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Abstract

A study is presented of B+ → K0
SK

−π+K+ and B+ → K0
SK

+π−K+ decays
based on the analysis of proton-proton collision data collected with the LHCb
detector at centre-of-mass energies of 7, 8 and 13 TeV, corresponding to an integrated
luminosity of 9 fb−1. The K0

SKπ invariant-mass distributions of both B+ decay
modes show, in the m(K0

SKπ) < 1.85 GeV mass region, a rich spectrum of light-
meson resonances, resolved using an amplitude analysis. A complex mixture of
JPC = 0−+, 1++ and 1+− resonances is observed, dominated by η(1405), η(1470),
η(1760), f1(1285), f1(1420) and h1(1405) resonances. The K

0
SKπ Dalitz plots are

dominated by asymmetric crossing K∗K bands which are different for the two B+

decay modes. This is due to a different interference pattern between the 1++ and
1+− amplitudes in the two channels. Branching fractions are measured for each
resonant contribution.
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1 Introduction

Quantum chromodynamics (QCD) allows, in addition to mesons and baryons, the existence
of exotic states such as glueballs, hybrids, and multiquark states. In particular, gluonium
states have been extensively searched for over the past few decades in several processes
such as radiative decays of charmonium, central production, p̄p annihilations, etc. [1].
The experimental confirmation of states having valence gluon content would provide
fundamental information about QCD in the confinement regime and would be a direct
test of QCD theory [2]. Significant progress on the experimental side has been made,
but many issues remain unresolved [1, 3]. In the sector of the pseudoscalar glueball [4],
phenomenological models [5–7] calculate a mass around 1.4 GeV,1 while lattice QCD
calculations [2] predict a mass around 2.5 GeV. The difference in predicted masses is
caused by the assumed effective gluon mass inside the hadrons [4].

One of the most interesting and disputed questions is the nature of the pseudoscalar
structure with a mass around 1.4 GeV, the so-called “ι(1440)” state. This was first
observed in the early 1980s by the Mark II and Crystal Ball collaborations [8, 9] in
the KKπ final state using J/ψ radiative decays. A summary of the experimental and
phenomenological status of the subject can be found in Ref. [10]. The structure has
been subsequently confirmed by different experiments and is often interpreted as the
combination of three states: two pseudoscalars, the η(1405), η(1475) and one axial state,
the f1(1420) meson [11]. Pseudoscalar structures in the mass region below 2 GeV are also
observed in the η(′)ππ and V V (where V refers to ρ, ω vector mesons) final states [10].
Whether these observed pseudoscalar structures originate from the same source remains
unclear. However, an amplitude analysis of J/ψ → γωω decays by the BES experiment
provides strong evidence of a pseudoscalar state, labeled as the η(1760) [12]. Recently,
the BESIII experiment has performed a high-yield partial-wave analysis of the K0

SK
0
Sπ

0

system produced in radiative J/ψ decays [13], confirming the previously observed resonance
composition of the structure around 1.4 GeV.

The K0
SKπ mass region below 1.6 GeV is further complicated by the presence of two

JPC = 1++ states, f1(1420) and f1(1510), both potential candidates for the ss̄ member
of the JPC = 1++ nonet. The f1(1420) state is observed in π−p interactions and central
production [14], while the f1(1510) resonance is mostly seen in K−p interactions [15,16].
In the latter, strong interference effects are observed between the JPC = 1++ f1(1510)
and the JPC = 1+− h1(1415) states [15]. The presence of two JPC = 1++ states close in
mass suggests the possibility that the f1(1420) could be a K∗K molecule [17].

In the present paper, a study of the B+ → K0
SK

−π+K+ and B+ → K0
SK

+π−K+ final
states is presented.2 These decays can proceed through different diagrams, as shown in
Fig. 1. Decays of B mesons to final states with strangeness have been proposed as potential
channels for searching for gluonium states [18]. A possible diagram for the production of a
gluonium state R0 decaying to K0

SKπ is shown in Fig. 1(a). However, in the same B decays,
contributions from ss̄ and uū resonances are also expected (see Fig. 1(b)–(d)). Possible
diagrams describing the B+ → K0

SK
−π+K+ and B+ → K0

SK
+π−K+ nonresonant decays

are shown in Fig. 2. Note that the K0
SKπ system is charge-conjugated in the two B+

decay modes.3

1Natural units with ℏ = c = 1 are used throughout this paper.
2The inclusion of charge-conjugate processes is implied throughout the paper.
3Kaons and pions charges are not indicated when the sentence refers to both B+ decay modes.
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Figure 1: Possible diagrams for B+ decays involving the production of a resonance R0 being:
(a) a gluonium state, (b) a ss̄ meson, (c)–(d) an uū meson.
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Figure 2: Possible diagrams describing (a) B+ → K0K−π+K+ and (b) B+ → K0K+π−K+

nonresonant decays.

Very little is known at present about charmless B decays to pseudoscalar and axial
meson resonances [19]. The BaBar collaboration [20] has studied neutral resonances,
referred to R0 in the following, in the B+ → R0K+ decays, where the R0 mass spectra
were interpreted as signals from η(1475) → K∗K and η(1295) → ηπ+π−.

2 Detector, data and simulation

The LHCb detector [21, 22] is a single-arm forward spectrometer covering the pseudo-
rapidity range 2 < η < 5, designed for the study of particles containing b or c quarks.

2



The detector elements particularly relevant to this analysis are: a silicon-strip vertex
detector (VELO) [23] surrounding the pp interaction region that allows c and b hadrons to
be identified by exploiting their characteristically long flight distance; a tracking system
that provides a measurement of the momentum, p, of charged particles; and two ring-
imaging Cherenkov detectors that are able to discriminate between different species of
charged hadrons. Photons, electrons and hadrons are identified by a calorimeter system
consisting of scintillating-pad and preshower detectors, an electromagnetic and a hadronic
calorimeter. Muons are identified by a system composed of alternating layers of iron and
multiwire proportional chambers.

The analysis is performed on pp collisions data at centre-of-mass energies 7, 8 and
13 TeV collected by the LHCb experiment during Run1 and 2 and corresponding to an
integrated luminosity of 9 fb−1. The online event selection is performed by a trigger [24],
which consists of a hardware stage, based on information from the calorimeter and muon
systems, followed by a software stage, which applies a full event reconstruction. During
offline selection, trigger signatures are associated with reconstructed particles. Since the
trigger system uses the transverse momentum of the charged particles with respect to the
beam axis, pT, the phase-space and time acceptance is different for events where signal
tracks were involved in the trigger decision and those where the trigger decision was made
using information from the rest of the event only. Data from both trigger conditions are
used but studied separately for consistency tests and for the evaluation of systematic
uncertainties.

Simulation is required to model the effects of the detector acceptance and the applied
selection requirements. In the simulation, pp collisions are generated using Pythia [25]
with a specific LHCb configuration [26]. Decays of unstable particles are described
by EvtGen [27], in which final-state radiation is generated using Photos [28]. The
interaction of the generated particles with the detector, and its response, are implemented
using the Geant4 toolkit [29] as described in Ref. [30]. In the simulation, B+ meson
decays are modeled according to a phase-space distribution.

3 Event selection

This paper presents a study of the two B+ decay modes, B+ → (K0
SK

−π+)K+ and
B+ → (K0

SK
+π−)K+ [31], in the region of m(K0

SKπ) < 1.85 GeV. Candidate K0
S mesons

are reconstructed via their decay into the π+π− final state, classified into two categories.
The first includes K0

S mesons that decay early enough for the pions to be reconstructed
within the VELO, referred to as long K0

S (K0
SLL). The second category includes K0

S mesons
that decay later, resulting in pion track segments that lie outside the VELO, referred to
as downstream K0

S (K0
SDD). While the K0

SLL category has better mass, momentum and
vertex resolution, the number of K0

SDD candidates is approximately twice as large.
Candidate B+ mesons are formed by combining the K0

S candidate with three additional
charged tracks. A kinematic fit of the entire decay tree is performed [32], under the
assumption that the B+ candidate originates from a good-quality primary vertex. The
selection of K0

S and B+ candidates requires appropriate particle-identification information
for each track and imposes broad invariant-mass selections around the known K0

S and B+

masses [19].
To suppress background contribution, in particular the combinatorial background
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formed from random combinations of unrelated tracks, the candidates satisfying the trigger
requirements are filtered by a loose selection, followed by a multivariate analysis optimized
separately for each final state. The selection criteria are tuned to minimize correlation
of the signal efficiency with the kinematic variables, resulting a in better control of the
corresponding systematic uncertainties. As a result, the selection relies minimally on
the kinematics of the final-state particles and instead focuses on the topological features
associated with the detached vertex of the B+ candidate. These features include the
impact parameters of the B+ candidate and its decay products, the fit quality of the
decay vertices of the B+ and K0

S candidates, and the separation of these vertices from
each other and from the primary vertex.

The separation of signal from combinatorial background is achieved by means of a
boosted decision tree (BDT) classifier [33,34], implemented within the TMVA toolkit [35].
For this analysis a BDT with a gradient boosting algorithm [36] is used, with separate
classifiers for the K0

SLL and K0
SDD categories.

Although the amplitude analysis is performed for m(K0
SKπ) < 1.85 GeV (see Sec. 5), to

obtain information on the resonant contribution in an extended mass region, the classifiers
are trained using data and simulated signal decays with m(K0

SKπ) < 2.5 GeV from both
B+ decay modes. The simulation matches the relative yields of the dataset at the various
center-of-mass energies. It is assumed that the efficiencies for the reconstruction of the
B+ → K0

SK
−π+K+ and B+ → K0

SK
+π−K+ decays are the same. Data from the lower

and upper mass sidebands of the B+ signal region are used as background proxy in the
BDT training, as indicated in Fig. 3. The composition of the background sample reflects
the data-taking conditions, and events from the sidebands from both B+ decays are
included in equal proportions. The optimization of the BDT-classifier working point is
performed by considering the figure-of-merit

S =
Nsig√

Nsig +Nbkg

, (1)

where Nsig and Nbkg represent the B+ signal, respectively, in the signal region and
combinatorial background yield in the signal region evaluated by fitting the m(K0

SKπK)
mass distributions.

In order to facilitate the extraction of the K0
S and B+ signal and combinatorial

background components from these invariant-mass spectra, a kinematic fit of the decay
without constraints on the masses of the K0

S and B+ is performed. The binned π+π−

invariant-mass distributions for K0
SLL and K0

SDD candidates are fitted separately. The fit
model uses the sum of two Gaussian functions sharing the same mean for the signal and a
linear function for the background. An effective resolution is computed as

σeff = fσ1 + (1 − f)σ2 (2)

where σ1 and σ2 indicate the width of the two Gaussian functions and f is the fraction of
the first Gaussian contribution. The resulting effective resolutions are σeff = 2.5 MeV and
σeff = 6.5 MeV for the LL and DD categories, respectively. The K0

S signals are selected
within 3.0σeff of the fitted K0

S mass of 497.8 MeV.
To improve the resolution of the other invariant masses, the energy of the selected

candidate K0
S is calculated as

EK0
S

=
√
p2
K0

S
+m2

K0
S
, (3)
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Figure 3: Distributions of the (top) K0
SK

−π+K+ and (bottom) K0
SK

+π−K+ invariant mass
for (left) K0

SLL and (right) K0
SDD candidates.

where pK0
S

is the reconstructed K0
S momentum, and mK0

S
the known K0

S mass [19]. Com-

pared to using the K0
S mass constraint, this method achieves the same resolution for the

K0
SKπK invariant mass but results in a slightly worse resolution, by ∼ 6%, for the K0

SKπ
invariant mass. However, it retains the ability to extract both the B+ and K0

S signals
and the combinatorial background from a fit to the K0

SKπK and π+π− invariant-mass
spectra.

Particle identification of the three charged hadrons is performed using the output
of a neural network (NN) trained on the information of all the relevant subdetectors.
The figures of merit are expressed as PK = NNK(1 − NNπ) for kaon identification and
Pπ = NNπ(1 − NNK) for pion identification, where NNπ and NNK are the NN probabilities
for pion and kaon identification, respectively. Very loose selections are applied to these
quantities to maximize the significance of the B+ candidate invariant-mass peak as a
function of PK or Pπ. Tests performed using a large ηc → K0

SKπ sample [31] show that
(0.35 ± 0.05)% and (3.0 ± 0.1)% of ηc signal decays are removed from both B+ decays
under the pion and kaon hypotheses, respectively. This procedure ensures that minimal
bias is introduced into the angular distributions of the B+ decays. With such particle-
identification requirements it is found that data and simulation agree, in fractional ηc
losses, within two standard deviations (σ).

Figure 3 shows the K0
SK

−π+K+ and K0
SK

+π−K+ invariant-mass spectra for the
selected candidates, separated by K0

SLL and K0
SDD categories. The fits give a signal peak

B+-mass value of 5280.0 MeV and an effective width of σeff = 17.7 MeV. Signal candidates
are selected in a window of ±2σeff (used in the amplitude analysis reported in Sec. 5)
of the fitted B+ mass, common to the four datasets. Table 1 lists the fitted yields and
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Table 1: Fitted B+ signal yield and purity for K0
SK

−π+K+ and K0
SK

+π−K+ final states
separated by K0

S type.

Final state B+ signal yield B+ purity [%]

K0
SK

−π+K+

K0
SLL 2911 ± 68 87.1 ± 0.6

K0
SDD 7672 ± 116 87.7 ± 0.4

K0
SK

+π−K+

K0
SLL 3497 ± 86 83.5 ± 0.6

K0
SDD 8955 ± 112 83.7 ± 0.4
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Figure 4: K0
SKπ invariant-mass distributions for (a) B+ → K0

SK
−π+K+ and (b)

B+ → K0
SK

+π−K+ candidates in the B+ signal region. The gray distributions are obtained
from the B+ mass sidebands normalized to the expected background in the signal region, the
black distributions show the D0 → K0

Sπ
+π− reflection from pions misidentified as kaons.

purities (P ) in the B+ signal region for the different datasets, where the purity is defined
as

P =
Nsig

Nsig +Nbkg

. (4)

It is found that P , for the four datasets, does not depend on the collision energy nor the
data-taking conditions, which simplifies the amplitude analysis and they are analysed
together. Approximately 0.02% of the events contain multiple B+ decay candidates, all of
which are retained for further analysis.

The K0
SKπ invariant-mass spectra for events in the B+ signal region, summed over the

K0
SLL and K0

SDD datasets, are shown in Fig. 4. The lower and upper mass sidebands around
the B+ signal peak, representing the background, defined in the ranges [−6σeff ,−4σeff ]
and [4σeff , 6σeff ], are superimposed onto the K0

SKπ invariant-mass spectrum from the
B+ signal region. For the B+ → K0

SK
+π−K+ final state, which has two kaons with the

same charge, the smallest of the two possible mass combinations is plotted. Notably, for
m(K0

SKπ) < 2.3 GeV, there is only one combination possible.
The K0

SKπ mass spectra show a peak at the position of the f1(1285) resonance, followed
by a broad enhancement suggesting the presence of several states. A D0 → K0

SKπ peak is
visible, originating from the open-charm decay B+ → D0K+. The structure above 1.9 GeV,
which appears only in the background samples, is due to reflections from D0 → K0

Sπ
+π−
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decays, where one pion is misidentified as a kaon. This D0 background contribution
has two different sources: (a) B+ → D0π+ and (b) D0 open-charm production in the
background. The B+ contribution is reconstructed by assigning the pion mass to both
kaon candidates and selecting the candidate if the recalculated masses fall within mass
windows around the D0 and B+ masses. The contribution (b) is reconstructed after
having enhanced the D0 signal by requiring the K0

Sπ
± mass to be in the K∗± mass region.

The combination of these two selections is illustrated by the black distributions shown in
Fig. 4. This contribution is subsequently removed from the sidebands sample.

4 Mass resolution, efficiency and background

The K0
SKπ mass resolution is obtained from simulation as the difference between true and

reconstructed mass in slices of the K0
SKπ mass. The resolution is described by the sum

of two Gaussian functions, with σeff (see Eq. 2) varying across the K0
SKπ invariant-mass

values range 1.3 < m(K0
SKπ) < 1.9 GeV. For K0

SLL candidates σeff spans from 4.5 to
7.0 MeV, while for K0

SDD candidates it ranges from 5.5 to 9.0 MeV. Since the width of the
resonances present in this mass range is much larger than the experimental resolution, its
effect is ignored. An exception is the f1(1285) resonance, whose description is discussed
in Sec. 6.1.

Several angular variables are used to show projected distributions and determine the
efficiency profiles. The B+ decay can be described by the process

B → (K0
SKπ)K4 (5)

where K indicates the kaon participating in resonant decay to the K0
SKπ system, with

m(K0
SKπ) < 1.85 GeV, and K4 is the spectator kaon.

The angular distributions used in this analysis are defined as follows and illustrated in
Fig. 5. The angle θπ(θK) is defined as the angle between the K(π) in the K0

SK(K0
Sπ) rest

frame and the K0
SK(K0

Sπ) direction in the K0
SKπ rest frame. Similarly, the angle θK4 is

defined by exchanging K with K4. Finally, ϕK is the angle formed by the spectator K4

momentum with the normal to the K0
SKπ decay plane.

4.1 Efficiency

The kinematics of a four-body decay are fully described by five independent variables.
A mixture of invariant-mass combinations and decay angles is used as variables in this
analysis. The various possible invariant-mass combinations have different kinematic
bounds, therefore mass-reduced variables are used instead as they always range between 0
and 1. They are defined as [37]

mx =
1

π
arccos

(
2
m−mmin

mmax −mmin

− 1

)
, (6)

where m, mmin and mmax indicate the invariant-mass and its minimum and maximum
kinematically allowed values, respectively. Note that the mx ranges are reduced by the
request m(K0

SKπ) < 1.85 GeV.
Two types of efficiencies are evaluated, total and local. The total efficiency describes

the effects of the reconstruction on the full phase space of the B+ decay to the four-body

7
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Figure 6: Efficiency projections (in arbitrary units) on mx(K
0
SK4) for the (a) K0

SLL and (b)
K0

SDD samples with m(K0
SKπ) < 1.85GeV.

final state. Local efficiencies are evaluated in the specific K0
SKπ mass region considered in

the present analysis. The efficiencies are evaluated using simulated samples that undergo
the same reconstruction and selection criteria as the data. Efficiency distributions are
determined by taking the ratio of selected to generated events, projected onto the relevant
kinematic variables. A comparison of the pT distributions of B+ candidates between
simulation and data shows a small disagreement, which is corrected by weighting the
former to match the latter.

The total efficiency for the two B+ decay modes is evaluated in an iterative manner
as described in Ref. [31]. The local efficiency is evaluated separately for K0

SLL and K0
SDD

simulations using the same method.
First, the variable whose efficiency distribution shows the most significant deviation

from uniformity, mx(K0
SK4), is identified. Figure 6 shows the efficiency projected onto

mx(K0
SK4) separately for the K0

SLL and K0
SDD samples and the result of a fit with a seventh-

order polynomial function, labeled as ϵ1(mx(K0
SK4)). The simulated candidates are then

weighted by the inverse of the efficiency 1/ϵ1(mx(K0
SK4)) and a second variable (mx(K0

SK))
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is chosen and fitted with a fifth-order polynomial function, labeled as ϵ2(mx(K0
SK)).

The events are then weighted by the factor 1/(ϵ1(mx(K0
SK4)) · ϵ2(mx(K0

SK))). The
process continues in this fashion, terminating when the efficiency is consistent with being
uniform across all nine of the considered variables (m(K0

SKπ), five two-body mx(K0
Sπ(K))

combinations and the three angular variables, cos θK , cos θK0
S

and cosϕ) both in their one-

and two-dimensional projections. The total efficiency for each K0
S category, ϵLL and ϵDD,

is found to be well described by the following functions

ϵLL = ϵ1(mx(K0
SK4)) · ϵ2(mx(K0

SK)) · ϵ3(cosϕ) · ϵ4(mx(K0
Sπ)),

ϵDD = ϵ1(mx(K0
SK4)) · ϵ2(mx(K0

SK)) · ϵ3(cosϕ).
(7)

Figure 7 shows the resulting efficiency distributions across the Dalitz plot for
m(K0

SKπ) < 1.85 GeV while Fig. 8 shows the normalized efficiency projected onto cosϕ
and cos θπ.
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+π−K+ decays.

Table 2: Yields and fractional composition of the background from a fit to the candidates in
the B+ mass sidebands for K0

SK
−π+K+ and K0

SK
+π−K+ decays.

Final state Candidates K∗
ne(892) K∗

ch(892) Nonresonant

K0
SK

−π+K+ 1702 0.110± 0.016 0.177± 0.018 0.713± 0.025
K0

SK
+π−K+ 1933 0.126± 0.016 0.073± 0.016 0.801± 0.022

4.2 Description of the background

The background distribution is obtained by inspecting the B+ mass sidebands where the
K0

SLL and K0
SDD data are combined and performing an unbinned maximum-likelihood fit to

the K0
SKπ and two-body mass distributions. The K0

SKπ mass distribution is described by
a fourth-order polynomial function, while the two-particle mass distributions are modeled
including the contributions from charged and neutral K∗(892) resonances with parameters
fixed to known values [19], and a nonresonant contribution. The former are modeled with
relativistic Breit–Wigner (BW) functions, while the latter is represented by a constant
value. In the following K∗

ne(892) and K∗
ch(892) indicate the neutral and charged K∗(892)

contributions, respectively.
Figure 9 shows the K0

SKπ mass spectra of the B+ sidebands along with the result
from the fits. The two-particle mass distributions and fits results are shown in Fig. 10,
with the fit results listed in Table 2.

5 Amplitude analysis

Figure 11 shows the K0
SKπ Dalitz plot in the 1.30 < m(K0

SKπ) < 1.85 GeV mass region,
separately for B+ → K0

SK
−π+K+ (10830 candidates) and B+ → K0

SK
+π−K+ (12930

candidates). The distributions are dominated by two intersecting bands associated with
the K∗

ne(892) and K∗
ch(892) resonances. Notably, the event distribution along the bands

is not uniform, due to the spin of the contributing resonances and their interference.
A comparison between the B+ → K0

SK
−π+K+ and B+ → K0

SK
+π−K+ data reveals
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Figure 10: Two-particle mass distributions of the background candidates in the B+ mass
sidebands with the result of the fit also shown for (a)–(c) K0

SK
−π+K+ and (d)–(f) K0

SK
+π−K+

decays.
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Figure 11: Dalitz plot distribution of the K0
SKπ system for candidates with

1.30 < m(K0
SKπ) < 1.85GeV for (a) B+ → K0

SK
−π+K+ and (b) B+ → K0

SK
+π−K+ de-

cays.

opposite behavior in the interference pattern between the K∗
ne(892) and K∗

ch(892) bands.
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5.1 Fitting method

An amplitude analysis of B+ → K0
SK

−π+K+ and B+ → K0
SK

+π−K+ decays is performed
with two unbinned maximum-likelihood fits, one for each decay channel. The likelihood
function is defined as

L =
N∏

n=1

[
Pϵ(y⃗n)

∑
i,j cic

∗
jAi(x⃗n)A∗

j(x⃗n)∑
i,j cic

∗
jIAiA∗

j

+ (1 − P )

∑
k fkBk(z⃗n)∑

k fkIBk

]
, (8)

where N is the number of events in the B+ signal region and P is the signal purity listed
in Table 1; ϵ(y⃗n) is the efficiency parameterized as described in Sec. 4.1 in terms of the
list of mass-reduced variables, here indicated by y⃗n; the Ai(x⃗n) function, modeled by the
nonrelativistic Zemach-tensor formalism [38–40], described in Appendix A and listed in
Table 15, describes the complex signal-amplitude contribution parameterized as a function
of the list of parameters x⃗n. The parameter ci is the complex coefficient for the i-th signal
component, which is allowed to vary in the fit. One amplitude, the largest, is taken as the
reference by setting |ci| = 1 with zero phase. The term Bk(z⃗n) represents the background
probability-density function, described in terms of the parameters z⃗n as discussed in
Sec. 4.2. It is assumed that interference between signal and background amplitudes can be
ignored. The parameter fk is the magnitude of the k-th background component, obtained
from the fit to the candidates in the sideband regions as described in Sec. 4.2. The
terms IAiA∗

j
=

∫
Ai(x⃗)A∗

j(x⃗)ϵ(y⃗)dx⃗dy⃗ and IBk
=

∫
Bk(z⃗) dz⃗ are normalization integrals.

They are determined through numerical integration on phase-space-generated events, with
initial-state masses for the signal and background samples set according to their respective
distributions measured from the B+-candidate mass. The K0

SLL and K0
SDD datasets enter

in the likelihood function according to their efficiency and purity.
For each contribution, resonant or nonresonant, the fraction is defined as

fi =
|ci|2

∫
|Ai(x⃗)|2 dx⃗∫

|
∑

j cjAj(x⃗)|2 dx⃗
. (9)

The fractions fi do not necessarily sum to 100% because of interference effects. The
uncertainty of each fi is evaluated by propagating the covariance matrix obtained from
the fit. Interference fractions are evaluated as

fij =

∫
2Re[cic∗jAi(x⃗)A∗

j(x⃗)] dx⃗∫
|
∑

j cjAj(x⃗)|2 dx⃗
. (10)

To evaluate the quality of the fit, a large simulated sample is prepared, where events
are generated uniformly in the phase space [41]. These events are weighted by the fitted
likelihood function, normalized to the yields in data and compared to the data distribution
on several invariant-mass and angular projections. Several two-dimensional distributions
are divided into a grid of n× n cells. In total Ncells cells are considered whose weighted
yield is at least two. A χ2 estimator is used, defined as

χ2 =

Ncells∑
i=1

(N i
obs −N i

exp)2/σ2, (11)

where N i
obs and N i

exp are event yields from data and simulation, respectively. Here

σ ≡
√
N i

exp for cells containing more than nine entries, while it is approximated as the
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Figure 12: Fit to the m(K0
SKπ) mass distribution in the f1(1285) mass region with the result

of the fit also shown. The dashed line indicates the fitted background, the vertical dotted lines
indicate the region used for the amplitude analysis.

average of the lower and upper Poisson uncertainties at the 68% confidence level for
lower statistics cells. The figure of merit for the fit quality is defined as χ2/ndf, with
ndf = Ncells − npar − 1, where npar is the number of free parameters and one degree of
freedom is removed because of the normalization constraint.

6 Amplitude fit

6.1 Study of the f1(1285) mass region

The analysis method is first tested on the well known JP = 1+ f1(1285) resonance, which
decays to the K0

SKπ final state mainly through the a0(980)π intermediate state, hereafter
denoted as a0π. Figure 12 shows the low-mass region of the K0

SKπ spectrum, summed
over the K0

SLL, K0
SDD, B+ → K0

SK
−π+K+ and B+ → K0

SK
+π−K+ data samples, where

a significant f1(1285) signal is observed.
The data is fitted using the modulus squared of the BW function

BW(m) =
1

(m0 −m) − iΓ/2
, (12)

where m indicates the K0
SKπ mass, multiplied by a function representing the K0

SKπ phase
space for the signal and a second-order polynomial function for the background. Since the
known width of the f1(1285) resonance, Γ = 23.0 ± 1.1 MeV [19], is comparable with the
average mass resolution in this region, σ = 5.3 MeV, the signal is alternatively modeled
using a BW convolved with the experimental mass resolution. This fit is shown in Fig. 12
with the results from both fits summarized in Table 3.

Both approaches yield similar-quality fits and results, though the width is larger
without the BW convolution (see Table 3). However, for simplicity, the BW model with no
convolution is used to describe the f1(1285) lineshape in the amplitude analysis described
in Sec. 6.2.
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Table 3: Results from the fits in the f1(1285) mass region.

Fitting method χ2/ndf m0 [MeV ] Γ [MeV ] Yield

BW with resolution 13.3/22 1283.5± 1.5 27.4± 5.6 360± 50
BW 13.6/22 1283.5± 1.6 32.3± 5.4 381± 51

Table 4: Results from the amplitude analysis of the f1(1285) mass region. Likelihood variations
are evaluated with respect to the baseline fit (a). Positive changes in the ∆(−2 logL) means
better results.

Amplitudes ∆(−2 logL) Fractions Sum of χ2/ndf
fractions

(a) 1+ f1(1285), PS – 0.601± 0.042, 0.392± 0.042 0.993 62/66=0.94
(b) 0− f1(1285), PS −405.3 0.164± 0.041, 0.784± 0.104 0.948 85/64=1.32
(c) 1+ f1(1285), PS, 19.7 0.577± 0.043, 0.766± 0.101 1.471 64/66=0.97

0− η(1295) 0.129± 0.050

An amplitude analysis of the data in the f1(1285) mass region is performed by
selecting candidates in the 1.248 < m(K0

SKπ) < 1.318 GeV interval, and combining the
B+ → K0

SK
−π+K+ and B+ → K0

SK
+π−K+ data samples. This sample corresponds to

497 events and a B+ purity of P = 0.890 ± 0.015.
Three different hypotheses, listed in Table 4, are used to fit the data; in all cases

the interference between the different contributions is included. In fit (a), the fit model
consists of two contributions: JP = 1+ f1(1285) → a0(980)π and a phase-space (PS)
contribution. In fit (b), the f1(1285) resonance is assumed to have quantum numbers
JP = 0−. This hypothesis is discarded by the fit, having a much worse likelihood and
χ2/ndf values. For (c) an additional η(1295) → a0(980)π contribution is included. This
gives a similar quality to fit (a), but returns large interference terms. The fraction of this
additional contribution is 0.129 ± 0.050, consistent with zero within 2.6 σ. Given the low
significance and the large interference effects, fit (c) is discarded while fit (a) is considered
as the baseline solution. These results are confirmed by the full amplitude analysis of
the K0

SKπ mass spectrum (see Sec. 6.2). The fit projections, with comparisons between
JP = 1+ and JP = 0− f1(1285) assignments, are shown in Fig. 13.

The quoted χ2/ndf value listed in Table 4 for the three different scenarios is obtained
by dividing the Dalitz plot into a 10 × 10 grid and using the method described in Sec. 5.1

6.2 Amplitude analysis of the full low-mass K0
SKπ region

An unbinned maximum-likelihood fit is performed to the data in the low-mass region
m(K0

SKπ) < 1.85 GeV inserting all possible resonances which decay into the K0
SKπ final

state [19]. The B+ → K0
SK

−π+K+ and B+ → K0
SK

+π−K+ data are fitted separately. A
search for the best solution is performed by adding resonances one-by-one and considering
as figures of merit the significance of their fit fractions, which relates to the increase of the
likelihood and the decreasing χ2/ndf. Defining the significance of a given contribution
σR ≡ f/δf , where f and δf are the fitted fraction and the corresponding statistical error,
contributions with σR < 3 are discarded. The list of resonances contributing to the two
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Figure 13: (a) Dalitz plot of candidates in the f1(1285) mass region and (b)–(d) projections
with the fit result also shown.

B+ decay modes is given in Table 5. In addition, a nonresonant phase-space contribution,
and incoherent K∗

ne(892) and K∗
ch(892) contributions are included, modeled by relativistic

Breit–Wigner functions with no angular dependence. According to the results of Ref. [13],
R0 resonances are also allowed to decay directly to the K0

SKπ final state, here described
by a constant term, neglecting a possible intermediate contribution from the K∗

0(700)
whose parameters are affected by large uncertainties [19].

The amplitude for the η(1475) → K∗K decay is used as a reference, with parameters
fixed to the values of Ref. [13]. The fit-fraction and relative-phase results from the fits to
the B+ → K0

SK
−π+K+ and B+ → K0

SK
+π−K+ data are summarized in Table 6.

The fits find the same resonance composition for both B+ → K0
SK

−π+K+ and
B+ → K0

SK
+π−K+ decays and the results can be summarized as follows. The decay

B+ → R0(→ K0
SKπ)K+ is dominated by pseudoscalar η(1405), η(1475) and η(1760) reso-

nances, which contribute via the K∗K, a0π and direct K0
SKπ decay modes. Contributions

from a0(1450)π are tested but found consistent with zero. Significant contributions from
the JPC = 1++ f1(1420) and f1(1510) resonances are also observed. Concerning the
negative C-parity states, the JPC = 1+− h1(1415) resonance is present in both S and
D-waves (see Table 15) as well as the h1(1595) resonance, which contributes only in the
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Table 5: List of the light-meson R0 resonances which contribute to the B+ decays studied. For
the η(1475) resonance both the PDG values [19] (in parentheses) and values from Ref. [13] are
listed. For other resonances PDG values are shown. The f1(1285) width has been increased to
32.3MeV to take into account the experimental resolution (see Sec. 6.1). The decay products of
the h1 resonances can be in either a relative S or D wave (see Table 15).

Resonance JPC m0 [ MeV] Γ [ MeV] Decay mode

η(1295) 0−+ 1294.4 ± 4 55 ± 5 a0π
η(1405) 0−+ 1408.8 ± 2 50.1 ± 2.6 a0π

K∗K
PS

η(1475) 0−+ (1475 ± 4) (90 ± 9) a0π
1507.6 ± 1.6 115.8 ± 2.4 K∗K

PS
η(1760) 0−+ 1751 ± 15 240 ± 30 a0π

K∗K
PS

f1(1285) 1++ 1281.9 ± 0.5 22.7 ± 1.1 a0π
(32.3)

f1(1420) 1++ 1426.3 ± 0.9 54.5 ± 2.6 K∗K
f1(1510) 1++ 1518 ± 5 73 ± 25 K∗K
h1(1415) 1+− 1416 ± 8 90 ± 15 K∗K[S]

K∗K[D]
h1(1595) 1+− 1594 ± 15 384 ± 60 K∗K[S]

K∗K[D]
η2(1645) 2−+ 1617 ± 5 181 ± 11 a0π

K∗K

S-wave decay mode.
An attempt to include the η(1295) → a0π contribution is made, but the significance

σR is found to be below the threshold defined above. An f ′
2(1525) component is also

included, but its fit fraction is consistent with zero as expected due to the very small
branching fraction reported in Ref. [13]. Similarly, the presence of a ϕ(1680) resonance is
tested, but rejected by the fits to the data.

The sum of the fractions exceeds 100%, indicating the presence of interference effects.
The majority of the interference terms are found to be very small. However, contributions
with fractions greater than 5% are present and are mostly due to resonances decaying
directly to K0

SKπ or via global PS contributions.
A comparison is made between the results obtained from the amplitude analyses of

the two B+ decays. This is achieved by introducing the significance nσ1, defined as ∆f/δ,
where ∆f indicates the fraction difference and δ is the associated statistical uncertainty. A
significance nσ2 is also evaluated by replacing ϵ as the sum in quadrature of the statistical
and systematic uncertainties. Similar quantities are defined for the evaluation of the
significance of the phase difference ∆ϕ.

The results, summarized in Table 7, can be outlined as follows. Most of the fractional
contributions are consistent between the two B+ decay modes. A few fractional contribu-
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Table 6: Results of the amplitude analysis for the two B+ → R0(→ K0
SKπ)K

+ final states.

B+ → K0
SK

−π+K+ B+ → K0
SK

+π−K+

Resonance Decay Fraction [%] Phase [rad] Fraction [%] Phase [rad]

η(1475) K∗K 10.7 ± 1.1 ± 1.1 0 10.3 ± 1.1 ± 1.4 0
a0π 1.4 ± 0.4 ± 0.4 3.18 ± 0.19 ± 0.15 1.8 ± 0.4 ± 0.4 2.92 ± 0.14 ± 0.13
PS 15.2 ± 2.1 ± 2.1 3.33 ± 0.10 ± 0.12 8.9 ± 1.4 ± 2.7 3.57 ± 0.11 ± 0.13

Total 27.4 ± 2.4 ± 2.4 – 21.0 ± 1.8 ± 3.1 –

η(1760) K∗K 1.9 ± 0.4 ± 0.3 −1.53 ± 0.16 ± 0.28 3.1 ± 0.4 ± 0.5 −1.16 ± 0.13 ± 0.20
a0π 2.0 ± 0.4 ± 0.3 2.11 ± 0.15 ± 0.20 1.7 ± 0.4 ± 0.3 3.06 ± 0.12 ± 0.24
PS 11.9 ± 1.8 ± 2.7 1.60 ± 0.10 ± 0.19 23.2 ± 2.4 ± 5.1 1.92 ± 0.07 ± 0.22

Total 15.8 ± 1.9 ± 2.7 – 27.9 ± 2.5 ± 5.1 –

η(1405) K∗K 3.5 ± 0.6 ± 1.9 −0.10 ± 0.10 ± 0.20 2.3 ± 0.5 ± 0.7 −0.01 ± 0.11 ± 0.18
PS 5.2 ± 0.5 ± 0.8 1.77 ± 0.11 ± 0.28 6.4 ± 0.5 ± 0.9 1.96 ± 0.13 ± 0.20

Total 8.7 ± 0.8 ± 2.0 – 8.6 ± 0.7 ± 1.1 –

f1(1285) a0π 2.0 ± 0.2 ± 0.2 −0.35 ± 0.13 ± 0.26 2.0 ± 0.2 ± 0.2 −0.47 ± 0.11 ± 0.12
f1(1420) K∗K 11.4 ± 0.7 ± 2.1 4.25 ± 0.08 ± 0.23 6.6 ± 0.5 ± 1.7 4.67 ± 0.10 ± 0.27

h1(1415) K∗K[S] 10.0 ± 0.9 ± 2.0 4.59 ± 0.08 ± 0.20 18.6 ± 1.2 ± 3.5 1.57 ± 0.08 ± 0.55
K∗K[D] 3.3 ± 0.3 ± 0.2 −0.13 ± 0.08 ± 0.16 2.4 ± 0.3 ± 0.2 −2.57 ± 0.08 ± 0.42

Total 13.3 ± 1.0 ± 2.0 – 21.0 ± 1.2 ± 3.6 –

f1(1510) K∗K 2.9 ± 0.4 ± 1.2 −3.23 ± 0.09 ± 0.47 2.6 ± 0.3 ± 2.7 −2.88 ± 0.09 ± 0.23
h1(1595) K∗K[S] 5.3 ± 0.8 ± 1.4 1.44 ± 0.08 ± 0.19 14.8 ± 1.4 ± 2.8 4.20 ± 0.06 ± 0.48
η2(1645) K∗K 1.6 ± 0.2 ± 0.8 2.28 ± 0.10 ± 0.09 0.8 ± 0.2 ± 0.2 2.15 ± 0.12 ± 0.09
PS 18.2 ± 2.4 ± 2.9 3.13 ± 0.09 ± 0.15 25.1 ± 2.6 ± 5.0 2.85 ± 0.07 ± 0.16
K∗

ne 3.2 ± 0.4 ± 0.3 −0.87 ± 0.08 ± 0.22 2.0 ± 0.3 ± 0.3 −1.36 ± 0.08 ± 0.16
K∗

ch 8.4 ± 0.7 ± 0.9 −0.86 ± 0.07 ± 0.19 2.8 ± 0.4 ± 1.0 −0.82 ± 0.07 ± 0.10

Sum 118.0 ± 4.3 ± 6.2 – 135.5 ± 4.6 ± 9.7 –

tions have nσ1 > 5 but with lower significances when nσ2 is considered. In addition it
can be noted that relative phases of positive C-parity contributions are consistent, while
significant differences are observed for negative C-parity resonance contributions. This
effect is observed here for the first time.

In Sec. 5 a significant difference is found between the K0
SKπ Dalitz plots for

B+ → K0
SK

−π+K+ and B+ → K0
SK

+π−K+ data which are explained by the observed
phase differences in the two decay modes. Figure 14 shows the K0

SKπ mass spectrum and
Fig. 15 the two-body mass projections for B+ → K0

SK
−π+K+ and B+ → K0

SK
+π−K+

data together with the projections of the fit. Note the different behavior in the Kπ mass
distributions between the two decay channels. A reasonable agreement between the fit
and the data is observed in all the distributions.

Figures 16 and 17 show the invariant-mass distributions and the fitted functions
weighted by Legendre-polynomial moments up to order eight, for B+ → K0

SK
−π+K+ and

B+ → K0
SK

+π−K+ data, respectively. A good agreement between the data and the fit is
observed for all the distributions, indicating that the fit is capable of reproducing local
structure observed in the Dalitz plot. A comparison between the two figures emphasizes
once more the difference in the angular distributions between the two B+ decay modes.

An additional test on the fit quality is performed by evaluating the χ2/ndf value of
different two-dimensional distributions, divided into 40 × 40 cells, following the method
described in Sec. 5.1. The results are listed in Table 8 and confirm the good description
of the data in most of the distributions. A few higher χ2/ndf values are present as
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Table 7: Fit-fractions and relative-phase differences between the results from amplitude analyses
of the B+ → K0

SK
−π+K+ and B+ → K0

SK
+π−K+ decay modes. The significances nσ1 and

nσ2 defined in the text are also listed for each contribution.

Resonance Decay ∆f nσ1 nσ2 ∆ϕ nσ1 nσ2

η(1475) K∗K 0.5± 1.5± 1.8 0.3 0.2 – – –
a0π −0.4± 0.6± 0.5 0.7 0.6 0.26± 0.24± 0.20 1.1 0.8
PS 6.2± 2.5± 3.5 2.5 1.5 −0.24± 0.15± 0.18 1.6 1.0

Total 6.3± 3.0± 3.9 2.1 1.3 – – –

η(1760) K∗K −1.1± 0.6± 0.6 1.9 1.4 −0.37± 0.21± 0.34 1.8 0.9
a0π 0.3± 0.5± 0.4 0.5 0.4 −0.95± 0.19± 0.31 5.0 2.6
PS −11.4± 3.0± 5.8 3.9 1.8 −0.32± 0.12± 0.29 2.6 1.0

Total −12.2± 3.0± 5.8 4.1 2.0 – – –

η(1405) K∗K 1.2± 0.8± 2.0 1.5 0.5 −0.09± 0.15± 0.27 0.6 0.3
PS −1.2± 0.8± 1.2 1.5 0.8 −0.19± 0.17± 0.34 1.1 0.5

Total 0.0± 1.1± 2.3 0.0 0.0 – – –

f1(1285) a0π −0.1± 0.3± 0.3 0.2 0.2 0.1± 0.2± 0.3 0.7 0.4

f1(1420) K∗K 4.8± 0.9± 2.7 5.6 1.7 −0.4± 0.1± 0.4 3.3 1.1

h1(1415) K∗K[S] −8.6± 1.5± 4.1 5.8 2.0 3.0± 0.1± 0.6 26.7 5.1

K∗K[D] 0.9± 0.4± 0.3 2.4 1.9 2.4± 0.11± 0.5 21.6 5.3

Total −7.7± 1.5± 4.1 5.0 1.8 – – –

f1(1510) K∗K 0.3± 0.5± 3.0 0.6 0.1 −0.35± 0.13± 0.52 2.8 0.7

h1(1595) K∗K[S] −9.5± 1.7± 3.1 5.8 2.7 −2.76± 0.10± 0.52 27.6 5.3

η2(1645) K∗K 0.8± 0.3± 0.8 3.0 0.9 0.13± 0.16± 0.13 0.8 0.7
PS −6.8± 3.5± 5.8 2.0 1.0 0.28± 0.11± 0.22 2.5 1.1
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Figure 14: K0
SKπ invariant-mass for (a) B+ → K0

SK
−π+K+ and (b) B+ → K0

SK
+π−K+

candidates with the amplitude analysis fit projections also shown.

systematic uncertainties are not included by construction. These are possibly related to
imperfections in the fitting model or poor knowledge of the parameters of some resonance
contributions [19].
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Figure 15: Two-body invariant-mass distributions for (a)–(c) B+ → K0
SK

−π+K+ and (d)–(f)
B+ → K0

SK
+π−K+ candidates with the projections from the amplitude analysis.

Table 8: Results from the χ2/ndf tests on various two-dimensional distributions for
B+ → K0

SK
−π+K+ and B+ → K0

SK
+π−K+ data.

B+ decay mode Variables χ2/ndf

B+ → K0
SK

−π+K+ (m(K0
SK

−π+), cos θπ) 1328/1113 = 1.19
(m2(K−π+),m2(K0

Sπ
+)) 920/809 = 1.14

(mX(K−π+), cos θK0) 1230/1102 = 1.12
(mX(K+K−π+), cos θK+) 994/964 = 1.03

(mX(K0
Sπ

+), cos θK) 1316/1039 = 1.27

B+ → K0
SK

+π−K+ (m(K0
SK

+π−), cos θπ) 1201/1185 = 1.01
(m2(K+π−),m2(K0

Sπ
−)) 1063/847 = 1.25

(mX(K+π−), cos θK0) 1222/1142 = 1.07
(mX(K+K+π−), cos θK+) 1286/1064 = 1.21

(mX(K0
Sπ

+), cos θK) 1117/1084 = 1.03

6.3 Partial-waves decomposition

Figure 18 shows the K0
SKπ mass spectra for the two decay modes with contributions of

the different resonances superimposed. Here, the squared moduli of the amplitudes are
summed over all their partial decay modes.

The composition of the structure around 1.5 GeV resulting from this analysis is rather
complex. A superposition of η(1405), f1(1420) and η(1475) is present, with similar
fractional composition to that obtained from radiative J/ψ decays [11,13]. In addition,
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Figure 16: Fit projections of the K0
SKπ mass spectra where both the fit and the data are

weighted by Legendre-polynomial moments as functions of cos θK for B+ → K0
SK

−π+K+ decays.

significant contributions from h1(1415), h1(1595) and f1(1510) resonances are found.
The ratios of fit fractions for the f1(1420) and h1(1415) resonances are found to be
rather different, 0.86 ± 0.08 ± 0.20 and 0.32 ± 0.03 ± 0.10 for B+ → K0

SK
−π+K+ and

B+ → K0
SK

+π−K+ decays, respectively (Fig. 18(b) and (d)).
Other experiments also studied the K0

SKπ system. The f1(1510) resonance was first
observed in K−p interactions by the ACNO collaboration [16] where it is found that this
state fits well the hypothesis of being the ss̄ member of the JPC = 1++ nonet. Furthermore,
the h1(1415) was first observed in K−p interactions [15] through a significant interference
with the f1(1510) resonance. On the other hand, the f1(1420) resonance dominates the
K0

SKπ mass spectrum in central production [14] and a molecular assignment for this
resonance has been proposed [17].
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Figure 17: Fit projections on K0
SKπ mass spectra where both the fit and the data are weighted

by Legendre polynomial moments as functions of cos θK for B+ → K0
SK

+π−K+ decays.

7 Systematic uncertainties and tests

Several systematic uncertainties are evaluated and listed in Tables 16 and 17 of Appendix B
for B+ → K0

SK
−π+K+ and B+ → K0

SK
+π−K+ data, respectively. In the baseline fits

the radius r, which enters the Blatt–Weisskopf form factors [42] used by the relativistic
BW function describing the K∗(892) resonances, is fixed to 2.5 GeV−1 [31]. This value is
varied to 1.5 and 3.5 GeV−1 and the average of the variations with respect to the baseline
fit results is taken as systematic uncertainties (listed as r in Tables 16 and 17).

The mass and width of the resonances included in this analysis are fixed to their known
values, as listed in Table 5. Attempts to vary these parameters freely during the fits were
unsuccessful due to fit instabilities introduced by the large number of free parameters.
The uncertainty associated to this effect is evaluated by performing 100 alternative fits
to data where, in each fit, the mass and width of each resonance is randomly sampled
from Gaussian functions based on their known values and uncertainties [19], also listed in
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Figure 18: K0
SKπ invariant-mass distribution of (a)–(b) B+ → K0

SK
−π+K+ and (c)–(d)

B+ → K0
SK

+π−K+ decays.

Table 5. The root-mean-squares of the differences with respect to the baseline fit results
are taken as systematic uncertainties (indicated as BW).

The a0(980) resonance is described by a coupled-channel Breit–Wigner described by
Eq. 17 in Appendix A. The measured parameters describing the resonance are varied
within their known statistical uncertainties, and the average of the absolute deviations
from the baseline fit results are taken as systematic uncertainties (indicated as a0).

The effect of the uncertainty on the efficiency model is evaluated by repeating the
fit using a modified model where the last correction term in the functional expressions
describing the efficiency in Eq. 7 is removed for both K0

SLL and K0
SDD datasets. The

deviations of the fit results from the baseline values are small (indicated as eff).
The uncertainty due to the background model is evaluated by varying within uncer-

tainties the purity of the B+ signal, listed in Table 1, and the fitted fractions of the K∗

contributions describing the background model and listed in Table 2. The averages of
the absolute deviations of the fitted fractions and phases from the baseline fit results are
assigned as systematic uncertainties (indicated as bkg).

The K0
SKπ mass spectrum has limited phase space near the threshold and a large

number of simulation samples are performed to evaluate normalization integrals. To assess
the impact on the results, the number of the simulated candidates is doubled and halved
and the average of the resulting variations with respect the baseline fit results is taken as
systematic uncertainty (indicated as int).
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The effect of the trigger (trig) on the composition of the dataset is evaluated by
first recomputing separate efficiencies for the two types of trigger samples (described in
Sec. 2) and separate K0

SLL and K0
SDD simulations. The K0

SK
−π+K+ and K0

SK
+π−K+

mass spectra are also fitted separately to evaluate the purities in each subsample. Then,
the likelihood function given by Eq. 8 is modified in order to include separate contributions
for each dataset. The increase of the likelihood value determines a small improvement
in the description of the data. The absolute deviations from the baseline fit results are
included as systematic uncertainties. The different sources of systematic uncertainties are
added in quadrature assuming no correlations among them, with the total uncertainties
listed in Tables 16 and 17 in Appendix B.

Further tests of the amplitude model are performed for which no sizable impact on
the results is found. Possible fit biases are evaluated by generating, from the baseline fit
solution, large samples of pseudoexperiments having the same size as the datasets. These
samples are then fitted with the same baseline model, with deviations on the fractions
and relative phases from the baseline fit results evaluated. It is found that the average
values of these deviations are found to be consistent with zero, and the root-mean-square
values of the distributions agree well with the statistical uncertainties resulting from the
fits to the data.

The effect of a small discrepancy between data and simulation in the calculation of
the tracking efficiency is evaluated by applying corrections to the simulation based on
high yield control samples. It is found that the kinematic variables used in the description
of the data and simulation are not affected by these corrections. Charge conjugation on
B+ → K0

SK
−π+K+ and B+ → K0

SK
+π−K+ decays is tested by fitting separately B+

and B− data. The differences in the fractions and phases are found consistent with zero
within uncertainties.

In Sec. 4 (Eq. 5) it is assumed that the K0
SKπ system is “decoupled” from the kaon

(K4) which is assumed to be a spectator. This assumption is reasonable given the strong
kinematic constraint of m(K0

SKπ) < 1.85 GeV, which removes all possible resonances
involving particles from the K0

SKπ system and the spectator kaon. Therefore two-body
and three-body invariant-mass combinations involving the spectator kaon should behave
just as phase space (see Appendix C). It is found that the fit reproduces all of the
invariant-mass distributions reasonably well.

8 Measurement of the branching fractions

Branching fractions for the process B+ → R0K+ channels are evaluated. Table 9
reports the branching fractions measured in Ref. [31] for B+ → K0

SK
−π+K+ and

B+ → K0
SK

+π−K+ decays using as reference the known B+ → ηcK
+ and B+ → J/ψK+

branching fractions [19].
The amplitude analysis discussed in Sec. 6 evaluates the fraction of events fR for

resonance R0 in the m(K0
SKπ) < 1.85 GeV region. Using this information, it is possible

to compute the branching fraction for resonance R0 as

B(B+ → R0(→ K0K±π∓)K+) = fR · R · B · fK0 , (13)

where fK0 indicates the correction for the unseen K0 decay modes. This correction takes
into account B(K0 → π+π−) = 0.6920±0.0005 [19] and a factor two for the K0

L component
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Table 9: Measured branching fractions B for B+ → K0
SK

−π+K+ and B+ → K0
SK

+π−K+

from Ref. [31]. The first uncertainty is statistical, the second systematic and the third is
due to the uncertainties on the known B+ → ηcK

+ and B+ → J/ψK+ branching fractions.
Inverse-variance-weighted averages of the two measurements are also reported.

Final state Reference B (×10−5)

B+ → K0K−π+K+ ηc 32.3± 0.3± 2.0± 7.2
J/ψ 34.0± 0.7± 0.9± 3.1

average 32.6± 0.3± 0.8± 2.9

B+ → K0K+π−K+ ηc 26.6± 0.3± 0.7± 5.9
J/ψ 28.0± 0.7± 1.4± 2.6

average 26.8± 0.3± 0.6± 2.3

in the K0 meson, yielding a total factor fK0 = 2.890 ± 0.001. The R factor is computed
using efficiency-corrected data as

R =
N(m(K0

SKπ) < 1.85 GeV)

Ntot

, (14)

where N(m(K0
SKπ)) indicates the event yield in the indicated mass region and Ntot the

total B → K0
SKπK event yield.

To evaluate the above ratios, the total efficiency correction for the four-body decay
B+ → K0

SK
−π+K+ is used, as described in Ref. [31]. The candidates are weighted by the

inverse of the total efficiency, and the resulting K0
SKπK mass spectra are fitted to obtain

the total B+ yields. The same method is used to obtain the efficiency-corrected yield
for m(K0

SKπ) < 1.85 GeV. Tables 10 and 11 give information on the uncorrected and
corrected B+ yields. Before evaluating the B+ → K0

SK
−π+K+ and B+ → K0

SK
+π−K+

yields, background contributions from open-charm b-hadron decays B+ → D(s)X, where
X indicates one or two additional particles, must be subtracted.

To account for possible charm resonances in the background, the two- and three-body
invariant-mass distributions for B+ candidates in the mass sideband regions are sub-
tracted from the corresponding distributions of the signal region applying an appropriate
normalization. In the mass region m(K0

SKπ) < 1.85 GeV, a D0 → K+π− contribution is
removed from the B+ → K0

SK
+π−K+ candidates, while no open-charm contribution is

present for B+ → K0
SK

−π+K+ decays.
The resulting ratios are R = 0.147 ± 0.002 ± 0.003 for B+ → K0

SK
−π+K+ and

R = 0.206 ± 0.003 ± 0.002 for B+ → K0
SK

+π−K+ data. Systematic uncertainties are due
to variations of the fit models used for subtraction of the open-charm contributions [31].
The systematic uncertainty on the charm fraction is obtained by comparing results with
and without efficiency corrections.

The fractional contributions resulting from the amplitude analysis given in
Table 6 for B+ → K0

SK
−π+K+ decays are converted to branching fractions,

listed in Table 12. This is achieved by multiplying by the total scaling
factor s = R · B · fK0 = (13.84 ± 0.23 ± 0.45 ± 1.19) × 10−5, where B indicates the
B+ → K0

SK
−π+K+ branching fraction and the third uncertainty is due to the branching

fraction B listed in Table 9.
Similarly, the fractional contributions given in Table 6 for B+ → K0

SK
+π−K+ are
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Table 10: (Left) uncorrected and (right) efficiency-corrected yields of B+ candidates and charm
contributions in B+ → K0

SK
−π+K+ decays. The second uncertainty in the corrected yields is

systematic.

Contribution Yield Corrected yield

B+ → K0
SK

−π+K+ 95200± 480 173600± 800± 240

D−
s → K0

SK
− 1490± 70 2590± 80

D0 → K+K− 280± 30 580± 50
D0 → K0

SK
−K+ 17130± 130 28070± 170

D0 → K0
SK

−π+ 490± 40 950± 50

Sum of charm 19390± 160 32190± 200
Charm fraction 0.180± 0.002± 0.006
Charmless B+ decays 78090± 430 142390± 720± 970

B+ → K0
SK

−π+K+ m(K0
SKπ) < 1.85GeV 11310± 150 20870± 260± 370

Table 11: (Left) uncorrected and (right) efficiency-corrected yields of B+ candidates and charm
contribution in B+ → K0

SK
+π−K+ decays. The second uncertainty in the corrected yields is

systematic.

Contribution Yield Corrected yield

B+ → K0
SK

+π−K+ 68020± 120 131130± 680± 1270

D+
s → K0

SK
+ 1090± 60 2060± 80

D0 → K+π− 4460± 90 8340± 120

D0 → K0
SK

+π− 820± 40 1660± 60

Sum of charm 6370± 110 12050± 150
Charm fraction 0.090± 0.002± 0.002
Charmless B+ decays 61650± 160 118520± 650± 1170

B+ → K0
SK

+π−K+ m(K0
SKπ) < 1.85GeV 12600± 260 24770± 280± 20

D0 → K+π− 180± 20 410± 30

Charm fraction 0.014± 0.002± 0.002
Charmless B+ decays 12420± 250 24410± 280± 60

converted to branching fractions, listed in Table 13 by multiplying by the total scaling
factor s = R · B · fK0 = (15.96 ± 0.29 ± 0.43 ± 1.39) × 10−5.

As noted in Sec. 6.2 the resulting fractions are consistent among the two channels
when including the systematic uncertainties. Assuming compatibility between the two
sets of measurements, it is possible to evaluate the inverse-variance-averages of the two
sets of measurements, as given in Table 14.

9 Summary

A study is presented of B+ → K0
SK

−π+K+ and B+ → K0
SK

+π−K+ decays at proton-
proton collision energies of 7, 8 and 13 TeV using the LHCb detector with an integrated
luminosity of 9 fb−1. The K0

SKπ invariant-mass spectra, in the m(K0
SKπ) < 1.85 GeV

mass region, show a rich spectrum of light-meson resonances which are identified by means
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Table 12: Measured branching fractions for B+ → R0K+ from B+ → K0K−π+K+ decays.

Contributions B(B+ → R0K+)× 10−5

B+ → η(1475)K+ → (K∗K)K+ 1.49± 0.15± 0.16± 0.13
B+ → η(1475)K+ → (a0(980)

−π+)K+ 0.19± 0.05± 0.05± 0.02
B+ → η(1475)K+ → (K0K−π+)K+ 2.09± 0.29± 0.31± 0.18

B+ → η(1760)K+ → (K∗K)K+ 0.27± 0.05± 0.05± 0.02
B+ → η(1760)K+ → (a0(980)

−π+)K+ 0.28± 0.05± 0.04± 0.02
B+ → η(1760)K+ → (K0K−π+)K+ 1.64± 0.25± 0.37± 0.14

B+ → η(1405)K+ → (K∗K)K+ 0.48± 0.08± 0.26± 0.04
B+ → η(1405)K+ → (K0K−π+)K+ 0.72± 0.08± 0.12± 0.06

B+ → f1(1285)K
+ → (a0(980)

−π+)K+ 0.27± 0.03± 0.02± 0.02

B+ → f1(1420)K
+ → (K∗K)K+ 1.58± 0.10± 0.30± 0.14

B+ → f1(1510)K
+ → (K∗K)K+ 0.40± 0.05± 0.17± 0.03

B+ → h1(1415)K
+ → (K∗K)K+ 1.85± 0.14± 0.28± 0.13

B+ → h1(1595)K
+ → (K∗K)K+ 0.74± 0.12± 0.19± 0.06

B+ → η2(1645)K
+ → (K∗K)K+ 0.22± 0.03± 0.11± 0.02

Table 13: Measured branching fractions for B+ → R0K+ from B+ → K0K+π−K+ decays.

Contributions B(B+ → R0K+)× 10−5

B+ → η(1475)K+ → (K∗K)K+ 1.42± 0.15± 0.20± 0.12
B+ → η(1475)K+ → (a0(980)

−π+)K+ 0.25± 0.06± 0.05± 0.02

B+ → η(1475)K+ → (K0K+π−)K+ 1.23± 0.20± 0.38± 0.11

B+ → η(1760)K+ → (K∗K)K+ 0.42± 0.06± 0.07± 0.04
B+ → η(1760)K+ → (a0(980)

−π+)K+ 0.24± 0.06± 0.04± 0.02

B+ → η(1760)K+ → (K0K+π−)K+ 3.21± 0.31± 0.71± 0.28

B+ → η(1405)K+ → (K∗K)K+ 0.32± 0.07± 0.09± 0.03

B+ → η(1405)K+ → (K0K+π−)K+ 0.89± 0.08± 0.13± 0.08

B+ → f1(1285)K
+ → (a0(980)

−π+)K+ 0.28± 0.03± 0.03± 0.02

B+ → f1(1420)K
+ → (K∗K)K+ 0.92± 0.07± 0.24± 0.08

B+ → f1(1510)K
+ → (K∗K)K+ 0.36± 0.05± 0.38± 0.03

B+ → h1(1415)K
+ → (K∗K)K+ 2.91± 0.17± 0.50± 0.22

B+ → h1(1595)K
+ → (K∗K)K+ 2.05± 0.20± 0.39± 0.18

B+ → η2(1645)K
+ → (K∗K)K+ 0.11± 0.02± 0.03± 0.01

of an amplitude analysis of both decay modes.
It is found that the K0

SKπ mass spectrum is dominated by JPC = 0−+, 1++ and
1−+ resonances. Strong interference is observed between the JPC = 1++ and JPC = 1−+

contributions with different patterns in the two decay modes. These interference patterns
are similar to those observed in K−p interactions [15] between the h1(1415) and f1(1510)
resonances. In the present analysis, the contribution from the f1(1510) is found to be small,
with the interference instead generated between the h1(1415) and f1(1420) resonances. The
presence of two I = 0, JPC = 1++ resonances that are close in mass, namely the f1(1420)
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Table 14: Inverse-variance-averages of the branching fraction measurements for B+ → R0K+

from B+ → K0K−π+K+ and B+ → K0K+π−K+ data.

Contributions B(B+ → R0K+) × 10−5

B+ → η(1475)K+ → (K∗K)K+ 1.45 ± 0.11 ± 0.12 ± 0.09
B+ → η(1475)K+ → (a0(980)π)K+ 0.22 ± 0.04 ± 0.03 ± 0.01
B+ → η(1475)K+ → (K0Kπ)K+ 1.51 ± 0.16 ± 0.24 ± 0.09

B+ → η(1760)K+ → (K∗K)K+ 0.34 ± 0.04 ± 0.04 ± 0.02
B+ → η(1760)K+ → (a0(980)π)K+ 0.26 ± 0.04 ± 0.02 ± 0.02
B+ → η(1760)K+ → (K0Kπ)K+ 2.21 ± 0.20 ± 0.33 ± 0.13

B+ → η(1405)K+ → (K∗K)K+ 0.38 ± 0.05 ± 0.09 ± 0.02
B+ → η(1405)K+ → (K0Kπ)K+ 0.80 ± 0.05 ± 0.09 ± 0.05

B+ → f1(1285)K+ → (a0(980)π)K+ 0.28 ± 0.02 ± 0.02 ± 0.02

B+ → f1(1420)K+ → (K∗K)K+ 1.14 ± 0.06 ± 0.19 ± 0.07

B+ → f1(1510)K+ → (K∗K)K+ 0.38 ± 0.03 ± 0.15 ± 0.02

B+ → h1(1415)K+ → (K∗K)K+ 2.22 ± 0.10 ± 0.23 ± 0.10

B+ → h1(1595)K+ → (K∗K)K+ 1.04 ± 0.10 ± 0.12 ± 0.06

B+ → η2(1645)K+ → (K∗K)K+ 0.15 ± 0.02 ± 0.02 ± 0.01

and f1(1510), complicates the interpretation as both states compete to be interpreted
as the ss̄ member of the JPC = 1++ nonet [15]. The relative phases of the JPC = 1−+

resonances are found to be different in the two final states as a result of the inversion of the
population of neutral and charged K∗ in the K0

SKπ Dalitz plot for B+ → K0
SK

−π+K+

and B+ → K0
SK

+π−K+ decays.
A strong JPC = 0−+ contribution is found, composed of η(1405), η(1475) and η(1760)

resonances. As these states are also observed in J/ψ radiative decays, this suggests that
their production mechanisms are possibly similar to those acting in B+ decays.

The understanding of the I = 0, JPC = 0−+ nonet is still incomplete, with each of the
three η resonances being proposed as candidates for the pseudoscalar glueball [43] (see
the review on the spectroscopy of light-meson resonances in Ref. [19]).

In this paper, the first measurements of branching fractions for exclusive B+ → R0K+

decays are reported, where R0 is an I = 0 resonance having uū, ss̄ or possibly gg content.
These results provide new information on light-meson spectroscopy in the low-mass region,
offering insights into gluonium physics, a fundamental aspect of QCD. New experimental
inputs may arise in the near future from current experiments studying charmonium decays
or central production, or from future proton-antiproton colliders.
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tion (Germany); ICSC (Italy); Severo Ochoa and Maŕıa de Maeztu Units of Excellence,
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A Appendix A

An amplitude analysis is performed on candidates in the B+ signal region (see Sec. 3)
and m(K0

SKπ) < 1.85 GeV to describe the two B+ decays and to obtain information on
the resonances contributing to the K0

SKπ final state. Amplitudes are modeled by the
nonrelativistic Zemach-tensor formalism [38–40]. The particles involved in the decay are
labeled as

B → π1K2K
0
3K4,

and the decay is assumed to proceed as

B → R0K4,

where R0 indicates an intermediate resonance which decays as

R0 → π1K2K
0
3 , (15)

and K4 is assumed to be a spectator. An isobar model is assumed for the decay of
the resonance as R0 → Xc, where X indicates a two-body X → ab resonance. While
the B → R0K4 process is a weak decay and conserves only angular momentum, the
R0 → π1K2K

0
3 transition is a strong decay and conserves angular momentum and parity.

In the decay R0 → π1K2K
0
3 , pi (i = 1, 2, 3) indicate the momenta of the three particles in

the rest frame of the π1K2K
0
3 system. The amplitudes are defined as follows.

• Symmetric and traceless tensors of rank L constructed with pi are used to describe
orbital angular momenta L between the resonance X and c.

• Symmetric and traceless tensors of rank S constructed with ti are used to describe
the spin of the intermediate resonance X. For a resonance X, decaying to the a and
b final states, having 3-momenta pj , pk with masses mj and mk, the ti are defined as

ti = pj − pk − (pj + pk)
m2

j −m2
k

m2
jk

, (16)

with cyclic i, j, k indices.

• The tensors are then combined into a tensor TJ of rank J to obtain the spin J of
the π1K2K

0
3 system.

• To describe the decay B → R0K4, q4 indicates the momentum of the kaon K4 in
the B rest frame. A symmetric and traceless tensor QJ of rank J made with q4 is
used to describe the orbital angular momentum between R0 and K4.

• Finally, the two TJ and QJ tensors are contracted to a scalar to obtain the spin of
the B meson.

Resonances that can contribute to the decay of the K0
SKπ system for

m(K0
SKπ) < 1.85 GeV are: K∗(892)+, K∗(892)0, and a0(980). The K∗(892) resonance is

described by a complex spin-1 relativistic BW function with standard Blatt–Weisskopf [42]
form factors and a radius r fixed to 2.5 GeV−1 [31]. The symbol K∗(ij) in Table 15
indicates the K∗(892) BW function formed with the particles combination ij listed in
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Table 15: Amplitudes used in the Dalitz plot analysis of B → (R0 → π1K2K
0
3 )K4 decays, where

JP indicate the R0 spin-parity, and L the angular momentum between the subresonance (K∗ or
a0) and the other final-state particle. Bold symbols represent three-vectors.

JP L Amplitude (W )

0−[S] 0 a0(23)

0−[P ] 1 K∗(12)(t3 · p3) +GK∗(13)(t2 · p2)

1+[S] 0 [K∗(12)t3 +GK∗(13)t2] · q4

1+[P ] 1 a0(23)(p1 · q4)

1+[D] 2 [K∗(12){p3(t3 · p3) − 1
3
(p3 · p3)t3} +GK∗(13){p2(t2 · p2) − 1

3
(p2 · p2)t2}] · q4

1− 1 [K∗(12)(t3 × p3) +GK∗(13)(t2 × p2)] · q4

2−[P ] 1 [K∗(12){1
2
(ti3 · p

j
3 + tj3 · pi3) − 1

3
(t3 · p3)δij}

+GK∗(13){1
2
(ti2 · p

j
2 + tj2 · pi2) − 1

3
(t2 · p2)δij}] · [qi4q

j
4 − 1

3
|q4|2δij]

2−[D] 2 a0(23)(pi1p
j
1 − 1

3
(|p1|2) · (qi4q

j
4 − 1

3
|q4|2δij)

2−[F ] 3 [K∗(12){(t3 · p3)(pi3p
j
3 − 1

3
|p3|2δij)}

+GK∗(13){(t2 · p2)(pi2p
j
2 − 1

3
|p2|2δij)}] · [qi4q

j
4 − 1

3
|q4|2δij]

2+ 2 [K∗(12){1
2
(t3 × p3)ipj3 + pi3(t3 × p3)j} − 1

3
{(t3 × p3) · p3}δij+

GK∗(13){1
2
[t2 × p2)ipj2 + pi2(t2 × p2)j} − 1

3
{(t2 × p2) · p2}δij] · [qi4q

j
4 − 1

3
|q4|2δij]

Eq. 15. The a0(980) resonance is described by a complex coupled-channel Breit–Wigner
function

a0(m) =
g2

m2
0 −m2 − i(ρ1g21 + ρ2g22)

, (17)

where ρ1 and ρ2, and g1 and g2 are phase-space factors and couplings, respectively,
to the ηπ (1) and KK (2) final states. The a0(980) parameters are fixed to the values
m0 = 999 ± 2 MeV, g1 = 324±15 MeV, and g22/g

2
1 = 1.03±0.14 [44] and the corresponding

BW function is indicated with a0(23) in Table 15.
For isospin I = 0 resonances, the interference between neutral K∗(12) and charged

K∗(13) is fixed by G-parity, being constructive for G = +1 and destructive for G = −1.
Note, however, that as G-parity is related to C-parity by G = C(−1)I , an additional
minus sign is added to the above definitions of the three-momenta to ensure correct
transformation under C-parity instead, such that constructive interference is obtained
with G = −1 and vice versa.

Table 15 lists the amplitudes used in this analysis. Asymmetries between the charged
and neutral K∗ can be generated by interference between I = 0 amplitudes having opposite
C-parities or by interfering I = 0 and I = 1 amplitudes. In this analysis, no evidence is
found of contributing I = 1 amplitudes.

In the B → R0K4 decay, R0 resonances are described with the BW function given in
Eq. 12 multiplied by the appropriate spin-parity terms W (x⃗) described in Table 15.

B Appendix B

Systematic uncertainties on the measured fit fractions and phases are listed in Tables 16
and 17.

30



Table 16: Absolute systematic uncertainties on fractions and phases for the B+ → K0
SK

−π+K+

decay.

Fractions [%]
Contributions Decay mode r BW a0 eff bkg int trig Total

η(1475) K∗K 0.07 1.04 0.05 0.07 0.02 0.28 0.02 1.08
a0π 0.10 0.30 0.08 0.04 0.04 0.02 0.17 0.37
PS 0.26 1.99 0.30 0.57 0.08 0.16 0.22 2.13

η(1760) K∗K 0.02 0.31 0.01 0.01 0.02 0.06 0.01 0.32
a0π 0.08 0.19 0.05 0.04 0.03 0.01 0.21 0.30
PS 0.42 2.60 0.09 0.05 0.11 0.26 0.05 2.65

η(1405) K∗K 0.03 1.86 0.04 0.14 0.02 0.08 0.03 1.87
PS 0.03 0.80 < 0.01 0.09 0.02 0.02 0.06 0.81

f1(1285) a0π < 0.01 0.14 0.01 0.04 < 0.01 0.04 0.03 0.15
f1(1420) K∗K 0.06 2.10 0.03 0.23 0.02 0.13 0.32 2.14

h1(1415) K∗K[S] 0.06 1.86 0.01 0.16 0.02 0.19 0.56 1.96
K∗K[D] 0.04 0.11 < 0.01 0.11 < 0.01 0.09 0.08 0.20

f1(1510) K∗K < 0.01 1.18 0.01 0.10 0.01 0.06 0.03 1.19
h1(1595) K∗K[S] 0.09 0.82 0.02 0.19 0.23 0.19 1.02 1.36
η2(1645) K∗K 0.03 0.80 < 0.01 0.08 < 0.01 0.02 0.07 0.81

PS 0.82 2.71 0.04 0.17 0.10 0.28 0.42 2.88
K∗

ne 0.11 0.19 0.01 0.03 0.02 0.07 0.11 0.26
K∗

ch 0.16 0.80 0.02 0.19 0.04 0.25 0.26 0.91

Phases [rad]
Contributions Decay mode r BW a0 eff bkg int trig Total

η(1475) a0π 0.01 0.09 0.04 0.01 0.01 0.04 0.11 0.16
PS 0.01 0.10 0.01 0.03 0.01 < 0.01 0.06 0.12

η(1760) K∗K < 0.01 0.20 0.01 0.16 0.09 0.02 0.06 0.28
a0π 0.01 0.16 0.04 0.10 0.01 0.01 0.03 0.21
PS 0.01 0.19 0.01 0.02 < 0.01 0.01 0.01 0.20

η(1405) K∗K 0.02 0.13 < 0.01 0.14 < 0.01 0.02 0.03 0.20
PS < 0.01 0.19 < 0.01 0.19 < 0.01 0.01 0.08 0.31

f1(1285) a0π 0.01 0.24 0.04 0.05 0.01 < 0.01 0.08 0.26
f1(1420) K∗K < 0.01 0.22 < 0.01 0.05 < 0.01 0.02 0.05 0.23

h1(1415) K∗K[S] 0.01 0.18 < 0.01 0.05 < 0.01 0.02 0.06 0.20
K∗K[D] < 0.01 0.07 < 0.01 0.14 < 0.01 0.01 0.05 0.16

f1(1510) K∗K < 0.01 0.20 < 0.01 0.42 < 0.01 0.02 0.09 0.48
h1(1595) K∗K[S] < 0.01 0.16 < 0.01 0.10 < 0.01 0.01 < 0.01 0.19
η2(1645) K∗K 0.01 0.07 < 0.01 < 0.01 < 0.01 < 0.01 0.05 0.09

PS 0.01 0.14 < 0.01 0.03 < 0.01 0.01 0.04 0.15
K∗

ne 0.01 0.08 < 0.01 0.19 < 0.01 0.02 0.06 0.22
K∗

ch < 0.01 0.06 < 0.01 0.18 < 0.01 0.01 0.01 0.19

C Appendix C

Figures 19 and 20 show the mass distributions of two- and three-body final-state particles
involving the spectator kaon for B+ → K0

SK
−π+K+ and B+ → K0

SK
+π−K+ data. The

agreement between the fit and data is reasonable with all distributions and fit projections
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being consistent with phase space, as expected.
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Figure 19: Invariant-mass distributions and fit projections of (a)–(c) two- and (d)–(f) three-body
final-state particles involving the spectator kaon for B+ → K0

SK
−π+K+ data.
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Figure 20: Invariant-mass distribution of (a)–(c) two- and (d)–(f) three-body final state particles
involving the spectator kaon for B+ → K0

SK
+π−K+ data. The depletion in (c) is due to the

removal of the open-charm contribution due to D0 → K+π− decays.
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Table 17: Absolute systematic uncertainties on fractions and phases for the B+ → K0
SK

+π−K+

decay.

Fractions[%]
Contributions Decay mode r BW a0 eff bkg int trig Total

η(1475) K∗K 0.13 1.28 0.11 0.09 0.03 0.07 0.59 1.43
a0π 0.14 0.30 0.11 0.04 0.02 0.08 0.01 0.62
PS 0.12 2.23 1.17 0.31 0.07 0.08 1.03 2.74

η(1760) K∗K 0.09 0.40 0.19 0.02 0.01 0.02 0.07 0.53
a0π 0.07 0.23 0.11 0.03 0.01 0.03 0.08 0.29
PS 0.48 4.57 2.04 0.09 0.08 0.55 0.77 6.15

η(1405) K∗K 0.08 0.57 0.22 0.08 0.01 0.03 0.23 0.73
PS 0.17 0.77 0.19 0.10 0.01 0.05 0.41 3.54

f1(1285) a0π 0.01 0.19 0.02 0.05 < 0.01 0.03 0.14 0.54
f1(1420) K∗K 0.01 1.49 0.80 0.09 0.01 0.12 0.01 1.71

h1(1415) K∗K[S] 0.14 3.19 1.47 0.25 0.02 0.27 0.16 3.54
K∗K[D] 0.01 0.11 0.16 0.09 0.01 0.03 0.09 0.24

f1(1510) K∗K 0.08 2.72 0.06 0.10 < 0.01 0.07 0.26 2.74
h1(1595) K∗K[S] 0.08 2.17 1.64 0.44 0.03 0.16 0.09 2.77
η2(1645) K∗K 0.02 0.05 0.13 0.05 < 0.01 0.02 0.10 0.18

PS 0.81 4.79 1.19 0.07 0.07 0.42 0.26 7.33
K∗

ne 0.06 0.25 0.19 0.03 0.03 0.01 0.05 0.37
K∗

ch 0.09 0.21 0.94 0.08 0.04 0.07 0.08 0.97

Phases [rad]
Contributions Decay mode r BW a0 eff bkg int trig Total

η(1475) a0π 0.02 0.11 0.07 < 0.01 0.01 0.02 0.01 0.13
PS 0.01 0.12 0.05 < 0.01 < 0.01 0.02 < 0.01 0.14

η(1760) K∗K 0.01 0.19 0.07 0.01 < 0.01 0.02 0.01 0.21
a0π 0.01 0.13 0.19 0.01 0.01 0.02 0.07 0.25
PS 0.01 0.20 0.06 < 0.01 < 0.01 0.01 0.06 0.22

η(1405) K∗K 0.02 0.18 0.02 < 0.01 < 0.01 0.02 0.01 0.18
PS 0.02 0.19 0.03 < 0.01 0.01 0.01 0.06 0.20

f1(1285) a0π 0.01 0.09 0.04 0.01 0.01 0.01 0.07 0.14
f1(1420) K∗K 0.02 0.26 0.07 < 0.01 < 0.01 0.02 0.02 0.27

h1(1415) K∗K[S] 0.01 0.19 0.51 < 0.01 < 0.01 0.01 0.03 0.55
K∗K[D] 0.01 0.08 0.41 < 0.01 < 0.01 0.03 0.06 0.42

f1(1510) K∗K < 0.01 0.19 0.06 0.02 < 0.01 0.02 0.12 0.24
h1(1595) K∗K[S] 0.01 0.15 0.46 0.01 < 0.01 0.01 0.01 0.48
η2(1645) K∗K 0.01 0.07 0.02 0.03 < 0.01 0.03 0.01 0.09

PS 0.11 0.11 0.05 0.01 < 0.01 0.01 0.01 0.17
K∗

ne 0.07 0.07 0.08 < 0.01 < 0.01 0.01 0.10 0.16
K∗

ch 0.07 0.07 0.01 0.01 < 0.01 0.02 0.02 0.10
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[25] T. Sjöstrand, S. Mrenna, and P. Skands, A brief introduction to PYTHIA
8.1, Comput. Phys. Commun. 178 (2008) 852, arXiv:0710.3820; T. Sjöstrand,
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hUniversità di Bari, Bari, Italy
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wUniversità di Urbino, Urbino, Italy
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