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Abstract: I calculate 1
Q2 power corrections to unpolarized Drell-Yan hadronic tensor for

electromagnetic (EM) current at large Nc and demonstrate the EM gauge invariance at this
level.
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5.2 Terms coming from Ξ̄′1, Ξ′2, and Ξ̄′2 24

6 Terms with two quark-quark-gluon operators 25
6.1 Terms with two quark-quark-gluon operators coming from Ξ1 and Ξ2 26

6.1.1 Term propotional to gµν 26
6.1.2 Term V̌

(2)
µν 28

6.1.3 Term V̌
(3)
µν 29

6.2 Terms with two quark-quark-gluon operators coming from Ξ̄2 and Ξ2 31
6.2.1 Term V̌ 4

µν 32
6.2.2 Term V̌ 5

µν 32
6.2.3 Second term in Eq. (4.5) 33

7 Result 34

8 Conclusions and outlook 37

– i –



9 Appendix 38
9.1 Formulas with Dirac matrices 38

9.1.1 Fierz transformation 38
9.1.2 Formulas with σ-matrices 38
9.1.3 Formulas with γ-matrices and one gluon field 40
9.1.4 Formulas with γ-matrices and two gluon fields 41

9.2 TMD matrix elements 43
9.2.1 Parametrization of leading-twist matrix elements 43
9.2.2 Matrix elements of quark-quark-gluon operators 44
9.2.3 Matrix elements of quark-quark-gluon operators related to

quark-antiquark TMDs by QCD equations of motion 45
9.2.4 Parametrization of other quark-quark-gluon TMDs 48

1 Introduction

Particle production in hadron-hadron scattering with transverse momentum of produced
particle(s) much smaller than the invariant mass is described in the framework of TMD
factorization [1–5]. The typical factorization formula for particle production in hadron-
hadron scattering looks like [1, 6]

dσ

dηd2q⊥
=

∑
f

∫
d2b⊥e

i(q,b)⊥Df/A(xA, b⊥, η)Df/B(xB, b⊥, η)σ(ff → X)

+ power corrections + Y − terms (1.1)

where η is the rapidity, Df/A(x, z⊥, η) is the TMD density of a parton f in hadron A, and
σ(ff → X) is the cross section of production of particle(s) X of invariant mass m2

X = Q2

by the fusion of two partons.
Typically, leading first term in Eq. (1.1) is given by quark-antiquark TMDs (or two-

gluon TMDs in the case of Higgs boson production). The second term stands for the power
corrections given by a series in q2⊥/Q

2 while the third describes transition to the regime
q2⊥ ∼ Q2 governed by the collinear factorization.

The significance of power corrections is twofold. First, they show up to what q2⊥ the
differential cross section is given by the first term in the formula (1.1) with controlled
accuracy. For example, the estimate for Z-boson production in DY process gives power
corrections reaching order of few per cent at q⊥

Q ∼ 1
4 [7].

The second use of power corrections is due to the fact that for certain characteristics
of a scattering the power corrections are actually the leading terms. It turns out that
some angular distributions of produced particle(s) are defined by quark-quark-gluon TMDs
forming power corrections ∼ q2⊥

Q2 . For example, the symmetric DY hadronic tensor Wµν ,
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defined as 1

Wµν(q)
def
=

1

(2π)4

∑
X

∫
d4x e−iqx

1

2

(
⟨pA, pB|Jµ(x)|X⟩⟨X|Jν(0)|pA, pB⟩+ µ↔ ν

)
=

1

(2π)4

∫
d4x e−iqx

1

2
⟨pA, pB|Jµ(x)Jν(0) + µ↔ ν|pA, pB⟩, (1.2)

has 4 tensor structures for unpolarized hadrons. Two of them are determined by leading-
twist quark TMDs while two other ones start from terms q⊥

Q and ∼ q2⊥
Q2 described by quark-

quark-gluon TMDs. Note that while q⊥
Q power corrections were known for more than two

decades [8], there was no calculations of q2⊥
Q2 until recently, starting from the paper [7].

In two previous papers [9, 10] I calculated such q2⊥
Q2 power corrections and found DY

angular distributions at small Bjorken xB in the leading order in 1
Nc

. In this paper I
generalize the results of Ref. [9] to arbitrary values of xB. As a result, the number of
relevant TMDs increases: for unpolarized protons, in addition to eight quark-antiquark
TMDs, there are about twenty quark-antiquark-gluon TMDs on 1

Q2 , leading-Nc level.
The paper is organized as follows. In section 2 I outline the derivation of TMD fac-

torization by rapidity factorization of the double functional integral for a cross section of
particle production. Also, I briefly remind the method of calculation of power corrections
based on approximate solution of classical Yang-Mills equations [7]. In Sect. 3 I present
the leading-twist result and discuss the types of 1

Q2 power corrections calculated in this
paper. In the next three Sections I calculate different types of 1

Q2 power corrections using
the aforementioned method. The result is presented In Sect. 7 and discussed in Sect. 8.
The necessary technical formulas and parametrizations of relevant TMDs can be found in
appendices.

2 TMD factorization from rapidity factorization

We use Sudakov variables p = αp1 + βp2 + p⊥, where p1 and p2 are light-like vectors close
to pA and pB so that pA = p1 +

m2

s p2 and pB = p2 +
m2

s p1 with m being the proton mass.
Also, we use the notations x• ≡ xµp

µ
1 and x⋆ ≡ xµp

µ
2 for the dimensionless light-cone “Ioffe

times” x⋆ =
√

s
2x+ and x• =

√
s
2x−. Our metric is gµν = (1,−1,−1,−1) which we will

frequently rewrite as a sum of longitudinal part and transverse part:

gµν = gµν∥ + gµν⊥ =
2

s

(
pµ1p

ν
2 + pµ2p

ν
1) + gµν⊥ (2.1)

Consequently, p · q = (αpβq + αqβp)
s
2 − (p, q)⊥ where (p, q)⊥ ≡ −piqi. Throughout the

paper, the sum over the Latin indices i, j, ... runs over two transverse components while
the sum over Greek indices µ, ν, ... runs over four components as usual.

Following Ref. [11] we separate quark and gluon fields into three sectors (see figure 1):
“projectile” fields Aµ, ψA with |β| < σp, “target” fields Bµ, ψB with |α| < σt and “central

1Here pA, pB are hadron momenta, q is the momentum of DY pair,
∑

X denotes the sum over full set
of “out” states and Jµ =

∑
ef ψ̄

fγµψf is an electromagnetic current. We take into account only u, d, s, c

quarks and consider them massless. In principle, one can include “massless” b-quark for q2⊥ ≫ m2
b
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rapidity” fields Cµ, ψC with |α| > σt and |β| > σp, see Fig. 1. ( For convenience, I call
hadron A by the name “projectile” and hadron B by the name “target”). Our goal is to

“Central” fields
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

“Projectile00 fields : |�| < �p
<latexit sha1_base64="vD/0s3t0P1MCVQLzhWfzdUfcIjI="></latexit><latexit sha1_base64="vD/0s3t0P1MCVQLzhWfzdUfcIjI="></latexit><latexit sha1_base64="vD/0s3t0P1MCVQLzhWfzdUfcIjI="></latexit>

pA
<latexit sha1_base64="BRXJdiTPeuslgx0HclWElXlA4kM=">AAAB6XicbVBNTwIxEJ3iF+IX6tFLIzHxRHaNX9xQLx4xukICG9ItXWjodjdt14Rs+AlePKjx6j/y5r+xwB4QfckkL+/NZGZekAiujeN8o8LS8srqWnG9tLG5tb1T3t171HGqKPNoLGLVCohmgkvmGW4EayWKkSgQrBkMbyZ+84kpzWP5YEYJ8yPSlzzklBgr3Sfdq2654lTPHLd27uI54kyB3ZxUIEejW/7q9GKaRkwaKojWbddJjJ8RZTgVbFzqpJolhA5Jn7UtlSRi2s+mp47xkVV6OIyVLWnwVJ2fyEik9SgKbGdEzEAvehPxP6+dmvDSz7hMUsMknS0KU4FNjCd/4x5XjBoxsoRQxe2tmA6IItTYdEo2BHfx5b/EO6nWqs7daaV+nadRhAM4hGNw4QLqcAsN8IBCH57hFd6QQC/oHX3MWgson9mHX0CfP8Vtjac=</latexit><latexit sha1_base64="BRXJdiTPeuslgx0HclWElXlA4kM=">AAAB6XicbVBNTwIxEJ3iF+IX6tFLIzHxRHaNX9xQLx4xukICG9ItXWjodjdt14Rs+AlePKjx6j/y5r+xwB4QfckkL+/NZGZekAiujeN8o8LS8srqWnG9tLG5tb1T3t171HGqKPNoLGLVCohmgkvmGW4EayWKkSgQrBkMbyZ+84kpzWP5YEYJ8yPSlzzklBgr3Sfdq2654lTPHLd27uI54kyB3ZxUIEejW/7q9GKaRkwaKojWbddJjJ8RZTgVbFzqpJolhA5Jn7UtlSRi2s+mp47xkVV6OIyVLWnwVJ2fyEik9SgKbGdEzEAvehPxP6+dmvDSz7hMUsMknS0KU4FNjCd/4x5XjBoxsoRQxe2tmA6IItTYdEo2BHfx5b/EO6nWqs7daaV+nadRhAM4hGNw4QLqcAsN8IBCH57hFd6QQC/oHX3MWgson9mHX0CfP8Vtjac=</latexit><latexit sha1_base64="BRXJdiTPeuslgx0HclWElXlA4kM=">AAAB6XicbVBNTwIxEJ3iF+IX6tFLIzHxRHaNX9xQLx4xukICG9ItXWjodjdt14Rs+AlePKjx6j/y5r+xwB4QfckkL+/NZGZekAiujeN8o8LS8srqWnG9tLG5tb1T3t171HGqKPNoLGLVCohmgkvmGW4EayWKkSgQrBkMbyZ+84kpzWP5YEYJ8yPSlzzklBgr3Sfdq2654lTPHLd27uI54kyB3ZxUIEejW/7q9GKaRkwaKojWbddJjJ8RZTgVbFzqpJolhA5Jn7UtlSRi2s+mp47xkVV6OIyVLWnwVJ2fyEik9SgKbGdEzEAvehPxP6+dmvDSz7hMUsMknS0KU4FNjCd/4x5XjBoxsoRQxe2tmA6IItTYdEo2BHfx5b/EO6nWqs7daaV+nadRhAM4hGNw4QLqcAsN8IBCH57hFd6QQC/oHX3MWgson9mHX0CfP8Vtjac=</latexit>

pB
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit> “Target” fields : |↵| < �t

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Figure 1. Rapidity factorization for DY particle production

integrate over central fields and get the amplitude in the factorized form, i.e. as a product
of functional integrals over A fields representing projectile matrix elements (TMDs of the
projectile) and functional integrals over B fields representing target matrix elements (TMDs
of the target). In the spirit of background-field method, we “freeze” projectile and target
fields and get a sum of diagrams in these external fields. As we shall see below, for the
purpose of calculation of most of the power corrections we can set β = 0 for the projectile
fields and α = 0 for the target fields. The corrections to this approximation are O

(
m2

σps

)
and O

(
m2

σts

)
and can be neglected almost everywhere, see the discussion in Sect. 3.2.3.

In the coordinate space, the β = 0 approximation means that projectile fields do not
depend on x∗ and α = 0 means that target ones do not depend on x•. 2 In this case, as
discussed in Ref. [9], central fields at the tree level are given by a set of Feynman diagrams
with retarded propagators in background field A+B and ψA+ψB.The set of such “retarded”
diagrams represent the solution of QCD equations of motion with sources being projectile
and target fields. After summation of these diagrams the hadronic tensor (1.2) can be
represented as

Wµν =
1

(2π)4

∫
d4xe−iqx

∑
m,n

∫
dzmcm,n(q, x)⟨pA|Φ̂A(zm)|pA⟩

∫
dz′n⟨pB|Φ̂B(z

′
n)|pB⟩. (2.2)

where cm,n are coefficients and Φ can be any of the background fields promoted to operators
after integration over projectile and target fields.

In general, solution of classical QCD equations with projectile and target sources is a
formidable task which still awaits its solution. Fortunately, as demonstrated in Ref. [9], at
our kinematics we have a small parameter q2⊥

Q2 ≪ 1 and it is possible to expand classical
solution for central fields in powers of this parameter. It is convenient to choose a gauge

2Beyond the tree level, the integration over C fields produces logarithms of the cutoffs σp and σt which
match the corresponding logs in TMDs of the projectile and the target, see the discussion in Ref. [12]
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where A⋆ = 0 for projectile fields and B• = 0 for target fields. 3 (The existence of such
gauge was proved in appendix B of Ref. [11] by explicit construction). Also, since we
are dealing with tree approximation and quark equations of motion, it is convenient to
include coupling constant g in the definition of gluon fields so that Dµψ = ∂µψ − iAµψ,
ψ̄
←
Dµ= ∂µψ̄ + iψ̄Aµ and Fµν = ∂µAν − ∂νAµ − i[Aµ, Aν ].

As demonstrated in Ref. [7], the expansion of classical quark fields in powers of p2⊥/p
2
∥

has the form 4

Ψ(x) = Ψ1(x) + Ψ2(x) + . . . , (2.3)

where (P⊥ ≡ ∂⊥ +A⊥ +B⊥ )

Ψ1 = ψA +Υ1, Υ1 = Ξ1 + Ξ′1, Ξ1 = − /p2
s
/B⊥

1

α+ iϵ
ψA,

Ξ′1 = − /p1
s

( 1

β + iϵ
/B⊥

)
ψA +

1

s2

( /p1
β + iϵ

/P⊥
/p2

α+ iϵ
+

/p2
α+ iϵ

/P⊥
/p1

β + iϵ

)
/B⊥ψA

Ψ̄1 = ψ̄A + Ῡ1, Ῡ1 = Σ̄1 + Σ̄′1, Σ̄1 = −
(
ψ̄A

1

α− iϵ

)
/B⊥

/p2
s

Ξ̄′1 = − ψ̄A

( /B

β − iϵ

)/p1
s

+
1

s2
ψ̄A /B

( /p1
β − iϵ

/P⊥
/p2

α− iϵ
+

/p2
α− iϵ

/P⊥
/p1

β − iϵ

)
Ψ2 = ψB +Υ2, Υ2 = Ξ2 + Ξ′2, Ξ2 = − /p1

s
/A⊥

1

β + iϵ
ψB

Ξ′2 = − /p2
s

( 1

α+ iϵ
/A
)
ψB +

1

s2

( /p1
β + iϵ

/P⊥
/p2

α+ iϵ
+

/p2
α+ iϵ

/P⊥
/p1

β + iϵ

)
/A⊥ψB

Ψ̄2 = ψ̄A + Ῡ1, Ῡ2 = Σ̄2 + Σ̄′2, Ξ̄2 = −
(
ψ̄B

1

β − iϵ

)
/A⊥

/p1
s

Ξ̄′2 = − ψ̄B

( /A

α− iϵ)

)/p2
s

+
1

s2
ψ̄B /A

( /p1
β − iϵ

/P⊥
/p2

α− iϵ
+

/p2
α− iϵ

/P⊥
/p1

β − iϵ

)
(2.4)

and the dots stand for higher-order power corrections. 5 In the above formulas

1

α+ iϵ
ψA(x•, x⊥) ≡ − i

∫ x•

−∞
dx′• ψA(x

′
•, x⊥),(

ψ̄A
1

α− iϵ

)
(x•, x⊥) ≡ i

∫ x•

−∞
dx′• ψ̄A(x

′
•, x⊥) (2.5)

and similarly for 1
β±iϵ . For brevity, in what follows we denote

(
ψ̄A

1
α

)
(x) ≡

(
ψ̄A

1
α−iϵ

)
(x)

and
(
ψ̄B

1
β

)
(x) ≡

(
ψ̄B

1
β−iϵ

)
(x). Similarly to Eq. (2.5), more complicated expressions for Ψ̄

should be read from right to left, for example

ψ̄A /B
(/p1
β
/P⊥

/p2
α

+
/p2
α
/P⊥

/p1
β

)
(x) =

∫
dz ψ̄A(z) /B(z)(z|/

p
1

β
/P⊥

/p2
α

+
/p2
α
/P⊥

/p1
β
|x) (2.6)

3Throughout the paper, we will keep different notations Ai and Bi for the projectile and target gluon
fields because of different gauge choices, see e.g. Eqs. (9.11) and (9.12).

4The corresponding expansion of classical gluon fields is presented in Ref. [11], but we do not need it
here.

5The relevant expressions for Ξ′
i, Ξ̄

′
i from Ref. [7] are more complicated than those of Eq. (2.4) but the

additional terms are shown in Sect. 5 to be negligible.
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with α − iϵ and β − iϵ in the denominators. Here (x|f(p)|y) ≡ (2π)−d
∫
ddpe−ip(x−y)f(p)

are Schwinger’s notations for propagators.
The contributions from the terms Ξi, Ξ̄i were calculated in Ref. [9] in the αq, βq ≪ 1

approximation and in this paper we will repeat the calculation relaxing the aforementioned
condition. The contributions from the terms Ξ′i, Ξ̄

′
i are new and will be calculated in Sect.

5.

3 Hadronic tensor at Q2 ≫ q2⊥: leading twist and power corrections

As we noted above, we take into account only hadronic tensor due to electromagnetic
currents of u, d, s, c quarks and consider these quarks to be massless. It is convenient to
define coordinate-space hadronic tensor multiplied by Nc

2
s (and denoted by extra “check”

mark) as follows

W̌µν(x) ≡ Nc
1

s
⟨A,B|Jµ(x)Jν(0) + µ↔ ν|A,B⟩ (3.1)

so that

Wµν(q) =
s/2

(2π)4Nc

∫
d4x e−iqxW̌µν(x).

=
1

(2π)4Nc

∫
dx•dx⋆d

2x⊥ e
−iαqx•−iβqx⋆+i(q,x)⊥W̌µν(x). (3.2)

Hereafter we use notation |A,B⟩ ≡ |pA, pB⟩ for brevity.
For future use, let us also define the hadronic tensor in mixed representation: in the

momentum longitudinal space but in the transverse coordinate space

Wµν(q) =

∫
d2x⊥ e

i(q,x)⊥Wµν(αq, βq, x⊥), (3.3)

Wµν(αq, βq, x⊥) ≡ 1

(2π)4s

∫
dx•dx⋆ e

−iαqx•−iβqx⋆⟨A,B|Jµ(x•, x⋆, x⊥)Jν(0) + µ↔ ν|A,B⟩.

After integration over central fields in the tree approximation we obtain

W̌µν(x) ≡ Nc
1

s
⟨A,B|Jµ(x•, x⋆, x⊥)Jν(0) + µ↔ ν|A,B⟩ (3.4)

where

Jµ = Jµ
A + Jµ

B + Jµ
AB + Jµ

BA,

Jµ
A =

∑
f

ef Ψ̄
f
1γ

µΨf
1 , Jµ

AB =
∑
f

ef Ψ̄
f
1γ

µΨf
2 (3.5)

and similarly for Jµ
B and Jµ

BA. Here ⟨A,B|O(ψA, Aµ, ψB, Bµ)|A,B⟩ denotes double func-
tional integral over A and B fields which gives matrix elements between projectile and
target states of Eq. (2.2) type.

The leading-twist contribution to Wµν(q) comes only from product Jµ
AB(x)J

ν
BA(0) (or

Jµ
BA(x)J

ν
AB(0)), while power corrections may come also from other terms like Jµ

A(x)J
ν
B(0).
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However, as demonstrated in Refs. [7, 9], at leading-Nc power corrections come only from
Jµ
AB(x)J

ν
BA(0) or Jµ

BA(x)J
ν
AB(0). Since these contributions are diagonal in flavor, we will

perform the calculations for one flavor of quarks (with Jµ = ψ̄γµψ) and will write down
sum over flavors only in the final result (7.1).

3.1 Leading-Nc terms from Jµ
AB(x)J

ν
BA(0)

With our 1
Q2 , leading-Nc accuracy we get from Eq. (2.4):

Jµ
AB(x)J

ν
BA(0) + x↔ 0 = Ψ̄1(x)γ

µΨ2(x)Ψ̄2(0)γ
νΨ1(0) + x↔ 0 + ...

=
[(
ψ̄A + Ῡ1

)
(x)γµ

(
ψB +Υ2

)
(x)

]
[
(
ψ̄B + Ῡ2

)
(0)γν

(
ψA +Υ1

)
(0)

]
+ x↔ 0

= [ψ̄A(x)γµψB(x)
][
ψ̄B(0)γνψA(0)

]
(3.6)

+ [(Ξ̄1 + Ξ̄′1)(x)γµψB(x)
][
ψ̄B(0)γνψA(0)

]
+ [ψ̄A(x)γµψB(x)

][
ψ̄B(0)γν(Ξ1 + Ξ′1)(0)

]
+ [ψ̄A(x)γµψB(x)

][
(Ξ̄2 + Ξ̄′2)(0)γνψA(0)

]
+ [ψ̄A(x)γµ(Ξ2 + Ξ′2)(x)

][
ψ̄B(0)γνψA(0)

]
+ [Ξ̄1(x)γµψB(x)

][
ψ̄B(0)γνΞ1(0)

]
+ [ψ̄A(x)γµΞ2(x)

][
Ξ̄2(0)γνψA(0)

]
+ [Ξ̄1(x)γµψB(x)

][
Ξ̄2(0)γνψA(0)

]
+ [ψ̄A(x)γµΞ2(x)

][
ψ̄B(0)γνΞ1(0)

]
+ [Ξ̄1(x)γµΞ2(x)

][
ψ̄B(0)γνψA(0)

]
+ [ψ̄A(x)γµψB(x)

][
Ξ̄2(0)γνΞ1(0)

]
+ x↔ 0.

where the square brackets mean trace over Lorentz and color indices. 6

First, let us consider the leading-twist term and power corrections coming from the
first term in the r.h.s. of this equation.

3.2 Contribution of quark-antiquark TMDs

3.2.1 Leading-twist contribution

As we mentioned, the leading-twist term comes from from the first term in the r.h.s. of
Eq. (3.6). Using Fierz transformation (9.1) one obtains the quark-antiquark contribution
in the form

W̌ qq
µν(x) =

Nc

s

([
ψ̄A(x•, x⊥)γµψB(x⋆, x⊥)

][
ψ̄B(0)γνψA(0)

]
+ µ↔ ν

)
+ x↔ 0

=
gµν
2s

(
− [ψ̄AψA][ψ̄BψB) + [ψ̄Aγ5ψA][ψ̄Bγ5ψB] + [ψ̄AγαψA][ψ̄Bγ

αψB]

+ [ψ̄Aγαγ5ψA][ψ̄Bγ
αγ5ψB]−

1

2
[ψ̄Aσ

αβψA][ψ̄BσαβψB]
)

− 1

2s

(
[ψ̄AγµψA][ψ̄BγνψB] + µ↔ ν

)
− 1

2s

(
[ψ̄Aγµγ5ψA][ψ̄Bγνγ5ψB] + µ↔ ν

)
+

1

2s

(
[ψ̄AσναψA][ψ̄BσµαψB] + [ψ̄AσµαψA][ψ̄BσναψB]

)
+ x↔ 0 (3.7)

where the arguments of the fields are the same as in the l.h.s.. From the parametrization
of two-quark operators in section 9.2.1, it is clear that the leading-twist contribution to

6As demonstrated in Sect. 6, the terms coming from expressions with one Ξi, Ξ̄i and one Ξ′
i, Ξ̄

′
i are

negligible in our approximation)
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Wµν(q) comes from

1

2s
(gµνg

αβ − δαµδ
β
ν − δαν δ

β
µ)[ψ̄A(x)γαψA(0)]ψ̄B(0)γβψB(x)] (3.8)

+
1

2s

(
δαµδ

β
ν + δαν δ

β
µ − 1

2
gµνg

αβ
)
[ψ̄A(x)σαξψA(0)][ψ̄B(0)σ

ξ
β ψB(x)]

+
1

2s
(gµνg

αβ − δαµδ
β
ν − δαν δ

β
µ)[ψ̄A(x)γαγ5ψA(0)][ψ̄B(0)γβγ5ψB(x)]

− gµν
2s

[ψ̄A(x)ψA(0)][ψ̄B(0)ψB(x)] + x↔ 0

With the leading-twist accuracy we can replace δαµ → 2
sp1µp

α
2 , δβν → 2

sp2νp
β
1 , gαβ → 2

sp
α
2 p

β
1 ,

and get

W̌ l
µν =

1

s2
g⊥µν

(
[ψ̄A(x)/p2ψA(0)][ψ̄B(0)/p1ψB(x)] + [ψ̄A(x)/p2γ5ψA(0)][ψ̄B(0)/p1γ5ψB(x)]

)
+

1

s2
(
g⊥µξg

⊥
νη + g⊥νξg

⊥
µη − g⊥µνg

⊥
ξη

)
[ψ̄A(x)σ⋆ξψA(0)][ψ̄B(0)σ

ξ
• ψB(x)] + x↔ 0 (3.9)

where g∥µν ≡ 2
s

(
p1µp2ν + µ↔ ν

)
and g⊥µν ≡ gµν − g

∥
µν .

As mentioned above, the dependence of ψA on x⋆ and ψB on x• is very slow so at
the leading-twist order we can replace ψA(x) → ψA(x•, x⊥) and ψB(x) → ψB(x•, x⊥) (the
corrections will be considered in next Section).

Next, after integration over background fields A and B we promote A, ψA and B,
ψB to operators Â, ψ̂. A subtle point is that our operators are not under T-product
ordering so one should be careful while changing the order of operators in formulas like Fierz
transformation. Fortunately, all operators in the r.h.s of Eq. (3.9) and in similar formulas
for power corrections are separated either by space-like intervals or light-like intervals so
they commute with each other. We get 7

W̌ lt
µν =

1

s2
g⊥µν⟨ψ̄(x•, x⊥)/p2ψ(0)⟩A⟨ψ̄(0)/p1ψ(x⋆, x⊥)⟩B + (/p2 ⊗ /p1 ↔ /p2γ5 ⊗ /p1γ5) (3.11)

+
1

s2
(
g⊥µξg

⊥
νη + g⊥νξg

⊥
µη − g⊥µνg

⊥
ξη

)
⟨ψ̄(x•, x⊥)σ ξ

⋆ ψ(0)⟩A⟨ψ̄(0)σ η
• ψ(x⋆, x⊥)⟩B + x↔ 0

Hereafter we use notations ⟨O⟩A ≡ ⟨pA|O|pA⟩ and ⟨O⟩A ≡ ⟨pB|O|pB⟩ for brevity. The
corresponding leading-twist contribution to to Wµν(q) has the form [13]

W lt
µν(αq, βq, q⊥) =

1

16π4Nc

∫
dx•dx⋆d

2x⊥ e
−iαqx•−iβqx⋆+i(q,x)⊥W̌ lt

µν(x)

=
1

Nc

∫
d2k⊥

(
− g⊥µν

[
f1(αq, k⊥)f̄1(βq, q⊥ − k⊥) + f̄1(αq, k⊥)f1(βq, q⊥ − k⊥)

]
− 1

m2

[
k⊥µ (q − k)⊥ν + k⊥ν (q − k)⊥µ + g⊥µν(k, q − k)⊥

]
×

[
h⊥1 (αq, k⊥)h̄

⊥
1 (βq, q⊥ − k⊥) + h̄⊥1 (αq, k⊥)h

⊥
1 (βq, q⊥ − k⊥)

])
(3.12)

7In a general gauge for projectile and target fields these matrix elements read

⟨pA|ψ̄(x)γµψ(0)|pA⟩ = ⟨pA|ψ(x)γµ[x, x−∞p2][x−∞p2,−∞p2][−∞p2, 0]ψ(0)|pA⟩,
⟨pB |ψ(x)γµψ(0)|pB⟩ = ⟨pB |ψ(x)γµ[x, x−∞p1][x−∞p1,−∞p1][−∞p1, 0]ψ(0)|pB⟩ (3.10)

where [x, y] ≡ Pexp
{
i
∫ 1

0
du xµAµ((ux+ (1− u)y)

}
, and similarly for other matrix elements.
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To compare with general formula (1.1) we need to identify αq ≡ xA and βq ≡ xB. To avoid
confusion with coordinates, throughout the paper we will keep notations αq and βq.

3.2.2 Types of 1
Q2 power corrections

Let us outline power corrections calculated in this paper. As I mentioned in the Introduc-
tion, only leading-Nc power corrections up to 1

Q2 will be taken into account. Specifically,
this means the PCs

NcWµν(q) ∼ gµν⊥

[
1 +

q2⊥
Q2

]
,
qµ⊥q

ν
⊥

m2
⊥

[
1 +

m2
⊥

Q2

]
, gµν∥

[
0 +

m2
⊥

Q2

]
, (3.13)

1

Q2

(
pµ2q

ν
⊥ + µ↔ ν

)
,

1

Q2

(
pµ2q

ν
⊥ + µ↔ ν

)
,

1

Q2

(
pµ1q

ν
⊥ + µ↔ ν

)
,
pµ1p

ν
1

Q4
,
pµ2p

ν
2

Q4

Among those, corrections ∼ pµ1,2q
ν
⊥ are of order 1

Q while the rest is ∼ 1
Q2 . Herem2

⊥ ∼ q2⊥,m
2.

When counting powers of 1
Q we do not distinguish between q2⊥, k

2
⊥ and m2 but in concrete

formulas we keep them different so we can consider, for example, case q2⊥ ≫ m2. Similarly,
parametrically we do not distinguish between s and Q2 = αqβqs− q2⊥ but keep track in our
formulas so they are correct both at s ∼ Q2 and s≫ Q2.

Let us also specify the terms which are not calculated in this paper. Roughly speaking,
they correspond to terms in Eq. (3.13) multiplied by extra power(s) of m⊥

Q or by extra
1
Nc

. Our strategy in the next sections is to compare a certain term in W̌µν to terms in Eq.
(3.13), and, if it is smaller, neglect, and if it is of the same size, calculate.

3.2.3 Power corrections due to quark-antiquark TMDs

As one can see from parametrization in Sect. 9.2.1, the r.h.s. of Eq. (3.7) contains not only
the leading-twist contributions (3.12), but also a number of power corrections.

We start from the corrections obtained by expansions

ψ(x) = ψ(x⊥, x•, 0) + x⋆
2

s
D•ψ(x⊥, x•, 0) + ...,

ψ̄(x) = ψ̄(x⊥, x•, 0) + x⋆
2

s
ψ̄
←
D• (x⊥, x•, 0) + ... (3.14)

for projectile matrix elements and

ψ(x) = ψ(x⊥, 0, x⋆) + x•
2

s
D⋆ψ(x⊥, 0, x⋆) + ...

ψ̄(x) = ψ̄(x⊥, 0, x⋆) + x⋆
2

s
ψ̄
←
D• (x⊥, 0, x⋆) + ... (3.15)

for the target ones.
Let us show that second terms in these expansions are ∼ 1

Q2 . To this end, note that
D• ∼ βprojs ≤ σps. As discussed in Ref. [12], the natural scales for rapidity factorization
outlined in Sect. 2 are σp ∼ q2⊥

αqs
and σt ∼ q2⊥

βqs
. Adding estimates x• ∼ 1

αq
, x⋆ ∼ 1

βq
we get

x⋆
2

s
D• ∼ 1

αq
σps ∼ q2⊥

αqβqs
∼ q2⊥

Q2
(3.16)
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for the projectile and

x•
2

s
D⋆ ∼ 1

βq
σts ∼ q2⊥

αqβqs
∼ q2⊥

Q2
(3.17)

for the target matrix elements. This means that no further terms in expansions (3.16),
(3.17) are necessary and moreover, the only place where we need these corrections is the
leading contributions (3.9). 8

Before expansions (3.15) it is convenient to use translational invariance and make a
shift in Eq. (3.9)

W̌ l
µν =

1

s2
g⊥µν⟨ψ̄

(
x•, x⊥,

x∗
2

)
/p2ψ

(
− x∗

2

)
⟩A⟨ψ̄

(
− x•

2

)
/p1ψ

(
x⋆, x⊥,

x•
2

)
⟩B

+ (/p2 ⊗ /p1 ↔ /p2γ5 ⊗ /p1γ5) +
1

s2
(
g⊥µξg

⊥
νη + g⊥νξg

⊥
µη − g⊥µνg

⊥
ξη

)
× ⟨ψ̄

(
x•, x⊥,

x∗
2

)
σ ξ
⋆ ψ

(
− x∗

2

)
⟩A⟨ψ̄

(
− x•

2

)
σ η
• ψ

(
x⋆, x⊥,

x•
2

)
⟩B

+
(
{x•, x⊥,

x∗
2
} ↔ {−x∗

2
}, {x∗, x⊥,

x•
2
} ↔ {−x•

2
}
)

= W̌ l.t.
µν −

g⊥µν
2s2

[
x⋆⟨ψ̄(x•, x⊥)/p2

↔
D• ψ(0)⟩A⟨ψ̄(0)/p1ψ(x⋆, x⊥)⟩B

+ x•⟨ψ̄(x•, x⊥)/p2ψ(0)⟩A⟨ψ̄(0)/p1
↔
D⋆ ψ(x⋆, x⊥)⟩B + (/p2 ⊗ /p1 ↔ /p2γ5 ⊗ /p1γ5)

]
− 1

2s2
(
g⊥µξg

⊥
νη + g⊥νξg

⊥
µη − g⊥µνg

⊥
ξη

)[
x⋆⟨ψ̄(x•, x⊥)σ ξ

⋆

↔
D• ψ(0)⟩A⟨ψ̄(0)σ η

• ψ(x⋆, x⊥)⟩B

+ x•⟨ψ̄(x•, x⊥)σ ξ
⋆ ψ(0)⟩A⟨ψ̄(0)σ η

•
↔
D⋆ ψ(x⋆, x⊥)⟩B

]
= W̌ l.t.

µν + W̌D
µν (3.18)

Here

ψ̄(x•, x⊥)/p2
↔
D• ψ(0) ≡ ψ̄(x•, x⊥)/p2D•ψ(0)⟩A − ψ̄

←
D• (x•, x⊥)/p2ψ(0), (3.19)

and similarly for other terms. Using parametrizations (9.54) and (9.55), one easily obtains

WD
µν(αq, βq, q⊥) =

1

16π4Nc

∫
dx•dx⋆d

2x⊥ e
−iαqx•−iβqx⋆+i(q,x)⊥W̌ lt

µν(x) (3.20)

=
2

sNc

∫
d2k⊥

{
m2g⊥µν

[
ℜfD(αq, k⊥)f̄

′
1(βq, q⊥ − k⊥) + ℜf̄D(αq, k⊥)f

′
1(βq, q⊥ − k⊥)

+ f ′1(αq, k⊥)ℜf̄D(βq, q⊥ − k⊥) + f̄ ′1(αq, k⊥)ℜfD(βq, q⊥ − k⊥)
]

+
[
k⊥µ (q − k)⊥ν + k⊥ν (q − k)⊥µ + g⊥µν(k, q − k)⊥

]
×

[
ℜhD(αq, k⊥)h̄′

⊥
1 (βq, q⊥ − k⊥) + ℜh̄D(αq, k⊥)h

′⊥
1 (βq, q⊥ − k⊥)

+ h′
⊥
1 (αq, k⊥)ℜh̄D(βq, q⊥ − k⊥) + h̄′

⊥
1 (αq, k⊥)ℜhD(βq, q⊥ − k⊥)

]}
where f̄ ′1(βq, q⊥ − k⊥) ≡ ∂

∂βq
f̄1(βq, q⊥ − k⊥) etc.

As was mentioned above, for the rest of 1
Q2 corrections one can neglect the dependence

of projective fields on x∗ and target ones on x•. Using parametrizations in Sect. 9.2.1, one

8The author is indebted to A. Vladimirov for clarifying this point.
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obtains for quark-antiquark contribution (3.7)

W qq̄(αq, βq, q⊥) =
2

Ncs

∫
d2k⊥

{
− s

2
g⊥µν{f1f̄1 + f̄1f1} (3.21)

+[k⊥µ (q − k)⊥ν + k⊥ν (q − k)⊥µ + gµν(k, q − k)⊥]{f⊥f̄⊥ + f̄⊥f⊥}
+ (k⊥µ p2ν + k⊥ν p2µ){f⊥f̄1 + f̄⊥f1}+ [(q − k)⊥µ p1ν + (q − k)⊥ν p1µ]{f1f̄⊥ + f̄1f⊥)}

+
4m2

s
p1µp1ν{f1f̄3 + f̄1f3}+

4m2

s
p2µp2ν{f3f̄1 + f̄3f1}

}
+ [(g∥µν − g⊥µν)(k, q − k)⊥ − k⊥µ (q − k)⊥ν − k⊥ν (q − k)⊥µ ]{g⊥ḡ⊥ + ḡ⊥g⊥} −m2gµν{eē+ ēe}
− s

2m2

(
g⊥µν + k⊥µ (q − k)⊥ν + k⊥ν (q − k)⊥µ

)
{h⊥1 h̄⊥1 + h̄⊥1 h

⊥
1 }+m2

(
g⊥µν − g∥µν

)
{hh̄+ h̄h}

+
(
k⊥µ p1ν + k⊥ν p1µ

)
{h⊥1 h̄+ h̄⊥1 h}+

[
p2µ(q − k)⊥ν + p2ν(q − k)⊥µ

]
{hh̄⊥1 + h̄h⊥1 }

+
4

s
(k, q − k)⊥

[
p1µp1ν{h⊥1 h̄⊥3 + h̄⊥1 h

⊥
3 }+ p2µp2ν{h⊥3 h̄⊥1 + h̄⊥3 h

⊥
1 }

]
− 2

s
m2

[
(k, q − k)⊥(g

⊥
µν + k⊥µ (q − k)⊥ν + k⊥ν (q − k)⊥µ

]
{h⊥3 h̄⊥3 + h̄⊥3 h

⊥
3 }

]
Hereafter we use the notation

{f1f̄2 + f̄1f2} ≡ f1(αq, k⊥)f̄2(βq, q⊥ − k⊥) + f̄1(αq, k⊥)f2(βq, q⊥ − k⊥) (3.22)

so that the argument of the first function is always (αq, k⊥) and that of the second is (βq, q⊥−
k⊥), similarly to the leading-twist contribution (3.12) which we included for completeness.

4 Terms with one quark-quark-gluon operator Ξi or Ξ̄i

We separate terms in Eq. (3.6) according to the number of gluon fields (contained in Ξ’s ).

W̌µν
sym µ,ν

= W̌ lt
µν + W̌ (1)

µν + W̌ (1′)
µν + W̌ (2a)

µν + W̌ (2b)
µν + W̌ (2c)

µν (4.1)

where leading-twist terms without gluons (quark-antiquark TMDs) were considered in pre-
vious Section, and

W̌ (1)
µν (x) =

Nc

s
⟨A,B|

[
ψ̄A(x)γµψB(x)

][
ψ̄B(0)γνΞ1(0)

]
+

[
Ξ̄1(x)γµψB(x)

][
ψ̄B(0)γνψA(0)

]
+
[
ψ̄A(x)γµΞ2(x)

][
ψ̄B(0)γνψA(0)

]
+

[
ψ̄A(x)γµψB(x)

][
Ξ̄2(0)γνψA(0)

]
+ µ↔ ν|A,B⟩ + x↔ 0 (4.2)

W̌ (1′)
µν (x) =

Nc

s
⟨A,B|

[
ψ̄A(x)γµψB(x)

][
ψ̄B(0)γνΞ

′
1(0)

]
+

[
Ξ̄′1(x)γµψB(x)

][
ψ̄B(0)γνψA(0)

]
+
[
ψ̄A(x)γµΞ

′
2(x)

][
ψ̄B(0)γνψA(0)

]
+

[
ψ̄A(x)γµψB(x)

][
Ξ̄′2(0)γνψA(0)

]
+ µ↔ ν|A,B⟩ + x↔ 0 (4.3)

and

W̌ (2a)
µν (x) =

Nc

s
⟨A,B|

[
ψ̄A(x)γµΞ2(x)

][
ψ̄B(0)γνΞ1(0)

]
+ [Ξ̄1(x)γµψB(x)

][
Ξ̄2(0)γνψA(0)

]
+ µ↔ ν|A,B⟩ + x↔ 0 (4.4)
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W̌ (2b)
µν (x) =

Nc

s
⟨A,B|

[
ψ̄A(x)γµΞ2(x)

][
Ξ̄2(0)γνψA(0)

]
+

[
Ξ̄1(x)γµψB(x)

][
ψ̄B(0)γνΞ1(0)

]
+ µ↔ ν|A,B⟩ + x↔ 0 (4.5)

W̌ (2c)
µν (x) =

Nc

s
⟨A,B|

[
Ξ̄1(x)γµΞ2(x)

][
ψ̄B(0)γνψA(0)

]
+

[
ψ̄A(x)γµψB(x)

][
Ξ̄2(0)γνΞ1(0)

]
+ µ↔ ν|A,B⟩ + x↔ 0 (4.6)

The corresponding contributions to Wµν(q) will be denoted W (1)
µν , W (1′)

µν , W (2)a
µν , W (2)b

µν , and
W

(2)c
µν , respectively. In this and next two Sections, I will consider these contributions in

turn. Whenever possible, I will refer to calculations in Ref. [9] to pinpoint terms which can
be safely neglected. The calculations in this paper are very similar to those of Ref. [9] but
much more lengthly. The result is presented in Sect. 7.

4.1 Terms with Ξ1

Let us start with the first term in Eq. (4.2). The Fierz transformation (9.1) yields

1

2
[ψ̄A(x)γµψB(x)

][
ψ̄B(0)γνΞ1(0)

]
+ µ↔ ν

=
gµν
4

{[
ψ̄m
A (x)

̸p2
s
γi

1

α
ψk
A(0)

][
ψ̄n
BB̄

nk
i (0)ψm

B (x)
]
− (ψk

A ⊗ ψn
B ↔ γ5ψ

k
A ⊗ γ5ψ

n
B

}
+

1

4
(δαµδ

β
ν + δαν δ

β
µ − gµνg

αβ)

×
{[
ψ̄m
A (x)γα

̸p2
s
γi

1

α
ψk
A(0)

][
ψ̄n
BB̄

nk
i (0)γβψ

m
B (x)

]
+ (γα ⊗ γβ ↔ γαγ5 ⊗ γβγ5)

}
− 1

4
(δαµδ

β
ν + δαν δ

β
µ − 1

2
gµνg

αβ)
[
ψ̄m
A (x)σαξ

̸p2
s
γi

1

α
ψk
A(0)

][
ψ̄n
BB̄

nk
i (0)σ ξ

β ψ
m
B (x)

]
(4.7)

where we used Eq. (2.4) Ξ1(0) = −p̸2
s γ

iB̄i
1
αψA(0). To save space, from now on we use

the notations Aψ(x) ≡ A(x)ψ(x) and ψ̄A(x) ≡ ψ̄(x)A(x). Note that all colors are in the
fundamental representation so e.g. Bmn(x) ≡ (ta)

mnBa(x).
Promoting A and B fields to operators and sorting out the color-singlet contributions

we get

W̌ (1Ξ1)
µν (x) =

Nc

s
⟨A,B|[ψ̄A(x)γµψB(x)

][
ψ̄B(0)γνΞ1(0)

]
+ µ↔ ν|A,B⟩ + x↔ 0 (4.8)

= gµνǓ
(1a)(x) + (δαµδ

β
ν + δαν δ

β
µ − gµνg

αβ)Ǔ
(1b)
αβ (x) + (δαµδ

β
ν + δαν δ

β
µ − 1

2
gµνg

αβ)Ǔ
(1c)
αβ (x)

where

Ǔ (1a)(x) =
1

2s2
[
⟨ψ̄(x) ̸p2γi

1

α
ψ(0)⟩A⟨ψ̄B̄i(0)ψ(x)]⟩B − (ψ(0)⊗ ψ(x) ↔ γ5ψ(0)⊗ γ5ψ(x)

]
+ x↔ 0

Ǔ
(1b)
αβ (x) =

1

4s2
[
⟨ψ̄(x)γα ̸p2γi

1

α
ψ(0)⟩A⟨ψ̄Bi(0)γβψ(x)⟩B

+ (ψ(0)⊗ ψ(x) ↔ γ5ψ(0)⊗ γ5ψ(x) + α↔ β
]
+ x↔ 0 (4.9)

Ǔ
(1c)
αβ (x) = −

[ 1

4s2
⟨ψ̄(x)σαξ ̸p2γi

1

α
ψ(0)⟩A⟨ψ̄Bi(0)σ ξ

β ψ(x)⟩B + α↔ β
]
+ x↔ 0
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4.1.1 Term Ǔ (1a)

It is easy to see that

Ǔ (1a)(x) =
1

2s2
{
⟨ψ̄(x) ̸p2γi

1

α
ψ(0)⟩A⟨ψ̄B̄i(0)ψ(x)]⟩A

− (ψ(0)⊗ ψ(x) ↔ γ5ψ(0)⊗ γ5ψ(x)
}

+ x↔ 0

= − i
1

2s2
⟨ψ̄(x)σ⋆i

1

α
ψ(0)⟩A⟨ψ̄[Bi(0) + iB̃iγ5(0)]ψ(x)⟩A + x↔ 0 (4.10)

where we used formula

σ⋆i ⊗Bi − σ⋆iγ5 ⊗Biγ5 = σ⋆i ⊗ B́i (4.11)

Throughout the paper we will use the notations

Ái ≡ Ai + iÃiγ5, À ≡ Ai − iÃiγ5, B́i ≡ Bi + iB̃iγ5, B̀ ≡ Bi − iB̃iγ5 (4.12)

From formula (9.41) and parametrization (9.58) from Appendix 9.2.2 we get

U (1a)(q) =
1

16π4Nc

∫
dx⋆dx•d

2x⊥ e
−iαqx•−iβqx⋆+i(q,x)⊥Ǔ (1a)(x) (4.13)

= − i
1

αqsNc

∫
d2k⊥ (k, q − k)⊥{h⊥1 ¯́eG + h̄⊥1 éG}

4.1.2 Term Ǔ
(1b)
αβ

In this section we consider

Ǔ
(1b)
αβ (x) =

1

4s2
{
⟨ψ̄(x)γα ̸p2γi

1

α
ψ(0)⟩A⟨ψ̄Bi(0)γβψ(x)⟩B (4.14)

+
(
ψ(0)⊗ ψ(x) ↔ γ5ψ(0)⊗ γ5ψ(x)

)
+ α↔ β

}
+ x↔ 0 = Ǔ

(1b)
1αβ (x) + Ǔ

(1b)
1αβ (x↔ 0)

Let us start from the first term in the r.h.s. of this equation. From Eq. (9.18)

Ǔ
(1b)
1αβ (x) =

1

4s2
{
⟨ψ̄(x)γα ̸p2γi

1

α
ψ(0)⟩A (4.15)

× ⟨ψ̄Bi(0)γβψ(x)⟩B + (ψ(0)⊗ ψ(x) ↔ γ5ψ(0)⊗ γ5ψ(x)
}

+ α↔ β

=
1

4s2

{
− ⟨ψ̄(x)/p2

1

α
ψ(0)⟩A⟨ψ̄γβ⊥B̀α(0)ψ(x)⟩B − 2

s
p2αp2β⟨ψ̄(x)γi

1

α
ψ(0)⟩A

× ⟨ψ̄ /B(0)/p1γ
iψ(x)⟩B − 2

s
p2αp2β⟨ψ̄(x)γiγ5

1

α
ψ(0)⟩A⟨ψ̄ /B(0)/p1γ

iγ5ψ(x)⟩B

+
2

s
p2β⟨ψ̄(x)/p2

1

α
ψ(0)⟩A⟨ψ̄ /B(0)/p1γα⊥ψ(x)⟩B + α↔ β

}
,
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From Eqs. (9.45) and (9.65) we get

U
(1b)
1αβ (q) =

1

16π4Nc

∫
dx⋆dx•d

2x⊥ e
−iαqx•−iβqx⋆+i(q,x)⊥Ǔ

(1b)
1αβ (x) (4.16)

=
1

2αqs

∫
d2k⊥

[
(q − k)α⊥p2βf1(αq, k⊥)[f̄

⊥
1 − βq(f̄⊥ − iḡ⊥)](βq, q⊥ − k⊥)

− f1(αq, k⊥)
¯̆
f1G(βq, q⊥ − k⊥)

[
(q − k)α(q − k)β + (q − k)2⊥

g⊥αβ
2

]
−
g⊥αβ
2
f1(αq, k⊥)

[
(q − k)2⊥(f̄ + iḡ)− 2βqm

2f̄3
]
(βq, q⊥ − k⊥)

+
2

s
p2αp2β(k, q − k)⊥[f⊥ + ig⊥](αq, k⊥)

(
f̄⊥1 − βq[f̄⊥ − iḡ⊥)]

)
(βq, q⊥ − k⊥

]
+ α↔ β

where for brevity

[f̄⊥1 − βq(f̄⊥ − iḡ⊥)](βq, q⊥ − k⊥) ≡ f̄⊥1 − βq

(
f̄⊥(βq, q⊥ − k⊥)− iḡ⊥(βq, q⊥ − k⊥)

)
(4.17)

and similarly for other terms here and throughout the paper.

Next,

Ǔ
(1b)
2αβ (x) ≡ Ǔ

(1b)
1αβ (x↔ 0) (4.18)

=
1

4s2
{
⟨ψ̄(0)γα ̸p2γi

1

α
ψ(x)⟩A⟨ψ̄Bi(x)γβψ(0)⟩B

+ (ψ(x)⊗ ψ(0) ↔ γ5ψ(x)⊗ γ5ψ(0)
}

+ α↔ β

=
{
⟨ψ̄(0)/p2ψ(x)⟩A⟨ψ̄γβ⊥B̀α(x)ψ(0)⟩B +

2

s
p2αp2β⟨ψ̄(0)γiψ(x)⟩A⟨ψ̄ /B(x)/p1γ

iψ(0)⟩B

+
2

s
p2αp2β⟨ψ̄(0)γiγ5ψ(x)⟩A⟨ψ̄ /B(x)/p1γ

iγ5ψ(0)⟩B

− 2

s
p2β⟨ψ̄(0)/p2ψ(x)⟩A⟨ψ̄ /B(x)/p1γα⊥ψ(0)⟩B

} 1

4s2αq
+ α↔ β

Now, from Eqs. (9.65) and (9.47) we get

U
(1b)
2αβ (q) ≡ 1

16π4Nc

∫
dx⋆dx•d

2x⊥ e
−iαqx•−iβqx⋆+i(q,x)⊥Ǔ

(1b)
2αβ (x)

=
1

2αqsNc

∫
d2k⊥

[
− f̄⊥1 (αq, k⊥)f̀1G(βq, q⊥ − k⊥)

[
(q − k)⊥α (q − k)⊥β + (q − k)2⊥

g⊥αβ
2

]
−
g⊥αβ
2
f̄⊥1 (αq, k⊥)

[
(q − k)2⊥(f − ig)− 2βqm

2f3
]
(βq, q⊥ − k⊥)

+
2

s
p2αp2β(k, q − k)⊥

(
f̄⊥ − iḡ⊥

)
(αq, k⊥)

(
f1 − βq[f⊥ + ig⊥](βq, q⊥ − k⊥)

)
+ (q − k)α⊥p2β f̄1(αq, k⊥)[f1 − βq(f⊥ + ig⊥)](βq, q⊥ − k⊥)

]
+ α↔ β (4.19)
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Finally,

U
(1b)
αβ (q) =

1

16π4Nc

∫
dx⋆dx•d

2x⊥ e
−iαqx•−iβqx⋆+i(q,x)⊥

(
Ǔ

(1b)
1αβ (x) + Ǔ

(1b)
2αβ (x)

)
(4.20)

=
1

2αqsNc

∫
d2k⊥

{
(q − k)α⊥p2β{f1[f̄1 − βq(f̄⊥ − iḡ⊥)] + f̄1[f1 − βq(f⊥ + ig⊥)]}

−
[
(q − k)α(q − k)β + (q − k)2⊥

g⊥αβ
2

]
{f1 ¯̀f1G + f̄1f̀1G}

−
g⊥αβ
2

(
(q − k)2⊥{f1[f̄ + iḡ] + f̄1[f − ig]} − 2βqm

2{f1f̄3 + f̄1f3}
)

+
2

s
p2αp2β(k, q − k)⊥

[
{[f⊥ + ig⊥]f̄1 + [f̄⊥ − iḡ⊥]f1}

− βq{[f⊥ + ig⊥][f̄⊥ − iḡ⊥] + [f̄⊥ − iḡ⊥][f⊥ + ig⊥]}
]}

+ α↔ β

where we used notation (3.22).

4.1.3 Term Ǔ
(1c)
αβ

Next, consider

Ǔ
(1c)
αβ (x) = − 1

4s2
[
⟨ψ̄(x)σαξ ̸p2γi

1

α
ψ(0)⟩A⟨ψ̄Bi(0)σ

ξ
β ψ(x)⟩B + α↔ β

]
+ x↔ 0 (4.21)

From Eq. (9.8) we get

Ǔ
(1c)
1αβ (x) =

1

4s2
⟨ψ̄(x)iσαξσ⋆i

1

α
ψ(0)⟩A⟨ψ̄Bi(0)σ ξ

β ψ(x)⟩B + α↔ β

=
1

4s2

{
⟨ψ̄(x)σ⋆j

1

α
ψ(0)⟩A⟨ψ̄Bα(0)σ

j
β⊥
ψ(x)⟩B + i⟨ψ̄(x)σ⋆α⊥

1

α
ψ(0)⟩A

× ⟨ψ̄( /Bγβ⊥ −Bβ)(0)ψ(x)⟩B +
2i

s
p2β⟨ψ̄(x)σ⋆α⊥

1

α
ψ(0)⟩A⟨ψ̄ /B(0)/p1ψ(x)⟩B

+
2

s
p2αp2β⟨ψ̄(x)

1

α
ψ(0)⟩A⟨ψ̄ /B(0)/p1ψ(x)⟩B − 4i

s2
p2αp2β⟨ψ̄(x)σ•∗

1

α
ψ(0)⟩A⟨ψ̄ /B(0)/p1ψ(x)⟩B

+
4

s2
(
p1αp2β + p2αp1β

)
⟨ψ̄(x)σ⋆i

1

α
ψ(0)⟩A⟨ψ̄Bi(0)σ⋆•ψ(x)⟩B

}
+ α↔ β (4.22)

where we used the fact that

⟨ψ̄(0)[Bi(0)σ•j −Bj(0)σ•i]ψ(x)⟩A = 0 (4.23)

for unpolarized hadrons. Next, from Eq. (9.62) and Eq. (9.59) we obtain

U
(1c)
1αβ (q) ≡ 1

16π4Nc

∫
dx⋆dx•d

2x⊥ e
−iαqx•−iβqx⋆+i(q,x)⊥Ǔ

(1c)
1αβ (x) (4.24)

=
1

2αqsNc
.

∫
d2k⊥

[
(k, q − k)⊥g

⊥
αβh

⊥
1 (αq, k⊥)[iē− iēG + βqh̄

⊥
3 + h̄D](βq, q⊥ − k⊥)

− p2βk
⊥
α

1

m2
h⊥1 (αq, k⊥)

[
(q − k)2⊥h̄

⊥
1 +m2βq(iē+ h̄)

]
(βq, q⊥ − k⊥)

+
2

s
p2αp2β e(αq, k⊥)

[
− i(q − k)2⊥h̄

⊥
1 + βqm

2(ē− ih̄)
]
(βq, q⊥ − k⊥)

+
2

s
p2αp2βh(αq, k⊥)

[
(q − k)2⊥h̄

⊥
1 + βqm

2(iē+ h̄)
]
(βq, q⊥ − k⊥)

− 2

s

(
p1αp2β + p2αp1β

)
(k, q − k)⊥h

⊥
1 (αq, k⊥)

[
βh̄⊥3 − h̄− h̄D − i¯̃eG

]
(βq, q⊥ − k⊥) + α↔ β
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Now consider

Ǔ
(1c)
2αβ (x) = Ǔ

(1c)
1αβ (x↔ 0) =

1

4s2
⟨ψ̄(0)iσαξσ⋆i

1

α
ψ(x)⟩A⟨ψ̄Bi(x)σ ξ

β ψ(0)⟩B + α↔ β

=
1

4s2

{
⟨ψ̄(0)σ⋆j

1

α
ψ(x)⟩A⟨ψ̄Bα(x)σ

j
β⊥
ψ(0)⟩B + i⟨ψ̄(0)σ⋆α⊥

1

α
ψ(x)⟩A

× ⟨ψ̄( /Bγβ⊥ −Bβ)(x)ψ(0)⟩B +
2i

s
p2β⟨ψ̄(0)σ⋆α⊥

1

α
ψ(x)⟩A⟨ψ̄ /B(x)/p1ψ(0)⟩B

+
2

s
p2αp2β⟨ψ̄(0)

1

α
ψ(x)⟩A⟨ψ̄ /B(x)/p1ψ(0)⟩B − 4i

s2
p2αp2β⟨ψ̄(0)σ•∗

1

α
ψ(x)⟩A⟨ψ̄ /B(x)/p1ψ(0)⟩B

+
4

s2
(
p1αp2β + p2αp1β

)
⟨ψ̄(0)σ⋆i

1

α
ψ(x)⟩A⟨ψ̄Bi(x)σ⋆•ψ(0)⟩B

}
+ α↔ β

where we again used Eq. (4.23) for unpolarized hadrons.
Using Eqs. (9.62), (9.63), and (9.59) we get

U
(1c)
2αβ (q) =

1

16π4Nc

∫
dx⋆dx•d

2x⊥ e
−iαqx•−iβqx⋆+i(q,x)⊥W̌

(1c)
2αβ (x) (4.25)

=
1

2αqsNc

∫
d2k⊥

[
− i(k, q − k)⊥g

⊥
αβh̄

⊥
1 (αq, k⊥)(e+ eG + iβqh

⊥
3 − ihD)(βq, q⊥ − k⊥)

− k⊥α p2β
1

m2
h̄⊥1 (αq, k⊥)

[
(q − k)2⊥h

⊥
1 + βqm

2(h− ie)
]
(βq, q⊥ − k⊥)

+
p2αp2β
s

iē(αq, k⊥)
[
(q − k)2⊥h

⊥
1 +m2βq(h− ie)

]
(βq, q⊥ − k⊥)

+
2

s
p2αp2βh̄(αq, k⊥)

[
(q − k)2⊥h

⊥
1 +m2βq(h− ie)

]
(βq, q⊥ − k⊥)

− 2

s

(
p1αp2β + p2αp1β

)
h̄⊥1 (αq, k⊥)

[
βh⊥3 − h− iẽG + hD

]
(βq, q⊥ − k⊥) + α↔ β

The sum of Eqs. (4.24) and (4.25) is

U
(1c)
αβ (q) =

1

16π4Nc

∫
dx⋆dx•d

2x⊥ e
−iαqx•−iβqx⋆+i(q,x)⊥Ǔ

(1c)
αβ (x) =

1

2αqsNc
(4.26)

×
∫
d2k⊥

{
(k, q − k)⊥g

⊥
αβ

(
{h⊥1 [iē− iēG + βqh̄

⊥
3 + h̄D] + h̄⊥1 [−ie− ieG + βqh

⊥
3 − hD]}

)
− p2αk

⊥
β

((q − k)2⊥
m2

{h⊥1 h̄⊥1 + h̄⊥1 h
⊥
1 }+ βq{h1[h̄+ iē] + h̄1[h− ie]}

)
+

2

s
p2αp2β

×
(
(q − k)2⊥{[h− ie]h̄⊥1 + [h̄+ iē]h⊥1 }+ βqm

2{[h− ie][h̄+ iē] + [h̄+ iē][h− ie]}
)

− g
∥
αβ(k, q − k)⊥{h⊥1 [βh̄⊥3 − h̄− i¯̃eG − h̄D] + h̄⊥1 [βh

⊥
3 − h− iẽG + hD]}

}
+ α↔ β

Term with W̌ (1Ξ1)
µν (q) is given by the sum of Eqs. (4.13), (4.20), and (4.26).

4.2 Terms with Ξ̄1, Ξ2 and Ξ̄2

Let us consider now the second term in Eq. (4.2). from{∫
dx e−iqx

[
Ξ̄1(x)γµψB(x)

][
ψ̄B(0)γνψA(0)

]}∗
=

∫
dx e−iqx

[
ψ̄A(x)γνψB(x)

][
ψ̄B(0)γµΞ1(0)

]
(4.27)
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we see that effectively addition of the term W̌
(1Ξ̄1)
µν (q) doubles the real part of W̌ (1Ξ1)

µν (q) so
one obtains

W (1Ξ1+1Ξ̄1)
µν (q) =

1

16π4Nc

∫
dx⋆dx•d

2x⊥ e
−iαqx•−iβqx⋆+i(q,x)⊥

[
W̌ (1Ξ1)

µν (x) + W̌ (1Ξ̄1)
µν (x)

]
=

1

16π4Nc

∫
dx⋆dx•d

2x⊥ e
−iαqx•−iβqx⋆+i(q,x)⊥

Nc

s

(
⟨A,B|

[
ψ̄A(x)γµψB(x)

][
ψ̄B(0)γνΞ1(0)

]
+

[
Ξ̄1(x)γµψB(x)

][
ψ̄B(0)γνψA(0)

]
|A,B⟩ + µ↔ ν + x↔ 0

)
(4.28)

= gµν
[
Ǔ (1a)(q) + Ǔ (2a)(q)

]
+ (δαµδ

β
ν + δαν δ

β
µ − gµνg

αβ)
[
Ǔ

(1b)
αβ (q) + Ǔ

(2b)
αβ (q)

]
+ (δαµδ

β
ν + δαν δ

β
µ − 1

2
gµνg

αβ)
[
Ǔ

(1c)
αβ (q) + Ǔ

(2c)
αβ (q)

]
=

2

αqsNc

∫
d2k⊥

{
(k, q − k)⊥gµν{h⊥1 ℑ¯́eG + h̄⊥1 ℑéG}

+ [(q − k)µ⊥p2ν + µ↔ ν]
(
{f1f̄1 + f̄1f1} − βq{f1f̄⊥ + f̄1f⊥}

)
−

[
(q − k)⊥µ (q − k)⊥ν + µ↔ ν + g⊥µν(q − k)2⊥

]
{f1ℜ ¯̀

f1G + f̄1ℜf̀1G}
+ g∥µν

[
(q − k)2⊥{f1f̄⊥ + f̄1f⊥} − 2βqm

2{f1f̄3 + f̄1f3}+m2(f1ℜf̄D + f̄1ℜfD)
]

+
4

s
p2µp2ν(k, q − k)⊥

(
{f⊥f̄1 + f̄⊥f1} − βq{f⊥f̄⊥ + f̄⊥f⊥} − βq{g⊥ḡ⊥ + ḡ⊥g⊥}

)
+ [g⊥µν − g∥µν ](k, q − k)⊥

(
2βq{h⊥1 h̄⊥3 + h̄⊥1 h

⊥
3 } − {h⊥1 h̄+ h̄⊥1 h}+ {h⊥1 ℑ¯́eG + h̄⊥1 ℑéG}

)
− [p2µk

⊥
ν + p2νk

⊥
µ ]
((q − k)2⊥

m2
{h⊥1 h̄⊥1 + h̄⊥1 h

⊥
1 }+ βq{h⊥1 h̄+ h̄⊥1 h}

)
+

4

s
p2µp2ν

[
m2βq{eē+ ēe}+ (q − k)2⊥{hh̄⊥1 + h̄h⊥1 }+ βqm

2{hh̄+ h̄h}
]}

where we used eG + ẽG = éG, see parametrizations (9.56) and (9.58)

Next, the term with Ξ2 can be obtained by projectile↔target replacement

p1 ↔ p2, x• ↔ x⋆, αq ↔ βq, k⊥ ↔ (q − k)⊥ (4.29)
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so we get

W (1Ξ2+1Ξ̄2)
µν (q) =

1

16π4Nc

∫
dx⋆dx•d

2x⊥ e
−iαqx•−iβqx⋆+i(q,x)⊥ [W̌ (1Ξ2)

µν (x) + W̌ (1Ξ̄2)
µν (x)]

=
1

16π4Nc

∫
dx⋆dx•d

2x⊥ e
−iαqx•−iβqx⋆+i(q,x)⊥

Nc

s

(
⟨A,B|

[
ψ̄A(x)γµΞ2(x)

][
ψ̄B(0)γνψA(0)

]
+

[
ψ̄A(x)γνψB(x)

][
Ξ̄2(0)γµψB(0)

]
|A,B⟩ + µ↔ ν + x↔ 0

)
(4.30)

=
2

βqsNc

∫
d2k⊥

[
(k, q − k)⊥gµν{ℑ¯́eGh

⊥
1 + ℑéGh̄⊥1 }

+
{
[kµ⊥p1ν + µ↔ ν]

(
{f1f̄1 + f̄1f1} − αq{f⊥f̄1 + f̄⊥f1}

)
−

[
k⊥µ k

⊥
ν + µ↔ ν + g⊥µνk

2
⊥
]
{ℜ ¯̀
f1Gf1 + ℜf̀1Gf̄1}

+ g∥µν
[
k2⊥{f̄⊥f1 + f⊥f̄1} − 2αqm

2{f̄3f1 + f3f̄1}+m2{ℜf̄Df1 + ℜfDf̄1}
]

+
4

s
p1µp1ν(k, q − k)⊥

[
{f̄1f⊥ + f1f̄⊥} − αq{f̄⊥f⊥ + f⊥f̄⊥} − αq{g⊥ḡ⊥ + ḡ⊥g⊥}

]
+ [g⊥µν − g∥µν ](k, q − k)⊥

(
2αq{h̄⊥3 h⊥1 + h⊥3 h̄

⊥
1 } − {h̄h⊥1 + hh̄⊥1 }+ {ℑ¯́eGh

⊥
1 + ℑéGh̄⊥1 }

)
− [p1µ(q − k)⊥ν + p1ν(q − k)⊥µ ]

( k2⊥
m2

{h⊥1 h̄⊥1 + h̄⊥1 h
⊥
1 }+ αq{h̄h⊥1 + hh̄⊥1 }

)
+

4

s
p1µp1ν

[
m2αq{eē+ ēe}+ k2⊥{h̄⊥1 h+ h⊥1 h̄}+ αqm

2{hh̄+ h̄h}
]}

5 Terms with Ξ′i or Ξ̄′i

These terms were not considered in Ref. [9] so the analysis below will be more detailed
than in previous Section.

5.1 Terms with Ξ′1

We start from

W̌
(1Ξ′

1)
µν (x) =

Nc

s
⟨A,B|[ψ̄A(x)γµψB(x)

][
ψ̄B(0)γνΞ

′
1(0)

]
+ µ↔ ν|A,B⟩ + x↔ 0 (5.1)

where Ξ′1 can be taken from Ref. [7]

Ξ′1 = − /p1
s
γi
Bi

β
ψA +

1

s2

(/p1
β
/P⊥

/p2
α

+
/p2
α
/P⊥

/p1
β

)
γiB

iψA

− 2

s2
/p2/p1B⋆

1

α
ψA +

2

s2

(
B⋆

/p2
α2

+A•
/p1
β2

)
/B⊥ψA (5.2)
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First, note that the term /A⊥ in /P⊥ and A• in the last term can be neglected at large Nc.
Indeed, after separation of color singlet contributions

⟨A,B|(ψ̄k
Aψ

k
B)(ψ̄

m
BA

ml
µ Bln

ν ψ
n
A)|A,B⟩ = ⟨A,B|(ψ̄k

AA
ml
µ ψn

A)(ψ̄
m
BB

ln
ν ψ

k
B)|A,B⟩

= ⟨A,B|(ψ̄k
AA

ln
µ ψ

n
A)(ψ̄

m
BB

ml
ν ψk

B)|A,B⟩+ ifabc⟨A,B|Aa
µB

b
ν(ψ̄

k
Aψ

n
A)(ψ̄

m
B (tc)mnψ

k
B)|A,B⟩

=
1

Nc
⟨ψ̄AAµψA⟩A⟨ψ̄BBνψB⟩B + 2ifabc⟨ψ̄k

At
d
knA

a
µψ

n
A⟩A⟨ψ̄m

B t
c
mst

d
slB

b
νψ

l
B⟩B

+
i

Nc
fabc⟨ψ̄k

AA
a
µψ

k
A⟩A⟨ψ̄m

B t
c
mlB

b
νψ

l
B⟩B

=
1

Nc
⟨ψ̄AAµψA⟩A⟨ψ̄BBνψB⟩B + 2ifabc⟨Aa

mu(ψ̄At
dψA)⟩A⟨Bb

ν(ψ̄Bt
ctdψB)⟩B

+
i

Nc
fabc⟨Aa

µ(ψ̄AψA)⟩A⟨Bb
ν(ψ̄Bt

cψB)⟩B

=
1

Nc
⟨ψ̄AAµψA⟩A⟨ψ̄BBνψB⟩A + 2i

fabc

N2
c − 1

⟨(ψ̄AAjψA)⟩A⟨ψ̄Bt
ctaBb

jψB⟩B

= − 1

Nc(N2
c − 1)

⟨ψ̄AAµψA⟩A⟨ψ̄BBνψB⟩B (5.3)

so effectively Ξ′1 reduces to

Ξ′1

= − /p1
s
γi
Bi

β
ψA +

1

s2

(/p1
β
/P
B
⊥
/p2
α

+
/p2
α
/P
B
⊥
/p1
β

)
γiB

iψA − 2

s2
/p2/p1B⋆ψA +

2

s2
/p2B⋆ /B⊥

1

α2
ψA

= − /p1
s
γi
Bi

β
ψA − 1

sβ
/P
B
⊥ /B⊥

1

α
ψA +

2

s2
/p2B⋆ /B⊥

1

α2
ψA

+
1

s2
/p2/p1

[ 1
β
, /P

B
⊥
]
−
1

α
ψA − 2

s2
/p2/p1B⋆ψA

(5.4)

where
[
1
β , /P

B
⊥
]
− is a commutator and PB

i = i∂i +Bi.
The Fierz transformation (9.1) yields (cf. Eq. (4.8))

W̌
(1Ξ′

1)
µν (x) =

Nc

s
⟨A,B|[ψ̄A(x)γµψB(x)

][
ψ̄B(0)γνΞ

′
1(0)

]
+ µ↔ ν|A,B⟩ + x↔ 0 (5.5)

= gµνǓ
(1′a)(x) + (δαµδ

β
ν + δαν δ

β
µ − gµνg

αβ)Ǔ
(1′b)
αβ (x) + (δαµδ

β
ν + δαν δ

β
µ − 1

2
gµνg

αβ)Ǔ
(1′c)
αβ (x)

where

Ǔ (1′a)(x) = ⟨A,B| − Nc

2s

[
ψ̄A(x)Ξ

′
1(0)

][
ψ̄B(0)ψB(x)

]
(5.6)

+
1

2s

[
ψ̄A(x)γ5Ξ

′
1(0)

][
ψ̄B(0)γ5ψB(x)

]
|A,B⟩ + x↔ 0

Ǔ
(1′b)
αβ (x) = − Nc

4s
⟨A,B|

([
ψ̄A(x)γαΞ

′
1(0)

][
ψ̄B(0)γβψB(x)

]
+

[
ψ̄A(x)γαγ5Ξ

′
1(0)

][
ψ̄B(0)γβγ5ψB(x)

])
|A,B⟩ + α↔ β + x↔ 0

Ǔ
(1′c)
αβ (x) =

Nc

4s
⟨A,B|

[
ψ̄A(x)σαξΞ

′
1(0)

][
ψ̄B(0)σ

ξ
β ψB(x)

]
|A,B⟩ + α↔ β + x↔ 0

First, it is easy to see that Ǔ (1′a)(x) is ∼ gµν
m4

⊥
s2

or less.
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5.1.1 Term Ǔ (1′b)

From Eq. (5.4) we get

Ǔ
(1′b)
αβ = − Nc

4s
⟨A,B|

[
ψ̄A(x)γαΞ1(0)

][
ψ̄B(0)γβψB(x)

]
(5.7)

+
(
ψ(0)⊗ ψ(x) ↔ γ5ψ(0)⊗ γ5ψ(x)

)
|A,B⟩+ α↔ β + x↔ 0

=
Nc

4s2
⟨A,B|

[
ψ̄A(x)γα

(
/p1γ

iBi

β
+

1

αq

1

β
/P⊥ /B

− 1

αqs
/p2/p1

([ 1
β
, /P

B
⊥
]
− /B − 2B⋆

)
− 2

α2
qs
/p2B⋆ /B

)
(0)ψA(0)

][
ψ̄B(0)γβψB(x)

]
]|A,B⟩

+
(
ψ(0)⊗ ψ(x) ↔ γ5ψ(0)⊗ γ5ψ(x)

)
+ α↔ β +

(
x↔ 0, αq ↔ −αq

)
(in the few fromulas involving B⋆ the notation /B still means Biγi). Let us demonstrate
that the terms in the fourth line of the r.h.s are negligible. First,

1

s3
[
ψ̄A(x)γα/p2/p1

([ 1
β
, /P

B
⊥
]
− /B − 2B⋆

)
(0)ψA(0)

][
ψ̄B(0)γβψB(x)

]
(5.8)

=
1

2αqs3

([
ψ̄A(x)γα⊥/p2/p1

([ 1
β
, /P

B
⊥
]
− /B − 2B⋆

)
(0)ψA(0)

]
+2p2α

[
ψ̄A(x)/p1

([ 1
β
, /P

B
⊥
]
− /B − 2B⋆

)
(0)ψA(0)

])[
ψ̄B(0)γβψB(x)

]
If index β is transverse, the first term in the r.h.s. is ∼ q⊥α q

⊥
β

m2
⊥

s2
(after Fourier transforma-

tion (3.2)) and the second is ∼ p2αq
⊥
β

m4
⊥

s3
. If the index β is longitudinal, the first term is

∼ q⊥α p2β
m2

⊥
s2

and the second is ∼ p2αp2β
m4

⊥
s3

so all these terms are negligible in comparison
to those in Eq. (3.13). Second,

1

s3
[
ψ̄A(x)γα/p2B⋆ /B(0)ψA(0)

][
ψ̄B(0)γβψB(x)

]
=

1

2αqs3

([
ψ̄A(x)γα⊥/p2B⋆ /B(0)ψA(0)

]
+
2

s
p2α

[
ψ̄A(x)/p1/p2B⋆ /B(0)ψA(0)

])[
ψ̄B(0)γβψB(x)

]
(5.9)

Again, if index β is transverse, the first term in the r.h.s. is ∼ q⊥α q
⊥
β

m2
⊥

s2
and the second is

∼ p2αq
⊥
β

m4
⊥

s3
, and if the index β is longitudinal, the first term is ∼ q⊥α p2β

m2
⊥

s2
and the second

is ∼ p2αp2β
m4

⊥
s3

, so all these terms are negligible in comparison to those in Eq. (3.13).
We get

Ǔ
(1′b)
αβ (x) =

Nc

4s2
⟨A,B|

([
ψ̄A(x)γα/p1γ

i 1

β
BiψA(0)

]
(5.10)

+
1

αq

[
ψ̄A(x)γα

1

β
/P⊥ /BψA(0)

])[
ψ̄B(0)γβψB(x)

]
|A,B⟩

+
(
ψ(0)⊗ ψ(x) ↔ γ5ψ(0)⊗ γ5ψ(x)

)
+ α↔ β +

(
x↔ 0, αq ↔ −αq

)
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Similar analysis shows that the only non-negligible contribution is ∼ p1αp2β
s2

so separating
color-singlet contributions we obtain

Ǔ
(1′b)
αβ =

p1αp2β
s4

{(
⟨ψ̄A(x)/p2/p1γ

iψA(0)⟩⟨ψ̄B

( 1
β
Bi

)
(0)/p1ψB(x)⟩ (5.11)

+
1

αq
⟨ψ̄A(x)/p2/p⊥γ

iψA(0)⟩
)
⟨ψ̄B

( 1
β
Bi

)
(0)/p1ψB(x)⟩

+
1

αq
⟨ψ̄A(x)/p2γ

jγiψA(0)⟩ × ⟨ψ̄B

( 1
β
PB
j Bi

)
(0)/p1ψB(x)⟩

}
+

(
ψ(0)⊗ ψ(x) ↔ γ5ψ(0)⊗ γ5ψ(x)

)
+ α↔ β +

(
x↔ 0, αq ↔ −αq

)
Using Eqs. (9.16) and (9.17), we get

Ǔ
(1′b)
αβ =

p1αp2β
s4

{s
2
⟨ψ̄(x)γiψ(0)⟩A⟨ψ̄B̀i(0)/p1ψ(x)⟩B +

1

αq
⟨ψ̄(x)/p2piψ(0)⟩A

× ⟨ψ̄B́i(0)/p1ψ(x)⟩B +
1

αq
⟨ψ̄(x)/p2ψ(0)⟩A⟨ψ̄/p1

(
PB +

ϵij

2
Bijγ5)(0)ψ(x)⟩B

}
+

(
ψ(0)⊗ ψ(x) ↔ γ5ψ(0)⊗ γ5ψ(x)

)
+ α↔ β +

(
x↔ 0, αq ↔ −αq

)
(5.12)

where we introduced the notations

Bi(x⋆, x⊥) ≡ 1

β + iϵ
Bi(x⋆, x⊥) ≡ − i

∫ x⋆

−∞
dx′⋆ Bi(x

′
⋆, x⊥)

PB(x⋆, x⊥) ≡ 1

β + iϵ
iDiBi(x⋆, x⊥) =

∫ x⋆

−∞
dx′⋆ (∂i − iBi)Bi(x

′
⋆, x⊥)

Bij(x⋆, x⊥) ≡ 1

β + iϵ
F

(B)
ij (x⋆, x⊥) = − i

∫ x⋆

−∞
dx′⋆ F

(B)
ij (x′⋆, x⊥) (5.13)

and B̀i ≡ Bi − iγ5B̃i, B́i ≡ Bi + iγ5B̃i similarly to Eq. (4.12). Using parametizations (9.70),
(9.71), (9.72) and formula B̀iγ5 = −iϵijB̀j we get

Ǔ
(1′b)
αβ =

g
∥
αβ

2αqsNc

∫
d2k⊥

[
(k, q − k)⊥

(
{f1 ¯́f1G + f̄1f́1G} ¯́f1G

+αq{[f⊥ − ig⊥]
¯̀
f1G + [f̄⊥ + iḡ⊥)]f̀1G}

)
+ m2{f1(αq, k⊥) + f̄1[f2G + f3G ]}

]
, (5.14)

cf. Eq. (4.20).

5.1.2 Term Ǔ (1′c)

Next,

Ǔ (1′c)(x) =
Nc

4s
⟨A,B|

[
ψ̄A(x)σαξΞ

′
1(0)

][
ψ̄B(0)σ

ξ
β ψB(x)|A,B⟩ + α↔ β + x↔ 0

= − Nc

4s2
⟨A,B|

[
ψ̄A(x)σαξ

(
/p1γ

iBi

β
+

1

αq

1

β
/P⊥ /B − 1

αqs
/p2/p1

([ 1
β
, /P

B
⊥
]
− /B − 2B⋆

)
− 2

α2
qs
/p2B⋆ /B⊥

)
(0)ψA(0)

][
ψ̄B(0)σ

ξ
β ψB(x)

]
|A,B⟩+ α↔ β +

(
x↔ 0, αq ↔ −αq

)
(5.15)
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Let us again demonstrate that the last two terms in curly brackets are negligible. Ignoring
the transverse factors pi, Bi and B⋆ which cannot produce factor s, we obtain the following
estimates

1

s3
σα⊥ξ/p2(/p1)⊗ σ ξ

β⊥
= O

(g⊥αβ
s2

)
, (5.16)

p2β
s4
σα⊥ξ/p2(/p1)⊗ σ ξ

• = O
(p2βq⊥α

s2
)
,

p1β
s4
σα⊥ξ/p2(/p1)⊗ σ ξ

⋆ = O
(p1βq⊥α

s3
)

p1α
s4
σ⋆ξ/p2(/p1)⊗ σ ξ

β⊥
= O

(p1αq⊥β
s2

)
,

p2α
s4
σ•ξ/p2(/p1)⊗ σ ξ

β⊥
= O

(p2αq⊥β
s2

)
,

p1αp1β
s5

σ⋆ξ/p2(/p1)⊗ σ ξ
⋆ = 0,

p1αp2β
s5

σ⋆ξ/p2(/p1)⊗ σ ξ
• = O

(p1αp2β
s3

)
,

p2αp1β
s5

σ•ξ/p2(/p1)⊗ σ ξ
⋆ = O

(p2αp1β
s3

)
,

p2αp2β
s5

σ•ξ/p2(/p1)⊗ σ ξ
• = O

(p2αp2β
s3

)
where the factors (/p1) means that inclusion (or non-inclusion) of /p1 does not change the
power of s in the projectile TMDs. Similarly to Eq. (5.10) we get

Ǔ
(1′c)
αβ (x)

= − Nc

4s2
⟨A,B|

([
ψ̄A(x)σαξ/p1γ

iBiψA(0)
]
+

1

αq

[
ψ̄A(x)σαξ

1

β
/P⊥ /BψA(0)

])
×

[
ψ̄B(0)σ

ξ
β ψB(x)

]
|A,B⟩+ α↔ β +

(
x↔ 0, αq ↔ −αq

)
(5.17)

For the first term, from Eq. (9.9) we get

1

4s2
iσαξσ•i ⊗ σ ξ

β Bi + α↔ β (5.18)

=
1

4s2

[
− 2

s
σ•∗ ⊗

(
σ•β⊥Bα −

g⊥αβ
2
σ•iBi

)
+
i

2
gαβ ⊗ σ•iBi +

gαβ
s
σ⋆• ⊗ σ•iBi

+ i⊗
(
σ•β⊥Bα −

g⊥αβ
2
σ•iBi

)
+ α↔ β

]
Next, due to the definition (5.5), U1′c

αβ will be multiplied by the traceless tensor (δαµδ
β
ν +

δαν δ
β
µ− 1

2gµνg
αβ) so the contributions to U1′c

αβ proportional to gαβ can be ignored. Effectively,

1

4s2
iσαξσ•i ⊗ σ ξ

β Bi + α↔ β (5.19)

=
1

4s2

[
− 2

s
σ•∗ ⊗

(
σ•β⊥Bα −

g⊥αβ
2
σ•iBi

)
+ i⊗

(
σ•β⊥Bα −

g⊥αβ
2
σ•iBi

)
+ α↔ β

]
and we get the first term in Eq. (5.17) in the form

Ǔ
(1′c)
αβ(1)(x) ≡ − Nc

4s2
⟨A,B|

[
ψ̄A(x)σαξ/p1γ

iBi

β
ψA(0)

]
(5.20)

×
[
ψ̄B(0)σ

ξ
β ψB(x)

]
|A,B⟩+ α↔ β + x↔ 0,+

(
x↔ 0, αq ↔ −αq

)
=

( 2

s3
⟨ψ̄(x)σ⋆•ψ(0)⟩A +

i

4s2
⟨ψ̄(x)ψ(0)⟩A

)
× ⟨ψ̄

(
σ•β⊥Bα −

g⊥αβ
2
σ•iBi

)
(0)ψ(x)⟩B + α↔ β + x↔ 0
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Using parametrization (9.73) we get

U
(1′c)
αβ(1)(q) =

1

16π4Nc

∫
dx⋆dx•d

2x⊥ e
−iαqx•−iβqx⋆+i(q,x)⊥U

(1′c)
αβ(1) (5.21)

= − 1

sNc

∫
d2k⊥

[
(q − k)⊥α (q − k)⊥β +

g⊥αβ
2

(q − k)2⊥
]
{[h+ ie]h̄1G + [h̄− iē]h1G}

To get the second term in Eq. (5.17) we need a table of estimates similar to Eq. (5.16)

1

s2
σα⊥ξ ⊗ σ ξ

β⊥
=

2

s3
σα⊥∗ ⊗ σβ⊥•,

p2β
s4
σα⊥ξ/p1/p2 ⊗ σ ξ

• = O
(p2βq⊥α

s2
)
,

p1β
s4
σα⊥ξ/p1/p2 ⊗ σ ξ

⋆ = O
(p1βq⊥α

s2
)

p1α
s4
σ⋆ξ/p1/p2 ⊗ σ ξ

β⊥
= O

(p1αq⊥β
s2

)
,

p2α
s4
σ•ξ/p1/p2 ⊗ σ ξ

β⊥
= O

(p2αq⊥β
s2

)
,

p1αp1β
s5

σ⋆ξ/p1/p2 ⊗ σ ξ
⋆ = O

(p1αp1β
s3

)
,

p1αp2β
s5

σ⋆ξ/p1/p2 ⊗ σ ξ
• =

p1αp2β
s4

σ⋆i ⊗ σ i
• ,

p2αp1β
s5

σ•ξ/p1/p2 ⊗ σ ξ
⋆ = O

(p2αp1β
s3

)
,

p2αp2β
s5

σ•ξ/p1/p2 ⊗ σ ξ
• = O

(p2αp2β
s3

)
(5.22)

Combining these equations and equations from table (5.16) (with /p1 included) we see that

1

s2
σαξ ⊗ σ ξ

β + α↔ β =
2

s3
σα⊥∗ ⊗ σβ⊥• +

4p1αp2β
s4

σ⋆i ⊗ σ i
• + α↔ β (5.23)

=
2

s3
σ i
⋆ ⊗ σ j

•

(
g⊥αig

⊥
βj + g⊥βig

⊥
αj − g⊥αβgij + g⊥αβgij +

2p1αp2β
s

gij +
2p2αp1β

s
gij

)
=

2

s3
σ i
⋆ ⊗ σ j

•
(
g⊥αig

⊥
βj + g⊥βig

⊥
αj − g⊥αβgij + gαβgij

)
= − 2

s3
σ i
⋆ ⊗ σ j

• Pαβ;ij

where
Pαβ;ij ≡ g⊥αβgij − g⊥αig

⊥
βj − g⊥βig

⊥
αj (5.24)

Note that in the last line in Eq. (5.23) we dropped term ∼ gαβ since it vanishes after
multiplication by (δαµδ

β
ν + δαν δ

β
µ − 1

2gµνg
αβ). Thus, the second term in Eq. (5.17) takes the

form

Ǔ
(1′c)
αβ(2)(x) = − Nc

4s2αq
⟨A,B|

[
ψ̄A(x)σαξ

1

β
/P⊥ /BψA(0)

]
(5.25)

×
[
ψ̄B(0)σ

ξ
β ψB(x)

]
|A,B⟩+ α↔ β +

(
x↔ 0, αq ↔ −αq

)
=

Nc

2s3αq
Pαβ;ij⟨A,B|

[
ψ̄A(x)σ

i
⋆

1

β
/P⊥ /BψA(0)

]
×

[
ψ̄B(0)σ

j
• ψB(x)

]
|A,B⟩+

(
x↔ 0, αq ↔ −αq

)
=

Nc

2s3αq
Pαβ;ij

(
⟨ψ̄(x)σ i

⋆ /p⊥γlψ̄(0)⟩A⟨ψ̄(0)σ
j
• B lψ(x)⟩B

+ ⟨ψ̄(x)σ i
⋆ γkγlψ(0)⟩A⟨ψ̄σ j

•
( 1
β
iDkB

l
)
(0)ψ(x)⟩B

)
+
(
x↔ 0, αq ↔ −αq

)
Using formula (9.3) we get

σ⋆iγkγl = gklσ⋆i + gikσ⋆l − gilσ⋆k (5.26)
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so the second contribution to Eq. (5.15) is

Ǔ
(1′c)
αβ(2)(x) =

Nc

2s3αq
Pαβ;ij⟨ψ̄(x)σ i

⋆ /p⊥γlψ(0)⟩A⟨ψ̄(0)σ
j
• B l(0)ψ(x)⟩B

=
Nc

2s3αq
Pαβ;ij⟨ψ̄(x)

(
σ⋆ip

l + σ⋆lpi − gilσ⋆kp
k
)
ψ(0)⟩A⟨ψ̄B l(0)σ j

• ψ(x)⟩B

+
(
x↔ 0, αq ↔ −αq

)
(5.27)

and the corresponding Fourier transformation yields

U
(1′c)
αβ(2)(q) =

1

2αqsNc
Pαβ;ij

∫
d2k⊥(2kikl + k2⊥gil)

×
(
h⊥1 (αq, k⊥)

[
(q − k)j(q − k)lh̄1G +

gjl

2
(q − k)2⊥(h̄1G + h̄2G)(βq, q⊥ − k⊥)

]
+ h̄⊥1 (αq, k⊥)

[
(q − k)j(q − k)lh1G(βq, q⊥ − k⊥) +

gjl

2
(h1G + h2G)(βq, q⊥ − k⊥)

])
=

1

2αqsNcm2

∫
d2k⊥

(
2W⊥αβ(q, k⊥){h⊥1 h̄1G + h̄⊥1 h1G}

− [g⊥αβk
2
⊥(q − k)2⊥ + 2kαkβ(q − k)2⊥]{h⊥1 h̄2G + h̄⊥1 h2G}

)
(5.28)

where we used parametrization (9.73) and defined the notation

W⊥µν(q⊥, k⊥) ≡ g⊥µν(k, q − k)2⊥ − g⊥µνk
2
⊥(q − k⊥)

2

+ [k⊥µ (q − k)⊥ν + µ↔ ν](k, q − k)⊥ − k2⊥(q − k)⊥µ (q − k)⊥ν − (q − k⊥)
2k⊥µ k

⊥
ν (5.29)

It is easy to see that qµW⊥µν(q, k⊥) = 0 and W⊥ii (q, k⊥) = 0.
The second term in Eq. (5.25) is

Ǔ
(1′c)
αβ(3)(x) =

Nc

2s3αq
Pαβ;ij⟨ψ̄(x)σ i

⋆ γkγlψ(0)⟩A⟨ψ̄
( 1
β
iDkB

l
)
(0)σ j

• ψ(x)⟩B

=
Nc

2s3αq
Pαβ;ij

(
⟨ψ̄(x)σ i

⋆ ψ(0)⟩A⟨ψ̄PB(0)σ j
• ψ(x)⟩B

+ i⟨ψ̄(x)σ⋆lψ(0)⟩A⟨ψ̄Bil(0)σ j
• ψ(x)⟩B

)
+

(
x↔ 0, αq ↔ −αq

)
(5.30)

where we used Eq. (5.26) and the notations (5.13).
For unpolarized hadrons, Eq. (5.30) can re rewritten as

Ǔ
(1′c)
αβ(3)(x) =

Nc

2s3αq
Pαβ;ij⟨ψ̄(x)σ i

⋆ ψ(0)⟩A (5.31)

×
(
⟨ψ̄(0)σ j

• PB(0)ψ(x)⟩B − iψ̄(0)σ•mBmj(0)ψ(x)⟩B
)
+
(
x↔ 0, αq ↔ −αq

)
and, using parametrizations (9.74) and (9.75), we obtain

U
(1′c)
αβ(3)(q) = − 1

2αqsNc
Pαβ;ij

∫
d2k⊥k

i(q − k)j (5.32)

×
(
h⊥1 (αq, k⊥)[h̄3G − ih̄4G ](βq, q⊥ − k⊥) + h̄⊥1 (αq, k⊥)[h3G − ih4G ](βq, q⊥ − k⊥)

)
=

1

2αqsNc

∫
d2k⊥

[
k⊥α (q − k)⊥β + k⊥β (q − k)⊥α + (k, q − k)⊥g

⊥
αβ

]
×

(
h⊥1 (αq, k⊥)[h̄3G − ih̄4G ](βq, q⊥ − k⊥) + h̄⊥1 (αq, k⊥)[h3G − ih4G ](βq, q⊥ − k⊥)

)
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Thus, from Eqs. (5.5), (5.14), (5.21), (5.28), and (5.32) we get

W
(1Ξ′

1)
µν (q) =

1

(2π)4Nc

∫
dx•dx⋆d

2x⊥ e
−iαqx•−iβqx⋆+i(q,x)⊥W̌ (1′)

µν (x) =
1

αqsNc

×
∫
d2k⊥

[
− g⊥µν(k, q − k)⊥

(
{f1 ¯́f1G + f̄1f́1G}+ αq{[f⊥ − ig⊥]

¯̀
f1G + [f̄⊥ + iḡ⊥)]f̀1G}

)
− g⊥µνm

2{f1[f̄2G + f̄3G ] + f̄1[f2G + f3G ]}
− αq

[
2(q − k)⊥µ (q − k)⊥ν + g⊥µν(q − k)2⊥

]
{[h+ ie]h̄1G + [h̄− iē]h1G}

+
1

m2

(
2W⊥µν(q, k⊥){h⊥1 h̄1G + h̄⊥1 h1G}

− [g⊥µνk
2
⊥(q − k)2⊥ + 2kµkν(q − k)2⊥]{h⊥1 h̄2G + h̄⊥1 h2G}

)
(5.33)

+
[
k⊥µ (q − k)⊥ν + k⊥ν (q − k)⊥µ + (k, q − k)⊥g

⊥
µν

]
{h⊥1 [h̄3G − ih̄4G ] + h̄⊥1 [h3G − ih4G ]}

]

5.2 Terms coming from Ξ̄′1, Ξ
′
2, and Ξ̄′2

Replacing Ξ1 → Ξ′1 and Ξ̄1 → Ξ̄′1 in Eq. (4.27) we see that the contribution of terms with
Ξ̄′1(x) is a complex conjugate of the contribution (5.33) of Ξ′1(0) so

W
(1Ξ′

1+1Ξ̄′
1)

µν (q) =
1

(2π)4Nc

∫
dx•dx⋆d

2x⊥ e
−iαqx•−iβqx⋆+i(q,x)⊥

[
W̌

(1Ξ′
1)

µν (x) + W̌
(1Ξ̄′

1)
µν (x)

]
= gµν

[
Ǔ (1′a)(q) + Ǔ (2′a)(q)

]
+ (δαµδ

β
ν + δαν δ

β
µ − gµνg

αβ)
[
Ǔ

(1′b)
αβ (q) + Ǔ

(2′b)
αβ (q)

]
+ (δαµδ

β
ν + δαν δ

β
µ − 1

2
gµνg

αβ)
[
Ǔ

(1′c)
αβ (q) + Ǔ

(2′c)
αβ (q)

]
=

2

αqsNc

∫
d2k⊥

{
− g⊥µν

[
(k, q − k)⊥

(
{f1ℜ ¯́

f1G + f̄1ℜf́1G} (5.34)

+ αq{f⊥ℜ ¯̀
f1G + f̄⊥ℜf̀1G}+ αq{g⊥ℑ ¯̀

f1G − ḡ⊥ℑf̀1G}
)

+ m2
(
{f1ℜf̄2G + f̄1ℜf2G}+ {f1ℜf̄3G + f̄1ℜf3G}

]
− αq

[
2(q − k)⊥µ (q − k)⊥ν + g⊥µν(q − k)2⊥

](
{hℜh̄1G + h̄ℜh1G}+ {ēℑh1G − eℑh̄1G}

)
+

( 2

m2
W⊥µν{h⊥1 ℜh̄1G + h̄⊥1 ℜh1G} − [g⊥µνk

2
⊥ + 2kµkν ]

(q − k)2⊥
m2

{h⊥1 ℜh̄2G + h̄⊥1 ℜh2G}
)

+
[
(k, q − k)⊥g

⊥
µν + k⊥µ (q − k)⊥ν + k⊥ν (q − k)⊥µ

]
×

(
{h⊥1 ℜh̄3G + h̄⊥1 ℜh3G}+ {h⊥1 ℑh̄4G + h̄⊥1 ℑh4G}

)}
where W⊥µν(q, k⊥) is defined in Eq. (5.29).

The corresponding contribution of terms coming from Ξ′2 and Ξ̄′2

W̌
(1Ξ′

2)
µν (x) + W̌

1(Ξ̄′
2)

µν (x) =
Nc

s
⟨A,B|[ψ̄A(x)γµψB(x)

][
Ξ̄′2(0)γνψA(0)

]
(5.35)

+ [ψ̄A(x)γµΞ
′
2(x)

][
ψ̄B(0)γνψA(0)

]
|A,B⟩ + x↔ 0
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is obtained from Ea. (5.34) by the projectile↔target replacement (4.29)

W
(1Ξ′

2+1Ξ̄′
2)

µν (q) =
1

(2π)4Nc

∫
dx•dx⋆d

2x⊥ e
−iαqx•−iβqx⋆+i(q,x)⊥

[
W̌

(1Ξ′
2)

µν (x) + W̌
(1Ξ̄′

2)
µν (x)

]
=

2

βqsNc

∫
d2k⊥

{
− g⊥µν

[
(k, q − k)⊥

(
{ℜ ¯́
f1Gf1 + ℜf́1G f̄1}+ βq{ℜ ¯̀

f1Gf⊥ + ℜf̀1G f̄⊥}

+ βq{ℑ ¯̀
f1Gg⊥ −ℑf̀1G ḡ⊥}

)
+ m2

(
{ℜf̄2Gf1 + ℜf2G f̄1}+ {ℜf̄3Gf1 + ℜf3G f̄1}

]
− βq

[
2k⊥µ k

⊥
ν + g⊥µνk

2
⊥
](
{ℜh1G h̄ℜh̄1Gh}+ {ℑh1G ē−ℑh̄1Ge}

)
+

1

m2

(
2W⊥µν(q, k⊥){ℜh1G h̄

⊥
1 + ℜh̄1Gh

⊥
1 }

− [g⊥µνk
2
⊥(q − k)2⊥ + 2(q − k)µ(q − k)νk

2
⊥]{ℜh2G h̄

⊥
1 + ℜh̄2Gh

⊥
1 }

)
+

[
(k, q − k)⊥g

⊥
µν + k⊥µ (q − k)⊥ν + k⊥ν (q − k)⊥µ

]
×

(
{ℜh̄3Gh

⊥
1 + ℜh3G h̄

⊥
1 }+ {ℑh̄4Gh

⊥
1 + ℑh4G h̄

⊥
1 }

)}
(5.36)

The final contribution of Ξ′ terms is a sum of Eq. (5.34) and (5.36)

W
(1Ξ′

i+1Ξ̄′
i)

µν (q) ≡ W
(1Ξ′

1+1Ξ̄′
1)

µν (q) +W
(1Ξ′

2+1Ξ̄′
2)

µν (q) (5.37)

=
2

sNc

∫
d2k⊥

{
− g⊥αβ

[
(k, q − k)⊥

( 1

αq
{f1ℜ ¯́

f1G + f̄1ℜf́1G}+
1

βq
{ℜ ¯́
f1Gf1 + ℜf́1G f̄1}

+ {f⊥ℜ ¯̀
f1G + f̄⊥ℜf̀1G}+ {g⊥ℑ ¯̀

f1G − ḡ⊥ℑf̀1G}+ {ℜ ¯̀
f1Gf⊥ + ℜf̀1G f̄⊥}

+{ℑ ¯̀
f1Gg⊥ −ℑf̀1G ḡ⊥}

)
+

m2

αq

(
{f1ℜf̄2G + f̄1ℜf2G}+ {f1ℜf̄3G + f̄1ℜf3G}

+
m2

βq

(
{ℜf̄2Gf1 + ℜf2G f̄1}+ {ℜf̄3Gf1 + ℜf3G f̄1}

]
−

[
2(q − k)⊥µ (q − k)⊥ν + g⊥µν(q − k)2⊥

](
{hℜh̄1G + h̄ℜh1G}+ {ēℑh1G − eℑh̄1G}

)
−

[
2k⊥µ k

⊥
ν + g⊥µνk

2
⊥
](
{ℜh1G h̄+ ℜh̄1Gh}+ {ℑh1G ē−ℑh̄1Ge}

)
+

2

m2
W⊥µν(q, k⊥)

( 1

αq
{h⊥1 ℜh̄1G + h̄⊥1 ℜh1G}+

1

βq
{ℜh1G h̄

⊥
1 + ℜh̄1Gh

⊥
1 }

)
− (q − k)2⊥

αqm2
[g⊥µνk

2
⊥ + 2kµkν ]{h⊥1 ℜh̄2G + h̄⊥1 ℜh2G}

− k2⊥
βqm2

[g⊥µν(q − k)2⊥ + 2(q − k)µ(q − k)ν ]{ℜh2G h̄
⊥
1 + ℜh̄2Gh

⊥
1 }

+
[
(k, q − k)⊥g

⊥
αβ + k⊥α (q − k)⊥β + k⊥β (q − k)⊥α

]( 1

αq
{h⊥1 ℜh̄3G + h̄⊥1 ℜh3G}

+
1

αq
{h⊥1 ℑh̄4G + h̄⊥1 ℑh4G}+

1

βq
({ℜh̄3Gh

⊥
1 + ℜh3G h̄

⊥
1 }+

1

βq
{ℑh̄4Gh

⊥
1 + ℑh4G h̄

⊥
1 }

)}
6 Terms with two quark-quark-gluon operators

First, in Ref. [9] it was demonstrated that after sorting out color-singlet matrix elements
the contribution W (2c)

µν is O
(

1
N2

c

)
in comparison to W (2a)

µν (and W (2b)
µν ) so it will be neglected

in accordance with our leading-Nc accuracy.
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6.1 Terms with two quark-quark-gluon operators coming from Ξ1 and Ξ2

Let us start with the first term in the r.h.s. of Eq. (4.4). Performing Fierz transformation
(9.1) we obtain

Nc

s
⟨A,B|(ψ̄m

A (x)γµΞ
m
2 (x))(ψ̄n

B(0)γνΞ
n
1 (0)) + µ↔ ν|A,B⟩+ x↔ 0 = gµν V̌1 + V̌2µν + V̌3µν

(6.1)
where

V̌ (1) =
Nc

2s
⟨A,B| − [ψ̄n

A(x)Ξ
m
1 (0)][ψ̄n

B(0)Ξ
m
2 (x)] + [ψ̄m

A (x)γ5Ξ
n
1 (0)][ψ̄

n
B(0)γ5Ξ

m
2 (x)] (6.2)

+ [ψ̄m
A (x)γαΞ

m
1 (0)][ψ̄n

B(0)γ
αΞn

2 (x)] + [ψ̄m
A (x)γαγ5Ξ

m
1 (0)][ψ̄n

B(0)γ
αγ5Ξ

n
2 (x)]|A,B⟩+ x↔ 0,

V̌ (2)
µν =

Nc

2s
⟨A,B| − [ψ̄m

A (x)γµΞ
n
1 (0)][ψ̄

n
B(0)γνΞ

m
2 (x)]

− [ψ̄m
A (x)γµγ5Ξ

n
1 (0)][ψ̄

n
B(0)γνγ5Ξ

m
2 (x)] + µ↔ ν|A,B⟩+ x↔ 0, (6.3)

and

V̌ (3)
µν =

Nc

2s
⟨A,B|[(ψ̄m

A (x)σµαΞ
n
1 (0)][ψ̄

n
B(0)σ

α
ν Ξm

2 (x)] + µ↔ ν

− gµν
2

[ψ̄m
A (x)σαβΞn

1 (0)][ψ̄
n
B(0)σαβΞ

m
2 (x)|A,B⟩+ x↔ 0 (6.4)

It is convenient to define V̌ (3)
µν to be traceless. In next Sections, we will consider these terms

in turn.

6.1.1 Term propotional to gµν

Using Ξ1 = − g/p2
s γ

iBi
1

α+iϵψA and Ξ2 = − g/p1
s γ

iAi
1

β+iϵψB from Eq. (2.4) and extracting
color-singlet contributions one obtains

V̌ (1) =
1

2s3

×
{
−

[
⟨ψ̄Ai(x) ̸p2γj

1

α
ψ(0)⟩A⟨ψ̄Bj(0) ̸p1γi

1

β
ψ(x)⟩B − ψ(0)⊗ ψ(x) ↔ γ5ψ(0)⊗ γ5ψ(x)

]
+

[
⟨ψ̄Ai(x)γk ̸p2γj

1

α
ψ(0)⟩A⟨ψ̄Bj(0)γ

k ̸p1γi
1

β
ψ(x)⟩B + ψ(0)⊗ ψ(x) ↔ γ5ψ(0)⊗ γ5ψ(x)

]
+

2

s

[
⟨ψ̄Ai(x)̸p1 ̸p2γj

1

α
ψ(0)⟩A⟨ψ̄Bj(0) ̸p2 ̸p1γi

1

β
ψ(x)⟩B

+ ψ(0)⊗ ψ(x) ↔ γ5ψ(0)⊗ γ5ψ(x)
]}

+ x↔ 0 (6.5)

From the power counting it is clear that the third term is ∼ m2
⊥
s with respect to the first

two ones. By the same token, if we replace Ξ1 by Ξ′1 or Ξ2 by Ξ′2 the contribution will be
small.
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Let us start with the first term in Eq. (6.5). Using Eq. (9.28) and the fact that
⟨ψ̄(x)

[
Akσ⋆j −Aj(x)σ⋆k

]
ψ(0)⟩A = 0 (cf. Eq (4.23)), we obtain

V̌
(1)
1a = − 1

2s3
⟨ψ̄A̸(x)̸p2

1

α
ψ(0)⟩A⟨ψ̄B̸(0)̸p1

1

β
ψ(x)⟩B − 1

4s2
⟨ψ̄A̸(x)γi

1

α
ψ(0)⟩A

× ⟨ψ̄B̸(0)γi
1

β
ψ(x)⟩B − 1

8s2
⟨ψ̄Ai(x)σjk

1

α
ψ(0)⟩A⟨ψ̄Bi(0)σ

jk 1

β
ψ(x)⟩B

= − 1

2s3
⟨ψ̄A̸(x)̸p2

1

α
ψ(0)⟩A⟨ψ̄B̸(0) ̸p1

1

β
ψ(x)⟩B

[
1 +O

(q2⊥
s

)]
(6.6)

where we used the fact that projectile and target matrix elements in the two last terms in
the l.h.s. cannot produce factor of s. The corresponding contribution to V (1)(q) has the
form

− 1

αqβqsNc

1

2m2

∫
d2k⊥

[
k2⊥h

⊥
1 +m2αq(h− ie)](αq, k⊥)

×
[
(q − k)2⊥h̄

⊥
1 +m2βq(h̄+ iē)

]
(βq, q⊥ − k⊥) (6.7)

due to EOMs (9.42), (9.43).
Next, consider second term in Eq. (6.5). Using Eqs. (9.24) and (9.28), one can rewrite

is as

V̌
(1)
1b =

1

2s3

[
⟨ψ̄Ai(x)γk ̸p2γj

1

α
ψ(0)⟩A⟨ψ̄Bj(0)γ

k ̸p1γi
1

β
ψ(x)⟩B (6.8)

+ ψ(0)⊗ ψ(x) ↔ γ5ψ(0)⊗ γ5ψ(x)
]
=

1

s3
⟨ψ̄(x) /A(x)/p2γi

1

α
ψ(0)⟩A⟨ψ̄(0) /B(0)/p1γ

i 1

β
ψ(x)⟩B

The corresponding contribution to V (1)(q) has the form

1

αqβqsNc

∫
d2k⊥(k, q−k)⊥

[
f1−αq(f⊥+ig⊥)

]
(αq, k⊥)

[
f̄1−βq(f̄⊥−iḡ⊥)

]
(βq, q⊥−k⊥) (6.9)

where again we used E)Ms (9.42), (9.43).
Similarly, from Eq. (9.28) we get the third term in the form

1

s4

[
⟨ψ̄Ai(x)̸p1 ̸p2γj

1

α
ψ(0)⟩A⟨ψ̄Bj(0) ̸p2 ̸p1γi

1

β
ψ(x)⟩B + ψ(0)⊗ ψ(x) ↔ γ5ψ(0)⊗ γ5ψ(x)

]
=

1

4s2

[
⟨ψ̄Ài(x)γ

j 1

α
ψ(0)⟩A⟨ψ̄B̀j(0)γ

i 1

β
ψ(x)⟩B + ψ(0)⊗ ψ(x) ↔ γ5ψ(0)⊗ γ5ψ(x)

]
(6.10)

Since both projectile and target matrix elements cannot give factor s this contribution is
O
( q2⊥

s

)
in comparison to that of the two first terms. Using QCD equations of motion (9.42),

(9.43), we obtain the contribution to Wµν in the form

gµνV
(1)
1 (q) =

gµν
16π4Nc

∫
dx•dx⋆d

2x⊥ e
−iαqx•−iβqx⋆+i(q,x)⊥ V̌ (1)(x) (6.11)

=
gµν
Q2Nc

∫
d2k⊥

[
(k, q − k)⊥

[
f1 − αq(f⊥ + ig⊥)

]
(αq, k⊥)

[
f̄1 − βq(f̄⊥ − iḡ⊥)

]
(βq, q⊥ − k⊥)

− 1

2m2

[
k2⊥h

⊥
1 +m2αq(h− ie)](αq, k⊥

][
(q − k)2⊥h̄

⊥
1 +m2βq(h̄+ iē)

]
(βq, q⊥ − k⊥)

]
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Next, the x↔ 0 term is

V̌
(1)
2 = − 1

2s3
⟨ψ̄ /A(0)/p2

1

α
ψ(x)⟩A⟨ψ̄ /B(x)/p1

1

β
ψ(0)⟩B

+
1

s3
⟨ψ̄ /A(0)/p2γi

1

α
ψ(x)⟩A⟨ψ̄ /B(x)/p1γ

i 1

β
ψ(0)⟩B (6.12)

Similarly to Eq. (6.11), we get

gµνV
(1)
2 (q) =

gµν
16π4Nc

∫
dx•dx⋆d

2x⊥ e
−iαqx•−iβqx⋆+i(q,x)⊥ V̌

(1)
2 (x) (6.13)

=
gµν
Q2Nc

∫
d2k⊥

[
(k, q − k)⊥

[
f̄1 − αq(f̄⊥ − iḡ⊥)

]
(αq, k⊥)

[
f1 − βq(f⊥ + ig⊥)

]
(βq, q⊥ − k⊥)

− 1

2m2

[
k2⊥h̄

⊥
1 +m2αq(h̄+ iē)](αq, k⊥

][
(q − k)2⊥h

⊥
1 +m2βq(h− ie)

]
(βq, q⊥ − k⊥)

]
Sum of Eq. (6.11) and (6.13) is

gµνV
(1)(q) =

gµν
16π4Nc

∫
dx•dx⋆d

2x⊥ e
−iαqx•−iβqx⋆+i(q,x)⊥ V̌ (1)(x) (6.14)

=
gµν
Q2Nc

∫
d2k⊥

{
(k, q − k)⊥

(
{f1f̄1 + f̄1f1} − αq{[f⊥ + ig⊥]f̄1 + [f̄⊥ − iḡ⊥]f1}

− βq{f1[f̄⊥ − iḡ⊥] + f̄1[f⊥ + ig⊥]}+ αqβq{[f⊥ + ig⊥][f̄⊥ − iḡ⊥] + [f̄⊥ − iḡ⊥][f⊥ + ig⊥]}
)

− 1

2

(k2⊥(q − k)2⊥
m2

{h⊥1 h̄⊥1 + h̄⊥1 h
⊥
1 }+ αq(q − k)2⊥{[(h− ie)]h̄⊥1 + [h̄+ iē]h⊥1 }

+ βqk
2
⊥{h⊥1 [h̄+ iē] + h̄⊥1 [h− ie]}+m2αqβq{[h− ie][h̄+ iē] + [h̄+ iē][h− ie]}

)
6.1.2 Term V̌

(2)
µν

Separating color-singlet contributions one can rewrite Eq. (6.3) as

V̌ (2)
µν = − 1

2s3
{
⟨ψ̄Ai(x)γµ ̸p2γj

1

α
ψ(0)⟩A⟨ψ̄Bj(0)γν ̸p1γi

1

β
ψ(x)⟩B

+ ψ(0)⊗ ψ(x) ↔ γ5ψ(0)⊗ γ5ψ(x) + µ↔ ν} + x↔ 0 (6.15)

As demonstrated in Ref. [9], only transverse µ and ν contribute at 1
Q2 level. In this

case we can use formula (9.25) and get

V̌
(2)
1µ⊥ν⊥

= − 1

2s3
{
⟨ψ̄Ai(x)γµ⊥ ̸p2γj

1

α
ψ(0)⟩A⟨ψ̄Bj(0)γν⊥ ̸p1γi

1

β
ψ(x)⟩B

+ ψ(0)⊗ ψ(x) ↔ γ5ψ(0)⊗ γ5ψ(x) + µ↔ ν}

= −
g⊥µν
s3

⟨ψ̄A̸(x)̸p2γi
1

α
ψ(0)⟩A⟨ψ̄B̸(0)̸p1γ

i 1

β
ψ(x)⟩B (6.16)

which gives the contribution to Wµν in the form

V
(2)
1µν(q) =

1

16π4Nc

∫
dx•dx⋆d

2x⊥ e
−iαqx•−iβqx⋆+i(q,x)⊥ V̌

(2)
1µ⊥ν⊥

(x) = −
g⊥µν

αqβqsNc

×
∫
d2k⊥(k, q − k)⊥

[
f1 − αq(f

⊥ + ig⊥)
]
(αq, k⊥)

[
f̄1 − βq(f̄

⊥ − iḡ⊥)
]
(βq, q⊥ − k⊥) (6.17)
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where we again used EOMs (9.42), (9.43)

The corresponding x↔ 0 contribution is

V̌
(2)
2µ⊥ν⊥

= −
g⊥µν
s3

⟨ψ̄ /A(0)̸p2γi
1

α
ψ(x)⟩A⟨ψ̄ /B(x) ̸p1γi

1

β
ψ(0)⟩A (6.18)

which gives

V
(2)
2µν(q) = −

g⊥µν
Q2Nc

∫
d2k⊥(k, q − k)⊥

×
[
f̄1 − αq(f̄

⊥ − iḡ⊥)
]
(αq, k⊥)

[
f1 − βq(f

⊥ + ig⊥)
]
(βq, q⊥ − k⊥) (6.19)

The sum of Eq. (6.17) and (6.19) has the form

V (2)
µν (q) (6.20)

= −
g⊥µν
Q2Nc

∫
d2k⊥(k, q − k)⊥

(
{f1f̄1 + f̄1f1} − αq{[f⊥ + ig⊥]f̄1 + [f̄⊥ − iḡ⊥]f1}

− βq{f1[f̄⊥ − iḡ⊥] + f̄1[f
⊥ + ig⊥]}+ αqβq{[f⊥ + ig⊥][f̄⊥ − iḡ⊥] + [f̄⊥ − iḡ⊥][f⊥ + ig⊥]}

)

6.1.3 Term V̌
(3)
µν

Let us consider now

V̌ ′3µν =
Nc

2s
⟨A,B|[(ψ̄m

A (x)σµαΞ
m
1 (0)][ψ̄n

B(0)σ
α

ν Ξn
2 (x)] + µ↔ ν + x↔ 0 (6.21)

(the trace will be subtracted after the calculation). Separating color-singlet contributions,
we get

V̌ ′3µν =
1

2s3
⟨ψ̄Ai(x)σµα ̸p2γj

1

α
ψ(0)⟩A⟨ψ̄Bj(0)σ

α
ν ̸p1γi

1

β
ψ(x)⟩A + µ↔ ν + x↔ 0 (6.22)

From Eq. (9.10)

Ajσµξσ⋆i ⊗Biσ ξ
ν σ•j = −

(
Aνσ⋆k −

gνk
2
Ajσ⋆j

)
⊗
(
Bµσ

k
• − 1

2
δkµB

jσ•j
)

−
(
Akσ⋆µ⊥ − gµk

2
Ajσ⋆j

)
⊗
(
Bkσ•ν⊥ − 1

2
δkνB

jσ•j
)

− 2

s
(p1µp2ν + p2µp1ν)

(
Ajσ⋆i −

δji
2
Akσ⋆k

)
⊗
(
Biσ•j −

δji
2
Blσ•l

)
− 1

s
(p1µp2ν + p2µp1ν)σ⋆iA

i ⊗ σ•jB
j +

g⊥µν
2
Ajσ⋆j ⊗Bkσ•k (6.23)
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Using EOMs (9.42), (9.43) and parametrizations (9.49), (9.64) and similar one for projectile
matrix elements, we get

V ′3µν =
g⊥µν − g

∥
µν

2αqβqsNc

∫
d2k⊥

( 1

m2

[
k2⊥h

⊥
1 + αqm

2(h− ie)
][
(q − k)2⊥h̄

⊥
1 + βqm

2(h̄+ iē)
]

+
1

m2

[
k2⊥h̄

⊥
1 + αqm

2(h̄+ iē)
][
(q − k)2⊥h

⊥
1 + βqm

2(h− ie)
])

(6.24)

+
1

αqβqsNc

∫
d2k⊥

1

m2

{
[k⊥µ (q − k)⊥ν + µ↔ ν](k, q − k)⊥ − k2⊥(q − k)⊥µ (q − k)⊥ν

− (q − k⊥)
2k⊥µ k

⊥
ν −

g⊥µν
2
k2⊥(q − k⊥)

2 − g∥µν
[
(k, q − k)2⊥ − 1

2
k2⊥(q − k)2⊥

]}
×

[
h⊥1G(αq, k⊥)h̄

⊥
1G(βq, q⊥ − k⊥) + h̄⊥1G(αq, k⊥)h

⊥
1G(βq, q⊥ − k⊥)

]
After subtracting trace we obtain

V (3)
µν = V ′3µν −

gµν
4
V ′3

ξ
ξ (6.25)

=
g⊥µν − g

∥
µν

2Q2Nc

∫
d2k⊥

(k2⊥(q − k)2⊥
m2

{h⊥1 h̄⊥1 + h̄⊥1 h
⊥
1 }+ αq(q − k)2⊥{[h− ie]h̄⊥1 + [h̄+ iē]h⊥1 }

+ βqk
2
⊥{h⊥1 [h̄+ iē] + h̄⊥1 [h− ie]}+ αqβqm

2{[h− ie][h̄+ iē] + [h̄+ iē][h− ie]}
)

+
1

αqβqsNc

∫
d2k⊥

1

m2
W⊥µν(q⊥, k⊥){h⊥1Gh̄⊥1G + h̄⊥1Gh

⊥
1G}

where W⊥µν(q⊥, k) is defined in Eq. (5.29).
Let us now assemble the contribution of terms (6.1) to Wµν . Summing Eqs. (6.14),

(6.20), and (6.25) we get

gµν V̌1 + V̌2µν + V̌3µν =
1

32π4

∫
dx•dx⋆d

2x⊥ e
−iαx•−iβx⋆+i(q,x)⊥[

⟨A,B|(ψ̄m
A (x)γµΞ

m
2 (x))(ψ̄n

B(0)γνΞ
n
1 (0)) + µ↔ ν|A,B⟩+ x↔ 0

]
=

g
∥
µν

Q2Nc

∫
d2k⊥

{
(k, q − k)⊥

[
{f1f̄1 + f̄1f1} − αq{[f⊥ + ig⊥]f̄1 + [f̄⊥ − iḡ⊥]f1}

− βq{f1[f̄⊥ − iḡ⊥] + f̄1[f
⊥ + ig⊥]}+ αqβq{[f⊥ + ig⊥][f̄⊥ − iḡ⊥] + [f̄⊥ − iḡ⊥][f⊥ + ig⊥]}

]
−

[k2⊥(q − k)2⊥
m2

{h⊥1 h̄⊥1 + h̄⊥1 h
⊥
1 }+ αq(q − k)2⊥{[h− ie]h̄⊥1 + [h̄+ iē]h⊥1 }

+βqk
2
⊥{h⊥1 [h̄+ iē] + h̄⊥1 [h− ie]}+ αqβqm

2{[h− ie][h̄+ iē] + [h̄+ iē][h− ie]}
]}

+
1

αqβqsNc

∫
d2k⊥

1

m2
W⊥µν(q⊥, k){h⊥1Gh̄⊥1G + h̄⊥1Gh

⊥
1G} (6.26)

Finally, to get W (2a)
µν (q) of Eq. (4.4) we need to add the contribution of the term

[Ξ̄1(x)γµψB(x)
][
Ξ̄2(0)γνψA(0)

]
. Similarly to the case of one quark-quark-gluon operator

considered in Sect. 4, it can be demonstrated that this contribution doubles the real part
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of the result (6.26) so we get

W (2a)
µν (q) =

1

32π4

∫
dx•dx⋆d

2x⊥ e
−iαx•−iβx⋆+i(q,x)⊥

[
⟨A,B|(ψ̄m

A (x)γµΞ
m
2 (x))

×(ψ̄n
B(0)γνΞ

n
1 (0)) + [Ξ̄1(x)γµψB(x)

][
Ξ̄2(0)γνψA(0)

]
+ µ↔ ν|A,B⟩+ x↔ 0

]
=

2g
∥
µν

αqβqsNc

∫
d2k⊥

{
(k, q − k)⊥

(
{f1f̄1 + f̄1f1} − αq{f⊥f̄1 + f̄⊥f1} − βq{f1f̄⊥ + f̄1f⊥}

+ αqβq{f⊥f̄⊥ + f̄⊥f⊥}+ αqβq{g⊥ḡ⊥ + ḡ⊥g⊥}
)

−
[ 1

m2
k2⊥(q − k)2⊥{h⊥1 h̄⊥1 + h̄⊥1 h

⊥
1 }+ αq(q − k)2⊥{hh̄⊥1 + h̄h⊥1 }+ βqk

2
⊥{h⊥1 h̄+ h̄⊥1 h}

+ αqβqm
2{hh̄+ h̄h}+ αqβqm

2{eē+ ēe}
]}

+
2

αqβqsNc

∫
d2k⊥

1

m2
W⊥µν(q⊥, k)ℜ

(
{h⊥1Gh̄⊥1G + h̄⊥1Gh

⊥
1G}

)
(6.27)

6.2 Terms with two quark-quark-gluon operators coming from Ξ̄2 and Ξ2

Let us start with the first term in Eq. (4.5).

W̌
(2b)
1µν =

Nc

s
⟨A,B|

[
ψ̄A(x)γµΞ2(x)

][
Ξ̄2(0)γνψA(0)

]
+ µ↔ ν|A,B⟩ + x↔ 0 (6.28)

After Fierz transformation (9.1) we obtain

W̌
(2b)
1µν = − Nc

2s
(δαµδ

β
ν + δαν δ

β
µ − gµνg

αβ)⟨A,B|
{
[ψ̄m

A (x)γαψ
n
A(0)][Ξ̄

n
2 (0)γβΞ

m
2 (x)] (6.29)

+ γα ⊗ γβ ↔ γαγ5 ⊗ γβγ5
}
|A,B⟩

+
Nc

2s
(δαµδ

β
ν + δαν δ

β
µ − 1

2
gµνg

αβ)⟨A,B|[ψ̄m
A (x)σαξψ

n
A(0)][Ξ̄

n
2 (0)σ

ξ
β Ξm

2 (x)]|A,B⟩ + x↔ 0

(note that Ξ̄2Ξ2 = Ξ̄2γ5Ξ2 = 0). Using explicit expressions (2.4) for quark fields and
separating color-singlet terms we get

W̌
(2b)
1µν = V̌ 4

µν + V̌ 5
µν (6.30)

where

V̌ 4
µν = − 1

s3
(δαµp1ν + δαν p1µ − gµνp

α
1 )
(
⟨ψ̄(x)Aj(x)γαAi(0)ψ(0)⟩A

× ⟨
(
ψ̄
1

β

)
(0)γi ̸p1γj

1

β
ψ(x)⟩A + ψ(0)⊗ ψ(x) ↔ γ5ψ(0)⊗ γ5ψ(x)

)
+ x↔ 0 (6.31)

and

V̌ 5
µν =

1

s3
(δαµδ

β
ν + δαν δ

β
µ − 1

2
gµνg

αβ)

×
{
− p1β⟨ψ̄(x)Aj(x)σαkAi(0)ψ(0)⟩A⟨

(
ψ̄
1

β

)
(0)γiσ k

• γ
j 1

β
ψ(x)⟩A

+ ⟨ψ̄(x)Aj(x)σα•Ai(0)ψ(0)⟩A⟨
(
ψ̄
1

β

)
(0)γiσ•β⊥γ

j 1

β
ψ(x)⟩A

}
+ x↔ 0 (6.32)

We will consider them in turn.
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6.2.1 Term V̌ 4
µν

First, as demonstrated in Ref. [9], the term ∼ gµν is small, so

V̌ 4
µν = − p1µ

s3

(
⟨ψ̄Aj(x)γνAiψ(0)⟩A⟨

(
ψ̄
1

β

)
(0)γi ̸p1γj

1

β
ψ(x)⟩A

+ ψ(0)⊗ ψ(x) ↔ γ5ψ(0)⊗ γ5ψ(x)
)

+ µ↔ ν + x↔ 0 (6.33)

Also, it is demonstrated there that only longitudinal index ν gives 1
Q2 power correction, so

V̌ 4
µν = − 4p1µp1ν

s4

(
⟨ψ̄Aj(x)̸p2Aiψ(0)⟩A⟨

(
ψ̄
1

β

)
(0)γi ̸p1γj

1

β
ψ(x)⟩A

+ ψ(0)⊗ ψ(x) ↔ γ5ψ(0)⊗ γ5ψ(x)
)

− g
∥
µν

s3

(
⟨ψ̄Aj(x)̸p1Aiψ(0)⟩A⟨

(
ψ̄
1

β

)
(0)γi ̸p1γj

1

β
ψ(x)⟩A

+ ψ(0)⊗ ψ(x) ↔ γ5ψ(0)⊗ γ5ψ(x)
)

+ x↔ 0 (6.34)

Moreover, the contribution of the second term to Wµν is small [9], so we are left with the
first term in the r.h.s. of Eq. (6.34). Using Eq. (9.7) it can be rewritten as

V̌ 4
µν = − 4p1µp1ν

s4

(
⟨ψ̄ /A(x)/p2 /Aψ(0)⟩A⟨

(
ψ̄
1

β

)
(0)̸p1

1

β
ψ(x)⟩A

+ ψ(0)⊗ ψ(x) ↔ γ5ψ(0)⊗ γ5ψ(x)
)

+ x↔ 0 (6.35)

The corresponding contribution to Wµν is obtained from formulas (9.40) and (9.52)

V 4
µν(q) =

4p1µp1ν
β2qs

2Nc

∫
d2k⊥

[
k2⊥{f1f̄1 + f̄1f1} − 2αq{f⊥f̄1 + f̄⊥f1}+ 2α2

qm
2{f3f̄1 + f̄3f1}

]
(6.36)

6.2.2 Term V̌ 5
µν

Again, as demonstrated in Ref. [9], the term ∼ gµν is small, so

V̌ 5
µν =

1

s3

{
− p1µ⟨ψ̄Aj(x)σνkAiψ(0)⟩A⟨

(
ψ̄
1

β

)
(0)γiσ k

• γ
j 1

β
ψ(x)⟩A

+ ⟨ψ̄Aj(x)σµ•Aiψ(0)⟩A⟨
(
ψ̄
1

β

)
(0)γiσ•ν⊥γ

j 1

β
ψ(x)⟩A

}
+ µ↔ ν + x↔ 0 (6.37)

Moreover, the second term in the r.h.s. is also small [9], and therefore

V̌ 5
µν = − p1µ

s3
⟨ψ̄Aj(x)σνkAiψ(0)⟩A⟨

(
ψ̄
1

β

)
(0)γiσ k

• γ
j 1

β
ψ(x)⟩A + µ↔ ν + x↔ 0

= − 4p1µp1ν
s4

⟨ψ̄Aj(x)σ⋆kAiψ(0)⟩A⟨
(
ψ̄
1

β

)
(0)γiσ k

• γ
j 1

β
ψ(x)⟩A

− g
∥
µν

s4
⟨ψ̄Aj(x)σ•kAiψ(0)⟩A⟨

(
ψ̄
1

β

)
(0)γiσ k

• γ
j 1

β
ψ(x)⟩A

−
(p1µ
s3

⟨ψ̄Aj(x)σνkAiψ(0)⟩A⟨
(
ψ̄
1

β

)
(0)γiσ k

• γ
j 1

β
ψ(x)⟩A + µ↔ ν

)
+ x↔ 0 (6.38)
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As demonstrated in [9], the two last lines in the above equation are small. As to the first
term in r.h.s. of Eq. (6.38), using Eq. (9.6) it can be rewritten as

V̌ 5
µν = − 4p1µp1ν

s4
⟨ψ̄ /A(x)σ⋆j /Aψ(0)⟩A⟨

(
ψ̄
1

β

)
(0)σ j

•
1

β
ψ(x)⟩A + x↔ 0 (6.39)

so the corresponding contribution to Wµν takes the form

V 5
µν = − 4p1µp1ν

β2qs
2Nc

(6.40)

×
∫
d2k⊥(k, q − k)⊥

( k2⊥
m2

{h⊥1 h̄⊥1 + h̄⊥1 h
⊥
1 }+ 2αq{hh̄⊥1 + h̄h⊥1 } − 2α2

q{h⊥3 h̄⊥1 + h̄⊥3 h
⊥
1 }

)
where we used Eqs. (9.40) and (9.52). The full result for W (2b)

µν is given by the sum of Eqs.
(6.36) and (6.40)

W
(2b)
1µν =

4p1µp1ν
β2qs

2Nc

∫
d2k⊥

(
k2⊥{f1f̄1 + f̄1f1} − 2αq{f⊥f̄1 + f̄⊥f1}+ 2α2

qm
2{f3f̄1 + f̄3f1}

)
− (k, q − k)⊥

( k2⊥
m2

{h⊥1 h̄⊥1 + h̄⊥1 h
⊥
1 }+ 2αq{hh̄⊥1 + h̄h⊥1 } − 2α2

q{h⊥3 h̄⊥1 + h̄⊥3 h
⊥
1 }

)]
(6.41)

6.2.3 Second term in Eq. (4.5)

Consider the second term in Eq. (4.5).

W̌
(2b)
2µν =

Nc

s
⟨A,B|

[
Ξ̄1(x)γµψB(x)

][
ψ̄B(0)γνΞ1(0)

]
+ µ↔ ν|A,B⟩ + x↔ 0 (6.42)

After Fierz transformation (9.1) we obtain

W̌
(2b)
2µν = − Nc

2s
(δαµδ

β
ν + δαν δ

β
µ − gµνg

αβ)⟨A,B|
{
[Ξ̄m

1 (x)γαΞ
n
1 (0)][ψ̄

n
B(0)γβψ

m
B (x)] (6.43)

+ γα ⊗ γβ ↔ γαγ5 ⊗ γβγ5
}
|A,B⟩

+
Nc

2s
(δαµδ

β
ν + δαν δ

β
µ − 1

2
gµνg

αβ)⟨A,B|[Ξ̄m
1 (x)σαξΞ

n
1 (0)][ψ

n
1B(0)σ

ξ
β ψ

m
1B(x)]|A,B⟩ + x↔ 0

Sorting out color-singlet terms, we get similarly to sum of Eqs. (6.31) and (6.32)

W̌
(2b)
2µν = − 1

s3
(δαµp2ν + δαν p2µ − gµνp

α
2 )
(
⟨ψ̄Bj(x)γαBiψ(0)⟩A

× ⟨
(
ψ̄
1

α

)
(0)γi ̸p2γj

1

α
ψ(x)⟩A + ψ(0)⊗ ψ(x) ↔ γ5ψ(0)⊗ γ5ψ(x)

)
+ x↔ 0

+
1

s3
(δαµδ

β
ν + δαν δ

β
µ − 1

2
gµνg

αβ)

×
{
− p2α⟨

(
ψ̄
1

α

)
(0)γiσ k

⋆ γ
j 1

α
ψ(x)⟩A⟨ψ̄Bj(x)σβkBiψ(0)⟩A

+ ⟨
(
ψ̄
1

α

)
(0)γiσ⋆α⊥γ

j 1

α
ψ(x)⟩A⟨ψ̄Bj(x)σβ∗Biψ(0)⟩A

}
+ x↔ 0 (6.44)

Starting from this point, all calculations repeat those of Sections 6.2.1 and 6.2.2 with
replacements of p1 ↔ p2, αq ↔ βq and exchange of projectile matrix elements and the
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target ones. The result is Eq. (6.41) with these replacements so we get

W
(2b)
2µν (6.45)

=
4p1µp1ν
β2qs

2Nc

∫
d2k⊥

(
(q − k)2⊥{f1f̄1 + f̄1f1} − 2βq{f1f̄⊥ + f̄1f⊥}+ 2β2qm

2{f1f̄3 + f̄1f3}
)

− (k, q − k)⊥

((q − k)2⊥
m2

{h⊥1 h̄⊥1 + h̄⊥1 h
⊥
1 }+ 2βq{h⊥1 h̄+ h̄⊥1 h} − 2β2q{h⊥1 h̄⊥3 + h̄⊥1 h

⊥
3 }

)]
and therefore the contribution of Eq. (4.5) takes the form

W (2b)
µν (6.46)

=
2

sNc

∫
d2k⊥

{2p1µp1ν
β2qs

(
k2⊥{f1f̄1 + f̄1f1} − 2αqk

2
⊥{f⊥f̄1 + f̄⊥f1}+ 2α2

qm
2{f3f̄1 + f̄3f1}

− (k, q − k)⊥
m2

[
k2⊥{h⊥1 h̄⊥1 + h̄⊥1 h

⊥
1 }+ 2αqm

2{hh̄⊥1 + h̄h⊥1 } − 2α2
qm

2{h⊥3 h̄⊥1 + h̄⊥3 h
⊥
1 }

])
+

2p2µp2ν
α2
qs

(
(q − k)2⊥{f1f̄1 + f̄1f1} − 2βq(q − k)2⊥{f1f̄⊥ + f̄1f⊥}+ 2β2qm

2{f1f̄3 + f̄1f3}

− (k, q − k)⊥
[(q − k)2⊥

m2
{h⊥1 h̄⊥1 + h̄⊥1 h

⊥
1 }+ 2βq{h⊥1 h̄+ h̄⊥1 h} − 2β2q{h⊥1 h̄⊥3 + h̄⊥1 h

⊥
3 }

])
7 Result

The resulting power correction with 1
Q2 ,

1
Nc

accuracy is a sum of equations (3.21), (4.28),
(4.30), (6.27), (6.46), and (5.37). It is convenient to present it as a sum of three terms

Wµν(q) =
1

Nc

∑
f

e2f
[
W 1f

µν (q) +W 2f
µν (q) +W 3f

µν (q)
]
+ O

( 1

Q3

)
+ O

( 1

N2
c

)
(7.1)

The first part was calculated in Ref. [9] while the second and third parts are the result of
this paper.

The first part has the form [9]

W 1
µν(q) =

1

Nc

∫
d2k⊥

(
WF

µν(q, k⊥){f1f̄1 + f̄1f1}+ WH
µν(q, k⊥){h⊥1 h̄⊥1 + h̄⊥1 h

⊥
1 }

)
(7.2)

where

WF
µν(q, k⊥) = − g⊥µν +

1

Q2
(q∥µq

⊥
ν + q∥νq

⊥
µ ) +

q2⊥
Q4

q∥µq
∥
ν +

q̃µq̃ν
Q4

[q2⊥ − 4(k, q − k)⊥]

−
[ q̃µ
Q2

(
g⊥νi −

q
∥
νqi
Q2

)
(q − 2k)i⊥ + µ↔ ν

]
(7.3)

WH
µν(q, k⊥) (7.4)

= − 1

m2

[
k⊥µ (q − k)⊥ν − k⊥ν (q − k)⊥µ − g⊥µν(k, q − k)⊥

]
+ 2

q̃µq̃ν − q
∥
µq
∥
ν

Q4m2
k2⊥(q − k)2⊥

− 1

m2Q2

(
q∥µ
[
k2⊥(q − k)⊥ν + k⊥ν (q − k)2⊥

]
+ q̃µ

[
k2⊥(q − k)⊥ν − k⊥ν (q − k)2⊥

]
+ µ↔ ν

)
− q̃µq̃ν + q

∥
µq
∥
ν

Q4m2

[
q2⊥ − 2(k, q − k)⊥

]
(k, q − k)⊥ − q

∥
µq̃ν + q̃µq

∥
ν

Q4m2
(2k − q, q)⊥(k, q − k)⊥
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Here q∥µ ≡ αqp1 + βqp2 and q̃µ ≡ αqp1 − βqp2. Note also that αq ≡ xA and βq ≡ xB in the
notations of conventional TMD factorization formula (1.1).

In Eq. (7.1) we need to sum over flavors. From the Fierz transformation (9.1) it is
easy to see that power corrections calculated in this paper are diagonal in flavor so the final
result is a sum of e2f multiplied by TMDs of corresponding flavor, for example {f1f̄1+ f̄1f1}
in Eq. (7.2) should be replaced by

∑
f e

2
f{f

f
1 f̄

f
1 + f̄f1 f

f
1 }. To avoid cluttering of formulas,

this summation over flavors is written only once in Eq. (7.1).
It is easy to see that qµWF

µν = qµWH
µν so the first part is EM gauge invariant. Note

that gauge invariance of the leading-twist part ∼ O(1) is restored by adding ∼ O
(
1/Q

)
and ∼ O

(
1/Q2

)
contributions in Eqs. (7.3) and (7.4). One may call WF a “gauge-invariant

completion” of the leading-twist result (3.12). It worth noting that if one takes only the “f ′′1
part of the result (7.3) 9 and performs back-of-the-envelope estimation of Z-boson angular
distribution coefficients one gets reasonable agreement with LHC data with expected 1

Nc

accuracy. Needless to say, the angular coefficients are determined by “gauge completion”
terms in Eq. (7.3) rather than the leading-twist term.

The second part of the result (7.1) is

W 2
µν(q) =

2

NcQ2

∫
d2k⊥

×
{[
q̃µ(q − k)ν +

2

βqs
q̃µp1ν(k, q − k)⊥ +

2

αqs
q̃µp2ν(q − k)2⊥ + µ↔ ν

]
×

(
βq{f1f̄⊥ + f̄1f⊥} − αq{hh̄⊥1 + h̄h⊥1 }

)
+

[
q̃µk
⊥
ν +

2

sβq
k2⊥q̃µp1ν +

2

sαq
(k, q − k)⊥q̃µp2ν + µ↔ ν

]
×

(
− αq{f⊥f̄1 + f̄⊥f1}+ βq{h⊥1 h̄+ h̄⊥1 h}

)
+

4q̃µq̃ν
Q2

[
m2

(
α2
q{f3f̄1 + f̄3f1}+ β2q{f1f̄3 + f̄1f3}+ αqβq

[
{eē+ ēe}+ {hh̄+ h̄h}

])
+ (k, q − k)⊥

(
− αqβq

[
{f⊥f̄⊥ + f̄⊥f⊥}+ {g⊥ḡ⊥ + ḡ⊥g⊥}

]
+ β2q{h⊥1 h̄⊥3 + h̄⊥1 h

⊥
3 }+ α2

q{h⊥3 h̄⊥1 + h̄⊥3 h
⊥
1 }

)]
+

1

m2
W⊥µν(q, k⊥)

[ 2

αq
{h⊥1 ℜh̄1G + h̄⊥1 ℜh1G}+

2

βq
{ℜh1G h̄

⊥
1 + ℜh̄1Gh

⊥
1 }

+ ℜ
(
{h⊥1Gh̄⊥1G + h̄⊥1Gh

⊥
1G}

)]
(7.5)

where the transverse structure W⊥µν(q, k⊥) was defined in Eq. (5.29):

W⊥µν(q⊥, k⊥) ≡ g⊥µν(k, q − k)2⊥ − g⊥µνk
2
⊥(q − k⊥)

2

+ [k⊥µ (q − k)⊥ν + µ↔ ν](k, q − k)⊥ − k2⊥(q − k)⊥µ (q − k)⊥ν − (q − k⊥)
2k⊥µ k

⊥
ν (7.6)

9Because the Z-boson current has an additional weak current component there are additional power
corrections to Z-boson cross sections calculated in Ref. [10] so the “f1” part will be slightly more complicated
than Eq. (7.3)
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This EM-gauge invariant part consists of two types of contributions: ∼ 1
Q (first terms

in the second and fourth lines) and ∼ 1
Q2 (all other terms). Note that, except for the last

term, it is determined by quark-antiquark TMDs.
The remaining third part of the result (7.1) has the form

W 3
µν(q) =

2

NcQ2

∫
d2k⊥

[
g⊥µν

{
m2αqβq

(
{hh̄+ h̄h} − {eē+ ēe}

)
+ αqβqm

2
[
ℜfD(αq, k⊥)f̄

′
1(βq, q⊥ − k⊥) + ℜf̄D(αq, k⊥)f

′
1(βq, q⊥ − k⊥)

+ f ′1(αq, k⊥)ℜf̄D(βq, q⊥ − k⊥) + f̄ ′1(αq, k⊥)ℜfD(βq, q⊥ − k⊥)
]

− m2βq
(
{f1ℜf̄2G + f̄1ℜf2G}+ {f1ℜf̄3G + f̄1ℜf3G}

)
− m2αq

(
{ℜf̄2Gf1 + ℜf2G f̄1}+ {ℜf̄3Gf1 + ℜf3G f̄1}

)
+ (k, q − k)⊥

(
− βq{h⊥1 h̄+ h̄⊥1 h} − αq{hh̄⊥1 + h̄h⊥1 }+ 2β2q{h⊥1 h̄⊥3 + h̄⊥1 h

⊥
3 }

+ 2α2
q{h⊥3 h̄⊥1 + h̄⊥3 h

⊥
1 }+ 2βq{ℑéGh̄⊥1 + ℑ¯́eGh

⊥
1 }+ 2αq{h⊥1 ℑ¯́eG + h̄⊥1 ℑéG}

− βq{f1ℜ ¯́
f1G + f̄1ℜf́1G} − αq{ℜ ¯́

f1Gf1 + ℜf́1G f̄1} − αqβq
[
{f⊥ℜ ¯̀

f1G + f̄⊥ℜf̀1G}

+ {g⊥ℑ ¯̀
f1G − ḡ⊥ℑf̀1G}+ {ℜ ¯̀

f1Gf⊥ + ℜf̀1G f̄⊥}+ {ℑ ¯̀
f1Gg⊥ −ℑf̀1G ḡ⊥}

]}
+

[
g⊥µν(k, q − k)⊥ + k⊥µ (q − k)⊥ν + k⊥ν (q − k)⊥µ

]
×

{
αqβq

[
{f⊥f̄⊥ + f̄⊥f⊥} − {g⊥ḡ⊥ + ḡ⊥g⊥}

]
+ αqβq

[
ℜhD(αq, k⊥)h̄′

⊥
1 (βq, q⊥ − k⊥) + ℜh̄D(αq, k⊥)h

′⊥
1 (βq, q⊥ − k⊥)

+ h′
⊥
1 (αq, k⊥)ℜh̄D(βq, q⊥ − k⊥) + h̄′

⊥
1 (αq, k⊥)ℜhD(βq, q⊥ − k⊥)

]
+ βq{h⊥1 ℜh̄3G + h̄⊥1 ℜh3G}+ βq{h⊥1 ℑh̄4G + h̄⊥1 ℑh4G}

+ αq{ℜh̄3Gh
⊥
1 + ℜh3G h̄

⊥
1 }+ αq{ℑh̄4Gh

⊥
1 + ℑh4G h̄

⊥
1 }

}
− [g⊥µνk

2
⊥ + 2kµkν ]

×
((q − k)2⊥

αqm2
{h⊥1 ℜh̄2G + h̄⊥1 ℜh2G}+ {ℜh1G h̄+ ℜh̄1Gh}+ {ℑh1G ē−ℑh̄1Ge}

)
−

[
2(q − k)⊥µ (q − k)⊥ν + g⊥µν(q − k)2⊥

]
×

( k2⊥
βqm2

{ℜh2G h̄
⊥
1 + ℜh̄2Gh

⊥
1 }+ ({hℜh̄1G + h̄ℜh1G}+ {ēℑh1G − eℑh̄1G}

]
(7.7)

This contribution is not gauge invariant: qµW 3
µν(q) ̸= 0. This is hardly surprising

since from DVCS studies we know that check of EM gauge invariance sometimes involves
cancellation of contributions of different twists (see e.g. Refs. [14–20]). Still, the non-
gauge-invariant contribution (7.7) is proportional to transverse structures so the violation
of gauge invariance is

qµWµν(q) = qµW 3
µν(q) = O

( q⊥
Q2

)
Note that if, for example, we would have g∥µν instead of g⊥µν in Eq. (7.7), the violation of
gauge invariance would be ∼ 1

Q . The absence of such terms is a result of many cancellations
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involving QCD equations of motion. Thus, the EM gauge invariance of W 3
µν(q) is restored

by ∼ 1
Q3 and ∼ 1

Q4 corrections so one may say that at the ∼ 1
Q2 level our result (7.1)

satisfies the requirement of EM gauge invariance.
Last but not least, let us discuss the choice of basis of operators for 1

Q2 corrections.
Unlike 1

Q corrections which are unique, one can represent 1
Q2 corrections in many different

ways using QCD equations of motion 10

ψ̄(x) /A⊥(x) = i∂iψ̄(x)γi + i
2

s
∂⋆ψ̄(x)/p1 + iψ̄

←
D•

2

s
/p2,

/A⊥(x)ψ(x) = − i/∂⊥ψ(x)− i
2

s
/p1∂⋆ψ(x)− i

2

s
/p2D•ψ(x) (7.8)

for the projectile operators in A⋆ = 0 gauge and

ψ̄(x) /B⊥(x) = i∂iψ̄(x)γi + i
2

s
∂•ψ̄(x)/p2 + iψ̄

←
D⋆ (x)

2

s
/p1,

/B⊥(x)ψ(x) = − i/∂⊥ψ(x)− i
2

s
/p2∂•ψ(x)− i

2

s
/p1D⋆ψ(x) (7.9)

for operators in target matrix elements (in B• = 0 gauge). The choice in this paper is to
reduce the l.h.s.’s of these EOMs to the r.h.s.’s whenever possible. This choice leads to
the “gauge completion” (7.2) of the leading-twist result and helps with sorting out the 1

Q2

corrections. It should be mentioned that there is a different choice of basis of operators in
the literature: in Refs. [21], [22], [23] the quark-antiquark TMDs of non-leading twist are
expressed in terms of quark-antiquark-gluon TMDs using EOMs like Eq. (9.42). That choice
is motivated by the fact that the evolution of q̄q TMDs of non-leading twist involves q̄qG
TMDs anyway [22]. Ideally, to find the optimal basis of operators one should diagonalize the
matrix of evolution equations of twist-4 TMDs and find those combinations which evolve
like leading-twist TMDs which is a formidable task. 11 In my opinion, it is useful first to try
to assemble the power corrections in gauge-invariant blocks like (7.2) and (7.5) using QCD
equations of motion. Of course, it is quite probable that among the “leftovers” entering Eq.
(7.7) there will be TMD combinations which evolve like, say, f1 but this is in agreement
with our earlier statement that the EM gauge invariance of W 3

µν(q) is restored by ∼ 1
Q3 and

∼ 1
Q4 corrections.

8 Conclusions and outlook

The result of this paper is a complete set of 1
Q2 power corrections to TMD factorization

for Drell-Yan process at the leading Nc order. Let me emphasize that tree-level formulas of
this paper are valid at both moderate and small Bjorken x. The difference between these
two cases comes from different evolution of TMDs in the moderate-x and small-x regions,

10As was mentioned in footnote 2, in this paper QCD coupling constant g is included in the definition of
gluon field Aµ.

11In the case of DVCS governed by the GPD evolution, there is a byway to find light-ray operators which
evolve like the leading-twist ones using conformal SL(2, R) invariance [24–26]. Unfortunately, this method
is not applicable to TMD operators that are not SL(2, R) invariant.
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see the discussion in Ref. [12]. Moreover, while the results of this paper were obtained
using rapidity-only factorization, at the tree level they should be the same as obtained by
conventional CSS approach. Indeed, 1

Q corrections are the same as in Ref. [8] and parts of
1
Q2 corrections coincide with Ref. [23] after taking into account different choice of operator
basis, see the discussion in previous Section.

One may wonder what can be a possible way to compare the result (7.1) with experi-
mental data on DY process. There are phenomenological estimates of leading-twist TMDs
[27–30], but due to the large number of quark-antiquark-gluon TMDs involved, similar ex-
traction of q̄qG TMDs from experiment seems nearly impossible. On the other hand, there
are attempts to calculate quark-antiquark TMDs on the lattice [31–33] (see also the review
[34]) and one may expect to get lattice estimates of quark-quark-gluon TMDs in the future.
It is well known that lattice calculations are not reliable at small x, so the moderate-x re-
sult of this paper (7.1) may serve as a bridge between lattice calculations and experimental
data.

An obvious outlook is to extend these results to the semi-inclusive deep inelastic scat-
tering (SIDIS) at EIC and elsewhere. The study is in progress.

The author is grateful to members of CERN TH department for kind hospitality and
to A. Vladimirov for helpful discussions. This work is supported by Jefferson Science
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9 Appendix

9.1 Formulas with Dirac matrices

9.1.1 Fierz transformation

First, let us write down Fierz transformation for symmetric hadronic tensor

1

2
[(ψ̄γµχ)(χ̄γνψ) + µ↔ ν] (9.1)

= − 1

4

(
δαµδ

β
ν + δαν δ

β
µ − gµνg

αβ
)[
(ψ̄γαψ)(χ̄γβχ) + (ψ̄γαγ5ψ)(χ̄γβγ5χ)

]
+

1

4

(
δαµδ

β
ν + δαν δ

β
µ − 1

2
gµνg

αβ
)
(ψ̄σαξψ)(χ̄σ

ξ
β χ)−

gµν
4

(ψ̄ψ)(χ̄χ) +
gµν
4

(ψ̄γ5ψ)(χ̄γ5χ)

9.1.2 Formulas with σ-matrices

It is convenient to define 12

ϵij ≡ 2

s
ϵ⋆•ij =

2

s
pµ2p

ν
1ϵµνij (9.2)

such that ϵ12 = 1 and ϵijϵkl = gikgjl − gilgjk. The frequently used formula is

σµνσαβ = (gµαgνβ − gµβgνα)− iϵµναβγ5 − i(gµασνβ − gµβσνα − gνασµβ + gνβσµα) (9.3)

12We use conventions from Bjorken & Drell where ϵ0123 = −1 and γµγνγλ = gµνγλ + gνλγµ − gµλγν −
iϵµνλργργ5. Also, with this convention σ̃µν ≡ 1

2
ϵµνλρσ

λρ = iσµνγ5.
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We need also the following formulas with σ-matrices in different matrix elements

σ̃µν ⊗ σ̃αβ = − 1

2
(gµαgνβ − gναgµβ)σξη ⊗ σξη

+ gµασβξ ⊗ σ ξ
ν − gνασβξ ⊗ σ ξ

µ − gµβσαξ ⊗ σ ξ
ν + gνβσαξ ⊗ σ ξ

µ − σαβ ⊗ σµν (9.4)

and

σ̃µξ ⊗ σ̃ ξ
ν = − gµν

2
σξη ⊗ σξη + σνξ ⊗ σ ξ

µ , σξη ⊗ σ̃ξη = σ̃ξη ⊗ σξη (9.5)

σµξγ5 ⊗ σ ξ
ν γ5 + µ↔ ν − gµν

2
σξηγ5 ⊗ σξηγ5 = − [σµξ ⊗ σ ξ

ν + µ↔ ν − gµν
2
σξη ⊗ σξη]

σ k
⋆ ⊗ γiσ•kγj = p̂2γ

k ⊗ ̸p1γiγkγj = p̂2γ
k ⊗ ̸p1(gikγj + gjkγi − gijγk)

= p̂2(gikγj + gjkγi − gijγk)⊗ ̸p1γk = (γjσ
k

⋆ γi)⊗ σ•k (9.6)

We will need also

̸p2 ⊗ γi ̸p1γj + ̸p2γ5 ⊗ γi ̸p1γjγ5 = γj ̸p2γi ⊗ ̸p1 + γj ̸p2γiγ5 ⊗ ̸p1γ5 (9.7)

and

iσαξσ⋆i ⊗ σ ξ
β

= gαiσ⋆j ⊗ σ j
β⊥

+ σα⊥∗ ⊗ σβ⊥i −
2

s
p2ασ⋆i ⊗ σ•β⊥ +

2

s
p2βgαiσ⋆j ⊗ σ j

• +
2

s
p2βσα⊥∗ ⊗ σ•i

+
2

s
p2αp2β

[
i⊗ σ•i − σij ⊗ σ j

•
]
+

4

s2
p2αp2βσ•∗ ⊗ σ•i −

2

s
g
∥
αβσ⋆i ⊗ σ•∗ + ...,

iσ⋆iσαξ ⊗ σ ξ
β (9.8)

=
2

s
p2ασ⋆i ⊗ σ•β⊥ − giασ⋆j ⊗ σ j

β⊥
+ σ⋆α⊥ ⊗ σβ⊥i +

2

s
p2βσ⋆α⊥ ⊗ σ•i −

2

s
giαp2βσ⋆j ⊗ σ j

•

+
4

s2
p2αp2βσ⋆• ⊗ σ•i +

2

s
p2αp2β

[
i⊗ σ•i + σij ⊗ σ j

•
]
− 2

s
g
∥
αβσ⋆i ⊗ σ⋆• + ...

and

iσ•iσαξ ⊗ σ ξ
β

=
2

s
p1ασ•i ⊗ σ⋆β⊥ − giασ•j ⊗ σ j

β⊥
+ σ•α⊥ ⊗ σβ⊥i +

2

s
p1βσ•α⊥ ⊗ σ⋆i −

2

s
giαp1βσ•j ⊗ σ j

⋆

+
4

s2
p1αp1βσ•∗ ⊗ σ⋆i +

2

s
p1αp1β

[
i⊗ σ⋆i + σij ⊗ σ j

⋆

]
− 2

s
g
∥
αβ)σ•i ⊗ σ•∗ + ...,

iσαξσ•i ⊗ σ ξ
β (9.9)

= gαiσ•j ⊗ σ j
β⊥

+ σα⊥• ⊗ σβ⊥i −
2

s
p1ασ•i ⊗ σ⋆β⊥ +

2

s
p1βgαiσ•j ⊗ σ j

⋆ +
2

s
p1βσα⊥∗ ⊗ σ⋆i

+
2

s
p1αp1β

[
i⊗ σ⋆i + σij ⊗ σ j

⋆

]
+

4

s2
p1αp1βσ⋆• ⊗ σ⋆i −

2

s
g
∥
αβσ•i ⊗ σ⋆• + ...

From these equations after some algebra one obtains

σµξσ⋆i ⊗ σ ξ
ν σ•j = − gµigνjσ⋆k ⊗ σ k

• + gµiσ⋆j ⊗ σ•ν⊥ (9.10)

+ gν⊥jσ⋆µ⊥ ⊗ σ•i − gijσ⋆µ⊥ ⊗ σ•ν⊥ − g∥µνσ⋆i ⊗ σ•j + ...

The dots in the above formulas stand for the terms leading to contributions to Wµν

exceeding our 1/Q2accuracy.
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9.1.3 Formulas with γ-matrices and one gluon field

In the gauge A• = 0 the field Ai can be represented as

Ai(x•, x⊥) =
2

s

∫ x•

−∞
dx′• F

(A)
⋆i (x′•, x⊥) (9.11)

Similarly, in the B⋆ = 0 gauge

Bi(x•, x⊥) =
2

s

∫ x⋆

−∞
dx′⋆ F

(B)
•i (x′⋆, x⊥) (9.12)

We define “dual” fields by

Ãi(x•, x⊥) =
2

s

∫ x•

−∞
dx′• F̃

(A)
⋆i (x′•, x⊥), B̃i(x⋆, x⊥) =

2

s

∫ x⋆

−∞
dx′⋆ F̃

(B)
•i (x′⋆, x⊥), (9.13)

where F̃µν = 1
2ϵµνλρF

λρ as usual. With this definition we have

Ãi = −ϵijAj , B̃i = ϵijB
j , ϵijÃ

j = Ai, ϵijB̃
j = −Bi (9.14)

and

̸p2Ài = −A̸ ̸p2γi, Ài ̸p2 = −γi ̸p2A̸, ̸p1B̀i = −B̸ ̸p1γi, B̀i ̸p1 = −γi ̸p1B̸ (9.15)

where Ài, B̀i are defined in Eq. (4.12).
We also use

Ai ̸p2 ⊗ γn ̸p1γi + Ai ̸p2γ5 ⊗ γn ̸p1γiγ5 = − ̸p2Àn ⊗ ̸p1 − ̸p2Ànγ5 ⊗ ̸p1γ5
Ai ̸p2 ⊗ γi ̸p1γn + Ai ̸p2γ5 ⊗ γi ̸p1γnγ5 = − Àn ̸p2 ⊗ ̸p1 − Àn ̸p2γ5 ⊗ ̸p1γ5
γn/p2γ

i ⊗ /p1Bi + γn/p2γ
iγ5 ⊗ /p1γ5Bi = − /p2 ⊗ /p1B̀n − /p2γ5 ⊗ /p1B̀nγ5

γi/p2γn ⊗ /p1Bi + γi/p2γnγ5 ⊗ /p1γ5Bi = − /p2 ⊗ B̀n/p1 − /p2γ5 ⊗ B̀n/p1γ5 (9.16)

and
2

s

[
̸p1 ̸p2γi ⊗Biγν + ̸p1 ̸p2γiγ5 ⊗Biγνγ5

]
= γi ⊗ γνB̀i + γiγ5 ⊗ γνB̀iγ5

2

s

[
γi ̸p2 ̸p1 ⊗Biγν + γi ̸p2 ̸p1γ5 ⊗Biγνγ5

]
= γi ⊗ B̀iγν + γiγ5 ⊗ B̀iγνγ5

2

s

[
̸p2 ̸p1γi ⊗Bi

/p1 + ̸p2 ̸p1γiγ5 ⊗Bi
/p1γ5

]
= γi ⊗ B̀i/p1 + γiγ5 ⊗ B̀i/p1γ5

2

s

[
̸p1 ̸p2γi ⊗Bi

/p1 + ̸p1 ̸p2γiγ5 ⊗Bi
/p1γ5

]
= γi ⊗ /p1B̀i + γiγ5 ⊗ /p1B̀iγ5 (9.17)

and

γα ̸p2γi ⊗Biγβ + γα ̸p2γiγ5 ⊗Biγβγ5 (9.18)

= − /p2 ⊗ γβ⊥B̀α +
2

s
p2β/p2 ⊗ /B/p1γα⊥ − 2

s
p2αp2β

[
γi ⊗ /B/p1γi + γiγ5 ⊗ /B/p1γiγ5

]
+ ...,

γi ̸p2γα ⊗Biγβ + γi ̸p2γαγ5 ⊗Biγβγ5

= − /p2 ⊗ B̀αγβ⊥ +
2

s
p2β/p2 ⊗ γα/p1

/B − 2

s
p2αp2β

[
γi ⊗ γi/p1

/B + γiγ5 ⊗ γi/p1
/Bγ5

]
+ ...
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where the dots stand for the negligible terms as usual. Let us illustrate the derivation of
the first of these equations. After some algebra one obtains

γµ ̸p2γi ⊗Biγν + γµ ̸p2γiγ5 ⊗Biγνγ5 (9.19)

= − /p2 ⊗ γν⊥B̀µ − 2

s
p2µp2ν

[
γi ⊗ /B/p1γi + γiγ5 ⊗ /B/p1γiγ5

]
+

2

s
p2ν/p2 ⊗ /B/p1γµ⊥

− /p2γ5 ⊗ γνB̀µγ5 + p2µγi ⊗ γν⊥B̀i + p2µγiγ5 ⊗ γν⊥B̀iγ5 −
2

s
p1ν/p2 ⊗ /p2B̀µ

+
2

s
p2µp1ν

[
γi ⊗ /p2B̀i + γiγ5 ⊗ /p2B̀iγ5

]
Now, looking at Eq. (4.14) it is easy to see that the last two lines in the r.h.s. do not give
contributions of order of (3.13).

We need also

γµ ̸p1γi ⊗Biγν + γµ ̸p1γiγ5 ⊗Biγνγ5

= p1µγ
i ⊗ B̀iγν + p1µγ

iγ5 ⊗ B̀iγνγ5 − /p1 ⊗ B̀µγν − /p1γ5 ⊗ B̀µγνγ5

γi ̸p1γµ ⊗Biγν + γi ̸p1γµγ5 ⊗Biγνγ5

= p1µγ
i ⊗ γνB̀i + p1µγ

iγ5 ⊗ γνB̀iγ5 − /p1 ⊗ γνB̀µ − /p1γ5 ⊗ γνB̀µγ5 (9.20)

9.1.4 Formulas with γ-matrices and two gluon fields

With definition (9.13), we have the following formulas

Ai ⊗ B̃j = gijÃk ⊗Bk − Ãj ⊗Bi, Ãi ⊗Bj = gijAk ⊗ B̃k −Aj ⊗ B̃i (9.21)

Ãi ⊗ B̃j = −gijAk ⊗Bk +Aj ⊗Bi, ⇒ Ãi ⊗ B̃i = −Ai ⊗Bi, Ãi ⊗Bi = Ai ⊗ B̃i

Using these formulas, after some algebra one obtains

γm ̸p2γjAi ⊗ γn ̸p1γiBj + γm ̸p2γjAiγ5 ⊗ γn ̸p1γiBjγ5 = ̸p2Àn ⊗ ̸p1B̀m + ̸p2Ànγ5 ⊗ ̸p1B̀mγ5

γj ̸p2γmAi ⊗ γn ̸p1γiBj + γj ̸p2γmAiγ5 ⊗ γn ̸p1γiBjγ5 = ̸p2Àn ⊗ B̀m ̸p1 + ̸p2Ànγ5 ⊗ B̀m ̸p1γ5
γm ̸p2γjAi ⊗ γi ̸p1γnBj + γm ̸p2γjAiγ5 ⊗ γi ̸p1γnBjγ5 = Àn ̸p2 ⊗ ̸p1B̀m + Àn ̸p2γ5 ⊗ ̸p1B̀mγ5

γj ̸p2γmAi ⊗ γi ̸p1γnBj + γj ̸p2γmAiγ5 ⊗ γi ̸p1γnBjγ5 = Àn ̸p2 ⊗ B̀m ̸p1 + Àn ̸p2γ5 ⊗ B̀m ̸p1γ5
(9.22)

and

̸p2Àm ⊗ ̸p1B̀n + ̸p2Ànγ5 ⊗ ̸p1B̀mγ5 = gmn ̸p2Àk ⊗ ̸p1B̀k

̸p2Àm ⊗ B̀n ̸p1 + ̸p2Ànγ5 ⊗ γ5B̀m ̸p1
OK
= gmn ̸p2Àk ⊗ B̀k ̸p1

Àm ̸p2 ⊗ ̸p1B̀n + γ5Àn ̸p2 ⊗ ̸p1B̀mγ5 = gmnÀk ̸p2 ⊗ ̸p1B̀k

Àm ̸p2 ⊗ B̀n ̸p1 + γ5Àn ̸p2 ⊗ γ5B̀m ̸p1 = gmnÀk ̸p2 ⊗ B̀k ̸p1 (9.23)

The corollary of Eq. (9.23) is

̸p2Àkγ5 ⊗ ̸p1B̀kγ5 = ̸p2Àk ⊗ ̸p1B̀k, ̸p2Àkγ5 ⊗ γ5B̀
k ̸p1 = ̸p2Àk ⊗ B̀k ̸p1

γ5Àk ̸p2 ⊗ ̸p1B̀kγ5 = Àk ̸p2 ⊗ ̸p1B̀k, γ5Àk ̸p2 ⊗ γ5B̀
k ̸p1 = Àk ̸p2 ⊗ B̀k ̸p1 (9.24)
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From Eqs. (9.22) and (9.23) one easily obtains

γm ̸p2γjAi⊗γn ̸p1γiBj+γm ̸p2γjAiγ5⊗γn ̸p1γiBjγ5 + m↔ n = 2gmn ̸p2Àk⊗̸p1B̀k (9.25)

and

γm ̸p2γjAi ⊗ γn ̸p1γiBj + γm ̸p2γjAiγ5 ⊗ γn ̸p1γiBjγ5 − m↔ n

= 2 ̸p2Àn ⊗ ̸p1B̀m − m↔ n,

γj ̸p2γmAi ⊗ γi ̸p1γnBj + γj ̸p2γmAiγ5 ⊗ γi ̸p1γnBjγ5 − m↔ n

= 2Àn ̸p2 ⊗ B̀m ̸p1 − m↔ n (9.26)

We need also formulas
4

s2
Ai ̸p1 ̸p2γj ⊗Bj ̸p1 ̸p2γi

= Aiγj ⊗Bjγi − iAiγjγ5 ⊗ B̃jγi + iÃiγj ⊗Bjγiγ5 + Ãiγjγ5 ⊗ B̃jγiγ5,

4

s2
(
Ai ̸p1 ̸p2γj ⊗Bj ̸p1 ̸p2γi +Ai ̸p1 ̸p2γjγ5 ⊗Bj ̸p1 ̸p2γiγ5

)
= γjÀi ⊗ γiB̀j + γjÀiγ5 ⊗ γiB̀jγ5,

γiÀjγ5 ⊗ γjÀiγ5 = γiÀj ⊗ γiB̀j − γiÀ
i ⊗ γjB̀

j (9.27)

and

Akγi/p2γ
j ⊗Bjγ

i
/p1γ

k = /p2Ài ⊗ /p1B̀
i = A̸ ̸p2γi ⊗ B̸ ̸p1γi,

Akγ
j
/p2γi ⊗Bjγ

k
/p1γ

i = Ài/p2 ⊗ B̀i/p1 = γi ̸p2A̸⊗ γi ̸p1B̸,
Akγi/p2γj ⊗Bjγk/p1γ

i = /p2Ài ⊗ B̀i
/p1 = A̸ ̸p2γi ⊗ γi ̸p1B̸,

Akγj/p2γi ⊗Bjγi/p1γ
k = Ài/p2 ⊗ /p1B̀

i = γi ̸p2A̸⊗ B̸ ̸p1γi, (9.28)

Akγm/p2γj ⊗Bjγn/p1γk +m↔ n− gmnA
kγi/p2γj ⊗Bjγi/p1γk

= Àm ̸p2 ⊗ B̀n ̸p1 +m↔ n− gmnÀk ̸p2 ⊗ B̀k ̸p1,
Akγj/p2γm ⊗Bjγk/p1γn +m↔ n− gmnA

kγj/p2γi ⊗Bjγk/p1γ
i

= ̸p2Àm ⊗ ̸p1B̀n +m↔ n− gmn ̸p2Àk ⊗ ̸p1B̀k,

Akγm/p2γj ⊗Bjγk/p1γn +m↔ n− gmnA
kγj/p2γi ⊗Bjγk/p1γ

i

= Àm ̸p2 ⊗ ̸p1B̀n +m↔ n− gmnÀk ̸p2 ⊗ ̸p1B̀k,

Akγj/p2γm ⊗Bjγn/p1γk +m↔ n− gmnA
kγj/p2γi ⊗Bjγk/p1γ

i =

= ̸p2Àm ⊗ B̀n ̸p1 +m↔ n− gmn ̸p2Àk ⊗ B̀k ̸p1, (9.29)

2

s

[
Ai ̸p1 ̸p2γj ⊗Bjγn ̸p1γi +Ai ̸p1 ̸p2γjγ5 ⊗Bjγν⊥ ̸p1γiγ5

]
(9.30)

= − γiÀn ⊗ ̸p1B̀i − γiÀnγ5 ⊗ ̸p1B̀iγ5 = γiÀn ⊗ B̸ ̸p1γi + γiÀnγ5 ⊗ B̸ ̸p1γiγ5,
2

s

[
Aiγn ̸p2γj ⊗Bj ̸p2 ̸p1γi +Aiγn ̸p2γjγ5 ⊗Bj ̸p2 ̸p1γiγ5

]
= −̸p2Ài ⊗ γiB̀n − ̸p2Àiγ5 ⊗ γiB̀nγ5 = A̸̸p2γi ⊗ γiB̀n + A̸ ̸p2γiγ5 ⊗ γiB̀nγ5.
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9.2 TMD matrix elements

9.2.1 Parametrization of leading-twist matrix elements

Let us first consider matrix elements of operators without γ5. The standard parametrization
of quark TMDs reads (see e.g. Ref. [35, 36]) 13

1

16π3

∫
dx•d

2x⊥ e
−iαx•+i(k,x)⊥ ⟨A|ψ̄(x•, x⊥)γµψ(0)|A⟩ (9.31)

= pµ1f1(α, k⊥) + kµ⊥f⊥(α, k⊥) + pµ2
2m2

N

s
f3(α, k⊥),

1

16π3

∫
dx•d

2x⊥ e
−iαx•+i(k,x)⊥ ⟨A|ψ̄(x•, x⊥)ψ(0)|A⟩ = me(α, k⊥)

for quark distributions in the projectile and

1

16π3

∫
dx•d

2x⊥ e
−iαx•+i(k,x)⊥ ⟨A|ψ̄(0)γµψ(x•, x⊥)|A⟩ (9.32)

= − pµ1 f̄1(α, k⊥)− kµ⊥f̄⊥(α, k⊥)− pµ2
2m2

N

s
f̄3(α, k⊥),

1

16π3

∫
dx•d

2x⊥ e
−iαx•+i(k,x)⊥ ⟨A|ψ̄(0)ψ(x•, x⊥)|A⟩ = mē(α, k⊥)

for the antiquark distributions. 14

The corresponding matrix elements for the target are obtained by trivial replacements
p1 ↔ p2, x• ↔ x⋆ and α↔ β:

1

16π3

∫
dx⋆d

2x⊥ e
−iβx⋆+i(k,x)⊥ ⟨B|ψ̄(x⋆, x⊥)γµψ(0)|B⟩ (9.33)

= pµ2f1(β, k⊥) + kµ⊥f⊥(β, k⊥) + pµ1
2m2

N

s
f3(β, k⊥),

1

16π3

∫
dx⋆d

2x⊥ e
−iβx⋆+i(k,x)⊥ ⟨B|ψ̄(x⋆, x⊥)ψ(0)|B⟩ = me(β, k⊥),

and
1

16π3

∫
dx⋆d

2x⊥ e
−iβx⋆+i(k,x)⊥ ⟨B|ψ̄(0)γµψ(x⋆, x⊥)|B⟩ (9.34)

= − pµ2 f̄1(β, k⊥)− kµ⊥f̄⊥(β, k⊥)− pµ1
2m2

N

s
f̄3(β, k⊥),

1

16π3

∫
dx⋆d

2x⊥ e
−iβx⋆+i(k,x)⊥ ⟨B|ψ̄(0)ψ(x⋆, x⊥)|B⟩ = mē(β, k⊥).

Matrix elements of operators with γ5 are parametrized as follows:

1

16π3

∫
dx•d

2x⊥ e
−iαx•+i(k,x)⊥ ⟨A|ψ̄(x•, x⊥)γµγ5ψ(0)|A⟩ = − ϵµ⊥ik

ig⊥(α, k⊥),

1

16π3

∫
dx•d

2x⊥ e
−iαx•+i(k,x)⊥ ⟨A|ψ̄(0)γµγ5ψ(x•, x⊥)|A⟩ = − ϵµ⊥ik

iḡ⊥(β, k⊥)

(9.35)
13Our notations differ from “TMD handbook” [36]: gQCD

our = −gQCD
hbook, ϵ

µνλρ
our = −ϵµνλρhbook, but ϵijour = ϵijhbook

14In an arbitrary gauge, there are gauge links to −∞ as displayed in Eq. (3.10).
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and
1

16π3

∫
dx•d

2x⊥ e
−iαx•+i(k,x)⊥ ⟨B|ψ̄(x⋆, x⊥)γµγ5ψ(0)|B⟩ = ϵµ⊥ik

ig⊥(β, k⊥),

1

16π3

∫
dx•d

2x⊥ e
−iαx•+i(k,x)⊥ ⟨B|ψ̄(0)γµγ5ψ(x⋆, x⊥)|B⟩ = ϵµ⊥ik

iḡ⊥(β, k⊥)

(9.36)

The parametrizations of time-odd Boer-Mulders TMDs are

1

16π3

∫
dx•d

2x⊥ e
−iαx•+i(k,x)⊥ ⟨A|ψ̄(x•, x⊥)σµνψ(0)|A⟩

=
1

m
(kµ⊥p

ν
1 − µ↔ ν)h⊥1 (α, k⊥) +

2m

s
(pµ1p

ν
2 − µ↔ ν)h(α, k⊥)

+
2m

s
(kµ⊥p

ν
2 − µ↔ ν)h⊥3 (α, k⊥),

1

16π3

∫
dx•d

2x⊥ e
−iαx•+i(k,x)⊥ ⟨A|ψ̄(0)σµνψ(x•, x⊥)|A⟩

= − 1

m
(kµ⊥p

ν
1 − µ↔ ν)h̄⊥1 (α, k⊥)−

2m

s
(pµ1p

ν
2 − µ↔ ν)h̄(α, k⊥)

− 2m

s
(kµ⊥p

ν
2 − µ↔ ν)h̄⊥3 (α, k⊥) (9.37)

and similarly for the target with usual replacements p1 ↔ p2, x• ↔ x⋆ and α↔ β:

1

16π3

∫
dx⋆d

2x⊥ e
−iβx⋆+i(k,x)⊥ ⟨B|ψ̄(x⋆, x⊥)σµνψ(0)|B⟩

=
1

m
(kµ⊥p

ν
2 − µ↔ ν)h⊥1 (β, k⊥) +

2m

s
(pµ2p

ν
1 − µ↔ ν)h(β, k⊥)

+
2m

s
(kµ⊥p

ν
1 − µ↔ ν)h⊥3 (β, k⊥),

1

16π3

∫
dx⋆d

2x⊥ e
−iβx⋆+i(k,x)⊥ ⟨B|ψ̄(0)σµνψ(x⋆, x⊥)|B⟩

= − 1

m
(kµ⊥p

ν
2 − µ↔ ν)h̄⊥1 (β, k⊥)−

2m

s
(pµ2p

ν
1 − µ↔ ν)h̄(β, k⊥)

− 2m

s
(kµ⊥p

ν
1 − µ↔ ν)h̄⊥3 (β, k⊥) (9.38)

Note that the coefficients in front of f3, g⊥, h and h⊥3 in eqs. (9.31), (9.33), (9.35), (9.36),
(9.37), and (9.38) contain an extra 1

s since pµ2 enters only through the direction of gauge
link so the result should not depend on rescaling p2 → λp2.

9.2.2 Matrix elements of quark-quark-gluon operators

First, let us demonstrate that operators 1
α and 1

β in Eqs. (2.5) are replaced by ± 1
αq

and
± 1

βq
in forward matrix elements. Indeed,∫
dx• e

−iαqx•⟨Φ̄(x•, x⊥)Γ
1

α+ iϵ
ψ(0)⟩A (9.39)

=
1

i

∫
dx•

∫ 0

−∞
dx′• e

−iαqx•⟨Φ̄(x•, x⊥)Γψ(x′•, 0⊥)⟩A =
1

αq

∫
dx• e

−iαx•⟨Φ̄(x•, x⊥)Γψ(0)⟩A
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where Φ̄(x•, x⊥) can be ψ̄(x•, x⊥) or ψ̄(x•, x⊥)Ai(x•, x⊥) and Γ can be any γ-matrix. Sim-
ilarly,∫

dx• e
−iαqx•⟨

(
ψ̄

1

α− iϵ

)
(x•, x⊥)ΓΦ(0)⟩A =

1

αq

∫
dx• e

−iαx•⟨ψ̄(x•, x⊥)ΓΦ(0)⟩A (9.40)∫
dx• e

−iαqx•⟨
(
ψ̄

1

α− iϵ

)
(x•, x⊥)Γ

1

α+ iϵ
ψ(0)⟩A =

1

α2
q

∫
dx• e

−iαqx•⟨ψ̄(x•, x⊥)Γψ(0)⟩A

where Φ(x•, x⊥) can be ψ(x•, x⊥) or Ai(x•, x⊥)ψ(x•, x⊥). We need also

∫
dx• e

−iαqx•⟨
(
ψ̄

1

α− iϵ

)
(0)ΓΦ(x•, x⊥)⟩A = − 1

αq

∫
dx• e

−iαx•⟨ψ̄(0)ΓΦ(x•, x⊥)⟩A∫
dx• e

−iαqx•⟨Φ̄(0)Γ 1

α+ iϵ
ψ(x•, x⊥)⟩A = − 1

αq

∫
dx• e

−iαx•⟨Φ̄(0)Γψ(x•, x⊥)⟩A (9.41)

The corresponding formulas for target matrix elements are obtained by substitution α↔ β

(and x• ↔ x⋆).

9.2.3 Matrix elements of quark-quark-gluon operators related to
quark-antiquark TMDs by QCD equations of motion

Next, we will use QCD equation of motion to reduce quark-quark-gluon TMDs to leading-
twist TMDs (see Ref. [8]). For our quark fields QCD equations read 15

ψ̄(x) /A⊥(x) = i∂iψ̄(x)γi + i
2

s
∂⋆ψ̄(x)/p1 + iψ̄

←
D•

2

s
/p2,

/A⊥(x)ψ(x) = − i/∂⊥ψ(x)− i
2

s
/p1∂⋆ψ(x)− i

2

s
/p2D•ψ(x) (9.42)

for the projectile operators in A⋆ = 0 gauge and

ψ̄(x) /B⊥(x) = i∂iψ̄(x)γi + i
2

s
∂•ψ̄(x)/p2 + iψ̄

←
D⋆ (x)

2

s
/p1,

/B⊥(x)ψ(x) = − i/∂⊥ψ(x)− i
2

s
/p2∂•ψ(x)− i

2

s
/p1D⋆ψ(x) (9.43)

for operators in target matrix elements (in B• = 0 gauge). Our strategy is as follows: when
we see an operator as in the left-hand sides of these equations, we rewrite it in terms of the
corresponding right-hand sides. For most of the matrix elements listed in this Section, the
result can be represented through quark-antiquark TMDs. Sometimes, however, one needs
the last terms in the r.h.s.’s parametrized in the next Section.

Let us present the list of formulas derived in Ref. [9]

15As was mentioned in footnote 2, in this paper QCD coupling constant g is included in the definition of
gluon field Aµ.
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1

8π3s

∫
dx•dx⊥ e

−iαx•+i(k,x)⊥⟨A|ψ̄ /A(x)/p2γiψ(0)|A⟩ = ki[f1 − α(f⊥ + ig⊥)
]
(α, k⊥)

1

8π3s

∫
dx•dx⊥ e

−iαx•+i(k,x)⊥⟨A|ψ̄(x)γi/p2 /Aψ(0)|A⟩ = ki
[
f1 − α(f⊥ − ig⊥)

]
(α, k⊥)

1

8π3s

∫
dx⊥dx• e

−iαx•+i(k,x)⊥⟨A|ψ̄(0)γi/p2 /Aψ(x)|A⟩ = ki
[
f̄1 − α(f̄⊥ + iḡ⊥)

]
(α, k⊥)

1

8π3s

∫
dx⊥dx• e

−iαx•+i(k,x)⊥⟨A|ψ̄ /A(0)/p2γiψ(x)|A⟩ = ki
[
f̄1 − α(f̄⊥ − iḡ⊥)

]
(αq, k⊥)

(9.44)

For brevity, hereafter in the projectile matrix elements x = (x•, 0⋆, x⊥)

The target matrix elements are obtained by usual replacements (4.29):

1

8π3s

∫
dx⋆dx⊥ e

−iβx⋆+i(k,x)⊥⟨B|ψ̄ /B(x)/p1γiψ(0)|B⟩ = ki[f1 − β(f⊥ + ig⊥)
]
(β, k⊥)

1

8π3s

∫
dx⋆dx⊥ e

−iβx⋆+i(k,x)⊥⟨B|ψ̄(x)γi/p1 /Bψ(0)|B⟩ = ki
[
f1 − β(f⊥ − ig⊥)

]
(β, k⊥)

1

8π3s

∫
dx⊥dx⋆ e

−iβx⋆+i(k,x)⊥⟨B|ψ̄(0)γi/p1 /Bψ(x)|B⟩ = ki
[
f̄1 − β(f̄⊥ + iḡ⊥)

]
(β, k⊥)

1

8π3s

∫
dx⊥dx⋆ e

−iβx⋆+i(k,x)⊥⟨B|ψ̄ /B(0)/p1γiψ(x)|B⟩ = ki
[
f̄1 − β(f̄⊥ − iḡ⊥)

]
(βq, k⊥)

(9.45)

Similarly, in the target matrix elements x ≡ (0•, x⋆, x⊥)

Next, for the projectile matrix elements with an extra γ5 one obtains∫
dx•dx⊥
8π3s

e−iαx•+i(k,x)⊥⟨A|ψ̄ /A(x)/p2γiγ5ψ(0)|A⟩ = iϵijk
j
[
f1 − α(f⊥ + ig⊥)

]
(α, k⊥),∫

dx•dx⊥
8π3s

e−iαx•+i(k,x)⊥⟨A|ψ̄(x)γiγ5/p2 /Aψ(0)|A⟩ = − iϵijk
j
[
f1 − α(f⊥ − ig⊥)

]
(α, k⊥)∫

dx•dx⊥
8π3s

e−iαx•+i(k,x)⊥⟨A|ψ̄ /A(0)/p2γiγ5ψ(x)|A⟩ = iϵijk
j
[
f̄1 − α(f̄⊥ − iḡ⊥)

]
(α, k⊥)∫

dx•dx⊥
8π3s

e−iαx•+i(k,x)⊥⟨A|ψ̄f (0)γiγ5/p2
/Aψ(x)|A⟩ = − iϵijk

j
[
f̄1 − α(f̄⊥ + iḡ⊥)

]
(α, k⊥)

(9.46)

and for the target∫
dx⋆dx⊥
8π3s

e−iβx⋆+i(k,x)⊥⟨B|ψ̄ /B(x)/p1γiγ5ψ(0)|B⟩ = − iϵijk
j
[
f1 − β(f⊥ + ig⊥)

]
(β, k⊥)∫

dx⋆dx⊥
8π3s

e−iβx⋆+i(k,x)⊥⟨B|ψ̄(x)γiγ5/p1 /B(0)ψ(0)|B⟩ = iϵijk
j
[
f1 − β(f⊥ − ig⊥)

]
(β, k⊥)∫

dx⋆dx⊥
8π3s

e−iβx⋆+i(k,x)⊥⟨B|ψ̄ /B(0)/p1γiγ5ψ(x)|B⟩ = − iϵijk
j
[
f̄1 − β(f̄⊥ − iḡ⊥)

]
(β, k⊥)∫

dx⋆dx⊥
8π3s

e−iβx⋆+i(k,x)⊥⟨B|ψ̄f (0)γiγ5/p1
/Bψ(x)|B⟩ = iϵijk

j
[
f̄1 − β(f̄⊥ + iḡ⊥)

]
(β, k⊥)

(9.47)
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The different sign in projectile↔target replacement of matrix elements with γ5 is due to
the difference in the definitions (9.14).

∫
dx•dx⊥
8π3s

e−iαqx•+i(k,x)⊥⟨A|ψ̄ /A(x)/p2ψ(0)|A⟩ =
[
− i

k2⊥
m
h⊥1 − αm(e+ ih)

]
(α, k⊥)∫

dx•dx⊥
8π3s

e−iαx•+i(k,x)⊥⟨A|ψ̄(x)/p2 /Aψ(0)|A⟩ =
[
i
k2⊥
m
h⊥1 − αm(e− ih)

]
(α, k⊥) (9.48)∫

dx•dx⊥
8π3s

e−iαx•+i(k,x)⊥⟨A|ψ̄(0)/p2 /Aψ(x•, x⊥)|A⟩ =
[
i
k2⊥
m
h̄⊥1 + αm(ē+ ih̄)

]
(α, k⊥),∫

dx•dx⊥
8π3s

e−iαx•+i(k,x)⊥⟨A|ψ̄ /A(0)/p2ψ(x•, x⊥)|A⟩ =
[
− i

k2⊥
m
h̄⊥1 + αm(ē− ih̄)

]
(α, k⊥)

The target matrix elements are obtained by usual replacements (4.29) (without sign change).∫
dx⋆dx⊥
8π3s

e−iβqx⋆+i(k,x)⊥⟨B|ψ̄ /B(x)/p1ψ(0)|B⟩ =
[
− i

k2⊥
m
h⊥1 − βqm(e+ ih)

]
(β, k⊥),∫

dx⋆dx⊥
8π3s

e−iβx⋆+i(k,x)⊥⟨B|ψ̄ /B(0)/p1ψ(x)|B⟩ =
[
− i

k2⊥
m
h̄⊥1 + βm(ē− ih̄)

]
(β, k⊥).∫

dx⋆dx⊥
8π3s

e−iβx⋆+i(k,x)⊥⟨B|ψ̄(0)/p1 /Bψ(x)|B⟩ =
[
i
k2⊥
m
h̄⊥1 + βm(ē+ ih̄)

]
(β, k⊥), (9.49)∫

dx⋆dx⊥
8π3s

e−iβx⋆+i(k,x)⊥⟨B|ψ̄ /B(0)/p2ψ(x⋆, x⊥)|B⟩ =
[
− i

k2⊥
m
h̄⊥1 + βm(ē− ih̄)

]
(β, k⊥)

Next, we need∫
dx•dx⊥
16π3

e−iαx•+i(k,x)⊥⟨A|ψ̄ /A(x)γiψ(0)|A⟩ = kim
[
− e− iαh3 + ihD

]
(α, k⊥),∫

dx•dx⊥
16π3

e−iαx•+i(k,x)⊥⟨A|ψ̄(x)γi /Aψ(0)|A⟩ = kim
[
− e+ iαh3 + ih∗D

]
(α, k⊥),∫

dx•dx⊥
16π3

e−iαx•+i(k,x)⊥⟨A|ψ̄ /A(0)γiψ(x)|A⟩ = mki
[
ē− iαh̄3 − ih̄D

]
(α, k⊥),∫

dx•dx⊥
16π3

e−iαx•+i(k,x)⊥⟨A|ψ̄(0)γi /Aψ(x)|A⟩ = mki
[
ē+ iαh̄3 + ih̄∗D

]
(α, k⊥)

(9.50)

The matrix elements hD are q̄q TMDs with an extra longitudinal derivative of the quark
field. They are defined in the next Section. It is worth noting that contributions of these
terms in the r.h.s.’s cancel in the final result.

For the target we get∫
dx⋆dx⊥
16π3

e−iβx⋆+i(k,x)⊥⟨B|ψ̄ /B(x)γiψ(0)|B⟩ = mki[−e− iβh⊥3 + ihD](β, k⊥),∫
dx⋆dx⊥
16π3

e−iβx⋆+i(k,x)⊥⟨B|ψ̄(x)γi /Bψ(0)|B⟩ = mki[−e+ iβh⊥3 − ih⋆D](β, k⊥),∫
dx⋆dx⊥
16π3

e−iβqx⋆+i(k,x)⊥⟨B|ψ̄B̸(0)γiψ(x)|B⟩ = mki[ē− iβh̄⊥3 − ih̄D](β, k⊥),∫
dx⋆dx⊥
16π3

e−iβx⋆+i(k,x)⊥⟨B|ψ̄(0)γi /Bψ(x))|B⟩ = mki[e+ iβh̄⊥3 + ih̄⋆D](β, k⊥). (9.51)
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Finally, we need

∫
dx•dx⊥
8π3s

e−iαx•+i(k,x)⊥⟨A|ψ̄ /A(x)/p2 /Aψ(0)|A⟩ =
[
k2⊥(f1 − 2αf⊥) + 2α2m2f3

]
(α, k⊥)∫

dx•dx⊥
8π3s

e−iαx•+i(k,x)⊥⟨A|ψ̄ /A(0)/p2 /Aψ(x)|A⟩ = −
[
k2⊥(f̄1 − 2αf̄⊥) + 2α2m2f̄3

]
(α, k⊥)∫

dx•dx⊥
8π3s

e−iαx•+i(k,x)⊥⟨A|ψ̄ /A(x)σ⋆i /Aψ(0)|A⟩ = −ki
[k2⊥
m
h⊥1 + 2αmh− 2α2mh⊥3

]
(α, k⊥)∫

dx•dx⊥
8π3s

e−iαx•+i(k,x)⊥⟨A|ψ̄ /A(x)σ⋆i /Aψ(0)|A⟩ =
ki
m

[
k2⊥h̄

⊥
1 + 2αm2h̄− 2α2m2h̄⊥3

]
(α, k⊥)

(9.52)

and for the target

∫
dx⋆dx⊥
8π3s

e−iβx⋆+i(k,x)⊥⟨B|ψ̄ /B(x)/p2
/Bψ(0)|B⟩ =

[
k2⊥(f1 − 2βf⊥) + 2β2m2f3

]
(β, k⊥)∫

dx⋆dx⊥
8π3s

e−iβx⋆+i(k,x)⊥⟨B|ψ̄ /B(0)/p2
/Bψ(x)|B⟩ = −

[
k2⊥(f̄1 − 2βf̄⊥) + 2β2m2f̄3

]
(β, k⊥)∫

dx⋆dx⊥
8π3s

e−iβx⋆+i(k,x)⊥⟨B|ψ̄ /B(x)σ•i /Bψ(0)|B⟩ = −ki
[k2⊥
m
h⊥1 + 2βmh− 2β2mh⊥3

]
(β, k⊥)∫

dx⋆dx⊥
8π3s

e−iβx⋆+i(k,x)⊥⟨B|ψ̄ /B(x)σ•i /Bψ(0)|B⟩ = ki
m

[
k2⊥h̄

⊥
1 + 2βm2h̄− 2β2m2h̄⊥3

]
(β, k⊥)

(9.53)

9.2.4 Parametrization of other quark-quark-gluon TMDs

First, let us parametrize matrix elements from Sect. 3.2.3.

2

8π3s

∫
dx•d

2x⊥ e
−iαx•+i(k,x)⊥ ⟨A|ψ̄i

←
D• (x•, x⊥)/p2ψ(0)|A⟩ = −m2fD(α, k⊥),(9.54)

2

8π3s

∫
dx•d

2x⊥ e
−iαx•+i(k,x)⊥ ⟨A|ψ̄(x•, x⊥)/p2iD•ψ(0)|A⟩ = m2f⋆D(α, k⊥),

2

8π3s

∫
dx•d

2x⊥ e
−iαx•+i(k,x)⊥ ⟨A|ψ̄i

←
D• (0)/p2ψ(x•, x⊥)|A⟩ = m2f̄D(α, k⊥),

2

8π3s

∫
dx•d

2x⊥ e
−iαx•+i(k,x)⊥ ⟨A|ψ̄(0)/p2iD•ψ(x•, x⊥)|A⟩ = −m2f̄⋆D(α, k⊥),

2

8π3s

∫
dx⋆d

2x⊥ e
−iαx•+i(k,x)⊥ ⟨A|ψ̄i

←
D• (x•, x⊥)σ⋆iψ(0)|A⟩ = −mkihD(α, k⊥),

2

8π3s

∫
dx⋆d

2x⊥ e
−iαx•+i(k,x)⊥ ⟨A|ψ̄(x•, x⊥)σ⋆iiD•ψ(0)|A⟩ = mkih

⋆
D(α, k⊥)

2

8π3s

∫
dx⋆d

2x⊥ e
−iαx•+i(k,x)⊥ ⟨A|ψ̄i

←
D• (0)σ⋆iψ(x•, x⊥)|A⟩ = mkih̄D(α, k⊥),

2

8π3s

∫
dx⋆d

2x⊥ e
−iαx•+i(k,x)⊥ ⟨A|ψ̄(0)σ⋆iiD•ψ(x•, x⊥)|A⟩ = −mkih̄

⋆
D(α, k⊥)
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and

2

8π3s

∫
dx⋆d

2x⊥ e
−iβx⋆+i(k,x)⊥ ⟨B|ψ̄i

←
D⋆ (x⋆, x⊥)/p1ψ(0)|B⟩ = −m2fD(β, k⊥), (9.55)

2

8π3s

∫
dx⋆d

2x⊥ e
−iβx⋆+i(k,x)⊥ ⟨B|ψ̄(x⋆, x⊥)/p1iD⋆ψ(0)|B⟩ = m2f∗D(β, k⊥),

2

8π3s

∫
dx⋆d

2x⊥ e
−iβx⋆+i(k,x)⊥ ⟨B|ψ̄i

←
D⋆ (0)/p1ψ(x⋆, x⊥)|B⟩ = m2f̄D(β, k⊥),

2

8π3s

∫
dx⋆d

2x⊥ e
−iβx⋆+i(k,x)⊥ ⟨B|ψ̄(0)/p1iD⋆ψ(x⋆, x⊥)|B⟩ = −m2f̄∗D(β, k⊥),

2

8π3s

∫
dx⋆d

2x⊥ e
−iβx⋆+i(k,x)⊥ ⟨B|ψ̄i

←
D⋆ (x⋆, x⊥)σ•iψ(0)|A⟩ = −mkihD(β, k⊥),

2

8π3s

∫
dx⋆d

2x⊥ e
−iβx•+i(k,x)⊥ ⟨B|ψ̄(x⋆, x⊥)σ•iiD⋆ψ(0)|B⟩ = mkih

∗
D(α, k⊥)

2

8π3s

∫
dx⋆d

2x⊥ e
−iβx⋆+i(k,x)⊥ ⟨B|ψ̄i

←
D⋆ (0)σ•iψ(x⋆, x⊥)|B⟩ = mkih̄D(β, k⊥),

2

8π3s

∫
dx⋆d

2x⊥ e
−iβx•+i(k,x)⊥ ⟨B|ψ̄(0)σ•iiD⋆ψ(x⋆, x⊥)|B⟩ = −mkih̄

∗
D(α, k⊥)

Next, in Sect. 4 and 5 we calculate target q̄Gq matrix elements and restore the cor-
responding contributions with projectile q̄Gq ones by trivial replacements (4.29). Conse-
quently, we will list only parametrizations of target q̄Gq matrix elements. The projectile
matrix elements can be obtained by the usual (4.29) replacements. 16

We parametrize the quark-quark-gluon TMDs with matrices 1 or γ5 as follows

1

16π3

∫
dx⋆d

2x⊥ e
−iβx⋆+i(k,x)⊥ ⟨B|ψ̄(x⋆, x⊥)Bi(x⋆, x⊥)ψ(0)|B⟩ = kimeG(β, k⊥)

1

16π3

∫
dx⋆d

2x⊥ e
−iβx⋆+i(k,x)⊥ ⟨B|ψ̄(x⋆, x⊥)Bi(0)ψ(0)|B⟩ = kime

∗
G(β, k⊥)

1

16π3

∫
dx⋆d

2x⊥ e
−iβx⋆+i(k,x)⊥ ⟨B|ψ̄(0)Bi(0)ψ(x⋆, x⊥)|B⟩ = kiēGm(β, k⊥) (9.56)

1

16π3

∫
dx⋆d

2x⊥ e
−iβx⋆+i(k,x)⊥ ⟨B|ψ̄(0)Bi(x)ψ(x⋆, x⊥)|B⟩ = kiē

∗
Gm(β, k⊥)

1

16π3

∫
dx⋆d

2x⊥ e
−iβx⋆+i(k,x)⊥ ⟨B|ψ̄(x⋆, x⊥)iB̃i(x⋆, x⊥)γ5ψ(0)|B⟩ = kimẽG(β, k⊥)

1

16π3

∫
dx⋆d

2x⊥ e
−iβx⋆+i(k,x)⊥ ⟨B|ψ̄(x⋆, x⊥)iB̃i(0)γ5ψ(0)|B⟩ = kimẽ

∗
G(β, k⊥)

1

16π3

∫
dx⋆d

2x⊥ e
−iβx⋆+i(k,x)⊥ ⟨B|ψ̄(0)iB̃i(0)γ5ψ(x⋆, x⊥)|B⟩ = ki ¯̃eGm(β, k⊥) (9.57)

1

16π3

∫
dx⋆d

2x⊥ e
−iβx⋆+i(k,x)⊥ ⟨B|ψ̄(0)iB̃i(x)γ5ψ(x⋆, x⊥)|B⟩ = ki ¯̃e

∗
Gm(β, k⊥)

16One shold be careful with Ãi ↔ B̃i replacement due to Eq. (9.14), see e.g. Eq. (9.47).
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and accordingly

1

16π3

∫
dx⋆d

2x⊥ e
−iβx⋆+i(k,x)⊥ ⟨B|ψ̄(x⋆, x⊥)B́i(x⋆, x⊥)ψ(0)|B⟩ = kiméG(β, k⊥)

1

16π3

∫
dx⋆d

2x⊥ e
−iβx⋆+i(k,x)⊥ ⟨B|ψ̄(x⋆, x⊥)B́i(0)ψ(0)|B⟩ = kimé

∗
G(β, k⊥)

1

16π3

∫
dx⋆d

2x⊥ e
−iβx⋆+i(k,x)⊥ ⟨B|ψ̄(0)B́i(0)ψ(x⋆, x⊥)|B⟩ = kim¯́eG(β, k⊥)

1

16π3

∫
dx⋆d

2x⊥ e
−iβx⋆+i(k,x)⊥ ⟨B|ψ̄(0)B́i(x)ψ(x⋆, x⊥)|B⟩ = kim¯́e∗B(β, k⊥) (9.58)

Next, we turn to quark-quark-gluon TMDs with matrices σµν . First, consider the case of
σ•∗. We get∫

dx⋆d
2x⊥

8π3s
e−iβx⋆+i(k,x)⊥ ⟨B|ψ̄Bi(x)σ•∗ψ(0)|B⟩ = kim[βh⊥3 − h+ hD − iẽG](β, k⊥)∫

dx⋆d
2x⊥

8π3s
e−iβx⋆+i(k,x)⊥ ⟨B|ψ̄(x)σ•∗Biψ(0)|B⟩ = kim[βh⊥3 − h+ h∗D + iẽ∗G](β, k⊥)∫

dx⋆d
2x⊥

8π3s
e−iβx⋆+i(k,x)⊥ ⟨B|ψ̄(0)σ•∗ψBi(x)|B⟩ = kim[βh̄⊥3 − h̄− h̄∗D + i¯̃e∗G](β, k⊥)∫

dx⋆d
2x⊥

8π3s
e−iβx⋆+i(k,x)⊥ ⟨B|ψ̄Bi(0)σ•∗ψ(x)|B⟩ = kim[βh̄⊥3 − h̄− h̄D − i¯̃eG](β, k⊥)

(9.59)

Let us illustrate the derivation of these equations. From equations of motion (9.43) and
Eq. (9.3) we see that

1

8π3s

∫
dx⋆dx⊥ e

−iβqx⋆+i(k,x)⊥⟨B|ψ̄ /B(x)γiσ⋆•ψ(0)|B⟩ =
1

16π3

∫
dx⋆dx⊥ e

−iβqx⋆+i(k,x)⊥

× ⟨B|ψ̄(x)[βσ⋆i −
2

s
kiσ⋆• − ϵijk

jγ5 + i
←
D∗ σ•i]ψ(0)|B⟩ = −mki[βh

⊥
3 − h+ hD](β, k⊥)

(9.60)

On the other hand

2

s
⟨B|ψ̄ /B(x)γiσ⋆•ψ(0)|B⟩ =

2

s
⟨B|ψ̄Bj(x)(δij + iσij)σ⋆•ψ(0)|B⟩ (9.61)

=
2

s
⟨B|ψ̄Bi(x)σ⋆•ψ(0)|B⟩+ ⟨B|ψ̄B̃i(x)γ5ψ(0)|B⟩

⇒ 1

8π3s

∫
dx⋆dx⊥ e

−iβqx⋆+i(k,x)⊥⟨B|ψ̄Bi(x)σ⋆•ψ(0)|B⟩

=
1

8π3s

∫
dx⋆dx⊥ e

−iβqx⋆+i(k,x)⊥⟨B|ψ̄ /B(x)γiσ⋆•ψ(0)|B⟩ − iẽG(β, k⊥)

where we used parametrization (9.56). From the above two equations we easily get the first
of Eqs (9.59). In a similar way one can obtain the rest of formulas (9.59).
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Second, for transverse σ’s we get

∫
dx⋆dx⊥
16π3

e−iβx⋆+i(k,x)⊥⟨B|ψ̄Bµ(x)σν⊥jψ(0)|B⟩ (9.62)

= m(δµ⊥
ν⊥
kj − δµj k

⊥
ν )

[
− ie(β, k⊥)− ieG(β, k⊥) + βh⊥3 (β, k⊥)− hD(β, k⊥)

]
,∫

dx⋆dx⊥
16π3

e−iβx⋆+i(k,x)⊥⟨B|ψ̄(x)Bµ(0)σν⊥jψ(0)|B⟩

= m(δµ⊥
ν⊥
kj − δµj k

⊥
ν )

[
ie(β, k⊥) + ie∗G(β, k⊥) + βh⊥3 (β, k⊥)− h∗D(β, k⊥)

]
,∫

dx⋆dx⊥
16π3

e−iβx⋆+i(k,x)⊥⟨B|ψ̄Bµ(0)σν⊥jψ(x)|B⟩

= m(δµ⊥
ν⊥
kj − δµj k

⊥
ν )

[
iē(β, k⊥)− iēG(β, k⊥ + βh̄⊥3 (β, k⊥) + h̄D(β, k⊥)

]
,∫

dx⋆dx⊥
16π3

e−iβx⋆+i(k,x)⊥⟨B|ψ̄(0)σν⊥jB
µψ(x)|B⟩

= m(δµ⊥
ν⊥
kj − δµj k

⊥
ν )

[
− iē(β, k⊥) + iē∗G(β, k⊥) + βh̄⊥3 (β, k⊥) + h̄∗D(β, k⊥)

]

Again, let us illustrate the derivation of the first of the above equation. After convo-
luting µ and ν, we need to prove that

1

16π3

∫
dx⋆dx⊥ e

−iβqx⋆+i(k,x)⊥⟨B|ψ̄Bν(x)σν⊥jψ(0)|B⟩

=
1

16π3

∫
dx⋆dx⊥ e

−iβqx⋆+i(k,x)⊥⟨B|ψ̄[i /B⊥(x)γj − iBj(x)ψ(0)|B⟩

= − imkj
[
e(βq, k⊥) + eG(βq, k⊥) + iβqh

⊥
3 (β, k⊥)

]
,

= mkj
[
− ie− ieG + βqh

⊥
3 − hD

]
(β, k⊥) (9.63)

which easily follows from equations of motion (9.43) and parametrizations (9.56).The rest
of the equations (9.62) is proved in a similar way.

For σµν with one longitudinal and one transverse indices we define

1

16π3
2

s

∫
dx⋆d

2x⊥ e
−iβx⋆+i(k,x)⊥ ⟨B|ψ̄(x⋆, x⊥)

[
Bi(x)σ•j −

1

2
gijB

kσ•k(x)
]
ψ(0)|B⟩

= − (kikj +
1

2
gijk

2
⊥)

1

m
h⊥f1G(β, k⊥)

1

16π3
2

s

∫
dx⋆d

2x⊥ e
−iβx⋆+i(k,x)⊥ ⟨B|ψ̄(0)[Bi(0)σ•j −

1

2
gijB

kσ•k(0)]ψ(x⋆, x⊥)|B⟩

= − (kikj +
1

2
gijk

2
⊥)

1

m
h̄⊥f1G(β, k⊥) (9.64)

– 51 –



Next, we parametrize

1

16π3

∫
dx⋆d

2x⊥ e
−iβx⋆+i(k,x)⊥ ⟨B|ψ̄(x⋆, x⊥)γjB̀i(x⋆, x⊥)ψ(0)|B⟩ (9.65)

=
[
kikj + k2⊥

gij
2

]
f̀1G(β, k⊥) +

gij
2
[k2⊥(f⊥ − ig⊥)− 2βm2f3](β, k⊥),

1

16π3

∫
dx⋆d

2x⊥ e
−iβx⋆+i(k,x)⊥ ⟨B|ψ̄(x⋆, x⊥)B̀i(0)γjψ(0)|B⟩

=
[
kikj + k2⊥

gij
2

]
f̀∗1G(β, k⊥) +

gij
2
[k2⊥(f⊥ + ig⊥)− 2βm2f3t](β, k⊥),

1

16π3

∫
dx⋆d

2x⊥ e
−iβx⋆+i(k,x)⊥ ⟨B|ψ̄(0)γjB̀i(0)ψ(x⋆, x⊥)|B⟩

=
[
kikj + k2⊥

gij
2

] ¯̀
f1G(β, k⊥) +

gij
2
[k2⊥(f̄⊥ + iḡ⊥)− 2βm2f̄3](β, k⊥),

1

16π3

∫
dx⋆d

2x⊥ e
−iβx⋆+i(k,x)⊥ ⟨B|ψ̄(0)B̀i(x⋆, x⊥)γjψ(x⋆, x⊥)|B⟩

=
[
kikj + k2⊥

gij
2

] ¯̀
f∗1G(β, k⊥) +

gij
2
[k2⊥(f̄⊥ − iḡ⊥)− 2m2f̄3](β, k⊥)

Let us prove the first of the above equations. Consider

1

16π3

∫
dx⋆d

2x⊥ e
−iβx⋆+i(k,x)⊥

2

s
⟨B|ψ̄(x) /B(x)/p2/p1ψ(0)|B⟩

=
ki

16π3

∫
dx⋆d

2x⊥ e
−iβx⋆+i(k,x)⊥⟨B|ψ̄(x)

[
− γi + iϵijγ

jγ5 + 2i
←
D∗ /p1x

]
ψ(0)|B⟩

= k2⊥[f⊥(β, k⊥) + ig⊥(β, k⊥)]− 2m2fD(β, k⊥) (9.66)

where we again used QCD equations (9.43)
On the other hand,

2

s
⟨B|ψ̄(x) /B(x)/p2/p1ψ(0)|B⟩ = ψ̄(x)γi(Bi + iB̃iγ5)(x)ψ(0)⟩ = ψ̄(x)B̀i(x)γiψ(0)⟩ ⇒
1

16π3

∫
dx⋆d

2x⊥ e
−iβx⋆+i(k,x)⊥ ⟨B|ψ̄B̀i(x)γiψ(0)|B⟩ = [k2⊥(f⊥ + ig⊥)− 2m2fD](β, k⊥)

(9.67)

Next, γiB̀i = 2 /B − B̀iγi so from the equation of motion (9.43)

1

16π3

∫
dx⋆d

2x⊥ e
−iβx⋆+i(k,x)⊥ ⟨B|ψ̄(x) /B(x)ψ(0)|B⟩ = [k2⊥f⊥ − βm2f3 −m2fD](β, k⊥)

(9.68)
and we easily get∫

dx⋆d
2x⊥

16π3
e−iβx⋆+i(k,x)⊥ ⟨B|ψ̄(x)γiB̀i(x)ψ(0)|B⟩ = [k2⊥(f⊥ − ig⊥)− 2βm2f3](β, k⊥)

(9.69)
The rest of the convolutions in Eqs. (9.65) are obtained in a similar way.
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Finally, we parametrize TMDs with integrated gluon fields as in Eq. (5.13) as follows

1

16π3
2

s

∫
dx⋆d

2x⊥ e
−iβx⋆+i(k,x)⊥ ⟨B|ψ̄(x)B̀i(x⋆, x⊥)/p1ψ(0)|B⟩ = kif̀1G(β, k⊥)

1

16π3
2

s

∫
dx⋆d

2x⊥ e
−iβx⋆+i(k,x)⊥ ⟨B|ψ̄(0)B̀i(0)/p1ψ(x⋆, x⊥)|B⟩ = − ki

¯̀
f1G(β, k⊥)

1

16π3
2

s

∫
dx⋆d

2x⊥ e
−iβx⋆+i(k,x)⊥ ⟨B|ψ̄(x)/p1B̀i(0)ψ(0)|B⟩ = − kif̀

∗
1G(β, k⊥) (9.70)

1

16π3
2

s

∫
dx⋆d

2x⊥ e
−iβx⋆+i(k,x)⊥ ⟨B|ψ̄(0)/p1B̀i(x)ψ(x⋆, x⊥)|B⟩ = ki

¯̀
f∗1G(β, k⊥)

∫
dx⋆d

2x⊥
8π3s

e−iβx⋆+i(k,x)⊥ ⟨B|ψ̄(x)/p1PB(x⋆, x⊥)ψ(0)|B⟩ = m2f2G(β, k⊥)∫
dx⋆d

2x⊥
8π3s

e−iβx⋆+i(k,x)⊥ ⟨B|ψ̄(0)/p1PB(0)ψ(x⋆, x⊥)|B⟩ = m2f̄2G(β, k⊥)∫
dx⋆d

2x⊥
8π3s

e−iβx⋆+i(k,x)⊥ ⟨B|ψ̄(x)(PB)∗(0)/p1ψ(0)|B⟩ = m2f∗2G(β, k⊥) (9.71)∫
dx⋆d

2x⊥
8π3s

e−iβx⋆+i(k,x)⊥ ⟨B|ψ̄(0)(PB)∗(x)/p1ψ(x⋆, x⊥)|B⟩ = m2f̄∗2G(β, k⊥)

∫
dx⋆d

2x⊥
8π3s

e−iβx⋆+i(k,x)⊥ ⟨B|ψ̄(x)/p1γ5
ϵij

2
Bij(x⋆, x⊥)ψ(0)|B⟩ = m2f3G(β, k⊥)

.

∫
dx⋆d

2x⊥
8π3s

e−iβx⋆+i(k,x)⊥ ⟨B|ψ̄(0)/p1γ5
ϵij

2
Bij(0)ψ(x⋆, x⊥)|B⟩ = m2f̄3G(β, k⊥)∫

dx⋆d
2x⊥

8π3s
e−iβx⋆+i(k,x)⊥ ⟨B|ψ̄(x)/p1γ5

ϵij

2
Bij(0)ψ(0)|B⟩ = m2f∗3G(β, k⊥) (9.72)∫

dx⋆d
2x⊥

8π3s
e−iβx⋆+i(k,x)⊥ ⟨B|ψ̄(0)/p1γ5

ϵij

2
Bij(x⋆, x⊥)ψ(x⋆, x⊥)|B⟩ = m2f̄∗3G(β, k⊥)

∫
dx⋆d

2x⊥
8π3s

e−iβx⋆+i(k,x)⊥ ⟨B|ψ̄(x) σ•β⊥Bα(x)ψ(0)|B⟩

= k⊥α k
⊥
β

1

m
h1G(β, k⊥) +

k2⊥
m

g⊥αβ
2

[h1G + h2G ](β, k⊥),∫
dx⋆d

2x⊥
8π3s

e−iβx⋆+i(k,x)⊥ ⟨B|ψ̄(0)σ•β⊥Bα(0)ψ(x)|B⟩

= − k⊥α k
⊥
β

1

m
h̄1G(β, k⊥)−

k2⊥
m

g⊥αβ
2

[h̄1G + h̄2G ](β, k⊥)∫
dx⋆d

2x⊥
8π3s

e−iβx⋆+i(k,x)⊥ ⟨B|ψ̄(x) σ•β⊥Bα(0)ψ(0)|B⟩

= k⊥α k
⊥
β

1

m
h∗1G(β, k⊥) +

k2⊥
m

g⊥αβ
2

[h∗1G + h∗2G ](β, k⊥),∫
dx⋆d

2x⊥
8π3s

e−iβx⋆+i(k,x)⊥ ⟨B|ψ̄(0)σ•β⊥Bα(x)ψ(x)|B⟩

= − k⊥α k
⊥
β

1

m
h̄∗1G(β, k⊥)−

k2⊥
m

g⊥αβ
2

[h̄∗1G + h̄∗2G ](β, k⊥) (9.73)
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and ∫
dx⋆d

2x⊥
8π3s

e−iβx⋆+i(k,x)⊥ ⟨B|ψ̄(x)σ•iPB(x⋆, x⊥)ψ(0)|B⟩ = kimh3G(β, k⊥)

.

∫
dx⋆d

2x⊥
8π3s

e−iβx⋆+i(k,x)⊥ ⟨B|ψ̄(0)σ•iPB(0)ψ(x⋆, x⊥)|B⟩ = kimh̄3G(β, k⊥)∫
dx⋆d

2x⊥
8π3s

e−iβx⋆+i(k,x)⊥ ⟨B|ψ̄(x)σ•iBP (0)ψ(0)|B⟩ = kimh
∗
3G(β, k⊥) (9.74)∫

dx⋆d
2x⊥

8π3s
e−iβx⋆+i(k,x)⊥ ⟨B|ψ̄(0)σ•iBP (x⋆, x⊥)ψ(x⋆, x⊥)|B⟩ = kimh̄

∗
3G(β, k⊥)

∫
dx⋆d

2x⊥
8π3s

e−iβx⋆+i(k,x)⊥ ⟨B|ψ̄(x)σ•iBij(x⋆, x⊥)ψ(0)|B⟩ = kjmh4G(β, k⊥)

.

∫
dx⋆d

2x⊥
8π3s

e−iβx⋆+i(k,x)⊥ ⟨B|ψ̄(0)σ•iBij(0)ψ(x⋆, x⊥)|B⟩ = kjmh̄4G(β, k⊥)∫
dx⋆d

2x⊥
8π3s

e−iβx⋆+i(k,x)⊥ ⟨B|ψ̄(x)σ•iBij(0)ψ(0)|B⟩ = kjmh
∗
4Gβ, k⊥) (9.75)∫

dx⋆d
2x⊥

8π3s
e−iβx⋆+i(k,x)⊥ ⟨B|ψ̄(0)σ•iBij(x⋆, x⊥)ψ(x⋆, x⊥)|B⟩ = kjmh̄

∗
4G(β, k⊥)

As usual, the corresponding matrix elements for the projectile are obtained by trivial re-
placements x⋆ ↔ x•, αq ↔ βq and /p2 ↔ /p1.
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