionization of a charged track (dE=dx). For electrons in hadronic events, the dE=dx

resolution is 4.5% for 338 ionization samples. The tpc is surrounded by an electromagnetic

calorimeter of lead/proportional{chamber construction segmented into 0:9� � 0:9� projective

towers read out in three sections in depth, with energy resolution �(E)=E = 0:18=
p
E + 0:009

(E in GeV). The iron return yoke of the magnet is instrumented with streamer tubes to form

a hadron calorimeter with a thickness of over 7 interaction lengths and is surrounded by two

additional double-layers of streamer tubes to aid in muon identi�cation. An algorithm combines

all these measurements to provide a determination of the energy 
ow [10] with a precision on the

measurable total visible energy of �(E) = 0:6
p
E=GeV + 0:6 GeV. Electrons are identi�ed using

the electromagnetic calorimeter together with the dE=dx information from the tpc [10]. Muons

are identi�ed by their characteristic penetration pattern in the hadron calorimeter together with

the muon chambers [10].

The selection of hadronic events is based on charged tracks and is described in Ref. [11].

The interaction point is reconstructed on an event-by-event basis using the constraint of the

average beam spot position [10]. The resolution is 85 �m for Z ! bb events, projected along

the sphericity axis of the event.

3 Measurement of lifetime and branching fractions of b baryons

using �`� combinations

Semileptonic b baryon decays are selected using the correlation between a � and a lepton

reconstructed in the same hemisphere, de�ned by the plane perpendicular to the thrust axis.

This method is sensitive to decays of all species of b baryon which have �`� in the �nal state,

mainly �b but also �b or 
b. For brevity of notation, the symbols �b and �
+
c are used throughout

this section to denote generic b and c baryons.

The � candidates are reconstructed in the channel � ! p��, with an algorithm which

�ts two oppositely charged particle tracks to a common vertex [10]. The candidate leptons are

identi�ed using the method described in Ref. [10]. The requirements applied to the � candidates

are similar to those in Ref. [6]. To further reduce background, the cut on the momentum of the

� candidate has been increased from 3 GeV/c to 4 GeV/c. To improve the resolution in the

impact parameter measurement, the lepton candidates are required, as in Ref. [6], to have at

least one associated r� coordinate in the vdet, 5 hits in the tpc and 2 hits in the itc and a

2



�2/d.o.f. for the track �t of less than 4. Lepton and � candidates are required to be within 45

degrees of each other.

The possible sources of �` combinations with their estimated contributions to the right-sign

�`� and wrong-sign �`+ samples after all the selection criteria are applied are listed in Table 1.

Source Estimated �`� Estimated �`+

1) �b ! �+
c X`

��; �+
c ! �X 705 � 69 -

2) �b ! �+
c X�

��; �+
c ! �X; �� ! `��� 13� 4 -

3) �b ! �+
c D

�

s X; �+
c ! �X; D�s ! X`�� 9� 9 -

4) �b ! J= �X; J= ! `+`� 6� 3 6� 3

5) B! �+
c X`

��; �+
c ! �X 4� 4 4� 4

6) b! �+
c X; �+

c ! �`+X - 45� 14

7) �+
c ! �`+X - 13 � 4

8) � from fragmentation 184 � 60 230 � 40

9) Fake �` combinations 142 � 28 142 � 28

Total number of �` combinations 1063 441

Table 1: Sources of �` combinations estimated from the total number of �`� and �`+ candidates

selected in the data, as described in the text.

Process (1) is the signal of semileptonic b baryon decays. Processes (2), (3) and (4) are

considered in the lifetime �t as an additional contribution of b baryons to the �`� sample.

The requirement of a lepton candidate with a momentum of at least 3 GeV/c and a transverse

momentum p? with respect to the associated jet2 of at least 1 GeV/c removes most of the

�` combinations from processes (2) to (7). The remaining background is mainly due to

fragmentation �'s (8) and fake combinations (9). The former are accidental combinations of

a prompt � produced in the quark fragmentation associated with a candidate lepton in the

same hemisphere. Fake combinations are spurious p�� combinations under the � invariant

mass peak paired with a candidate lepton or fake leptons paired with a non-fragmentation �.

The fragmentation � background is reduced by the 4 GeV/c cut on the momentum of the

candidate �. Fake p�� combinations are reduced by requiring the � decay vertex to be at

least 5 cm from the interaction point and, when available, the dE=dx measurements for the

candidate proton and pion to be within three standard deviations of the expectations.

The p� invariant mass spectra of the reconstructed �`� and �`+ combinations are shown

in Fig. 1. Candidate �'s are selected by means of a � momentum dependent mass window

2The lepton is included in the calculation of the jet direction.
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Figure 1: The p� invariant mass distribution for the right-sign �`� and wrong-sign �`+

combinations observed in the data. The unshaded areas correspond to the selected events

within the momentum dependent mass window cut.
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cut of �2�(p�) around the nominal � mass, since the � mass resolution depends on the �

momentum [12]. The average value of � is about 3 MeV/c2. The total selection yields 1063

right-sign �`� candidates and 441 wrong-sign �`+ candidates.

The right-sign excess is mainly due to semileptonic b baryon decays. In order to estimate

the number of b baryon events in the �`� sample, the contribution of the right and wrong-

sign background is evaluated. The contribution of the physical processes (2)-(7), relative to

semileptonic b baryon decay (1), is estimated from a study based on 5 million Monte Carlo

Z! qq events simulated with jetset 7.4 [13] tuned to aleph data, as described in Ref [14].

The contribution of fragmentation �'s (8) in the right-sign is estimated from the number of

wrong-sign �`+ events observed in the data, after subtraction of the combinatorial background

(9) and the semileptonic �+
c decays (6),(7). In addition a correction is applied for the imbalance

of the fragmentation � background between right and wrong-sign combinations. This imbalance

is mainly caused by an enhancement of the combinations of fragmentation �'s associated with
��b ! `+ in the �`+ sample and a suppression of combinations with �b ! `� in the �`� sample.

The ratio of the �`� to �`+ fragmentation � background is estimated, using simulated Z! qq

events, to be 0:80� 0:20, where the error re
ects mainly the uncertainty in the production of �

baryons in the process of b fragmentation. The fraction of the combinatorial background (9) to

the �`� sample is estimated from simulation, in agreement with the estimate from a �t to the

p�� invariant distribution observed in the data.

The estimated contributions of the various processes to the �` combinations are reported in

Table 1. The resulting fraction of semileptonic b baryon decays in the selected �`� sample is

66� 6%, which corresponds to 705 � 32(stat)� 62(syst) events.

3.1 b baryon lifetime �t

The b baryon lifetime is determined by a maximum likelihood �t to the r� impact parameter

distribution of the lepton candidates in the �`� sample. The �tting procedure is the same as

was used in the previous aleph measurement of the b baryon lifetime [6]. The total lepton

impact parameter distribution for the �`� sample is a sum of various components describing

each lepton source. Table 2 shows their relative contributions to the �`� sample.

The impact parameter distribution for prompt lepton sources (the �rst �ve components

in Table 2) is obtained by convoluting a resolution function with the physics function which

describes the expected impact parameter distribution in the case of perfect detector resolution.

The physics function is obtained separately for each prompt lepton source from a Monte Carlo

simulation of the decay process. The scale of the physics function is set by the corresponding

lifetime. The �b ! ` and �b ! c=� ! ` physics functions depend on the b baryon lifetime,

the only parameter of the �t, while the background physics functions, b! ` and b! c=� ! `

depend on the average b hadron lifetime and the c! ` function depends on the c hadron

lifetimes. The fragmentation � and combinatorial background �`� combinations are described

with di�erent shapes of physics functions and di�erent b lifetimes. The di�erence in the shape

of the physics functions is due to a di�erence in the momentum spectrum of the candidate �'s

and leptons for the two processes. Di�erent lifetimes are used because the b hadron composition

is di�erent for the two backgrounds. In order to reduce the systematic uncertainty due to the

simulation, the b lifetime for the fake �`� combinations is obtained from the data by �tting

the right-sign sideband of the p� invariant mass while the b lifetime for the accidental �`� is

assumed to be the measured average b hadron lifetime. The sideband is de�ned as the region
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Lepton source �`� source in fraction in %

Table 1

�b ! ` (1) 66:3� 5:9

�b ! (c=�)! ` (2),(3),(4) 2:7 � 1:2

b! ` (5),(8),(9) 23:3� 4:7

b! (c=�)! ` (8),(9) 3:0 � 0:9

c! ` (8),(9) 1:5 � 0:5

Misidenti�ed hadrons (8),(9) 1:4 � 0:7

�, K decays and (8),(9) 1:8 � 0:9


 conversions

Table 2: Lepton sources in the �`� sample with the corresponding �`� sources according to

Table 1. The fraction of signal �b ! ` is obtained using the data, as described previously, while

the other lepton sources are estimated from the Monte Carlo.

of the p� invariant mass outside the � peak, hence when the p� invariant mass, Mp� > 1:146

GeV/c2 and Mp� < 1:250 GeV/c2.

The resolution function describes the detector e�ects on the measurement of the impact

parameter of the candidate leptons. It is derived from simulated events and is parametrised

with a double Gaussian function. Corrections to the width and amplitude of the Gaussian

functions at the level of 10% are applied to account for the di�erence in the impact parameter

resolution of hadron tracks observed between data and Monte Carlo events, as described in

Ref. [6] and [15].

The expected impact parameter distribution for hadrons misidenti�ed as leptons is obtained

from the impact parameter distribution of hadrons selected in the data with the same

requirements as applied to the leptons candidates except the lepton identi�cation. The impact

parameter distribution of leptons coming from K and � decays in 
ight is taken from simulation.

The unbinned maximum likelihood �t to the lepton impact parameter distribution of the

1063 �`� candidates yields a b baryon lifetime of

�(b baryon) = 1:20 � 0:08 ps;

where the quoted error is statistical. Fig. 2 shows the result of the �t and the observed

impact parameter distribution of the lepton candidates in the �`� sample. The �t to the

2207 p� sideband events yields a background lifetime for the fake �`� combinations of

�b�comb = 1:50 � 0:05 ps.

3.2 Systematic errors

The various contributions to the systematic uncertainty in the b baryon lifetime measurement

are listed in Table 3.
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Figure 2: Lepton impact parameter (�) distribution of the selected �`� candidates. The solid

curve is the probability function at the �tted value of the lifetime, while the shaded areas show,

one on top of the other, the background contributions.
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One of the major contributions to the systematic error arises from the lack of knowledge

of the �b polarisation. The �b ! ` physics function is sensitive to the polarisation of the �b

because the impact parameter of the lepton is correlated with its decay angle. The shape of

the �b ! ` physics function is determined using the jetset 7.4 [13] Monte Carlo simulation

corrected by assigning weights to each event according to the measured aleph value of the �b

polarisation of P�b
= �23+25

�21% [16].

A further systematic uncertainty is due to the uncertainties in the parameters of the physics

function which are used for the signal �b ! ` and �b ! c=� ! ` and for the backgrounds

b! `, b! c=� ! ` and c! `. The parameters of each physics function are varied within their

uncertainties, estimated by �tting the expected impact parameter distribution in simulated

events.

The systematic uncertainty due to the impact parameter resolution is estimated from the

variation of the �tted lifetime when the corrections to the resolution function parametrisation

are removed. The full di�erence of the �tted lifetime is taken as a systematic uncertainty,

symmetric around the central value.

The uncertainty in the number of combinatorial background events in the right-sign sample

(see Table 1) is estimated to be 20% by comparing the p� invariant mass distribution in data and

Monte Carlo. The uncertainty due to the contribution of the background of fragmentation �'s is

estimated by varying the production imbalance between right-sign and wrong-sign fragmentation

�'s by �0:20.
The fractions of the lepton sources for the background, shown in Table 2, are obtained from

the Monte Carlo simulation and their uncertainties translated into a systematic error on the b

baryon lifetime.

The e�ective lifetime of the b! ` physics functions for the fragmentation � background is

taken to be the inclusive b hadron lifetime [1]. In addition to the uncertainty in the inclusive b

hadron lifetime, a variation of +0:04 ps in the lifetime is considered. This covers the possibility

of a complete suppression of b baryons in the fragmentation �`�combinations. The uncertainty

in the e�ective lifetime of the combinatorial background is estimated from the statistical error

on the lifetime �t to the p�� sideband.

The determination of the physics functions depends on the modeling of semileptonic b

baryon decay and on b fragmentation. The physics functions are estimated from a Monte Carlo

simulation of �b ! ` with a four-body semileptonic b baryon decay of 20� 20% (relative to the

total semileptonic decay rate), which leads to a systematic uncertainty in the b baryon lifetime.

The systematic uncertainty due to the b baryon fragmentation is estimated from a variation

of the Peterson function [17] which covers an uncertainty in the average b baryon momentum

(hxb�baryoni = 0:715 � 0:030) double that measured from a sample of B mesons [18].

A systematic uncertainty due to the simulation of the impact parameter distribution for the

� and K decays in 
ight is estimated by varying the parametrisation of the function used in the

lifetime �t. The uncertainty due to the parametrisation of the impact parameter distributions

for hadrons misidenti�ed as candidate leptons is negligible, since the distribution is obtained

directly using the data.

The uncertainty in the number of �` combinations arising from physics decay processes

(sources (2) to (7) in Table 1) a�ects the estimation of the b baryon sample purity and leads to

a small systematic uncertainty in the measured lifetime.

Summing all the contributions in quadrature, the total systematic error on the b baryon

lifetime is estimated to be �0:06 ps. In conclusion, the b baryon lifetime measured using �`�

8



Source of systematic error Uncertainty (ps)

�b polarisation (P�b
= �23+25

�21%) �0:037
+0:031

Signal physics functions �0:032
Background physics functions �0:016
Resolution function �0:021
Background lepton source fractions �0:015
Number of combinatorial �`� (�20%) �0:017
Ratio of accidental �`�/ �`+ (R= 0:80� 0:20) �0:010
� fragmentation backg. (�b�frag = 1:55+0:04

�0:02 ps)
�0:010
+0:005

� combinatorial backg. (�b�comb = 1:50 � 0:05 ps) �0:010
�b decay model (4-body decay 20� 20%) �0:015
b baryon fragmentation (hx�bi = 0:715 � 0:030) �0:014
Decay background and Misid function �0:007
Additional �` physics sources �0:005

Total +0:063
�0:066

Table 3: Contributions to the systematic uncertainty in the b baryon lifetime measurement.

The sign of each uncertainty is correlated with the corresponding variation, where reported.
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combinations is

�(b baryon) = 1:20 � 0:08(stat)� 0:06(syst) ps :

This result supersedes the previous aleph measurement [6].

3.3 Measurement of the b baryon production rate

For the the product branching ratio measurement, the requirements for the candidate lepton

track to have at least one associated r� coordinate in the vdet and two hits in the itc

are removed. These requirements are necessary for ensuring a reliable impact parameter

measurement but in the case of the branching ratio measurement they reduce the sample

statistics and they introduce an additional uncertainty due to the simulation of the related

e�ciency. This selection yields 1319 �`� combinations from 4,029,548 hadronic events and

866 � 36(stat) � 78(syst) �`� candidates are attributed to b baryon semileptonic decays. The

reconstruction e�ciency for the signal process �b ! �`� is 7:5 � 0:1(stat) � 0:6(syst)%. The

e�ciency contains the measured branching ratio of �! p�� [1]. Using the aleph measurement

of Rb [19], the product branching ratio, averaged over electron and muon channels, is

Br(b! �b) � Br(�b ! �+
c `
��X) � Br(�+

c ! �X) = (0:326 � 0:016(stat)� 0:039(syst))% :

The systematic uncertainty is dominated by the uncertainty in the estimation of the e�ciency

and in the subtraction of the �`� background combinations. The uncertainties in the e�ciency

are mainly due to a di�erence in the mass resolution between data and Monte Carlo and to the

simulation of the b baryon production (b quark fragmentation) and decay (semileptonic decay

model). This result supersedes the previous aleph measurement [6].

4 Measurement of the �b lifetime using �+
c
`� combinations

A complementary measurement of the �b lifetime is based on the selection of the semileptonic

decays �b ! �+
c `
��� with exclusive reconstruction of the �+

c . Whereas the �rst method (�`�)

averages over all b baryons, this sample is expected to have a large contribution from semileptonic

�b decay. The �+
c `
� combinations allow a measurement of the �b decay vertex and hence

its decay length on an event-by-event basis. From the decay length and an estimate of

the �b momentum it is possible to estimate the proper time and extract the �b lifetime by

performing a maximum likelihood �t. The available �+
c `
� sample is about three times larger

than the previous published result [6] due to the inclusion of the data collected during 1994 and

1995 and the reconstruction of the �+
c decay in one additional channel (��). This method has

fewer events but smaller systematic e�ects than the previous one.

4.1 Selection of �b using �+
c
`
� combinations

There are �ve main sources of �+
c `
� pairs: the signal process (1) in Table 1, the background

processes (2), (3), and (5), and combinatorial background which is mainly fake �+
c associated

with a real or fake lepton.
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Candidates for the decay �b ! �+
c `
��� are identi�ed in hadronic Z events where a �+

c is

associated with a lepton in the same hemisphere. The �+
c candidates are reconstructed in

four decay modes, namely �+
c ! pK��+ , �+

c ! p�K0 , �+
c ! ��+�+�� and �+

c ! ��+. The

standard aleph lepton identi�cation, described in [10], is used in this analysis. The selection

procedure for the �+
c is similar to that used in [6].

In the �+
c ! pK��+ channel, the proton, kaon and pion candidates are required to have

momenta greater than 4, 2 and 1 GeV/c, respectively. The tpc dE=dx measurement for proton

candidates is required to be available and within three standard deviations of that expected

for protons. Inconsistency with the pion hypothesis is also demanded by requiring the dE=dx

measurement to be at least 2 standard deviations away from that expected for pions of similar

momenta. For kaon and pion candidates the speci�c ionization is required, when available, to

be within 3 standard deviations of that expected. This channel su�ers most from combinatorial

background, which is suppressed by introducing a cut on l�c=�l�c > �0:5, where l�c is the

distance between the �b and the �+
c vertices projected onto the �+

c momentum. According

to studies with simulated events, this cut introduces a negligible bias on the �b lifetime. The

�+
c ! ��+�+�� candidates are selected with a � having momentum greater than 3 GeV/c and

three pions with momenta greater than 0.5 GeV/c. The � selection has been described already

in Section 3. For the �+
c ! ��+channel, the � is associated with a pion with momentum greater

than 3.5 GeV/c and the dE=dx measurement, when available, is required to be consistent with

the pion hypothesis. For the �+
c ! p�K0 decay channel, the proton and the K0

S candidates are

required to have momenta greater than 3.5 and 2 GeV/c, respectively. The K0
S candidates are

identi�ed by their decay K0
S ! �+��, with the same algorithm used for the � selection. The

cosine of the proton decay angle in the �+
c rest frame must be greater than �0:8 to reduce the

combinatorial background.

In the four channels, �+
c candidates with momentum greater than 8 GeV/c are selected and

combined with an identi�ed lepton with momentum above 3 GeV/c in a 45� cone around the

�+
c direction in the same event hemisphere. The �+

c `
� system is required to have a momentum

greater than 20 GeV/c and an invariant mass above 3.5 GeV/c2. These two requirements reduce

the combinatorial background and the contribution of background from non b semileptonic

decays. For the measurement of the �b lifetime, further requirements on the track quality

and vertex �ts are applied. To ensure a good reconstruction of the decay length, the lepton

and at least two of the charged tracks from the �+
c ! pK��+ and �+

c ! ��+�+�� candidates

are required to have one or more associated hits in the vdet. For the �+
c ! p�K0 and

�+
c ! ��+ decays this requirement is applied to the lepton and the proton/pion candidates.

The �2 probability of the �+
c and the �b vertex �ts are required to be greater than 1%.

These criteria yield a �nal sample of 193 �+
c `
� combinations selected in a �2� window

around the nominal �+
c mass. The mass resolution � is estimated from the Monte Carlo. Fig. 3

shows the individual contributions of the four �+
c decay channels to the right and wrong-sign

�c` combinations, while Fig. 4 shows their sum after all cuts. A clear signal is observed at

the nominal �+
c mass in the right-sign �+

c `
� combinations while for wrong-sign �+

c `
+ events no

such enhancement is observed.

Table 4 summarises the number of �+
c `
� candidates selected in the four �+

c decay channels.

The fraction of combinatorial background within the mass window is estimated from a straight

line �t to the invariant mass distributions.
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Figure 4: Invariant mass distribution of �+
c candidates associated to leptons in the four �+

c decay

modes for the right-sign (a) and the wrong-sign (b) �c` combinations.

Decay Channel Candidates Background fraction (%) mass resolution � (MeV/c2)

�+
c ! pK��+ 103 27� 2 6:9

�+
c ! p�K0 35 29� 3 8:1

�+
c ! ��+ 18 39� 4 9:2

�+
c ! ��+�+�� 37 31� 3 5:1

Total 193 29� 1 �

Table 4: The number of �+
c `
� candidates and the fraction of combinatorial background within

�2� of the nominal �+
c mass in the four �+

c decay modes after all requirements. The value of

�, estimated from the Monte Carlo, is also reported for each channel.
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4.2 Decay proper time and lifetime �t

For each �b candidate, the proper time is obtained from the �b decay length l, the

�b momentum p, and the �b mass M by the formula:

t(�b) =
lM

p
:

The �b decay length is measured in three dimensions by projecting the vector joining the

interaction point and the �b decay vertex onto the �b 
ight direction as estimated from the

�+
c `
� combination. The typical resolution of the �+

c and the �b decay vertices along their

directions of 
ight are 330 �m and 180 �m respectively. For each event, the error on the

�b decay length is calculated from the track trajectory errors. To estimate the accuracy of

these errors, a distribution of the di�erence between the measured and the true decay length,

divided by its uncertainty, is built for Monte Carlo events. From a double Gaussian �t to these

distributions, two di�erent correction factors on the measured decay length error have been

estimated for each channel. The correction factors have been further modi�ed by a scale factor

that takes into account di�erences in the decay length resolution between data and Monte Carlo.

The �b momentum is determined event by event from the measured �+
c `
� energy and the

reconstructed neutrino energy in the �+
c `
� hemisphere with the same technique as described in

Ref. [20]. A resolution function, �, is de�ned as the ratio of reconstructed to true momentum of

the �b, in order to take into account the uncertainty on the �b momentum reconstruction. It

is obtained for each channel from Monte Carlo simulation and is used to �t the data. For the

�b mass, the world average is used: M(�b) = 5621 � 5 MeV/c2 [21].

The �b lifetime is extracted from a simultaneous unbinned maximum likelihood �t to the

proper time distribution of the four �+
c `
� event samples shown in Table 4. The �tting technique

is similar to that described in [20]. The fraction of combinatorial background events di�ers among

the four �+
c decay modes; it is 29% on average. The parametrisation for the background in each

�+
c `
� sample is taken from a �t to right-sign events from side bands (more than 4� outside the

nominal �+
c mass) and wrong-sign events.

Fig. 5 shows the result of the simultaneous �t of the �b signal and combinatorial background

events. The �tted �b lifetime is

�(�b) = 1:21+0:13�0:12 ps;

where the quoted error is statistical only.

4.3 Systematic errors

The sources of systematic error are summarized in Table 5. The increase in statistics with

respect to the previous published analysis allows the reduction of the systematic errors due to

the fraction and shape of the combinatorial background. By varying the background shape in

the �t, a systematic uncertainty of �0:022 ps is estimated.

The fraction of combinatorial background events in the peak has been varied within its

statistical error. This leads to a change in the �tted �b lifetime of �0:003 ps.

The contribution of the background due to processes (2), (3) and (5) of Section 3 is estimated

using a dedicated Monte Carlo sample to be (4�4) % of the �+
c `
� candidates. Adding a lifetime

component to the background probability density function to reproduce the possible lifetime bias
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Source Uncertainty (ps)

Combinatorial background shape �0:022
Physics background (4� 4 %) �0:017
Resolution function �0:011
�b decay model (20% �20% four-body) �0:011
b fragmentation (hx�bi = 0:715 � 0:030) �0:008
�b polarization (P�b

= �23+25
�21%) +0:004

�0:003
E� calibration �0:005
Combinatorial background fraction �0:003
�b mass (5621 � 5) MeV/c2 �0:001
Total �0:033

Table 5: Sources of systematic uncertainty on the �b lifetime

introduced by these events decreases the �tted �b lifetime by 0:017 ps. The central value of the

�tted �b lifetime has been corrected by this amount.

To estimate the systematic error due to the decay length resolution function an alternative

parametrisation has been used. Varying the widths and the relative fractions of the two

Gaussians used to describe this function by 20%, the �b lifetime changes by �0:011 ps.

The momentum resolution function depends on several Monte Carlo parameters such as the

fragmentation scheme [17], the �b polarization [16] and the �b decay model. The systematic

uncertainty on the �b lifetime due to the polarization is +0:004
�0:003 ps while the uncertainty on

the fragmentation function a�ects the measurement by 0:008 ps. To estimate the e�ect of the

semileptonic decay model assumption on the �b lifetime, the possibility of having a �nal state of

four or more particles has been taken into account. Introducing a 20�20% fraction of four body

semileptonic �b decays (�b ! �+
c l����0 or �0) in the Monte Carlo, the measured �b lifetime

changes by �0:011� 0:011 ps. A correction of �0:011 ps is therefore added to the central value

of the �tted �b lifetime. To estimate the systematic error due to neutrino energy reconstruction

error, the relative proportion of events in the tail of the � distribution is varied by 20%. This

leads to an uncertainty of �0:005 ps in the �b lifetime.

The variation of the �tted �b lifetime due to the uncertainty on the �b mass is �0:001 ps.

Combining the systematic errors from these sources, the total systematic error is �0:033 ps.
The �nal value for the lifetime is

�(�b) = 1:18+0:13�0:12 � 0:03 ps;

which supersedes the previous aleph value [6].
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5 �b Lifetime from �`+`� combinations

A third sample of �b baryons is reconstructed using �+
c `
� combinations with semileptonic decay

of the �+
c :

�b �! �+
c `
�

1 �X
j
�! �`+2 �X

j
�! p�� ;

i.e. a double semileptonic decay. A similar technique was used in the aleph measurement of

the B0
s lifetime using �`+`� combinations [22].

5.1 Sources of �`+`� combinations

Five sources of �`+`� combinations are considered. They are:

(A) �b ! �+
c `
�

1 �X; �+
c ! �`+2 �X

(B) �
�=0
b ! �

0=+
c `�1 �X; �

0=+
c ! ��=0`+2 �X; ��=0 ! ���=0

(C) B! D`�1 �X; D! `+2 �X + fragmentation �

(D) B! D`�1 �X; D! `+2 �X + combinatorial �

(E) B! J= X; J= ! `�1 `
+
2 + �

The �rst is the signal process, used to measure the lifetime of the �b. The second process is due

to the same decay of the strange b baryon, and di�ers from the signal process only in the presence

of an extra pion. The third source is due to two leptons from double semileptonic b quark decay

(b! c`�1 �, c! s`+2 �) combined with a � produced in the fragmentation process. Random track

combinations that sum to the � mass combined with the same double semileptonic b decay form

the fourth source. Decays of the J/ , the �fth source, are speci�cally rejected and do not enter

the sample. Hadrons misidenti�ed as leptons were found to contribute negligibly as the �rst

lepton. They contribute slightly for `2 and are included in background sources (C) and (D).

5.2 Selection criteria

Lambda baryons are selected using the algorithm described in Section 3, with the minimum

momentum lowered to 2 GeV/c, and the minimum decay radius to 1 cm. The p and �� are

identi�ed via their ionization energy loss in the tpc, when such a measurement is available.

Proton candidates are required to satisfy �p + �� < 0 where �i is the normalized dE=dx under

hypothesis i. The �� candidate's ionization is required to lie within three standard deviations

of expectation.

The proton and pion candidates are �tted to a common vertex and rejected if the probability

of such a vertex is less than 10�4, which reduces the combinatorial background. The p��

invariant mass is required to lie within two standard deviations of the nominal � mass, taking

into account the momentum dependence as in Section 3.

Electron candidates for `1 are required to have at least 2 GeV/c of momentum. The �rst

lepton is also required to have a transverse momentum with respect to its nearest jet of at

least 1 GeV/c. The second lepton, coming from the charm baryon decay, is expected to have
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a softer momentum spectrum. Electron candidates for `2 of at least 2 GeV/c must pass the

same identi�cation requirements as for `1 . However, electrons of between 1 and 2 GeV/c are

accepted if ionization energy loss information is available and is incompatible with the proton

hypothesis by at least two standard deviations, as in [22]. From simulation this results in a 17%

relative increase in selection e�ciency for this decay mode. Muon candidates for both `1 and `2
are required to have at least 3 GeV/c of momentum.

To ensure accurate decay length reconstruction, the two leptons are required to have at least

one vdet space point measurement each. They must form a common vertex with probability

greater than 1%; this helps to eliminate the background due to processes (C) and (D) and

leptons from hadrons decaying in 
ight. The lepton pair is also required to have invariant mass

greater than 100 MeV/c2 and outside the range 3.0 { 3.15 GeV/c2, to avoid photon conversions

and J/ decays.

The invariant mass of the � and `+2 is required to be less than 2.3 GeV/c2, and that of the two

leptons and the � greater than 2.3 GeV/c2. This ordering of the two leptons allows a comparison

of their charge with the baryon number of the lambda. Requiring a right-sign combination then

reduces the combinatorial background by half. In addition, the �`�1 `
+
2 invariant mass is required

to be less than 5.6 GeV/c2.

As the signal decay has low multiplicity, candidate hemispheres are required to have at most

nine charged or neutral energy 
ow [10] objects with cos � > 0:95 with respect to `1. This

requirement eliminates 50% of the remaining background events while retaining 90% of the

signal events, according to simulation.

Double semileptonic �b decays, (B), di�er from the signal process only in the presence of

an additional � from the decay � ! �� at the end of the decay chain. In order to suppress

this physics background, a search is performed for the �nal pion. If one is found that forms an

invariant mass with the � within 15 MeV/c2 of the �� mass (50 MeV/c2 for the �0 from �0),

the event is rejected. For the charged pion, this search eliminates 75% of the background process

while retaining 94% of the signal, according to simulation. The neutral case is more di�cult,

26% of these background events are found and rejected with 97% of signal decays retained.

5.3 E�ective variable selection

To obtain the best selection e�ciency after this preselection, an e�ective variable technique

is used to combine variables to discriminate between background and signal processes. This

technique has been used in previous aleph analyses and is explained in detail there [23, 24].

Only kinematic observables are used in constructing the e�ective variable, Xe� . Table 6 lists

the quantities used with the signal/background separation of each. The separation power of an

observable x is de�ned in [23]; it is one for full separation of signal and background, zero for

complete overlap. For comparison, the separation of two Gaussians of unit width one standard

deviation apart is 0:31.

The distribution of this estimator for signal and for the sum of the three background

processes after the preselection has been applied is shown in Fig. 6. Events lying below 0.8 are

selected. This requirement has an e�ciency of approximately 75% for signal and 55% for the

three backgrounds together, 30% for the fragmentation � background. The total reconstruction

e�ciency for the signal process is increased by approximately 15% (relative) over a comparable

set of requirements on the individual variables that would result in a sample of similar purity.

18



Observable S/B Separation Observable S/B Separation

p(�) 0:34 p(�`+2 ) 0:22

p(�`�1 `
+
2 ) 0:32 p(`�1 `

+
2 ) 0:22

rapidity(�) 0:32 cos ��1 0:21

m(�`+2 ) 0:30 cos ��2 0:20

p?(`
�

1 ) 0:30 m(`�1 `
+
2 ) 0:18

m(�`�1 `
+
2 ) 0:23

Table 6: Kinematic quantities used in the e�ective variable selection of �`�1 `
+
2 candidates and

the separation between signal and background processes each provides. Perfect separation is 1

on this scale. The angle ��1 is the decay angle of `�1 in the �`�1 `
+
2 rest frame; ��2 is the angle of

`+2 in the �`+2 rest frame.
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Figure 6: Distribution of Xe� for signal and background processes after the preselection. Events

with Xe� < 0:8 are accepted in the analysis.
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Figure 7: The p�� invariant mass distribution of the �`+`� candidate events. The shading

indicates the events lying outside the momentum-dependent mass window.

5.4 Sample composition

The above requirements select 46 events in the data. The p�� invariant mass of these candidates

is shown in Fig. 7, with the events outside the variable mass window shaded.

The contributions of the three background processes are calculated from their production

rates, estimated below, and the e�ciency with which they pass the above selection criteria,

estimated from Monte Carlo simulation. All remaining events are ascribed to the �b signal.

The �b baryon has been observed and its lifetime measured by aleph and delphi [24, 25].

The combined value for the production rate of �b in Z ! bb decay is Br(b ! �b) � Br(�b !
��`��X) = (5:5�1:2)�10�4 . Assuming the intermediate state includes �c, an estimate of the

production rate of the double-semileptonic �nal state is possible. This requires two unmeasured

quantities, Br(�0
c ! ��`+X) and Br(�0

c ! ��X) . Assuming equality of semileptonic partial

widths, the �rst may be inferred from the measured rate for Br(�+
c ! �`+X) and the lifetimes

�(�0
c) and �(�

+
c ) [1]. Due to the additional strange quark, Br(�

0
c ! ��X) should be larger than

the corresponding value for �+
c , Br(�

+
c ! �X) = 35� 11%. It is taken to be 68� 32%, midway

between the �+
c value and unity, with an error to span the range. Using these and other, known

values from [1], the product branching fraction of ��b to the �nal state of interest is

Br(b! ��b ) � Br(��b ! �0
c`
��X) � Br(�0

c ! ��`+X) = (2:4+2:4
�1:3)� 10�5 :

A similar calculation for the neutral strange b baryon yields (8:6+8:6
�4:7)�10�5. From Monte Carlo

simulation, the e�ciencies to pass the selection criteria are 0:45 � 0:12% and 2:8 � 0:3% for

the charged and neutral cases, respectively. The number of expected events in the sample is
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Source N events Fraction (%) Lifetime (ps)

�b 2:7 +2:6
�1:4 5:9 +5:7

�3:1 1:39 +0:35
�0:27

Fragmentation � 1:6 � 0:4 3:4 � 0:8 1:89 +0:39
�0:31

Combinatorial � 2:2 � 1:0 4:7 � 2:3 2:45 +0:48
�0:38

�b 39:5 +1:8
�2:8 86:0 +3:9

�6:2 {

Table 7: Source fractions and lifetimes used in the likelihood �t to the �b lifetime in the �`+`�

decay mode. Derivations are given in the text.

0:11+0:11
�0:07 from ��b decays and 2:6+2:6

�1:4 from �0
b. The contributions are combined.

The fragmentation � background contribution is estimated from simulation. A total of

1:6� 0:4 events are predicted.

The contribution of the combinatorial � background is estimated from a �t to the data,

using the p�� invariant mass sidebands. The data are subdivided into momentum bins and

�tted with a Gaussian for the signal and a 
at background shape. In total, 2:2� 1:0 events are

expected.

The estimated composition of the �`+`� sample is summarized in Table 7.

5.5 Estimate of the �b proper decay time and likelihood �t to the lifetime

As in the �+
c `
� analysis described in Section 4, the proper time of each �b candidate is inferred

from measurements of its momentum and decay length. The mass of the �b used is 5621 � 5

MeV/c2 [21].

As the � decays well outside the vertex detector, the decay length of the �b is estimated

as the three-dimensional separation between the vertex formed by the two lepton tracks and

that of the primary interaction point, projected onto the 
ight direction of the �`+`� system.

Due to the �+
c lifetime, this causes a slight overestimate of the decay length which is taken into

account in the lifetime �t.

This decay length estimation method has a core resolution of approximately 270� 40�m for

72% of the events and 1010� 110�m for the remainder. These values are taken from simulation

and have been scaled by 1:08�0:13, the observed di�erence in resolution between lepton-hadron

vertices of negative decay length �tted in data and in the aleph Monte Carlo. A similar scaling

was performed in [22]. The o�set due to the �+
c lifetime is 52�m.

The momentum of the �b is calculated from the measured momentum sum of the �`+`�

system and an estimate of the momentum taken away by the two neutrinos. This missing energy

technique is identical to that used in the �+
c `
� analysis described in Section 4. The � distribution

has a mean of 0.96 and an rms of 17% for this decay mode.

The lifetime is measured with an unbinned maximum likelihood �t to the proper time

distribution of the 46 �`+`� events. The likelihood is similar to that described in Section 4. In

addition to the signal process, there are components for the three backgrounds: processes (B),

(C) and (D), whose assumed contributions to the sample were described above and summarized

in Table 7. The other inputs to the likelihood �t are described here.

The average of the aleph and delphi measurements of the �b baryon lifetime [24, 25] is

1:39+0:35
�0:27 ps. In order to use this lifetime in the �t, a � distribution independent of that for the
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Figure 8: Fit to the proper time distribution of the 46 candidates reconstructed in the �`+`�

decay mode.

signal process is used, taken from simulation. It has a mean slightly lower than that for the

signal process due to the missing pion.

The fragmentation and combinatorial � backgrounds are assigned an e�ective lifetime in the

likelihood. For the fragmentation case, this is �tted to the Monte Carlo. The value obtained

(Table 7) is higher than the average b hadron lifetime due to the relatively low momentum of

fragmentation �'s. Additionally, the longer D lifetime creates a `1`2 vertex further from the B

decay point than the �+
c does in the signal decay.

The e�ective lifetime of the combinatorial background is estimated from a �t to events in

the upper sideband of the � mass spectrum in the data, 1:14 < M(p�) < 1:18 GeV/c2. The

selection criteria on the number of energy 
ow objects and dE=dx were removed, selecting 36

events. The e�ective lifetime is higher than h�bi due to the underestimated momentum and

overestimated decay length.

The result of the unbinned maximum likelihood �t to the 46 events observed in data is

�(�b) = 1:33+0:28
�0:23 ps. The quoted error is statistical in nature; the systematic uncertainties

and corrections are described below. The proper time distribution of the data with the �t

superimposed is shown in Fig. 8.

5.6 Systematic uncertainties and corrections

The systematic uncertainties considered are listed in Table 8 and described here.

� The background process fractions are varied by their uncertainties, changing the �tted

lifetime by �0:023 ps. The combinatorial � fraction dominates.
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Source Correction (ps) Uncertainty (ps)

Background fractions { �0:023
Decay length resolution { �0:021
Four-body decays (20� 20% �0=�0) �0:020 �0:020
Background lifetimes { �0:014
Fragmentation (hxbi = 0:715 � 0:030) { �0:007
�b polarization (P�b = �23+25

�21%) �0:007 +0:007
�0:006

m(�b) = 5.621 � 0.005 GeV/c2 { �0:001
Total �0:027 �0:041

Table 8: The systematic uncertainties and corrections of the measurement of �(�b) from �`+`�

combinations.

� The errors on the decay length resolution, including a 100% variation of the o�set due to

�(�+
c ), result in a �0:021 ps variation in the �tted �b lifetime.

� Allowing 20% of the signal decay process to be four-body decays, i.e. �b ! �+
c `
���0 or

�0, the � distribution shifts and results in a correction of the �tted lifetime of �0:020 ps.

This contribution is varied by �100%.

� Varying the input lifetimes of the three background processes by their uncertainties results

in a variation of �0:014 ps on the �tted lifetime. The uncertainty on �(�b) contributes

negligibly.

� The b quark fragmentation function is varied as in Section 3; that is, hxbi = 0:715�0:030,

twice the uncertainty seen for B mesons. This causes a variation in the �tted lifetime of

�0:007 ps.

� Using the �b polarization measurement, a correction and uncertainty of �0:007+0:007
�0:006 ps

are observed.

� Finally, varying the measured value of the �b mass by its errors results in an additional

�0:001 ps systematic uncertainty on �(�b).

Summed in quadrature, these individual contributions give an estimated total systematic

uncertainty on the �b lifetime �tted in this channel of �0:041 ps. With the systematic

corrections, the value for the lifetime is

�(�b) = 1:30+0:26�0:21 � 0:04 ps:

6 Measurement of the �b product branching fraction

Using the measured branching fractions for the �ve �+
c decay channels [1] and the reconstruction

e�ciencies from simulation, the excess of �+
c `
� and �`+`� combinations can be used to estimate
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the average product branching fraction Br(b! �b) �Br(�b ! �+
c `
��X). Again, to increase the

sample size and to avoid possible systematic e�ects due to an imperfect e�ciency simulation,

the requirements on the hits and vertex probability, used to insure precise decay length

reconstruction, are removed. After subtracting the physical background contributions, estimated

from simulation and measured rates [24, 25], the product branching fraction is calculated for

each of the �ve �+
c decay channels (Table 9).

Decay channel
�(�+c !X)

�(�+c !pK��+)
E�ciency (%) Br(b! �b) � Br(�b ! �+

c `
��X)

�+
c ! pK��+ 1:0 6:9� 0:1 0:85 � 0:11� 0:13%

�+
c ! ��+�+�� 0:66 � 0:10 4:7� 0:1 0:79 � 0:20� 0:18%

�+
c ! p�K0 0:49 � 0:07 10:1� 0:2 0:96 � 0:23� 0:21%

�+
c ! ��+ 0:18 � 0:03 8:2� 0:2 0:74 � 0:28� 0:18%

�+
c ! �`+� 0:52 � 0:09 11:6� 0:3 0:92 � 0:14� 0:22%

Average � � 0:86 � 0:07� 0:14%

Table 9: Measurements of the product branching fraction in each of the �ve reconstructed

decay modes of the �+
c . Reconstruction e�ciencies are obtained from simulation; the relative

branching fractions are from Ref. [1]. The value of Br(�+
c ! pK��+) used is 4:4� 0:6%.

The measured rate, averaged over the electron and muon modes, is

Br(b! �b) � Br(�b ! �+
c `
��X) = (0:86 � 0:07(stat)� 0:14(syst))% :

The systematic uncertainty due to Br(�+
c ! pK��+) is �0:12%. The second largest

contribution to the systematic error, �0:04%, is due to the other branching fractions, that

is, Rb and the relative branching fractions to each �nal state. The uncertainties on the levels

of physical and combinatorial background contribute �0:04% and �0:02%, respectively. The

uncertainties on the selection e�ciencies have a negligible e�ect.

7 Conclusion

In a total of approximately 4 million hadronic Z decays collected with the aleph detector

between 1991 and 1995, the lifetime of the b baryon is measured with three independent

methods. Semileptonic b baryon decays are selected using �` correlations. The b baryon lifetime

is measured from a maximum likelihood �t to the impact parameter distribution of candidate

lepton tracks in this sample. The result is �(b baryon) = 1:20�0:08(stat)�0:06(syst) ps. From

the observed yield of �`� and �`+ combinations, the product branching ratio

Br(b! �b) � Br(�b ! �`��X) = (0:326 � 0:016(stat)� 0:039(syst))%

is measured, averaged over electrons and muons.

A maximum likelihood �t to the proper decay time distribution of 193 �+
c `
� combinations

gives a value for the �b lifetime of �(�b) = 1:18+0:13
�0:12(stat)� 0:03(syst) ps.
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A third sample of �b's is reconstructed in the �`+`� decay mode. From a maximum

likelihood �t to the proper decay time distribution of this sample, the lifetime of the �b is

�(�b) = 1:30 +0:26
�0:21(stat)� 0:04(syst) ps.

From the yield of the �ve decay modes comprising the �+
c `
� and �`+`� samples, the product

branching fraction of the �b is measured. It is

Br(b! �b) � Br(�b ! �+
c `
��X) = (0:86 � 0:07(stat)� 0:14(syst))% ;

again averaged over electrons and muons.

As the second and third methods are independent and measure the lifetime of the �b and

not of b baryons in general, they can be averaged directly. The result is:

�(�b) = 1:21� 0:11 ps:

Since the relative contribution of various b baryon species in the �`� sample is not well known

and depends on their relative production rate and lifetime, there is no a priori prescription for

averaging all the lifetime measurements described above. However, assuming that the �b is

the dominant source of b baryons produced at the Z resonance and the di�erences among the b

baryon lifetimes (�b , �b , 
b) are small, the b baryon and �b measurements can be averaged. In

order to have three statistically independent samples, 32 events in the �`� sample are removed

(14 events are in common with the �+
c `
� sample and 18 are in common with the �`+`� sample).

The lifetime �t of the remaining 1031 �`� combinations yields �(b baryon) = 1:22� 0:08� 0:06

ps. The resulting average, taking into account the correlated systematic uncertainties, is

�(b baryon) = 1:21 � 0:08 ps:

This value can be compared with the most recent measurements of the b baryon lifetime [26] and

with the world average of the B0
d meson lifetime [1] of 1:56 � 0:06 ps. The ratio of the lifetimes

of �b and B0 hadrons is 0:78� 0:06, signi�cantly smaller than the theoretical predictions [2, 3].
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