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Evolution of nuclear structure in the neutron-rich 96,97,99Nb isotopes:
Evidence for shape coexistence in N = 58 99Nb

V. Kumar,1,2,* R. Chapman ,1,2,† D. O’Donnell ,1,2 J. Ollier,1,2,‡ R. Orlandi ,3 J. F. Smith,1,2 K.-M. Spohr ,1,2,§

D. A. Torres ,1,2,‖ P. Wady ,1,2,¶ S. K. Tandel,4 S. J. Freeman ,5,** G. de Angelis ,6 N. Mărginean,6,†† D. R. Napoli ,6
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Excited states of the neutron-rich niobium isotopes 96,97,98,99
41Nb have been populated in two experiments

which used fusion-fission and multinucleon binary grazing reactions to populate high-spin yrast states. In
the multinucleon-transfer experiment, a 530-MeV beam of 96Zr ions was incident on a thin 124Sn target;
projectile-like ejectiles were detected and identified using the PRISMA magnetic spectrometer and the associated
γ rays were detected using the CLARA array of Ge detectors. In the second experiment, the GASP array
of escape-suppressed Ge detectors was used to detect γ rays from fusion-fission products formed following
the interaction of a 230-MeV beam of 36S ions with a thick target of 176Yb. Level schemes of 96,97,99Nb were
established up to excitation energies of 4545, 5409, and 3814 keV, respectively; states with proposed spin values
up to about 15 h̄ were populated. Gamma-ray photopeaks corresponding to transitions in 98Nb were also observed
in the PRISMA-CLARA experiment; however, it was not possible, in this case, to produce a level scheme based
on γ -ray coincidence data from the GASP experiment. For 96Nb and 97Nb, the level schemes are in agreement
with the results of earlier publications. Two new decay sequences have been populated in 99Nb; tentative Jπ

values of the hitherto unobserved states have been assigned through comparisons with Jπ values of neighboring
nuclei. In contrast with earlier published studies of the high-spin spectroscopy of 96Nb and 97Nb, the present
work provides an unambiguous association of the observed γ rays with the A and Z of the excited nucleus.
The structure of the yrast states of 96,97,99Nb is discussed within the context of shell-model calculations. The
experimental results, supported by model calculations, indicate the first observation of shape coexistence at low
spin and low excitation energy in the N = 58 nucleus 99Nb. The results of TRS calculations indicate that the

*Present address: Department of Physics, University of Lucknow, Lucknow 226007, India; vinod2.k2@gmail.com
†Robert.Chapman@uws.ac.uk
‡Present address: Rapiscan Systems, Prospect Way, Victoria Business Park, Biddulph, Stoke-on-Trent ST8 7PL, United Kingdom.
§Present address: Extreme Light Infrastructure (ELI-NP) & IFIN-HH, Horia Hulubei National Institute of Physics and Nuclear Engineering,
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9/2+ ground state is triaxial, tending to oblate shapes with a transition to a more deformed prolate shape beyond
the 17/2+ member of the decay sequence; here the sequence has been observed to (29/2+). On the other hand,
the previously unobserved decay sequence based on the 5/2− state at 631 keV exhibits the characteristics of a
rotational sequence and has been assigned Nilsson quantum numbers 5/2−[303]. TRS calculations indicate that
the 5/2−[303] band is gamma soft and this is consistent with the inability of the particle-rotor model to reproduce
the observed behavior of the signature-splitting function.

DOI: 10.1103/PhysRevC.108.044313

I. INTRODUCTION

Nuclei with “magic numbers” of nucleons have spherical
ground states. Moving away from magicity, the polarizing
effect of added nucleons leads to deformation. Throughout
the nuclear landscape, the onset of deformation is usually a
gradual process; however, in neutron-rich nuclei around mass
A ≈ 100, the shape change is rather sudden as indicated by 2+

and 4+ level energy systematics and enhanced B(E2) values
[1]. The abrupt change in ground-state deformation occurs
exactly at N = 60 for a number of elements, namely Rb, Sr,
Y, and Zr. The N = 58 isotones are spherical while those
with N = 60 are highly deformed. For elements with Z <

37 and for those with Z > 40, the change in deformation is
more gradual. Deformations are as large as β2 = 0.40 for 98

38Sr
and 99

39Y [2,3], while they reduce slightly with increasing Z
[4–7]; additionally, triaxiality also becomes evident. A shape
transition from axially symmetric in Zr (Z = 40) to triaxial
in Mo (Z = 42) isotopes [8] was identified in even-Z nuclei.
For the ground-state bands of odd-Z nuclei with Z in the
range from 39 to 45, the nuclear shape changes from axial
symmetry for Y (Z = 39) to near maximum triaxiality for Rh
(Z = 43) [9]. Further, with increasing Z , the triaxial defor-
mation increases while the quadrupole deformation decreases
[9]. Such a correlation of quadrupole deformation and triaxi-
ality is generally known; it has been examined in quantitative
terms in Ref. [10]. The present spectroscopic information on
the Nb (Z = 41) isotopes may allow searches for the expected
triaxial shape transition in the odd-Z nuclei in this important
region.

Nuclear structure in this region is generally understood in
terms of single-particle excitations across shell and subshell
closures at Z = 38, 40 and N = 50, 56. The behavior as
a function of proton number is related to the vanishing of
the d5/2 neutron subshell closure. There are, however, some
nuclei in this region which have not been well studied at
higher spin. The isotopes studied in this work, 96,97,99Nb are
on the neutron-rich side of the stability line, namely three,
four, and six neutrons, respectively, from the stable isotope,
93Nb, and are not readily populated in reactions that bring
in significant angular momentum, such as fusion-evaporation
reactions with stable beam-target combinations. They can,
however, be populated in binary grazing reactions and in
fusion-fission processes. Indeed, states of 96Nb and of 97Nb
have been populated in fusion-fission reactions with acceler-
ated beams of 24Mg and 23Na, which resulted in the first study
of the high-spin level structures of both isotopes [11]. No
high-spin studies of 99Nb have, to date, been reported in the
literature.

The objective of the present work is to study the spectro-
scopic properties of odd-Z isotopes in the A ≈ 100 region
and, in particular, of the neutron-rich niobium isotopes. The
study of high-spin states in 96,97,99Nb provides new infor-
mation important for an understanding of the coupling of
nucleons to the subshell closure which occurs in 96Zr. The
spectroscopic information that exists for these nuclei is sum-
marized in Refs. [12–17] and originates from nucleon pick-up
reactions and β decay. A preliminary report on the high-spin
states of 96,97,99Nb from the present work was presented in
Ref. [18]. More recently, a spectroscopic study of high-spin
states of 96,97Nb through the study of γ rays from two fusion-
fission reactions was reported by Fotiades et al. [11]. A com-
parison between the experimental yrast level structure and the
results of shell-model calculations is presented. The role of the
gamma degree of freedom in the observed signature splitting
in the 5/2−[303] bands of 99Nb, 101Nb, and 103Nb is examined
through comparison with the results of particle-rotor-model
calculations. Cranking calculations have also been performed
using the Ultimate Cranker (UC) code [19]. The calculations,
which support experimental observation, indicate the presence
of shape coexistence at low spin and low excitation energy
in 99Nb. While γ -ray photopeaks corresponding to transitions
in 98Nb have been identified in the PRISMA-CLARA exper-
iment, it did not prove possible to establish a level scheme
based on the data from the GASP experiment.

II. EXPERIMENTAL METHODS AND RESULTS

The neutron-rich nuclei 96,97,98,99Nb were produced at high
spin in two experiments employing fusion-fission and binary
grazing reactions; the fusion-fission reaction was initiated fol-
lowing the interaction of 36S ions at 230 MeV with a 176Yb
target, while the binary grazing reaction was initiated through
the interaction of 96Zr ions at 530 MeV with a 124Sn target.
The combined XTU-Tandem Van de Graaff and ALPI accel-
erators at the INFN Legnaro National Laboratory, Italy, were
used to deliver the beams on target. In the first experiment,
the compound nucleus formed in the fusion-fission reaction at
high spin and excitation energy was 212Rn. A 14-mg cm−2

target of 176Yb, isotopically enriched to 97.8%, was used
with an isotopically enriched 208Pb (98.7%) backing of thick-
ness 35 mg cm−2 to stop forward-moving recoiling nuclei.
Prompt γ rays from fission fragments were detected with
the GASP array [20,21] consisting of 40 escape suppressed
HpGe detectors. Data were recorded in an event-by-event
mode with a trigger condition of three or more Ge detector
signals observed in prompt coincidence; 5.9 billion coinci-
dence events were collected. In the second experiment, a
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300-µg cm−2 target of 124Sn, enriched to 94.6%, with a carbon
backing of thickness 40 µg cm−2, was used. Projectile-like
species produced via multinucleon binary grazing reactions
were detected and identified using the PRISMA magnetic
spectrometer [22,23], in coincidence with their associated
deexcitation γ rays detected by the CLARA Ge array of
escape-suppressed Ge detectors [24]. Ion tracking through
the magnetic spectrometer together with time-of-flight mea-
surements were used to determine the velocity vector of the
projectile-like fragments. This allowed appropriate Doppler
corrections of γ -ray energies to be performed on an event-
by-event basis [25].

PRISMA [22] is a large-acceptance magnetic spectrometer
consisting of a large-aperture quadrupole singlet followed by a
dipole magnet. A microchannel plate is located at the entrance
to the spectrometer and provides x and y positions and time
measurements of ions entering the spectrometer. At the exit
of the spectrometer, there is a focal-plane detector system
consisting of a multiwire parallel-plate avalanche chamber
(MWPPAC), followed downstream by an ionization chamber.
The MWPPAC provides x and y positions, and time informa-
tion of ions once they have passed through the dipole, while
the ionization chamber, divided into 10 × 4 sections, mea-
sures �E and E of the ions [26,27]. Measurements made with
the PRISMA magnetic spectrometer enable a determination
of the atomic number Z , the mass number A, the ion charge
state Q, and the time of flight of each ion that reaches the
focal-plane detector system. In terms of operating parameters,
PRISMA has a large solid angle of 80 msr, a momentum
acceptance of ±10%, a mass resolution of 1/300 via time-
of-flight measurements, and an energy resolution of up to
1/1000. In this experiment, PRISMA was set at an angle of
38◦ relative to the beam direction with an angular acceptance
of ±6◦ in the reaction plane; the angular range encompassed
the grazing angle.

CLARA is a high-granularity γ -ray detector array, con-
sisting of 25 EUROBALL escape-suppressed hyperpure Ge
clover detectors, of which 22 were operating during the ex-
periment, mounted in a hemispherical-shaped frame. The
CLARA array [24] has a photopeak efficiency of about 3%
and a peak-to-total ratio of 0.45 for 60Co 1332-keV γ rays and
covers an azimuthal angular range of θ = 104◦ to 180◦ with
respect to the entrance to the PRISMA magnetic spectrom-
eter. Following Doppler-shift correction of the energies of γ

rays from projectile-like species, the FWHM of γ -ray pho-
topeaks is approximately 1% in energy. A relative photopeak
efficiency calibration for the CLARA and GASP arrays was
carried out through the use of standard radioactive sources of
152Eu, 133Ba, and 56Co isotopes.

A. Data analysis

In this experiment, each γ ray detected in the CLARA
array can be unambiguously associated with a nucleus of
known mass number A and atomic number Z . However, it is
not in general possible to place the identified γ -ray transitions
in a level scheme, since the γ -ray coincidence data from
the PRISMA-CLARA experiment lack sufficient statistics.
Therefore, γ -γ -γ coincidence data were utilized from the
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FIG. 1. �E versus E matrices based on data from the segmented
ionization chamber. The upper matrix corresponds to all data while
the lower matrix corresponds to 96Zr ions. See text for details.

associated GASP experiment, in which the nuclei of inter-
est were populated. The analysis of such data allowed the
establishment of coincidence relationships between γ rays
assigned to 96,97,99Nb, leading to the level schemes which
will be presented later. As noted earlier, it was not possible
to construct a level scheme for 98Nb. Figure 1 presents �E
versus E matrices based on data from the segmented ioniza-
tion chamber. The upper matrix corresponds to all data, while
the lower matrix, through appropriate gates set on A/Q and
γ -ray energy, corresponds to 96Zr ions. The Z resolution is
adequate to separate neighboring isotopes; however, as may
be seen from Fig. 1, the large yield of 96Zr ions does result in
some contamination of neighboring isotopes. Figure 2 shows
a mass spectrum for the niobium isotopes, based on data from
PRISMA. By gating on the mass peak corresponding to a
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FIG. 2. Mass spectrum of the Nb isotopes detected and identified
by the PRISMA spectrometer.
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FIG. 3. Doppler-corrected γ -ray spectra measured with the
CLARA Ge-detector array in coincidence with the Z = 41 Nb
isotopes with mass numbers A = 96, 97, 98, and 99. “C” indicates
contamination peaks from 96Zr. The dashed line indicates a change
in the counts scale.

specific isotope, it is possible to obtain from the PRISMA-
CLARA coincidence data the associated Doppler-corrected
γ -ray spectrum corresponding to the isotope of choice. In
particular, by gating on the isotopes of Nb of mass numbers
A = 96, 97, 98, 99, γ -ray spectra with prominent photopeaks
associated with the decay of the yrast states in 96,97,98,99Nb are
observed (Fig. 3). Thus, one can unambiguously assign γ -ray
transitions to the deexcitation of levels in 96,97,98,99Nb.

Table I lists the transition energies and relative γ -ray
photopeak intensities determined from the PRISMA-CLARA
experiment. Also shown for each γ -ray transition are the
excitation energies of the initial and final states. For 98Nb,
none of the γ -ray transitions listed in Table I has previously
been reported in the literature. The level schemes for 96Nb
and 97Nb from the present work are consistent with those
from the work of Fotiades et al. [11]. The previously known
low-spin level scheme of 99Nb has been extended to high spin
(29/2 h̄) and two previously unobserved decay sequencies
have been identified. In the present work, a few transitions
for a given isotope have similar intensities, and this results
in potential problems in their relative placement in the level
scheme. Proposed spin and parity assignments of the previ-
ously unobserved states of 99Nb have been based on a detailed
comparison with the known level schemes of neighboring
nuclei, as will be described in detail later.

The offline analysis of the GASP data consisted of con-
structing gated γ -γ matrices. The γ -γ -γ coincidences were
sorted into gated γ -γ matrices and double-gated coincidence
spectra were constructed using the xtrackn (also known as
GASPware [28]) and Radware [29] computer codes. Coin-
cidence γ -γ -γ data from the fusion-fission reaction were
used to establish coincidence relationships. As noted above,
identification of photopeaks corresponding to the isotopes
of Nb studied in the present work was based on the γ -ray
transitions observed in the analysis of the PRISMA-CLARA
data. Examples of double-gated γ -ray spectra labeled with
their associated gates are shown in Fig. 4. Figure 4(a) shows
the γ -ray spectrum which corresponds to a double gate placed

TABLE I. Gamma-ray energies and relative intensities for observed transitions in 96,97,98,99Nb. Relative γ -ray intensities are based on
the results of the PRISMA-CLARA experiment and are normalized to the strongest transition in each isotope. Also shown, for each γ -ray
transition, are the excitation energies of the initial and final states. The uncertainty in transition energies is estimated to be 1 keV. The symbol
“*” indicates that the transition was not observed in the PRISMA-CLARA experiment but was observed in the GASP experiment.

96Nb 97Nb 98Nb 99Nb

Eγ (keV) Iγ Ei → Ef (keV) Eγ (keV) Iγ Ei → Ef (keV) Eγ (keV) Iγ Eγ (keV) Iγ Ei → Ef (keV)

195.0 38(1) 1944 → 1749 131.6 64(1) 1773 → 1641 145.2 40(1) 86.7 * 631 → 544
221.5 100 222 → 0 234.7 15(1) 4099 → 3864 208.3 17(2) 178.5 49(2) 544 → 365
308.6 7(1) 3262 → 2953 237.9 * 2751 → 2513 323.4 35(1) 238.4 27(2) 869 → 631
433.4 23(1) 2377 → 1944 254.6 48(1) 3006 → 2751 438.2 31(1) 251.1 14(2) 1120 → 869
480.7 11(1) 4545 → 4064 379.4 26(1) 4099 → 3720 620.3 54(1) 281.9 7(1) 1402 → 1120
576.2 8(2) 2953 → 2377 392.8 5(2) 4257 → 3864 722.4 100 314.4 11(1) 1716 → 1402
745.6 21(2) 2133 → 1387 484.1 13(1) 5409 → 4925 826.3 60(1) 325.2 4(1) 869 → 544
801.6 13(2) 4064 → 3262 561.2 * 4661 → 4099 1224.2 95(1) 326.7 3(1) 2043 → 1716
885.1 9(2) 3262 → 2377 714.4 19(2) 3720 → 3006 387.4 33(2) 387 → 0
917.1 13(2) 3050 → 2133 825.7 15(2) 4925 → 4099 391.9 39(2) 2149 → 1757
1164.8 39(2) 1387 → 222 858.4 22(2) 3864 → 3006 483.4 31(2) 869 → 387
1009.0 * 2953 → 1944 872.2 20(2) 2513 → 1641 489.1 17(2) 1120 → 631
1527.1 52(2) 1749 → 222 959.3 8(1) 3472 → 2513 533.1 19(1) 1402 → 869

969.4 * 3720 → 2751 596.0 20(1) 1716 → 1120
978.1 60(3) 2751 → 1773 640.5 12(1) 2043 → 1402

1072.4 * 4544 → 3472 643.0 17(2) 2359 → 1716
1640.5 100 1641 → 0 784.2 56(2) 1757 → 973

820.8 22(1) 3814 → 2993
844.3 28(2) 2993 → 2149
972.9 100 973 → 0
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FIG. 4. Double-gated γ -ray spectra of the 96,97,99Nb isotopes. “c”
indicates contamination from complementary fragments. Spectrum
(a) corresponds to a double gate set on the 195- and 1527-keV
transitions of 96Nb, spectrum (b) corresponds to a double gate set on
the 978- and 1641-keV transitions of 97Nb, spectrum (c) corresponds
to a double gate set on the 844- and 821-keV transitions of 99Nb,
while spectrum (d) corresponds to gates set on the 238- and 179-keV
transitions of 99Nb. The dashed line indicates a change in the counts
scale.

on the 195- and 1527-keV γ -ray photopeaks; labeled peaks
correspond to transitions in 96Nb. Unlabeled peaks are from
the complementary fission partners detected in coincidence.
Similarly, Figs. 4(b), 4(c), and 4(d) correspond to double gates
on transitions of energy 978 and 1641 keV in 97Nb, 821 and
844 keV in 99Nb, and 179 and 238 keV in 99Nb, respectively.

The level schemes of 96,97,99Nb were constructed from such
coincidence spectra. In the GASP data, prompt γ rays emitted
by complementary fission fragments are detected in coinci-
dence with transitions in the Nb isotopes and their photopeaks
are thus observed in the coincidence spectra, as noted above.
The statistics in both experiments were insufficient to carry
out a γ -ray angular correlation analysis; consequently, it is not
possible to make robust spin assignments to populated states.

B. Level scheme of 96Nb

The level structure of 96Nb has been investigated in a
number of published works. States of low spin have been
studied in the 96Zr(p, nγ ) reaction [30]; in this and in ear-
lier (p, nγ ) studies (see Ref. [13] and references therein),
tentative Jπ assignments were made for states of excita-
tion energy up to 1.6 MeV. One- and two-nucleon transfer
reactions [12,31–33] have been used to identify states of
excitation energy up to 2.96 MeV. In the 96Zr(3He, t) charge-
exchange reaction [31], six low-lying states which belong
to the (πg9/2)(νd5/2)−1 configuration were identified. The
highest spin member of the multiplet, assigned (7+), was
associated with the 233-keV state. As expected from sim-
ple shell-model considerations, the members of the multiplet
were also populated in the 97Mo(t , α) 96Nb proton pickup
reaction [12]; in addition, the two states which correspond to
the coupling (π p1/2)(νd5/2)−1 were identified. The low-spin

level structure based on the above references has been evalu-
ated by Abriola and Sonzogni [13]. High-spin yrast states of
96Nb were subsequently investigated by Fotiades et al. [11]
through the study of γ rays following two different fusion-
fission reactions; spin assignments for the observed states
were not possible experimentally. Fotiades et al. associated
the lowest-lying state at 222 keV with the previously ob-
served 233-keV state [12,31,32] with a Jπ assignment of (7+).
However, it is noted that the excitation energy of 221.7(1.0)
keV measured by Fotiades et al. [11] is not in agreement
with that adopted in the Nuclear Data Sheets evaluation [13],
namely 233(5) keV. The present work is in agreement with
the excitation energy quoted by Fotiades et al. [11], namely
221.5(1.0) keV. It would therefore appear that the tentative
spin assignment of (7+) made by Fotiades et al. [11] for the
222-keV state is incorrect. While all 96Nb transitions observed
in the present work were previously reported by Fotiades
et al. [11], the work described here does significantly lead
to an unambiguous association of the decay sequence first
observed by Fotiades et al. [11] with the 96Nb nucleus; this
is particularly important, since none of the γ -ray transitions
observed by Fotiades et al. had previously been observed.
Figure 5 presents a comparison of the level scheme of the
present work with those of Fotiades et al. [11], the (3He, t)
work of Comfort et al. [31], and the (p, nγ ) work of Cochavi
and Fossan [34].

C. Level scheme of 97Nb

The Nuclear Data Sheets evaluation of A = 97 isobars
[16] predates the first high-spin study of 97Nb by Fotiades
et al. [11] and, for 97Nb, was partially based on a number of
β-decay studies, the first of which was the work of Siivola
et al. [14]. Subsequent β-decay studies were used to inform
the evaluated level scheme and decay γ rays; see Ref. [16].
Proton-particle and proton-hole states were identified in the
96Zr(3He, d ) 97Nb [35] single proton-stripping reaction and
in the 98Mo(d , 3He) 97Nb [36] and 98Mo(t , α) 97Nb [37]
single-proton pickup reactions, respectively. The subsequent
high-spin fusion-fission studies of Fotiades et al. [11] resulted
in the population of states up to an excitation energy of
6626 keV and Jπ values up to (29/2+); none of the observed
excited states had previously been reported in the literature.
For 97Nb, all transitions observed in the present work, other
than that at an energy of 561 keV, have previously been
observed [11]. Figure 6 presents a comparison of the level
scheme of the present work with those of Fotiades et al. [11]
and Flynn et al. [37]. For the level scheme based on the
present work Jπ values are those from the earlier published
works discussed above. As in the case of 96Nb, the present
work importantly provides an unambiguous association of the
observed γ -ray transitions, first observed by Fotiades et al.
[11], with the 97Nb nucleus.

D. Level scheme of 99Nb

For the third isotope of niobium studied here, 99Nb, the
evaluation published in 2017 [17] involved states of low
angular momentum populated in β decay (the most recent
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FIG. 5. Level scheme of 96Nb from the present work and from Fotiades et al. [11], Comfort et al. [31], and Cochavi and Fossan [34].
The present work and that of Fotiades et al. [11] result in the population of yrast and near-yrast states. The levels which are populated in the
(3He, t) charge-exchange transfer reaction [31] depend on the microscopic structure of the initial and final nuclear states, while the (p, nγ )
study [34] proceeds via compound-nucleus formation and populates low-spin states. For the present work, only the ground-state spin and parity
are shown. See the text for details. Energies are in units of keV. Note the change in excitation-energy scale between the two level schemes on
the left of the figure with the two on the right of the figure.

study being Ref. [38]) and in the direct proton pickup reac-
tions, 100Mo(d , 3He) [36] and 100Mo(t , α) [37]. The ground
state with Jπ = 9/2+ has the highest spin value of states
previously studied. Most of the γ -ray transitions observed in
the present work have not previously been reported in the lit-
erature; the exceptions to this are the γ -ray transitions [17,38]
of energy 87 keV (5/2− → 3/2−), 179 keV (3/2− → 1/2−),
and 387 keV (7/2+) → 9/2+). Figure 7 presents a comparison
of the level scheme of the present work with those of Lherson-
neau et al. [38] and Flynn et al. [37]. The 2017 evaluation [17]
has a Jπ = (7/2+) assignment for the 387.4-keV level rather
than the absence of parentheses in the work of Lhersonneau
et al. [38]. For the level scheme of the present work, proposed
tentative Jπ values, presented in parentheses in Fig. 7, will be
justified in the following section.

III. DISCUSSION

A. Level systematics and tentative Jπ assignments

The fusion-fission and binary grazing reactions employed
here preferentially populate yrast and near-yrast states. Fig-
ure 8 shows a comparison of the positive-parity yrast level
structures of 95,97,99Nb with those of their Zr and Mo isotones.
The yrast level structure of 95Nb was taken from the work
of Bucurescu et al. [39]. The level schemes for the Zr and
Mo isotopes are based on Refs. [40–46]; the Jπ values for
the yrast states of the Mo and Zr isotopes presented in the
figure are consistent with the Nuclear Data Sheets evalua-
tions [13,47–49]. For 95Nb, the experimental Jπ values for
the yrast sequence, established to spin (33/2), and adopted

in the evaluation of Basu et al. [50], were based on γ -ray
angular distribution and angular correlation measurements.
It was previously observed [39] that the first two yrast tran-
sitions of the assumed g9/2 structure in 95Nb [(13/2+) →
9/2+ and (17/2+) → (13/2+)] follow smoothly the trend
given by the closest N = 54 neighbors (96Mo and 97Tc).
As may be seen from Fig. 8, in relation to a comparison
with the positive-parity yrast states of 96Mo, this evolution
persists for higher spin states, although the correlation is less
good. For 97Nb, the yrast level scheme of Fig. 8 is based on
the work of Fotiades et al. [11]. Tentative spin and parity
values, difficult to establish experimentally because of the
lack of γ -ray directional correlational information for fission
products, were based on a comparison [11] with the 96Zr
level scheme. In particular, a one-to-one correspondence was
observed between the 97Nb and 96Zr positive-parity yrast exci-
tations. Specifically, the (29/2+) → (25/2+) → (21/2+) →
(17/2+) → (13/2+) → 9/2+ sequence of 97Nb is similar to
the (10+) → 8+ → 6+ → 4+ → 2+ → 0+ sequence of 96Zr.
It is noted that the subshell closure at N = 56 results in an
increased excitation energy of the first 2+ state of 96Zr. In
Fig. 8, the level scheme presented for 99Nb is based on the
present work. In this case, a direct comparison can again be
made between the yrast sequences in 99Nb and 98Zr, which
leads to tentative Jπ assignments in 99Nb of (13/2+), (17/2+),
(21/2+), (25/2+), and (29/2+) to the states of excitation en-
ergy 973, 1757, 2149, 2993, and 3814 keV, respectively. As
for 95Nb and 97Nb, the comparison of the excited states with
those of the core becomes less good with increasing Jπ value.
The above behavior would suggest the validity of a simple
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FIG. 6. Level of 97Nb from the present work, from Fotiades et al. [11], and from Flynn et al. [37]. Yrast and near yrast states are populated
in the present work and in that of Fotiades et al. [11], while the direct one-proton pickup reaction [37] selectively populates final states with
a proton-hole component. Spins and parities of levels populated in the present work are the published values [11]. Note the change in energy
scale for the level scheme of Flynn. See text for details. Energies are in units of keV.

model in which the positive-parity yrast states of 95Nb can be
described in terms of the coupling of a 1g9/2 proton hole to the
yrast states of the even-even 96Mo core. On the other hand, for
97Nb and 99Nb, the comparison between yrast structures and
those of the even-even isotones appears to suggest that there
is a better agreement when the coupling of a 1g9/2 proton with
the even-A Zr cores is considered.

It is also instructive to compare the above-proposed
positive-parity decay sequence of 99Nb with similar decay
sequences in the N = 58 isotones, namely 97Y, 101Tc, and
103Rh. Figure 9 presents such a comparison. The positive-
parity levels of 97Y are based on the isomer decay study of
Lhersonneau et al. [51]; the Jπ values are those of Nica [16].
For the positive-parity yrast and near yrast decay sequences
of 101Tc, the level scheme of Hoellinger et al. [52] has been
used here; this postdates the evaluation of Blachot [53]. Sim-
ilarly, for 103Rh, the positive-parity yrast and near yrast decay
sequences presented in Fig. 9 are based on the evaluation of
De Frenne [54]. It may be seen from Fig. 9 that there are
similarities in the positive-parity level structures of the four
isotones although again the excitation energies for a given Jπ

value are not in particularly good agreement. It is also noted
that there are close lying doublets in 101Tc and 103Rh which
have not been observed in 97Y and in 99Nb. However, for
99Nb, the results of shell-model calculations, to be presented
below, do predict a similar doublet structure. The failure to
observe such doublets in 99Nb is probably a consequence of
the preferential population of yrast states together with low
statistics in the present experiment.

Compared to the odd-A isotopes, the larger number of
available configurations for the odd-odd Nb isotopes, resulting
from the coupling of neutrons and protons, inhibits a meaning-
ful comparison to be made with level schemes in neighboring
Mo and Zr isotopes, as was possible above for 95,97,99Nb.
In 96Nb, relative to the 88Sr core, there are three protons
in the 2p1/2 and 1g9/2 shells and five neutrons in the 2d5/2

and 1g7/2 shells. The multiplet arising from the πg9/2 νd5/2

configuration in 96Nb, consisting of six states with Jπ values
ranging from 2+ to 7+, was discussed earlier. A similarity of
this multiplet in the 92,94,96Nb isotopes with the corresponding
one in the Z = 43 isotones 94,96,98Tc has been noted earlier
[55]. A comparison of the yrast structures for the high spin
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FIG. 7. Level scheme of 99Nb from the present work, from Lhersonneau et al. [38], and Flynn et al. [37]. Levels populated in the present
work are mainly yrast and near yrast. The β decay of 99Zr (Jπ = 1/2+) [38] populates final states with spin values which differ by only a few
units of angular momentum from that of the parent nucleus, while the direct one-proton pickup reaction 100Mo(t, α) reaction [37] selectively
populates final states with a proton-hole component. Spins and parities for the level scheme based on the present work are the accepted values
from the evaluation of Browne and Tuli [17]; additional tentative Jπ values have been made for the members of the rotational sequence based
on the 5/2− state at 631 keV and for the members of the decay sequence based on the 9/2+ ground state. See text for details. Energies are in
units of keV.

states of 92Nb and of 94Nb with those of the 94,96Tc iso-
tones was previously discussed by Mărginean et al. [56]. For
states with Jπ � (13+), there is a marked similarity between
the positive-parity yrast level schemes of 92Nb [57,58] and
94Tc [47,59]; however, the 94Tc level scheme is compressed
in energy relative to that of 92Nb. Similarly, the odd-spin
positive-parity yrast sequences from Jπ = 7+ to (17) in 94Nb
[56] and in 96Tc [60] are similar, although the differences in
excitation energy become increasingly larger with increasing
spin. Extending such a comparison to the yrast states of the

FIG. 8. The positive-parity yrast energy levels of the Nb isotopes
with A = 95, 97, and 99 compared with the those of the even-even Zr
and Mo cores. See text for details.

N = 55 isotones, 96Nb and 98Tc is unfortunately not possible
at the present time as a consequence of the absence of spin
assignments for the yrast states of 96Nb [11] with J > 7 and
the more complex level structure for 98Tc [61,62] compared
with those of the lighter Tc isotopes with N = 51 [47,59] and
N = 53 [13,60].

As discussed above, one of the new features of the 99Nb
level scheme is a strong decay sequence based on the 9/2+
ground state and with tentative Jπ values of (13/2+), (17/2+),
(21/2+), (25/2+), and (29/2+); see Fig. 7. Such a decay
sequence has not been observed in the neighboring higher-
mass-number 101Nb [9,63,64] and 103Nb [64,65] isotopes;
for these two nuclei, the ground state forms the bandhead

FIG. 9. The positive-parity yrast and near-yrast decay sequences
of the N = 58 isotones 97Y, 99Nb, 101Tc, and 103Rh. See text for
details.
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FIG. 10. The rotational sequences of 99Nb, 101Nb, and 103Nb based on 5/2− states. See text for details.

of a 5/2+[422] rotational sequence, which is based on the
spherical 1g9/2 proton orbital. The quadrupole deformation
parameters for the 5/2+[422] bands of 101Nb and 103Nb, based
on a comparison of the level energies with the results of
triaxial particle-plus-rotor model calculations, are ε2 = 0.25
and 0.37, respectively with corresponding γ values of −5◦
and −15◦ [9]. Thus, the ground-state quadrupole deformation
observed in 101Nb and 103Nb is absent in 99Nb. Indeed, based
on its measured quadrupole moment [66] (Qs = −0.42 eb),
the ground state of 99Nb (N = 58) is expected to be weakly
oblate. The second notable feature consists of a previously un-
observed bandlike structure based on the known 5/2− state of
99Nb at 631 keV. Similar band structures have been observed
in 101Nb [9,63,64] and in 103Nb [64,65], with assigned Nilsson
quantum numbers 5/2−[303]. The 5/2−[303] decay sequence
has also been observed in the adjacent odd-A isotones of
101Nb (99Y [17] and 103Tc [54]) and of 103Nb (101Y [53] and
105Tc [67]). However, the decay sequence has not, to date,
been observed in the N = 58 isotones, 97Y and 101Tc. On
the basis of a comparison with the band structures of 101Nb
and 103Nb, see Fig. 10, tentative Jπ values of (7/2−), (9/2−),
(11/2−), (13/2−), (15/2−), and (17/2−) are assigned to the
states of 99Nb at excitation energies of 869, 1120, 1402, 1716,
2043, and 2359 keV, respectively. Figure 7 includes these
tentative Jπ values for the members of this previously unob-
served band, presumably also with Nilsson quantum numbers
5/2−[303]. There is thus evidence for shape coexistence at
low spin in 99Nb and this will be discussed further below.

B. Comparison with shell-model calculations

Proton occupancies near the Fermi surface of the even-Z
isotopes adjacent to niobium have been investigated using sin-
gle proton pickup and stripping reactions, to which reference
has been given above. In a simple shell-model picture of the
Nb (Z = 41) isotopes, the ground-state proton configuration

is π (1 f5/2)6(2p3/2)4(2p1/2)2(1g9/2)1. That the proton shell
closure at Z = 40 is not robust is illustrated by the presence
of 
 = 1 strength in the 96Zr(3He, d ) 97Nb data [35]; the 2p3/2

and 2p1/2 proton orbitals should, in a simple shell-model
picture, be full in the ground states of the Zr (Z = 40) iso-
topes. The reduction of 1p strength is compensated by an
increase in 1g9/2 strength, as is apparent from the measured
spectroscopic factors for 
 = 4 proton pickup from the (even-
A) isotopes 90Zr, 92Zr, 94Z, and 96Zr [68]. The spectroscopic
factor for 1g proton pickup, C2S, is approximately 1 [68];
in a simple shell-model description of the ground states of
the Zr isotopes, the proton 1g9/2 occupancy is zero. Such
departures from the expectations of the simple shell model
at shell and subshell closures are not unusual. In relation
to the occupancy of neutron shell-model orbitals, in 99Nb,
for example, the neutron configuration in a simple shell-
model picture is (1g9/2)10(2d5/2)6(1g7/2)2(2d3/2)0(3s1/2)0

(1h11/2)0.
To understand the microscopic structure of the Nb isotopes

studied here, spherical shell-model calculations have been
performed using the NuShellx code [69]. The gl, glekpn,
and jj45pn model spaces and the residual interactions named
gl, glekpn, and jj45pna [70–72] in the code were used. The
gl model space includes two valence proton orbitals, 2p1/2

and 1g9/2, and two valence neutron orbitals, 2d5/2 and 3s1/2.
The glekpn model space includes five valence proton orbitals,
1 f7/2, 1 f5/2, 2p3/2, 2p1/2, and 1g9/2, and five valence neutron
orbitals, 1g9/2, 1g7/2, 2d5/2, 2d3/2, and 3s1/2, while the jj45pn
model space includes four valence proton orbitals, 1 f5/2,
2p3/2, 2p1/2, and 1g9/2, and five valence neutron orbitals,
1g7/2, 2d5/2, 2d3/2, 3s1/2, and 1h11/2.

The residual interaction contains a combination of calcu-
lated and empirical two-body matrix elements as described
in Ref. [73]. In the present calculations, 88

38Sr50 was assumed
to be an inert core, as was the case in the published shell-
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FIG. 11. Comparison of the experimental energy levels of 96Nb
(left) with theoretical predictions, in the middle with gl, and on the
right with glekpn model spaces using the NuShellx code [69]. Details
may be found in the text.

model description of 94,95Nb [39,56]. The construction of gl
and glekpn interactions based on the proton-proton, neutron-
neutron, and proton-neutron effective interactions by a least-
squares fitting procedure is discussed in Refs. [70,71,74].
The jj45pna interaction is composed of four parts, namely
proton-proton, neutron-neutron, and proton-neutron interac-
tions, as well as a Coulomb repulsive term. The proton-proton,
neutron-neutron, and proton-neutron interactions were de-
rived from the charge-dependent Bonn potential (CD-Bonn)

based on the predictions of the Bonn full model [75–77] used
in the description of the nucleon-nucleon interaction.

Truncations applied to the glekpn model space involved the
full occupation of the proton 1 f7/2, 1 f5/2, and 2p3/2 orbitals
and full occupation of the 1g9/2 neutron orbital, and the jj45pn
model space involved the full occupation of the proton 1 f5/2

and 2p3/2 orbitals. As the calculations lead to too large dimen-
sions to be performed in the full jj45pn space, a truncation of
the neutron valence space was also made by keeping the 1h11/2

orbit empty. We presume that this constitutes an appropriate
truncation for the description of the lowest excited states of
97,99Nb, since the νh11/2 orbit is expected to be involved only
for states of higher spins at high excitation energies. A similar
truncation was used in a shell-model calculation of the lowest
excited states of 100Ru [78]. Here the calculations have been
made up to I = 16.

Figures 11–13 present a comparison of the experimental
energy levels (shown on the left) with shell-model predictions
(in the middle and right) for 96Nb, 97Nb, and 99Nb, respec-
tively. Tables II, III, and IV show the nucleon occupations of
the orbitals included in the calculations.

In Fig. 11, the experimental levels, yrast and near yrast, are
those of Fotiades et al. [11]. The corresponding shell-model
calculations, which show the positive- and negative-parity
yrast states, correctly reproduce the spins and parities of the
ground and 233-keV states. As expected (see Table II), the
wave functions of the two states correspond, to a good ap-
proximation, to the configuration (πg9/2)(νd5/2)−1. It is noted
that the present shell-model calculations fail to reproduce
the observed doublet, discussed above, at 222/233 keV. The
absence of spin-parity assignments for the other states pre-
sented in Fig. 11 makes a comparison of experiment with
shell model not possible. A comparison of the experimental
level scheme with the results of the shell-model calculations

FIG. 12. Comparison of the experimental energy levels of 97Nb (left) with theoretical predictions, in the middle with gl and glekp, and on
the right with jj45 model space using the NuShellx code [69]. Details may be found in the text.
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FIG. 13. Comparison of the experimental energy levels of 99Nb (left) with theoretical predictions, in the middle with gl and glekpn, and on
the right with jj45 model space using the NuShellx code [69]. Details may be found in the text.

corresponding to the gl model space suggests that the states at
excitation energies of 1745 and 1944 keV are associated with
the shell-model yrast 8+ and 9+ states; however, this highly
speculative conclusion is not supported by the level scheme

corresponding to the glekpn model space. It is noted that for
the positive-parity states with Jπ � 10+ there is no proton
occupation of the 2p1/2 orbital for the gl model space and this
leads to different 1g9/2 proton occupations in the gl and glekpn

TABLE II. Occupation numbers of the spherical orbitals used in the present shell-model calculations for 96Nb.

gl glekpn

Ex Protons Neutrons Ex Protons Neutrons

State keV 2p1/2 1g9/2 3s1/2 2d5/2 keV 1 f7/2 1 f5/2 2p3/2 2p1/2 1g9/2 1g9/2 1g7/2 2d5/2 2d3/2 3s1/2

6+ 0 1.70 1.30 0.24 4.76 000 8.00 6.00 4.00 1.89 1.11 10.00 0.03 4.64 0.12 0.21
7+ 514 1.50 1.50 0.44 4.56 608 8.00 6.00 4.00 1.83 1.17 10.00 0.04 4.54 0.13 0.30
8+ 1953 0.48 2.52 1.45 3.55 1072 8.00 6.00 4.00 1.48 1.52 10.00 1.02 3.28 0.21 0.48
9+ 2096 0.24 2.76 1.73 3.27 2168 8.00 6.00 4.00 0.60 2.40 10.00 1.00 2.99 0.20 0.81
10+ 3078 0.00 3.00 1.50 3.50 1709 8.00 6.00 4.00 1.74 1.26 10.00 1.01 3.57 0.12 0.29
11+ 3213 0.00 3.00 1.76 3.24 2724 8.00 6.00 4.00 1.24 1.76 10.00 1.02 3.13 0.17 0.68
12+ 3531 0.00 3.00 1.61 3.39 2912 8.00 6.00 4.00 1.63 1.37 10.00 1.01 3.49 0.13 0.37
13+ 3903 0.00 3.00 1.63 3.37 4032 8.00 6.00 4.00 0.34 2.66 10.00 1.67 2.18 0.17 0.97
14+ 5247 0.00 3.00 1.94 3.06 4116 8.00 6.00 4.00 0.08 2.92 10.00 1.88 1.81 0.26 1.05
15+ 5260 0.00 3.00 2.00 3.00 4982 8.00 6.00 4.00 0.35 2.65 10.00 1.83 2.18 0.17 0.82

6− 1872 1.00 2.00 0.60 4.40 841 8.00 6.00 4.00 1.00 2.00 10.00 1.01 3.11 0.31 0.57
7− 1750 1.00 2.00 0.39 4.61 1085 8.00 6.00 4.00 1.00 2.00 10.00 0.09 4.34 0.16 0.42
8− 2196 1.00 2.00 0.80 4.20 1437 8.00 6.00 4.00 1.00 2.00 10.00 0.08 3.79 0.20 0.93
9− 2187 1.00 2.00 0.29 4.71 1563 8.00 6.00 4.00 1.00 2.00 10.00 0.06 4.47 0.14 0.33
10− 2356 1.00 2.00 0.70 4.30 1754 8.00 6.00 4.00 1.00 2.00 10.00 0.08 4.03 0.15 0.74
11− 2909 1.00 2.00 0.63 4.37 2320 8.00 6.00 4.00 1.00 2.00 10.00 0.09 4.06 0.17 0.68
12− 4309 1.00 2.00 1.22 3.78 1933 8.00 6.00 4.00 1.00 2.00 10.00 1.03 3.22 0.21 0.55
13− 4751 1.00 2.00 1.44 3.56 3199 8.00 6.00 4.00 1.00 2.00 10.00 1.02 3.35 0.11 0.52
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TABLE III. Occupation numbers of the spherical orbitals used in the present shell-model calculations for 97Nb. The proton orbits 1 f7/2,
1 f5/2, and 2p3/2 and neutron orbit 1g9/2 were kept fully occupied. The neutron orbit 1h11/2 was kept empty.

gl glekpn jj45pn

Ex Protons Neutrons Ex Protons Neutrons Ex Protons Neutrons

State keV 2p1/2 1g9/2 3s1/2 2d5/2 keV 2p1/2 1g9/2 1g7/2 2d5/2 2d3/2 3s1/2 keV 2p1/2 1g9/2 1g7/2 2d5/2 2d3/2 3s1/2

9/2+ 0 1.61 1.39 0.46 5.54 0 1.84 1.16 0.06 5.34 0.19 0.41 0 0.06 2.94 1.62 2.91 0.87 0.61
13/2+ 1459 0.60 2.40 1.68 4.32 1725 1.31 1.69 0.26 4.34 0.26 1.14 633 0.03 2.97 1.70 2.86 0.87 0.57
15/2− 1165 1.00 2.00 0.86 5.14 1016 1.00 2.00 0.15 4.70 0.25 0.90 1491 1.00 2.00 1.07 3.35 0.74 0.84
17/2+ 2538 0.18 2.82 1.94 4.06 1924 1.03 1.97 1.03 3.86 0.20 0.91 1489 0.02 2.98 1.57 2.94 0.92 0.57
19/2− 1395 1.00 2.00 1.34 4.66 1661 1.00 2.00 0.15 4.41 0.24 1.19 2433 1.00 2.00 0.27 3.80 0.85 1.07
21/2+ 3386 0.00 3.00 1.79 4.21 2596 1.29 1.71 1.03 4.03 0.18 0.76 2490 0.02 2.98 1.51 3.05 0.95 0.49
21/2+

2 3791 0.00 3.00 1.51 4.49 3067 0.71 2.29 1.04 3.53 0.21 1.22 2693 0.03 2.97 1.21 3.14 1.08 0.56
23/2− 2752 1.00 2.00 1.25 4.75 1886 1.00 2.00 1.00 3.71 0.25 1.04 2992 1.00 2.00 0.32 3.88 0.98 0.82
23/2+ 4526 0.00 3.00 1.70 4.30 3673 0.19 2.81 1.06 3.13 0.27 1.54 3459 0.06 2.94 1.21 3.20 0.96 0.63
23/2+

2 4686 0.00 3.00 1.62 4.38 3970 1.51 1.49 1.23 3.47 0.80 0.50 3580 0.05 2.95 1.20 2.83 1.33 0.64
25/2+ 4309 0.00 3.00 1.88 4.12 3920 0.14 2.86 1.17 2.97 0.22 1.63 3544 0.01 2.99 1.47 3.07 0.96 0.51
25/2+

2 5162 0.00 3.00 1.90 4.10 4096 0.51 2.49 1.87 3.07 0.22 0.84 3919 0.02 2.98 1.17 2.82 1.11 0.90
27/2+ 5374 0.00 3.00 1.95 4.05 4.511 0.04 2.96 1.85 2.14 0.36 1.66 4.687 0.10 2.90 1.24 2.91 1.04 0.80

model spaces. In this particular case, calculations based on the
jj45pn model space do not reproduce the experimental energy
levels well and are not presented in Fig. 11; for example, the
ground-state Jπ value is predicted to be 1+ rather than the
experimental 6+ value.

In Fig. 12, the experimental levels are again those of
Fotiades et al. [11]. For the proposed positive-parity decay
sequence in 97Nb with Jπ values in the range from 9/2+ to
(29/2+), the correspondence between the experimental and
shell-model states is reasonably good, especially for calcu-
lations corresponding to the gl model space. Similarly, there
is a reasonable correspondence between theory and experi-
ment for the proposed negative-parity states with Jπ values
of (15/2−), (19/2−), and (23/2−), although, in this case, the
agreement with excitation energies is less good. For high-spin
positive-parity states, all three extra-core protons occupy the
π1g9/2 orbital with consequently no occupancy of the π2p1/2

orbital.

The proposed positive-parity yrast states of 99Nb, based on
the present work, with Jπ values in the range from (9/2+)
to (29/2+), are well described with the glekpn model space;
calculations which used the gl and jj45pn model spaces are
much less successful over the range of experimental states.
See Fig. 13. On the other hand, calculations which employed
the jj45pn model space are the most successful in reproduc-
ing the first two excited states with spins 13/2+ and 17/2+.
To date, the positive-parity states with Jπ values of 11/2+,
15/2+, 19/2+, 23/2+, etc., predicted using the glekpn model
space, have not been identified experimentally, as was noted
above. The shell-model calculation based on the glekpn inter-
action reproduces the excitation energy of the 1/2− state well,
while the jj45pn interaction is the least successful. All three
interactions are unable to reproduce the excitation energies
of the low-lying negative-parity Jπ = 3/2− and 5/2− states
and this is especially the case for the jj45pn interaction, see
Fig. 13. It will be seen later that model calculations indicate

TABLE IV. Occupation numbers of the spherical orbitals used in the present shell-model calculations for 99Nb. The proton orbits 1 f7/2,
1 f5/2, and 2p3/2 and neutron orbit 1g9/2 were kept fully occupied. The neutron orbit 1h11/2 was kept empty.

gl glekpn jj45pn

Ex Protons Neutrons Ex Protons Neutrons Ex Protons Neutrons

State keV 2p1/2 1g9/2 3s1/2 2d5/2 keV 2p1/2 1g9/2 1g7/2 2d5/2 2d3/2 3s1/2 keV 2p1/2 1g9/2 1g7/2 2d5/2 2d3/2 3s1/2

9/2+ 0 0.81 2.19 2.00 6.00 0 0.12 2.88 1.88 3.83 0.59 1.70 0 0.01 2.99 2.06 3.48 1.29 1.17
13/2+ 1761 0.00 3.00 2.00 6.00 1011 0.04 2.96 2.03 3.71 0.57 1.69 0934 0.01 2.99 2.08 3.48 1.34 1.09
17/2+ 2588 0.00 3.00 2.00 6.00 1501 0.07 2.93 1.99 3.81 0.50 1.70 2065 0.01 2.99 1.25 3.94 1.65 1.16
21/2+ 2926 0.00 3.00 2.00 6.00 2126 0.16 2.84 2.03 3.85 0.47 1.65 3359 0.02 2.98 1.94 3.73 1.35 0.98
25/2+ 3274 0.25 2.75 2.07 3.84 0.33 1.76 4639 0.03 2.97 2.02 3.68 1.31 1.00
29/2+ 3919 0.02 2.98 2.11 3.73 0.34 1.82 5979 0.01 2.99 2.06 3.66 1.32 0.96
1/2− 113 1.00 2.00 2.00 6.00 423 1.00 2.00 0.08 5.64 0.37 1.91 867 1.00 2.00 2.02 3.71 1.13 1.15
3/2− 1359 1.00 2.00 2.00 6.00 1386 1.00 2.00 0.09 5.59 0.42 1.90 1318 1.00 2.00 2.04 3.64 1.17 1.15
5/2− 1098 1.00 2.00 2.00 6.00 1255 1.00 2.00 0.09 5.60 0.41 1.90 1275 1.00 2.00 2.03 3.64 1.18 1.15
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FIG. 14. Energies of the 5/2−[303] band members as a function
of I (I + 1) for 99Nb, 101Nb, and 103Nb.

that the 5/2− state forms the bandhead of a 5/2−[303] rota-
tional sequence with a quadrupole deformation parameter ε2

of 0.22. At zero deformation, the 5/2− state is based on the
spherical 1 f5/2 proton orbital, which is expected to be fully
occupied in the Nb isotopes, and this is the assumption in the
present shell-model calculations. With increasing quadrupole
deformation, the binding energy of the 5/2− bandhead de-
creases and, for 99Nb, sits at low excitation energy (631 keV).
It is therefore not surprising that the shell-model calculations
here are unable to reproduce the excitation energy of the state.

C. Signature-splitting, triaxiality,
and particle-plus-rotor calculations

With increasing neutron number in the isotopes of niobium,
a phase transition to prolate quadrupole deformation is ex-
pected near neutron number 60. In N = 60 101Nb, evidence
for deformation was first provided by Ohm et al. [63]. Three
bands populated in the β decay of 101Zr were assigned Nilsson
quantum numbers 5/2+[422], 3/2−[301], and 5/2−[303] and
a quadrupole deformation parameter of β2 = 0.40(5) was
determined for the 5/2+ ground state. The moment of inertia
of the 5/2+[422] ground band corresponds to about 85% of
the rigid body value, which is typical for the A ∼ 100 region
[63]. As noted earlier, the 5/2+[422] band was not observed
in 99Nb, but has been observed in 101Nb and in 103Nb. Fig-
ure 14 presents the plot of excitation energies as a function
of I (I + 1) for the 5/2−[303] bands in 99Nb, 101Nb, and
103Nb and shows the expected behavior, with the moments of
inertia increasing slowly with increasing angular momentum,
presumably as a consequence of the gradual weakening of
pairing correlations with increasing rotational frequency. The
deduced inertia parameters, h̄2/2J , corresponding to the low-
spin members of the rotational sequences in 99Nb, 101Nb,
and 103Nb, have values of 34, 24, and 22 keV, respectively,
corresponding to 43%, 60%, and 66% of the rigid body
moment of inertia. As expected, the 5/2−[303] rotational se-
quence in the transitional N = 58 99Nb nucleus has a much

FIG. 15. Signature splitting of the 5/2+[422]πg9/2 bands of
101,103Nb and the 5/2−[303]π f5/2 bands of 99,101,103Nb.

lower moment of inertia than in the neighboring N = 60
and 62 isotopes; this probably indicates a smaller quadrupole
deformation, although the effect of pairing correlations can-
not be excluded. The almost linear dependence of excitation
energy on I (I + 1) for the negative-parity decay sequence in
99Nb (Fig. 14), built on the level at Ex = 631 keV and with a
Jπ value of 5/2−, provides evidence of a deformed structure;
this is the first evidence of a deformed rotational sequence
in N = 58 99Nb. Further, the observation of this deformed
rotational sequence in 99Nb, in which the decay sequence
based on the 9/2+ oblate ground state [66] has quite different
characteristics, provides the first experimental evidence for
the existence of shape coexistence in 99Nb.

Figure 15 shows the experimental signature splitting for
the 5/2+[422] bands of 101,103Nb and the 5/2−[303] bands
of 99,101,103Nb; the level scheme of 99Nb was based on the
present work, while those for 101Nb and 103Nb were based on
the works of Hwang et al. [64] and Luo et al. [9] and of Hwang
et al. [64] and Hua et al. [65], respectively. The 5/2+[422]
band of 105Nb, to which reference will be made later, was also
identified by Luo et al. [9]. For the positive-parity band based
on the 5/2+[422] configuration in 101,103Nb, the signature
splitting is large compared to that of the negative-parity bands
based on the 5/2−[303] configuration in 101Nb and 103Nb. In
an axially symmetric nucleus with quadrupole deformation,
high-K rotational sequences are expected to exhibit inter-
leaved states with regular spacings and no signature splitting.
For nuclei with triaxial deformation, on the other hand, signa-
ture splitting is expected. Signature splitting is also observed
as a consequence of mixing with K = 1/2 bands and here
the splitting will increase with increasing rotational frequency.
The observed signature splitting in energies of the 5/2+[422]
decay sequence in 101,103Nb has been interpreted to be a result
of triaxiality [64]. Comparisons of the results of triaxial-rotor-
plus-particle calculations with experiment predict that for the
5/2+[422] bands of 101,103,105Nb the quadrupole deformation
parameters ε2 are 0.25, 0.36, and 0.37, respectively, and that
the values of the triaxiality parameter γ are −5◦, −13◦, and
−15◦, respectively [9]. As expected, ε2 increases in value with
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FIG. 16. Comparison of the experimental staggering with the theoretical values based on the particle-plus-rotor model for the 5/2−[303]
bands of 99Nb, 101Nb, and 103Nb and for the 5/2+[422] bands of 101Nb and 103Nb. See text for details.

increasing neutron number. For the 5/2−[303] band of 101Nb,
a comparison of triaxial-rotor-plus-particle calculations with
experiment resulted in a quadrupole deformation parameter
of ε2 = 0.25 and a triaxiality parameter of γ = −5◦ [9]. It
is noted that, in relation to the signature splitting presented in
Fig. 15, the 5/2−[303] band of 99Nb does not show the charac-
teristic behavior corresponding to a stable triaxial shape, nor
does it exhibit the behavior expected for γ = 0◦; this will be
discussed below.

To understand the role of triaxiality in the 5/2−[303]
bands of 99,101,103Nb and in the 5/2+[422] bands of 101,103Nb,
calculations were performed using the quasiparticle-plus-
rotor model (PRM) with the computer codes GAMPN and
ASYRMO [79–81]. This mean-field model, with empiri-
cally derived parameters, has been successfully used to
interpret the structure of several deformed nuclei in this
region. A modified-oscillator potential was used and the
particle-plus-triaxial-rotor Hamiltonian was diagonalized in
the strong-coupling basis, with the single-particle matrix
elements expressed in the deformed scheme, as described
in Ref. [81]. Standard empirical values for the μ and κ

strength parameters of the l·s and l·l terms were used [82].
Pairing correlations were taken into account by a standard
BCS approximation, using values of G0 = 22.0 MeV and
G1 = 8.0 MeV. The Fermi surface and pairing gap � are then
calculated by the code. Input parameters to the model are A, Z ,
and the deformations (ε2, ε4, ε6) and γ . The deformation pa-
rameters ε2 and γ were varied in the range ε2 = 0.10 − 0.30
and γ = 0◦ −−20◦. All higher order deformations were set
to zero. Seven quasiparticle states around the Fermi surface

were used in the coupling to the rotor core. The computer
code used the hydrodynamical moments of inertia [80,83,84].
The moments of inertia were normalized through the use of
an effective core 2+ energy, which is not directly related to
the energy of the core 2+ state; it is, in fact, a scaling factor
which has been fitted to the excitation energies of the odd
nucleus. Since E (2+) is a scaling factor, its variation alone
cannot achieve a good energy fit.

Figure 16 shows the experimental signature splitting for the
5/2−[303] bands of 99,101,103Nb and for the 5/2+[422] bands
of 101,103Nb. The signature splitting function S(I ) used in the
figure is defined as [85]:

S(I ) = E (I + 1) + E (I − 1) − 2E (I )

2
.

For the 5/2+[422] band of 101Nb, there is no good agree-
ment between experiment and the results of PRM calculations
across the whole spin range with a single value of γ ; the
higher spins correspond to a γ value of about −15◦, while
the lower spins correspond to a γ value of about −20◦; these
conclusions are in agreement with those of Luo et al. [9].
For 103Nb, the higher spin members of the 5/2+[422] band
have a reasonably good fit with a γ value of −10◦, while
the lower spin members have a better fit with a γ value of
−20◦; the conclusion of a similar analysis [9] was that a γ

value of −15◦ corresponded to the best fit across the available
spin range. These conclusions may indicate a degree of γ

softness for the 5/2+[422] band in 101Nb and 101Nb. For the
5/2−[303] bands of 101Nb and 103Nb, the predicted staggering
agrees reasonably well with experiment, but it does not change
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significantly for calculations corresponding to γ values of 0◦,
−5◦ and −10◦, and consequently there is a large uncertainty
in the determination of a γ value. For calculations which
used γ = −15◦, on the other hand, the phase of the splitting
is in disagreement with experiment; signature inversion is
predicted. Good fits to the lower-lying energy levels of the
5/2−[303] bands of 101Nb and 103Nb were obtained with an
ε2 value of 0.25. It is noted again that for the 5/2−[303] band
of 101Nb, an earlier comparison of PRM calculations with
experiment yielded an ε2 value of 0.25 [9], in agreement with
the present work. A comparison of theory with experiment
for 99Nb is poor, see Fig. 16; as noted above, the behavior
of the experimental values of S(I ) as a function of 2I shows
neither the characteristic zigzag indicative of triaxiality nor a
constant value of S(I ), independent of I , which would indicate
no triaxiality. This will be discussed below.

D. Cranking calculations for 99Nb

As noted earlier, based on its measured quadrupole mo-
ment [Qs = −0.42(14)b] [66], the ground state of 99Nb
(N = 58) is expected to be weakly oblate. The relative or-
dering of the positive-parity levels at low excitation, namely
9/2+, 7/2+, 5/2+, . . . , in order of increasing energy, see
Fig. 7, also attests to the underlying oblate deformation. Here
cranking calculations have been performed using the UC code
[19] with standard Nilsson parameters. The conclusions of the
calculations are that the 9/2+ ground state is triaxial (Fig. 17),
tending to oblate (ε2 = 0.18, γ = −33◦). A transition to a
more deformed prolate shape is indicated beyond Iπ = 17/2+
(ε2 = 0.25, γ = 0◦), as seen in Fig. 17. Similar behavior is
evident in the N = 58 isotone, 98Zr, where the analogous 4+
state in the prolate sequence is yrast [86–88]. The calcula-
tions suggest that the prolate shape in 99Nb persists until Iπ

= 37/2+, beyond which a gradual change to a noncollec-
tive oblate shape (ε2 = 0.19, γ = +40◦) is visible at Iπ =
49/2+ (Fig. 17). In the positive-parity band structure built
on the 9/2+ state, the πg9/2 crossing is blocked. However,
the νh11/2 band crossing is expected to occur around h̄ω =
0.37 MeV (Routhian labeled 1/2−[550] in Fig. 18). In the
work described here, the decay sequence has been observed
to Jπ = (29/2+), see Fig. 7. Although the experimental data
in 99Nb have not been extended to a sufficiently high angular
momentum to observe this crossing, a discontinuity has been
observed close to this frequency in the prolate sequence in the
98Zr isotone [86]. Confirmation of the band crossing in 99Nb
would, of course, also be of interest.

Similar cranking calculations have also been performed
here for the decay sequence based on the 5/2−[303] Nilsson
configuration. Figure 19 presents the results for spin values
of 5/2, 13/2, and 21/2. The minimum in the potential-energy
surface for the 5/2− band head corresponds to ε2 = 0.22 and
triaxiality parameter γ = −21◦. For the 13/2− and 21/2−
states, the corresponding deformation parameters are ε2 =
0.22, γ = +19◦ and ε2 = 0.20, γ = +10◦, respectively. The
predicted rapid variation of triaxiality, including changes in
sign, over the observed spin region of the band makes a

FIG. 17. Total-Energy-Surface plots for the yrast, positive-parity
states in 99Nb from the Ultimate Cranker code [19]. The following
energy minima are evident: Iπ = 9/2+: ε2 = 0.18, γ = −30◦; Iπ =
25/2+: ε2 = 0.25, γ = 0◦; and Iπ = 49/2+: ε2 = 0.19, γ = +40◦.
The spacing between adjacent contours is 200 keV. See text for
further details.
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FIG. 18. Quasiparticle Routhian diagram for neutrons. The de-
formation parameters used in the calculation are indicated in the
figure. Parity and signature of the states are as follows: solid:
(+, +1/2); dotted: (+, −1/2); dashed-dotted: (−, +1/2) dashed:
(−, −1/2).

comparison of experimental data with the results of particle
rotor model calculations, see Fig. 16, meaningless; PRM cal-
culations assume a constant value of γ for all band members
and this is not the case for the the 5/2−[303] band of 99Nb.
On the other hand, the cranking calculations do predict a rea-
sonably constant value of ε2 over the spin range encompassed
by the level scheme presented here. The value of ε2, 0.22, for
the 5/2−[303] band of 99Nb (see Fig. 19) is comparable to
the values for 101Nb and 103Nb which resulted from the PRM
calculations discussed above, namely 0.25. In conclusion, the
results of the above calculations support the earlier experi-
mental evidence for shape coexistence in the N = 58 nucleus
99Nb.

IV. CONCLUSIONS

In the present work, neutron-rich Nb isotopes were pop-
ulated in binary grazing and fusion-fission reactions. The
PRISMA magnetic spectrometer, in conjunction with the
CLARA Ge detector array at the INFN Legnaro National
Laboratory, were used to identify the isotopes 96−99Nb and
their associated deexcitation γ rays. Relative intensity mea-
surements of the observed γ rays together with the analysis of
GASP triples γ -ray coincidence data enabled the construction
of level schemes of 96,97,99Nb up to medium spin. It was
not possible to construct a level scheme for 98Nb. The level
structures of 96Nb and 97Nb are in agreement with the results
of earlier experiments. Crucially, in contrast with earlier pub-
lished studies of the high-spin spectroscopy of 96Nb and 97Nb,

FIG. 19. Total-Energy-Surface plots for the 5/2−[303] decay se-
quence of 99Nb calculated with the Ultimate Cranker code [19].
The following energy minima are evident: Iπ = 5/2−: ε2 = 0.22,
γ = −21◦; Iπ = 13/2−: ε2 = 0.22, γ = +19◦; and Iπ = 21/2−:
ε2 = 0.20, γ = +10◦. The spacing between adjacent contours is 200
keV. See text for further details.
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the present work provides an unambiguous association of the
observed γ rays with the A and Z of the excited nucleus. Two
hitherto unobserved decay sequences have been observed in
99Nb; tentative Jπ values have been assigned on the basis
of the systematic behavior of known states in neighboring
nuclei. The level structures of 96Nb, 97Nb, and 99Nb can be
satisfactorily described within the framework of shell-model
calculations; level schemes corresponding to the use of three
different shell-model residual interactions were investigated.
A previously unobserved deformed band in 99Nb with Nilsson
quantum numbers 5/2−[303] was populated to spin (17/2−);
similar rotational sequences have previously been observed in
101Nb and 103Nb but not in the lighter isotopes of niobium.
The results of particle-rotor calculations, successful in repro-
ducing the experimental signature splitting of the 5/2−[303]
band in 101Nb and 103Nb, have been unable to reproduce the
experimental data in 99Nb. The results of TRS calculations
indicate that, for the 5/2−[303] band of 99Nb, the value of the
triaxiality parameter γ with increasing angular momentum is
not constant either in magnitude or in sign; this offers an ex-
planation of the inability of PRM calculations to reproduce the
observed experimental data. It is known that the 9/2+ ground
state of 99Nb is oblate; in the present work a decay sequence

build on the ground state has been observed to Jπ = (29/2+).
Experimentally, the measurement of an oblate shape for the
9/2+ ground state together with the almost-linear dependence
of excitation energy with I (I + 1) for the decay sequence
based on the 5/2− excited state at an excitation energy of 631
keV provide evidence for the first reported observation of two
coexisting shapes in the N = 58 nucleus, 99Nb; this conclusion
is supported by the results of cranking calculations.
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Mărginean, L. C. Mihăilescu, G. A. Suliman, P. H. Regan, W.
Gelletly, S. D. Langdown, J. J. Valiente Dobón, D. Bazzacco, S.
Lunardi, C. A. Ur, M. Axiotis, A. Gadea, E. Farnea, M. Ionescu-
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