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Numerical Optimization of 6D Cooling Solenoids for
a Muon Collider

S. Fabbri , L. Bottura , and M. Statera

Abstract—In the current most evolved design concept of a ma-
chine for accelerating and colliding muons, there exists two long
(∼1 km) channels for cooling newly created muons and anti-
muons. Termed the ‘6D cooling channels’, the beam is cooled in
momentum and position space using a series of alternating polarity
solenoids which create an oscillating field in the beam direction,
absorbers and radio-frequency cavities. In total there are around
3000 solenoids per channel, contributing to a significant portion
of the cost and engineering demands of the entire machine. The
integration of the requirements of the field profile with feasible
solenoid configurations is a difficult and unique problem, without
analytic descriptions to readily relate these. We have addressed
this problem in two ways: in the first we constrain the optimization
studies of the optics by setting limits on solenoid parameters; in
the second we have developed a numerical optimization routine to
find the best configuration given a desired field profile, in terms
of cost and engineering complexity. The following paper reviews
semi-analytic descriptions of solenoids, select operating limits con-
sidering HTS, followed by the numerical optimization approach
and subsequent results. This procedure is applicable to any solenoid
or set of solenoids and can be an extremely useful optimization tool,
running much quicker than current commercial softwares.

Index Terms—Solenoid, accelerator magnets, muon collider, 6D
cooling.

I. INTRODUCTION

AMUON collider (MuC) holds tremendous potential as
a next-generation tool for high-energy particle physics

discoveries. Above ∼ 2 TeV, a MuC is expected to be the most
energy-efficient choice for exploration of the energy frontier [1],
and at 14 TeV, have a discovery potential similar to that of a
100 TeV proton collider [2]. While it is the muon properties
(mass, point-like particle) which enable such superior effective-
ness in a collider compared to protons or electrons, it’s other
property, a short lifetime at rest (2.2 μs), gives rise to significant
and unique technical challenges.

In the present most advanced design concept of a MuC, a
muon beam is generated by collision of a proton beam with a
production target, resulting in a shower of pions which will decay
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Fig. 1. A simplified conceptual design of an ionization cooling cell for a muon
collider. Wedge shaped absorbers (pink) slow the beam in all directions, while
RF cavities accelerate the beam longitudinally and alternating polarity solenoids
confine the beam radially. CAD model by Mattia Castoldi.

into muons. These newly formed muons have a large spatial and
energy spread, and thus must be cooled in six dimensions (6D) of
the beam phase space (position and momentum) to reach values
suitable for acceleration and high-luminosity collisions. This
cooling process must occur before the muons decay completely.
The only viable solution to achieve this is using ionisation
cooling, which can be divided into two parts: 6D cooling and
final transverse cooling. This paper discusses the former.

In 6D ionization cooling, wedge-shaped absorbers and a
dipole field reduce the beam energy in all directions and the
longitudinal energy spread, RF cavities accelerate the beam
longitudinally, and alternating polarity solenoids confine the
beam radially. A simplified schematic of a 6D cooling cell is
shown in Fig. 1.

The U.S. Muon Accelerator Program (MAP) study produced
a baseline configuration of a 6D cooling channel, consisting of
826 cooling cells over an approximate 970 m distance, with
a total of almost 3 k solenoids [3]. These cells can be divided
into 12 unique types: A1-A4 and B1-B8. Each cell type contains
between 2 to 6 solenoids, with a total of 18 unique solenoid types.
For example, cell A1 has 4 solenoids, all of the same type, labeled
A1-1, while cell B8 has 6 solenoids, of three different types,
labeled B8-1, B8-2, and B8-3. The solenoids exhibit a diverse
range of parameters, from small-bore to large-bore (90 mm to
1.5 m) and modest field to high field on-axis (2.6 T to 13.6 T).
Each cell repeats a certain number of times (Ex. cell A1 repeats
66 times), before progressing to the next cell type. Fig. 2 displays
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Fig. 2. Condensed schematic of the 12 types of cooling cells (A1 to B8) of a muon collider from the MAP configuration [3], with solenoid cross sections and the
on-axis Bz field assuming each cell is in a lattice of neighboring cells of the same type. z-axis values shown correspond to the the middle of the first cell of each
type.

TABLE I
TABLE OF VARIOUS PARAMETERS FOR 12 CELL TYPES AND 18 UNIQUE

SOLENOID TYPES IN THE MAP CONFIGURATION

the on-axis field of each cell type (assuming it is nested in a lattice
of cells), and the solenoid cross-sections.

The solenoid configurations were designed to produce the
required on-axis field profile, but otherwise were constrained
in only two ways: the solenoid must fit in the free space not
occupied by the RF cavities and beam pipe; the peak field in
the solenoid does not exceed the limits of Nb 3 Sn [3]. We
performed an analysis on these solenoids, considering them
operating individually and within their respective lattice, using
the commercial software COMSOL, reported in Table I. We
found substantial stresses (large hoop and tensile radial stress),
forces (37 MN axial force), and quench management challenges
(energy densities up to 91 MJ/m3 of a single coil). This moti-
vated the development of a numerical optimization tool which
can search ideal solenoid configurations given a desired field
profile.

The International Muon Collider Collaboration (IMCC) is
currently evolving the most advanced design concept of a

MuC [4], [5]. Recently, a set of new optics has been developed
in the 6D cooling channel which achieves an output transverse
emittance that is half of what was achieved in previous stud-
ies [6]. This will aid in reaching a lower overall final emittance
before acceleration and collision. During these beam dynamics
studies, solenoid geometries and their corresponding field maps
(among other parameters) are iterated on. To constrain the allow-
able magnet geometries and current densities, we provided a set
of magnet ‘design rules’ in the form of a series of semi-analytic
equations describing key solenoid parameters and corresponding
allowed limits. This yielded a final optics with assumed solenoid
geometries within or near allowed design limits.

The following paper reviews these key semi-analytic descrip-
tions of solenoids and their corresponding imposed operating
limits considering HTS, used in the latest design process. A
newly developed numerical optimization tool is presented which
can search large solutions spaces for ideal solenoids, with results
shown for the MAP configuration.

II. SINGLE SOLENOID PROPERTIES

The following section considers a single solenoid revolved
around the z-axis, as shown in Fig. 3. The magnetic field
components arising from this solenoid can be described in 2D
by Bz and Br. Important parameters to describe the solenoid
include the maximum field on-axis and peak field in the con-
ductor, the self-stresses and forces, the stored magnetic energy,
the self-inductance, and the critical current density Jc. These
guide the design process when considering magnet engineering
complexity, operation, and cost. The following sections give an
overview of analytic and semi-analytic descriptions of some of
these parameters, identification of their operating ranges, and
visualization in the form of magnet aperture vs. magnetic field
(A-B) plots.

A. Analytic and Semi-Analytic Descriptions

The field Bz along the z-axis of the solenoid in Fig. 3 with
current density J can be derived analytically and written as,

Bz(z) =
μ0J
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Fig. 3. Cross-section views of a single solenoid revolved around the z-axis,
with magnetic characteristics shown in a) and key geometric parameters shown
in b) such as the bore radius (Ri), thickness (Th), and length (L). In a) the
magnetic field is visualized with contour lines of the normalized component
and corresponding vectors indicating direction. The field intensity in the cross-
section and surface of the coil is shown, with dark red indicating the highest
field values and dark blue the lowest.
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The peak central field on-axis B0 = Bz(0) is,

B0 = μ0JRiβ ln

[
α+

√
α2 + β2

1 +
√

1 + β2

]
(2)

where α = Rf/Ri and β = L/(2Ri).
The stresses, radial σr(r) and hoop σθ(r), in the midplane

(z = 0) of a solenoid subjected to a magnetic force density
generated by the interaction of its self magnetic field with the
current flowing through it can be approximated by solving a set
of equilibrium equations with boundary conditions [7],

σr(ρ) =
JB1Ri
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where ρ = r/Ri, ν is poisson’s ratio of the material, B1 and
B2 are the longitudinal field Bz at points (r = Ri, z = 0) and
(r = Rf , z = 0) respectively, andκ ≡ B2/B1. The radial stress
profile σr(ρ) can take on both positive and negative values
as a function of ρ, while the hoop stress profile σθ(ρ) will
always be a positive value that decreases from its maximum
at Ri to a minimum at Rf . A key assumption which enables the
solutions σr(ρ) and σθ(ρ) is that the Bz(r, z) variation in the
z-direction is insignificant, accurate for ‘long’ solenoids such
as NMR magnets. The magnets focused on in this study are not
‘long’, and we observed errors up to ∼ 10 % in the calculation
of σθ(ρ). For σr(ρ), the errors are small, except at small bore
radii (Ri � 100mm) where they can become large. With careful
consideration and employing numerical methods where neces-
sary, these equations can provide a quick approximation and are
invaluable for scanning large geometry spaces.

Equations (3) and (4) rely on knowledge ofB1 andB2. An ac-
curate approximation of B1 can be found using equations 3.12b
and 3.15a in [7], however there is currently no mathematical
expression for the field point B2, but instead course estimations
of κ (Ex. κ= 0 for an infinitely long solenoid). For solenoids in
our geometry range, we found κ to vary from roughly −0.02 to
−0.9. This wide variation in κ necessitates numerical methods
to accurately estimate B2.

The magnetic energyEm of a solenoid can be calculated using
the equation

Em =
1

2
LI2 (5)

where L is the self inductance and I is the current in the
conductor. There exist many equations for approximating the
self inductance and mutual inductance of solenoids of different
geometry, summarized in ref. [8]. Equation 86 in [8] is found
to be the most accurate for our range of solenoid geometries,
although it can have errors observed up to ∼5% when the cross
section of the solenoid is large relative to the mean radius. Using
86, the magnetic energy can be written as,

Em =
J2μ0Rm(L · Th)2

2
·(
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)(
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m
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(6)

where Rm is the mean radius (Rm = Ri + Th/2) and η is a
geometric factor η = 0.2235(L+ Th). Note that Em is inde-
pendent of knowledge of the conductor cross-section, because
L ∝ N2 and I ∝ 1/N (where N is the number of conductor
turns), N cancels. The magnetic energy density is the total
magnetic energy divided by the volume of conductor,

em = Em/V. (7)
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B. Operating Limits

The primary properties of a superconductor which can limit its
performance are the critical current density (Jc) and the super-
conductor behavior under various mechanical load conditions,
such as the mechanical stresses (σr, σθ and σz in a solenoid).
To assess limits on these properties, we use HTS (ReBCO) from
Fujikura FESC-SCH tape as a reference [9], which has a large
dataset of Jc measurements [10] and stress measurements. The
Jc measurements were used to fit an analytic description of the
critical current density as a function of the operating temperature
Top and the field perpendicular to the tape plane (in a solenoid
this is Br) [11]. For analyses shown, we consider the following
temperature and margin:
� HTS at Top = 20 K and 2.5K margin
We consider a maximum average hoop stress (σθ) limit of

300 MPa [9], [12]. Although HTS has showed resilience at
higher values, we take some margin to account for poten-
tial induced stresses during quench and stresses from edge-
effects, magnetization and engineering uncertainties. For the
radial stress (σr), we consider a maximum compressive stress
of 300 MPa and a maximum tensile stress of 20 MPa [9].
The maximum tolerated tensile σr before degradation of the
superconductor is approximately 10–100 MPa [13]. To avoid
any tensile σr, a coil can be wound in tension generating a
compressive pre-stress, such that there is no tensile σr when
energized [14], making our initial tensile σr limit possibly
conservative. Although we have no analytic description of the
stress parallel to the axis of the solenoid (σz), we note that a
compressive σz can be tolerated up to 100 MPa [9].

Lastly, the energy stored in these superconducting solenoids
will be very large, and in the event of a quench (loss of supercon-
ductivity in the conductor), this energy will dissipate into heat.
To prevent damage to the magnet during a quench from excessive
temperature rise and induced stresses from non-uniform material
expansion, limiting this stored magnetic energy is crucial. At this
preliminary stage, a simplified estimation of the temperature rise
during a quench can be computed assuming the magnetic en-
ergy is deposited homogeneously. Approximating the Fujikura
FESC-SCH04 tape as 50 μm of Hastelloy C-276 and 60 μm of
copper and using the specific heat capacity of these materials,
with a magnetic energy density of 150 MJ/m3 (16.8 kJ/kg), the
temperature would increase to 128.3 K. This temperature rise
could be reasonable, providing an initial acceptable upper limit.
In the future detailed quench analysis studies will be necessary.

These parameter limits provide an initial framework for it-
erating the design study of all 6D cooling solenoids, while in
parallel more detailed engineering analysis is being carried out
for a proof-of-principle 6D cooling cell demonstrator with HTS
solenoids.

C. A-B Plots

A useful visualization tool of the equations and their corre-
sponding imposed limits described in the last two sections is a
magnet aperture (A) vs. magnetic field (B) plot (A-B), where

TABLE II
LIMITS ON SELECT SINGLE SOLENOID PARAMETERS

Fig. 4. The approximate maximum possible Bz on-axis versus bore radius
(Ri) of a single solenoid with a maximum thickness of 340mm and a length up
to 150mm (top) or 400mm (bottom), for different limiting parameters: red curves
correspond to stress limits, blue to the magnetic energy density limit, and orange
to the critical current density. Solid lines correspond to results found numerically
with COMSOL (COMS.), and dashed lines to analytic or semi-analytic Eqs.

B is the maximum possible field on-axis (B0 in (2)). Such plots
have been part of the conceptual design process for the dipoles
of the collider [15]. However, when considering solenoids there
is added complexity because both the length and thickness of a
solenoid can vary at a specified aperture. Both parameters must
then be scanned over at a given bore radius, and different limits
can be imposed depending on free space constraints.

The parameters focused on thus far to constrain the maximum
allowable field B are the stresses σr and σθ ((3) and (4)), the
magnetic energy density em (7), and the critical current density
Jc, using limits described in Table II. Fig. 4 shows two example
A-B plots for different limits of L. Results are shown using
both numerical (solid curves) and semi-analytic (dashed curves)
methods. As already discussed, numerical methods are required
to provide field values as input for (3), (4) and Jc. Additionally,
because (3) is not accurate at bore radii below ∼100 mm,
these values can also be obtained numerically. Here, we used
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Fig. 5. Example of a mesh of current elements (red) generated for cell B1,
where just half the cell is shown. The geometry of the original B1 coil by MAP
is highlighted. Space required for RF cavities (orange) and the beam pipe (grey)
with 50 mm for insulation are shown.

COMSOL to complete once a fine scan of single solenoids
of varying dimension in the relevant geometry space ((20 ≤
Ri ≤ 500, 50 ≤ Th ≤ 340, 80 ≤ L ≤ 400) [mm], (ΔRi = 10,
ΔTh = 20, ΔL = 20) [mm]), providing a basis for accurate
interpolation of these parameters.

Inspecting Fig. 4, in both L limits considered, up to Ri = 500
the stresses are the limiting constraint, while above this, em can
become the limiting constraint. At bore radii below ∼100 mm
the radial tensile stress can become the limiting constraint,
while above this it is the hoop stress. At lower bore radii, (3)
and (7) slightly overestimate the achievable B0. Despite these
inaccuracies, implementation of these equations in the form of
a magnet design guide in the beam optics optimization process
has been very successful.

III. NUMERICAL OPTIMIZATION APPROACH

The optimization of the solenoids for the 6D cooling channel
is being carried out using a numerical code written in-house,
termed the Solenoid in-Cell Optimization program (SiCO). This
program is built to optimize solenoid configurations given a field
profile corresponding to solenoids in a lattice, however it is also
adapted to provide solutions corresponding to field profiles of
single solenoids or single cells.

SiCO can be broken down into three steps, characterised by
set-up, computation, and filtering based on the desired field
profile and solenoid constraints. In the first step, the input is
defined, including the desired on-axis field, the cell length LC ,
the space a coil can exist within that cell (in z and in r), and
the mesh size (Δz and Δr). The space constraints are set by
the RF cavity dimensions and beam pipe dimensions, given
in [3] and [6]. The RF cavity outer radius was calculated as
≈ 0.765λ/2. An additional 50mm was added radially across the
cell length to account for insulation and mechanical support of
the coil. An example mesh of current elements is shown in Fig. 5.

Second, the program iterates through each current element,
calculating its generated on-axis field Bz , assuming it is in a

re-occurring lattice of alternating polarity elements. The on-axis
field from 2 solenoids of opposite polarity and same geometry,
placed within a cell of length LC which is nested in an infinite
re-occurring set of the same cells can be written using (1) as a
infinite sum,

BLattice
z (z) =

∞∑
i=0

μ0J

2

[
(−1)iBz

(
z − � i

2
	LC + (−1)i

D

2

)

+ (−1)i+1Bz

(
z + � i

2
	LC − (−1)i

D

2

)]
(8)

where � 	 is the ceiling function andD is the distance between the
solenoid centers. For each summation term, the field contribution
of two solenoids is computed, with their central position shifted
by ∓(� i

2	LC − (−1)i(D/2)).
Next, current elements are summed, both spatially and in

their on-axis field contribution, to create larger cross-sections
representative of solenoids. This is repeated for every unique
rectangle within allowable size limits which can be created from
the mesh. Because the number of unique rectangles which can
be created from an NxM grid is N(N + 1)M(M + 1)/4, this
is the most time-consuming step in the procedure.

Lastly, the solutions are filtered based on acceptable field error
and single-solenoid parameter limits described in Table II. Be-
cause the solenoids are assumed in an infinite lattice, the field can
be described as a harmonic seriesBz =

∑
Bi sin(2πz ∗ i/LC).

The acceptable field error is provided by beam optics studies,
and ranges in values of 2− 3% on each component of the first
few harmonics ofBz . Each solutions’s field (and current density)
is scaled such that its maximum is equal to the maximum of the
reference field, after which a fast Fourier transform is performed
to obtain the harmonic components for comparison.

With this tool millions of solutions can be computed very
quickly, allowing the choice of essentially the best solenoids
depending on the design criteria. Additional considerations can
be readily scanned, such as standardization (choosing solenoids
across cells with the same geometry), powering and quench
protection, etc. Calculation of the field only on-axis keeps the
computation time low and enables the power of searching a wide
solution space, however this also means the procedure misses
two important considerations: the influence from neighboring
solenoids (stress, peak field, etc.), particularly relevant to the
radial stress profiles in 4-solenoid or 6-solenoid cells with
solenoids at multiple radii; the homogeneity of the field off-axis
in the beam region. Despite this, it provides an excellent starting
point after which full-field computations can be used to fine-tune
where needed.

A. Example - Cell B1

Cell B1 in the MAP design is characterised by two coils (coil
type B1-1) each of length 500 mm, thickness 150 mm, bore
radius 770 mm, and current density 69.8 A/mm2 (alternating
polarity), in a cell of length 2.75 m. It is the longest cell type,
and has coils with the largest bore radius and coil volume of
0.398 m3 per coil. This results in large stored magnetic energies,
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Fig. 6. Single solenoid volumes versus hoop stresses (left) and magnetic
energy densities (right), corresponding to 2.4 k solutions which satisfy the input
field of a B1 cell and parameter limits. The original B1-1 solenoid is shown in
black.

with em = 68 MJ/m3 in one coil. We can aim to significantly
reduce the coil volume by considering HTS operating at a higher
current density.

An example mesh of current elements for cell B1 is shown
in Fig. 5. Because the cell is very large, we use a larger current
element size of Δz = 10 mm and Δr = 10 mm to make the
computation time required more manageable, as compared to
2.5 mm for smaller cells. The total number of current elements in
the mesh shown is 127 × 53. Roughly 11.6 M unique rectangles
can be built from this mesh, but with minimum and maximum
length and thickness constraints imposed, 3.68 M unique rect-
angles are constructed. After filtering by acceptable error on
each harmonic component, we are left with 74k solutions, and
after further filtering based on acceptable parameter limits (σ,
em, Jc), 2.4k solutions remain. The volume, hoop stress, and
magnetic energy density of these final solutions are shown in
Fig. 6. From a pure cost perspective, the coil volume could be
reduced by 64%, corresponding to single solenoid parameters
σθ = 235MPa and em = 147MJ/m3. If this solenoid is operated
in a lattice, the stress in each solenoid reduces to σθ = 200 MPa
and 1 cell has em = 126 MJ/m3.

IV. PRESENT RESULTS

We used the Solenoid in-Cell Optimization (SiCO) procedure
discussed in the prior section to analyze cells A1 to B3 of MAP.
Analysis of cells with coils at multiple radii (B4-B8) and new
optics configurations [6] is ongoing and will be presented in
the future. Optimization results presented here consider only 2
solenoids per cell. Fig. 7 presents the minimum achievable vol-
ume of conductor per cell for A1-B3, and the corresponding cell
em and single coil stress σθ (values computed with COMSOL
for solenoids in a lattice).

To achieve the minimum volume while maintaining the field
profile, the current densities increase to values ranging from
160 A/mm2 (B1-1) to 402A/mm2 (A3-1). As expected, the
hoop stresses and stored magnetic energies also increase (see
Table I for comparison). However, other parameters stay similar
or improve. The compressive radial stresses are low (maximum
of 35.4MPa in coil A4-1, compared to 49MPa in MAP), with
no tensile radial stress. The peak fields in the conductor are

Fig. 7. Results of the minimum possible coil volume per cell (top) for cells A1
to B3, using the numerical optimization procedure (SiCO) compared to MAP
values. The corresponding cell magnetic energy densities (middle) and peak
average hoop stresses in each coil type (bottom) are shown, where values were
computed with COMSOL for cells nested in lattices.

similar, with a maximum fraction of Jc reached in A3-1, with
J = 0.57Jc (Bpeak = 8.2 T). The net longitudinal forces are
significantly smaller across all of the solenoids (Fz = 36.8 MN
in MAP compared to Fz = 12.4 MN here for B3-1).

This solution set demonstrates the success of this numerical
optimization tool to quickly search for the best solenoids de-
pending on weighted design criteria and technology options. It
provides an excellent starting point for more detailed mechanical
analysis, where parameter limits can be easily changed to gener-
ate new solution spaces depending on evolving understandings.
In the future results will be extended to include cells with more
than 2 coils, and presented for updated optics such as those in [6].
These analyses are ongoing and aim to factor in more complex
considerations such as standardization and powering.

V. SUMMARY

This article has presented important analytic and semi-
analytic descriptions of single solenoid parameters such as
stresses and stored magnetic energy density, and their estab-
lished acceptable limits suitable to guide the magnet design in
a 6D cooling channel of a MuC. The described design process
consists of two phases: in the first, this set of magnet ‘design
rules’ constrains ongoing beam optics studies; in the second, a
numerical tool has been developed to optimize existing [3] and
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evolving magnet configurations [6]. We have demonstrated the
power of this numerical optimization tool to search thousands
of potential configurations so the best solenoids can be selected
based on cost and magnet engineering complexity. The next
step will be analysis of more complex cooling cells which
require more than 2 solenoids, and further considerations such
as standardization.
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