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ABSTRACT

This report describes a theoretical investigation into
the phenomenon of electrical break-down along particle trajectories
in a wide gap spark chamber, The differential equations for ioniza-
tion growth, written in a form which allows for the space-charge
effects of a number of adjacent electron avalanches, are solved
numerically using a second-order iterative method. The results
show that the development of the inclined spark can be explained
on the basis of known values of the primary ionization coefficient,
electron drift velocity and diffusion coefficient., Some results

for & single avalanche are also given for comparison.
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INTRODUCTION

This report deals with theorctical aspects of spark forma-
tion along the trajectories of nuclear particles, as is characteristic
of the spork mode of operation of a wide-gap spark chamber, Experiments
have shown that track-following takes place even for tracks inclined
at large angles to the applied field, At present, the limiting angle
appears to be about 40°, and the tracks become fointer as this limit
is approached., The practical problems of obtaining larger angles for
track-following, and reducing the variation in brightness, nay even-
tually be clarified when the physical processes involved in spark

formetion are thoroughly uanderstood,

Measurerents have recently been completed at CERN 1) of the
temporal development of track-following sparks, and en explonation of
the observations was discussed in terms of space~charge fields arising
from the interaction between clectron avalanches which develop along
the particle track (see Fig. 1). The objcct of the present work is to
calculate, as accurately as possible, the temporal development of a
track~following spark allowing for the inter-avalanche space-charge
field, and to compare the resuits of these calculations with the expe-

rimental observations,

The diffcrential equations for ionization growth in a dis-
torted ficld are very difficult to solve and, in order to calculate
the ionization growth exactly, numerical methods have to be used, The
method of solving the differential equations is described in section 2,
and in gection 3 it is applicd to the case of a large number of cqually

spaced avalanches,

1,1 Previous investigations

Several authors 2),3) have performed numerical corputations
of ionization currents in distorted fields, but most of these investi-
gations have been for one-dimensional gecometry. That is, the densities

and fields were assumed to be functions of x only. This is satisfactory



when applied to diffuse dischorges between closely-spaced parallel
plates, but not when used for single avalanches, or collections of
avalanches, The ficld due to any clement of volume in the discharge
nugt fall off according to the inverse-square law at large distances,

The one-~dimensional equation :

OE/Ox = K p

however, predicts no change at all in the clectric field outside the
charge distribution., In some recent work 4), the correct variation
of ficld with distance has been obtained, while the ionization-growth

equations have still been treated as one~dimensional.

All ocpe-dimensional treatments fail eventually when the
radial motion of the electrons (duc to diffusion and drift in the
distorted field) becomes comparable with their longitudinal motion,

The method of calculation in such cases will now be discussed,

2, THE DIFFERENTIAL EQUATIONS AND BOUMDARY CONDITIONS

In the present work we shall define the field by the equation
E=grad V

(instcad of -grad V as usual), The purposc of this definition is to
neke the clectron drift velocity v parallel with E and thus avoid the

appearance of several negative constants in the equations,

Let n and N be the charge densities of electrons and posi-
tive ions respectively, Then, if recombination and photo-ionization

effeccts are absent, we obtain

9n/ 0t = Avn - div(ny) + DV2 - (1)

aN/at = dvn’ (2)

where O\ and D are the ionization and diffusion coefficients of the
elecectrons, The drift velocity of positive ions is less than 1/100 of

the electron drift velocity, and for the purpose of the present inves—
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tigation the ions may be considered stationary. The potentials are

deternined by Poisson's equation

V% - ~E(N-n). (3)
When n and N are expressed in Coulomb.cm—3,~and 72V is in vr.>1'(:.cm"2

the constant K takes the value 1,131 x 1013.

In addition, two empirical relations of the fornm

o = h (¥)
¥ = EME)
give the dependence of A and v on the electric field,
Bither of the following initial conditions may be used to
start the calculation :
(2) At time t = 0, single elecctrons are present at various positions,
(b) At time t = ty, the centre of cach avalanche has moved a distonce

vtl, and the negative charge density at a distance r from the centre is

2
n(r,t) = qo-(4’lTDt1)'3/ ? oxp [‘* vty - 4;151] ’

Condition (a) is clearly simpler to write down, but is unsuitable to

use in a numerical computation due to the difficulty of deseribing a
very narrow distribution by a set of pivotal values.

Condition (b) is therefore used, with )
field distortion is negligible, gq_  is thc charge on an electron,
1.6 x 1079 °

given such & value that the

'Coulomb.

As a boundary condition on the potential, we require that
it should represent a uniforn field at large distances, The volume
used in the calculoation therefore depends on the rate at which the
space-charge fiecld decreases with distance., Since the avalanches may
be approximated by dipoles, the field decrcases as (distance)"a, and

so a fairly small volume may be used.

2,1 Pinite-difference fornm of the equations

In the nunmerical computation, we nust replace snooth distri-
butions by sets of tabular values. The values are stored for a set of

pivotal points, In the case of rectangular Cartesian coordinates, with
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the points equally spaced in the three directions, the pivotal points
are at the intersection of the planes

x=0, H, 2H,sa y=0, H, 2H,ees z2 =0, H 2H,eee
The plenes are nucbered in suceession, starting from (1,1,1) at the
origin, Thus the point (I,J,X) is at x = (I - 1)H, y = (J - 1)E,
z = (X - 1)E. H is callcd the mesh spacing.

2,1.1 The potentinl equation

If the potential distribution is sufficiently smooth so that
terms like H2 ’c)”‘v/@::"‘ are negligible comparcd with BZV/BXZ , then

H2V2V nay be approximated in finite diffcrence fornm :

-6V(1,J,K)+V(I+1,d,K)+V(I-1,J,K)+V(I,d+1,K)+V(1,J~1,K)
+V(I,J,%+1)+V(1,J,K~1)

In the present work, the potentials arc obtained by the method of recla-
xation., Suppose an approxinate potential distribution Vl(I,J,K) is
known, then in general Hz[FJ 2V1+K(N—ni1 will not be zero. The value
of this expression gives the error in the approximate distribution V
at (I,J,K), and it is called the residual, R(I,J,X). The process of

relaxation consists essentially of adjusting the potential at cach

1

point in succession in such & way as to nake the residual there very
smallﬁ). The particular advantage of the method of relaxation in the
present application is that the charges (n and N) are changed by a
small amount as the tine is increascd step-by-step, and so a reasona-
bly accurate first approximation to the potential distribution is
always available, The storage requirement is quite nodest - only two
tables (R and V) nced be stored ; at lecast two would be required for

any other method,

2,1.2 The ionization-growth cquations

It should first be pointed out that the diffusion term in
equation (1) is extremely small, for the pressures and tinmes used in
the present work, Very little error is introduced if we treat this

process independently, to the first order of accuracy, simply adding



Vzn-Dﬁ¢ on to every electron density after coch time interval ZXt.
In order to simplify the account which follows, we shall thercfore
omit the diffusion term, althovgh it is used, of course, in the com-

putation, We shall consider the egquation

/Dt = Avn - div(ny) (4)
together with the equation for the net charge density

)fydat = div(ny). (5)

The positive ion cdensity may be obtained, if required, from the
relation J3= N - n,

The cquations (4) and (5) may be written

On/ 0t = F(t) - &(t) (6)
’Dp/at G(+) (7)

FeXAvn and G = div(nx) are scalar functions of position as well
as time, and can be evaluated from the charge and potential distri-

butions using simple second-order differcnce formulae,

Equation (6) may be integrated over an increment of tire

(to the first order of accuracy only) :

n(t+At) = n(t) + L?(t) - G(ti:[[}t.
Second order accuracy is irmediately obtained, however, if F and G
are evaluated at tinme +t +-%ZXt, and a convenient method of doing this

is by linear extrapolation of the values already obtained for tines
£ t. Thus :

Fi(t+ $0%) = 3 7(t) -  F(+ -A+)

assuning that the time-steps are equal. (It is very casy to generalise
this forrula for the case of unequal time-steps). Having obtained the

first approximations, Fl and Gl, we then find n,, the first approxi-

1’
nation to n(t + /\t) ; o similar procedurc yiclds the first approxi-

nation to the net density .Pl‘
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The second stage of the iteration process consists of
obtaining the potential distribution corresponding to the charges
, and hence the second approximations for F and G - Fz(t +At)

and Gz(t + O\t) respectively. The second approxination for n is then

—

n2(t +0t) = n(t) + 3A\t LF(t) + Fz(t +0t) - 6(t) - G2(t+l\tﬂ

with a sinmilar expression for 532. One could continue this process and
get third approximations, etc.., but it is better to choose the tine-
step so that sufficient accuracy is obtained with the second approxi-
motion, if possible, (If the first approximation is more than a few
per cent in error, this indicates that third-order errors are beconing
appreciable, and that the result would never be accurate, no nmatter

how many iterations were used,)

Iterative nethods generally require a fairly large amount
of storage, but the programning is comparatively simple, especially
as firgt—order interpolation (and extrapolation) in time is sufficient
to give second-order accuracy in the charge densities, Also, a good
estimate of the error is obtained as a by-product of the iteration

process,

2,2 Method of calculation for a large number of ecqually-spaced avalanches

We have shown how to integrate the differcntial cquations
(1), (2),and (3) for the track-following spark, but we have not yet
mentioned how the influcnece of neighbouring avalanches can be taken
into account. At first sight, it would scen that we rust deal with
2, 3 or nore avalanches simultaneously, but by suitable choice of the
boundary conditions all calculations may be done with one avalanche

only, as will now be explained,

The avalanche is initially contained in o rectangular vo-~
lume, with thickness equal to the spacing between the avalanches, a,
(see Fig. 2), and the coordinates of the pivotal points are specified
with respect to axes inclined at an angle to the applied field., The

x-axis is parallel with the track, the z-axis is perpendicular to the
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track and to the applied field, and the y-axis completes the usual
rectangular system. In the calculation, it is convenient to separate
the external field from that of the avalanches ; thus, in the solution
of ‘72V = -IKjD, the potentials refer to the avalanche field only,
This enables us to write down the boundary conditions on the potentials

in the simpler form :
V=0 for y=0, y=b, z2=-¢, 2=+ ¢,

where z = 0 is a plane of symmetry., The surfaces y =0, b and
z =% ¢ have to be sufficiently far away to cause negligible perturb-

ation of the avalanche fields,

The faces x =0 and x = a are not boundaries in the usual
sense, The potentials and fields, at corresponding values of y and
z, are required to be the same on both faces, so that a point in x =
(regarded as a neighbour of the corresponding point in x = 0) is no

different from any point irnside the volume,

(These boundary conditions are similar to those for Poisson's
equation inside a conducting torus, Not only must the potentials on
the suriace be zero, but the solution must also be periodic around the

torus.)

Having obtained the potential distribution, we have only to
differentiate with respect to x, y and 2z, and add the components
of the applied field - E cosfl, E sinff, 0.

By requiring that the charge densities also are the same on
the surfeces x =0 and x = a, we may allow for the merging of the

initially separate avalanches,
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RESULTS

3.1 Empirical formulae

All the calculations were carried out using data for pure
neon at E/p ~10 V cm-1 torr-l. Measurements of the primary ionization
coefficient over the range of interest have been obtained by Xruithof 7),

and were found to fit the formula

- 7 - m
d 6.6 x107% x (B - 1.42)2 (cm torr)™, (£ 21.42).
p p P
The electron drift velocity, on the other hand, has only been measured
for much smaller values of E/p. These measurements, collected by

Healey and Reed 8), are closely approximated by
3 i - I
v = 3.30 x 10° x (g - 1.5)% cm s 1, (312_1.5)

and it was assumed that this formula could be used as a basis for extra-
polation to higher values of &/p. When values of A v were calculated
at E/p ~ 10, however, they were found to disagree with the measurements
of Caris et al. 1 , being about 30% too large, It was assumed that the
experimental values of CA could be relied upon, while the formula for
extrapolating v was in error. (It is likely that the extrapolated v
will be too large, due to the larger amount of energy lost in ionizing
collisions at higher E/p.) In the absence of reliable mobility data at
large E/p, it was decided to adjust the above values by a constant
correction factor, giving

v =26 x10° x (% - 1.5)%

and this formule was used in subsequent calculations,

Values of the diffusion coefficient D were again deduced
from data given by Healey and Reed, and the pressure variation was assumed
to be of the form

D= 9,86 x 106/p cmz s-l.
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3.2 Preliminary investigations for single avalanches

Only a few results will be given here, for the purpose of
comparison with track-following sparks, It is hoped to extend the
investigations to other gases ~ notably air, because of the great
technological importance of air as a high-voltage insulator. The

results of these further investigations will be reported elsewhere,

Because of the axial symmetry of a single avalanche, the
equations could be expressed in cylindrical polar co-ordinates, thus
reducing the problem to a two-dimensional one, It was also possible

to use simpler boundary conditions on the potential distribution.

Figure 3 shoys the temporel vertation of current and instan~
taneous light intensity for a single avalanche at p = 690 torr,
E = 6,73 kv cm-l. The current plotted is the average current over a
one-cm interval containing fhe avalanche, (The peak current in the
avalanche will be considerably greater,) The light output is assumed
to be proportional to the rate of ionization o « The units are arbitrary
(since the signal recorded in practice depends on the size and quality
of the optical components), but the scale was chosen so as to make the
intensity numerically equal to the current at small times (i.e., in
uniform fields), Thus it can more casily be seen whether the light

intensity is increasing faster than the current, or vice versa,

It can be seen that the gradients of both curves fall slightly
at 76 ns, and begin to rise again at about 90 ns. The initial fall in
the gradient is because the average field in the electron cloud is
decreased by the divole field of the avalanche, The subsequent rise
follows when the increasc in the ionization coefficient X at the
front of the electron cloud more than compensates for the decrease in
K elsewhere, This increase in gradient depends on the detailed form
of the dependence of CA\ on E, and is only expected to occur at
comparatively low values of E/p. It is not yet certain whether the
initial decrease in the gradient will occur for all gases and pressures ;

H

this will be the subject of further investigations,

PS/6353
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Figure 4 shows the variation of electric field along the axis
of the avalanche at various times, The field is decreased near the
centre of the avalanche and increased at the front, The distribution
of electron velocity in the avalanche is therefore such as to spread
it out lengthways. The field at the centre of the avalanche appears
to attein a stationary value at later times, The rate of ionization
in this region almost exactly cancels out the loss of electrons due to
drift and diffusion, leading to a region of almost uniform density,

moving forward and lengthening,

The distribution of field, although of great impoertance in
the calculation, is not amenable to experimental observation., Graphs
of light intensity along the axis are therefore plotted in Fig. 5.
This diagram shows how the luminosity is restricted to a small region
at the front of the avalanche, The second maximum appearing at the
back of the avalanche is due to the rapid increasec in field there
(see Fig. 4).

Each of the curves in Fig, 5 could be obtained in practice
by taking a photograph of the avalanche with a very short exposure.
Another device commonly used to observe rapidly-moving phenomena is
the streak camera, in which the avalanche would be observed through
a slit parallel with its axis, while the image is swept across the
film in the direction perpendicular to the slit. The result is to
record on the film the motion of regions of equal intensity., For the
results of Fig. 5, the corresponding streak~camera pictures are plotted
in Fig, 6. Which of the curves is in fact observed depends on the
sensitivity of the camera, The arrow in Fig. 6 represents the drift
velocity of the electrons in a uniform field, while the region of
maximum brightness moves forward as indicated by the dotted line,
attaining a speed many times greater than the electron drift velocity.
The subsequent behaviour of the second maximum will be affected very
much by the production of sccondary electrons (whether they arise from
electrode cffects, the photo-detachment of negative ions, or any other
process), and so‘will be expected to depend critically on the details

of the experiment,
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3.3 Investigations of the track~following spark

3.3.1 The track-following process

Figures 7 and 8 show the distributions of electron density and
lines of force for two different times, The gas is neon at 690 torr,
the field is 6,73 kV/cm, and the avalanche separation is 2 mm, along a
track inclined at 30° to the applied field, In the first diagranm
(t = 82,8 ns), the field is only slightly distorted, but already the
avalanches have become asymmetrical and have started to bend towards
the track direction, 1In the second diagram (t = 97.9 ns) the field
lines follow the track very closely, and the avalanches have merged to

form a continuous tube of current.,

A better idea of the track-following action may be obtained by
plotting the direction of the resultant current against time, The angle
between the current and the applied field, 6 say, is initially zero,
and increases gradually as the currént vector rotates, By repeating
the computation with different track-angles @, and plotting 6/#
against time, we may compare the relative rates of rotation of the
current, This is done in Fig, 9, with avalanches 1 mm apart, It will
be noticed that the relative rotation depends strongly on the track
angle ; the values of ©/f at t = 90 ns change by a factor of 3 as
8 goes from 60° to 30°, The solid curves in Fig., 9 are obtained using
published values of the diffusion coefficient 8). To test the influence
of D, the calculation for f = 30° was repeated with D halved. The
current was found to rotate much faster, as can be seen from the dotted

curve in Fig, 9,

Figure 10 shows 3 curves obtained at a higher pressure
(p = 1380 torr), but at the same Z/p. (It was assumed that the
number of initial ion-pairs would be doubled also,) The rotation of
current now proceceds at a greater speed, but the dependence on angle

is also greater,
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These results indicate that track following occurs, to a
varying extent, for all angles, The value assumed for the diffusion
coefficient is seen to have a very great effect, It is important,
therefore, that an accurate valuec of D should be measured under the
conditions of the prescnt experiment (i.e., when new electrons of low

energy are continually being generated by ionization).

3.3.2 Variation of light intensity

In calculating the light-output, the excitation coefficient
was again assumed to be proportional to O(, and the scale was chosen
so as to make the light-output and current equal in magnitude in en
undistorted field.

Figure 11 shows the temporal growth of intensity for various
track angles, There is a strong dependence on angle, as observed
experimentally (see Fig. 5, Ref. 1)), but the slopes of the experimental

curves are greater in the later stages.

3.3.3 Further development of the spark

In an attempt to explain the increase in slope of the experi-
mental curves, a calculation was made with A and v adjusted slightly,
but with the product Av kept constant, Curve A in Fig, 12 shows
the result of increasing ¢ by 20% (end reducing v), Curve B is
the same as in Fig, 11 (at 30°). Curve C is the result of increasing
v by 20% (and decreasing 0«). The difference between the curves is
not very great, and so the error introduced by our extrapolation of the

drift velocities quoted "y Healey and Reed is not serious.

It is known that the effective ionization coefficient in the
inert gases increases with current density, This is due to the high
potentials of some of the excited states (80 to 90% of the ionization
potential), and to their reclatively long lifetime. Thus if an excited
atom is struck by a low-energy electron, it stands a good chance of
10) that the
excited atom density is about 10 times the electron density n. The

being ionized. For neon at E/p ~10, it is expected

5/6353
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collision frequency for a 10 eV electron is about 5 x 1012 s-l, and so

the number of collisions per unit time per unit volume between electrons
and excited atoms is 5 x 10'2 x n x 10n/(3x10'°) = 1.6 x 10" nZ, The
curve D in Fig, 12 was calculated assuming an extra ionization term

of 8 x 10_4 n2 and, although it agrees quite well with the experiment,
it is very difficult to justify the assumption of such a large ionization

effecto

One must eventually consider electrode effects, When the
current density in the spark reaches about 1 A cm._2 (as in the present
calculations), the spark may be considered as a low-resistance conducting
channel, which extends from the anode to a point & few mm from the
cathode. The passage of current along the spark and into the anode
will raise the potential at the other end, producing a very large field
between the spark and the cathode (about 10 to 100 times the applied
field)., Although this may not be large enough to induce field-emission,
any electrons emitted by the photo-electric cffect will ionize extremely
rapidly, bridging the samll gap between the spark and the cathode, and
producing a very dense cloud of eclectrons. The new supply of electrons
enables a wave of ionization to spread at an increased rate along the
spark, and conditions for an arc discharge develop, characterized by a
large current density ( ~ several kA cm-z) and the collapse of voltage.
Under these conditions, the two-stage ionization of already excited atoms
becomes a decisive factor, and the spark is constrained to flow along

the same channel,

CONCLUSIONS

We have succeeded in computing the development of a track-
following spark up to the stage where electrode-cffects or two-stage
ionization processes have become important, It has been found in all
cases that there is a tendericy for the current to rotate into the
direction of the track., The failure to track-follow under certain

conditions must therefore be attributed to some other process which
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we have been unable to take into account. A possible disturbing effect
arises from the statistical nature of ionization., If one avalanche gets
ahead of its neighbours, it may be pulled across to the anode, escaping
from the local field in the track., The probability of doing so clearly
increases with the track angle, Thus, for large angles, a number of
small sparks will be observed to jump across from the track to the
anode, On the other hand, for large track angles, a larger area of

the cathode will be irradiated with photons from the spark, and a

larger area will also be subject to an increased field. Sparks will
therefore jump across from the cathode to the track, and so the track-

following action will be distorted at both ends.

The -computation of the growth of current in an inclined spark,
allowing for electrode effects, is evidently an extremely long end
difficult problem, and will probably not be undertaken for some time,
Some of the characteristics of the final stages of breakdown, however,
may be deduced from calculations for sparks which are parallel with
the field., For cxample, the temporal growth of current in a spark of
inclination ¢ in a gap of width d will be approximately the same,
in the later stages, as for a normal track in a gap of width d/cosf,
with the same potential between its plates. If we restrict our attention
to normal sparks, the problem becomes two-dimensional, and is suitable
for computation., Such calculations will form part of the more extensive

investigation of single avalanches, which is being undertaken at present.
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The initial stages of avalanche growth on an ionized
track,

A rectangular cell containing one avalanche.

Current and light intensity curves for a single avalanche.
Neon gas ; p = 690 torr ; E = 6,73 kV/cm.

Field distribution in a single avalanche for the following
times : 77,7, 79.9, 81,5, 82,9, 84,2, 85.3, 86.4, 87.4,
88.5, 90.5, 91.5, 92.5, 93.5 ns.

Distribution of light intensity along the axis of a single
avalanche at various times,

Curves of Fig., 5 re~plotted to show expected streak camera
patterns, Light intensity (arbitrary units) marked on
curves,

Field lines and electron-density contours during the
development of a track following spark., Neon gas ;
p = 690 torr ; E = 6,73 kV/em ; track angle = 30°,
avaiaaclc separavion = 2mm, time = 82,8 ns,

Data as for Fig. 7 at +time = 97.9 ns,

Rotation of current vector into the track direction, Neon
gas 3 p = 690 torr, E = 8,73 kV/cm, avalanche separaticn
= 1 mm, Dotted curve : f = 30°, diffusion coefficient
halved,

Rotation of current vector into the track direction. Neon
gas ; p = 138C torr ; E = 13,46 kV/cm ; avalanche
separation = 0,5 mm,

Light output (arbitrary units) for various track angles.
Neon gas ; p = 690 torr ; E = 6,73 kV/cm, avalanche
separation = 1 mm,

Light output for track angles of 30°, B - same data as
Fig. 11. A - K increased by 20% ; v decreased C -
v increased by 20% ; (A decrcased D - same as B, but
with a non-linear ionization term,
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Fig. 1 The initial stages of avalanche growth on an ionized track.
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Fig. 3 Current and light intensity curves for a single avalanche.
Neon gasj p = 690 torry E = 6,73 kV/cm.
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Fig. 5 Distribution of light intensity along the axis of a single
avalanche at various times.
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Fig.
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Field lines and electron-density contours during the
development of a track following spark. Neon gasgs p = 690 torr?
E = 6.73 kV/cmy track angle = 30 , avalanche separation = 2 mm,
time = 82.8 ns.
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Fig. 9 Rotation of current vector into the track direction. Neon gas}
p = 690 torr, E = 6.73 kV/cm, avalanche separation = 1 mm.
Dotted curves @ = 30 , diffusion coefficient halved.
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Rotation of current vector into the track direction. Neon gasg
p = 1380 torry E = 13.46 kV/cm§ avalanche separation = 0.5 mm
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Fig. 11 Light output (arbitrary units) for various track angles.
Neon gasy p = 690 torry E = 6.73 kV/cm, avalanche separation =
1 mm,
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Light output for track angles of 300. B - same data as fig. 11,
A - a increased by 20 %% v decreased: C - v increased by 20 %3
o decreaseds D - same as B, but with a non-linear ionization

term,



