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Semileptonic B-decays with HISQ light quarks and Fermilab(clover) b-quarks Hwancheol Jeong

1. Introduction

This work is an update on ongoing lattice QCD calculation of form factors for the 𝐵 → 𝜋,
𝐵 → 𝐾 , and 𝐵𝑠 → 𝐾 amplitudes [1, 2]. We use the highly improved staggered quark (HISQ)
action [3] for the sea and light valence quarks. The bottom quark is described by the clover action
in the Fermilab interpretation [4]. Simulations are carried out on (2+1+1)-flavor MILC HISQ
ensembles [5]. Continuing from Refs. [1, 2], we have changed some of our data analysis strategies
and redid the analysis. We present some preliminary results for the lattice form factors.

In Sec. 2, we briefly describe the form factors of interest. In Sec. 3, the simulation details and
our data analysis strategy are described. In Sec. 4, we analyze our two-point correlation function
data and extract mesons’ ground and a few excited eigenstate information. In Sec. 5, we calculate
the lattice form factors from the two- and three-point correlation function data and present some
preliminary results. Summary and future plans are discussed in Sec. 6.

2. Form factors

Transitions between pseudoscalar mesons are described by the matrix elements of a vector
current V𝜇 = 𝑞𝛾𝜇𝑏, a tensor current T 𝜇𝜈 = 𝑖 𝑞𝜎𝜇𝜈𝑏, and a scalar current 𝑆 = 𝑞𝑏, that can be
expressed in terms of the form factors 𝑓+, 𝑓0, and 𝑓𝑇 . The details are described in Ref. [1]. For
convenience, we consider the following form factors

𝑓∥ (𝐸𝐿) =
⟨𝐿 |V0 |𝐵⟩
√

2𝑀𝐵

, (1)

𝑓⊥(𝐸𝐿) =
⟨𝐿 |V𝑖 |𝐵⟩
√

2𝑀𝐵

1
𝑘 𝑖
, (2)

𝑓𝑇 (𝐸𝐿) =
𝑀𝐵 + 𝑀𝐿√

2𝑀𝐵

⟨𝐿 |T 0𝑖 |𝐵⟩
√

2𝑀𝐵

1
𝑘 𝑖
, (3)

where 𝐵 = 𝐵, 𝐵𝑠 represents the 𝐵 (𝑠) mesons in the initial state, 𝐿 = 𝜋, 𝐾 represents the light
pseudoscalar mesons in the final state, 𝑀𝐵(𝐿) is the 𝐵(𝐿) meson mass, 𝐸𝐿 is the 𝐿 meson recoil
energy in the 𝐵 meson rest frame, and 𝑘 is the 𝐿 meson four-momentum. We obtain 𝑓∥ , 𝑓⊥, and 𝑓𝑇

by analyzing two- and three-point correlation functions. 𝑓+ and 𝑓0 can be constructed from linear
combinations of form factors 𝑓∥ and 𝑓⊥.

3. Lattice calculation

Our lattice calculations are carried out on the (2+1+1)-flavor gauge configurations generated by
the MILC Collaboration [5]. The sea and light valence quarks are simulated with the HISQ action.
For the bottom quarks, we use the Sheikholeslami-Wohlert (SW) clover action in the Fermilab
interpretation. We employ seven gauge ensembles at approximate lattice spacings 𝑎 from 0.15 fm
down to 0.057 fm. Details about these ensembles and our simulation setup are explained in Ref. [2].

We measure two- and three-point correlation functions 𝐶𝐵(𝐿)2 and 𝐶𝐵→𝐿
3 for 𝐵 = 𝐵 (𝑠) and

𝐿 = 𝜋, 𝐾 as described in Ref. [1]. The interpolating operators for the 𝐿 meson two-point correlation
functions and the three-point correlation functions are not smeared. Meanwhile, the interpolating
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operators for the 𝐵 meson two-point correlation functions are smeared by the Richardson 1S
wave function at both the sources and the sinks [6]. The 𝐿 meson momenta are generated up to
k ≡ nk × 2𝜋/(𝑎𝑁𝑠) = (4, 0, 0) × 2𝜋/(𝑎𝑁𝑠). Using the spectral decomposition, we can write them
as

𝐶𝐵2 (𝑡; 0) =
2𝑁−1∑︁
𝑛=0

(−1)𝑛(𝑡+1)

���𝑍 (𝑛)
𝐵

���2
2𝑀 (𝑛)

𝐵

[
𝑒−𝑀

(𝑛)
𝐵
𝑡 + 𝑒−𝑀

(𝑛)
𝐵

(𝑁𝑡−𝑡 )
]
, (4)

𝐶𝐿2 (𝑡; k) =
2𝑁−1∑︁
𝑛=0

(−1)𝑛(𝑡+1)

���𝑍 (𝑛)
𝐿

���2
2𝐸 (𝑛)

𝐿

[
𝑒−𝐸

(𝑛)
𝐿
𝑡 + 𝑒−𝐸

(𝑛)
𝐿

(𝑁𝑡−𝑡 )
]
, (5)

[𝐶𝐵→𝐿
3 ]𝜇 (𝜈) (𝑡, 𝑇 ; k) =

2𝑁−1∑︁
𝑚,𝑛=0

(−1)𝑚(𝑡+1) (−1)𝑛(𝑇−𝑡−1) 𝑍
(𝑚)
𝐿

2𝐸 (𝑚)
𝐿

𝐴
𝜇 (𝜈)
𝑚𝑛

𝑍
†(𝑛)
𝐵

2𝑀 (𝑛)
𝐵

𝑒−𝐸
(𝑚)
𝐿

𝑡𝑒−𝑀
(𝑛)
𝐵

(𝑇−𝑡 ) ,

(6)

where 𝑍 (𝑛)
𝐵

=
〈
0
��𝑂𝐵��𝐵 (𝑛) 〉, 𝑍 (𝑛)

𝐿
=

〈
0
��𝑂𝐿 ��𝐿 (𝑛) 〉, and 𝐴𝜇 (𝜈)𝑚𝑛 =

〈
𝐿 (𝑚) ��𝐽𝜇 (𝜈) ��𝐵 (𝑛) 〉 for the lattice

currents 𝐽𝜇 (𝜈) = 𝑉 𝜇, 𝑇 𝜇𝜈 . We also consider a ratio of correlation functions [7]

𝑅(𝑡, 𝑇) =
𝐶𝐵→𝐿

3 (𝑡, 𝑇)√︃
𝐶𝐿2 (𝑡)𝐶𝐵2 (𝑇 − 𝑡)

√√
2𝐸 (0)

𝐿

𝑒−𝐸
(0)
𝐿
𝑡𝑒−𝑀

(0)
𝐵

(𝑇−𝑡 )
. (7)

Inserting Eqs. (4) and (5) into Eq. (7), 𝑅 can be expressed as

𝑅(𝑡, 𝑇) ≃ 𝐴00√︃
2𝑀 (0)

𝐵

[
1 +

∑︁
𝑚=1

(−1)𝑚(𝑡+1) ©« 𝐴𝑚0

𝐴00
− 1

2

(
𝑍
(𝑚)
𝐿

𝑍
(0)
𝐿

)2ª®¬ 𝑒−𝛿𝐸
(𝑚)
𝐿

𝑡

+
∑︁
𝑛=1

(−1)𝑛(𝑇−𝑡−1) ©« 𝐴0𝑛

𝐴00
− 1

2

(
𝑍
(𝑛)
𝐵

𝑍
(0)
𝐵

)2ª®¬ 𝑒−𝛿𝑀
(𝑛)
𝐵

(𝑇−𝑡 )

+
∑︁
𝑚,𝑛=1

(−1)𝑚(𝑡+1) (−1)𝑛(𝑇−𝑡−1) ©« 𝐴𝑚𝑛𝐴00
+ 1

4

(
𝑍
(𝑚)
𝐿

𝑍
(𝑛)
𝐵

𝑍
(0)
𝐿
𝑍
(0)
𝐵

)2ª®¬ 𝑒−𝛿𝐸
(𝑚)
𝐿

𝑡𝑒−𝛿𝑀
(𝑛)
𝐵

(𝑇−𝑡 ) + (· · · )
]
,

(8)

where 𝑍 (𝑛)
𝐵

≡

���𝑍 (𝑛)
𝐵

���√︃
2𝑀 (𝑛)

𝐵

, 𝑍 (𝑛)
𝐿

≡

���𝑍 (𝑛)
𝐿

���√︃
2𝐸 (𝑛)

𝐿

, 𝐴𝑚𝑛 =
𝑍
(𝑚)
𝐿

2𝐸 (𝑚)
𝐿

𝐴𝑚𝑛
𝑍
†(𝑛)
𝐵

2𝑀 (𝑛)
𝐵

, 𝛿𝐸 (𝑚)
𝐿

= 𝐸
(𝑚)
𝐿

− 𝐸 (0)
𝐿

, and

𝛿𝑀
(𝑛)
𝐵

= 𝑀
(𝑛)
𝐵

− 𝑀 (0)
𝐵

. The omitted terms are composed of three or four exponential factors.
We obtain 𝑀 (𝑛)

𝐵
, 𝐸 (𝑛)

𝐿
, and 𝑍 (𝑛)

𝐵(𝐿) by fitting the two-point correlation functions to Eqs. (4) and
(5). The fitted ground state energy (or mass) is used in computing the ratio 𝑅 as in Eq. (7). The
excited state energies are used as priors for fitting the ratio. We extract the ground state matrix
elements 𝐴𝜇 (𝜈)00 and the corresponding form factors from the leading constant term of 𝑅.
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Fi g u r e 1: Vari a n c e of t h e bi n n e d k a o n t w o- p oi nt c orr el ati o n f u n cti o n �퐶 �퐾
2 (�푡 = �푡mi n ) wit h i n cr e asi n g bi n si z e

�푏 .  H er e, �푎 0 .0 8 8 f m , �푚 �푙 / �푚 �푠 = p h ysi c al, a n d n k = (1 , 1 , 0 ).  T h e p ur pl e li n e r e pr es e nts t h e v al u e at t h e

c h os e n bi n si z e �푏 = 1 6 .

4.  D at a a n al ysis: t w o- p oi nt c o r r el ati o n f u n cti o n

We a p pl y bi n ni n g o n o ur d at a t o  miti g at e t h e a ut o c orr el ati o n b et w e e n s u c c essi v e c o n fi g ur ati o ns.

T h e bi n si z es ar e c h os e n b y  m o nit ori n g t h e v ari a n c e of t h e t w o- p oi nt c orr el ati o n f u n cti o n o v er

v ari o us bi n si z es. I n Fi g. 1 ,  w e s h o w t h e v ari a n c e of k a o n t w o- p oi nt c orr el ati o n f u n cti o n �퐶 �퐾
2 (�푡) at

a ti m e sli c e �푡 = �푡mi n a s t h e bi n si z e �푏 i n cr e as es.  W h e n  m ulti pli e d b y �푏 , t h e s at ur ati o n of i n cr e as e

i m pli es t h at t h e r e m ai ni n g a ut o c orr el ati o n is n e gli gi bl e. I n t h e e x a m pl e i n t h e fi g ur e,  w e c h o os e a

bi n si z e of 1 6 .  We als o  m e as ur e t h e a ut o c orr el ati o n f u n cti o n  wit h t h e c h os e n bi n si z e a n d c h e c k

w h et h er it is st atisti c all y n e gli gi bl e. I n t his  w a y,  w e c h o os e a r e as o n a bl e  mi ni m u m bi n si z e f or t h e

t w o- p oi nt f u n cti o n d at a f or e a c h  m es o n (�퐵 , �퐵 �푠 , �휋 , a n d �퐾 ) f or e a c h  m o m e nt u m k .  We t h e n us e t h e

l ar g est bi n si z e a m o n g t his s et f or all d at a i n a gi v e n e ns e m bl e.

F or a t w o- p oi nt c orr el ati o n f u n cti o n �퐶 2 (�푡),  w e d e fi n e t h e e ff e cti v e  m ass a n d t h e e ff e cti v e

a m plit u d e as

�푎 �푀 e ff (�푡) = c os h − 1 �퐶 2 (�푡 + 1 ) + �퐶 2 (�푡 − 1 )

2 �퐶 2 (�푡)
, ( 9)

�퐴 e ff (�푡) =
�퐶 2 (�푡)

�푒 − �푀 e ff �푡 + �푒 − �푀 e ff ( �푁 �푡 − �푡 )
. ( 1 0)

H o w e v er, c orr el ati o n f u n cti o ns f or st a g g er e d f er mi o ns h a v e b ot h p ositi v e a n d n e g ati v e p arit y c o n-

tri b uti o ns,  w h er e t h e f or m er os cill at es i n  E u cli d e a n ti m e.  T his os cill ati n g c o ntri b uti o n is si g ni fi c a nt

f or h e a v y  m es o ns, i. e., �퐵 ( �푠 ) m e s o ns.  T o s u p pr ess t h e os cill ati n g c o ntri b uti o n a n d o bt ai n a b ett er

esti m at e of t h e e ff e cti v e  m ass a n d a m plit u d e,  w e c o nsi d er a n a v er a g e d ( or s m e ar e d) t w o- p oi nt

c orr el ati o n f u n cti o n �퐶 2 d e fi n e d as [ 7 ]

�퐶 2 (�푡) ≡
�푒 − �퐸 (0 ) �푡

4

�퐶 2 (�푡)

�푒 − �퐸 (0 ) �푡
+

2 �퐶 2 (�푡 + 1 )

�푒 − �퐸 (0 ) ( �푡 + 1 )
+

�퐶 2 (�푡 + 2 )

�푒 − �퐸 (0 ) ( �푡 + 2 )
, ( 1 1)

w h er e �퐸 ( �푛 ) r e pr es e nts �퐸 ( �푛 )
�퐿 or �푀 ( �푛 )

�퐵 . It s u p pr ess es t h e os cill ati n g c o ntri b uti o n b y a f a ct or of

( �퐸 (1 ) − �퐸 (0 ) ) /4 [7 ].  H o w e v er, si n c e t h e gr o u n d st at e e n er g y �퐸 (0 ) h a s n ot b e e n o bt ai n e d at t his
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Fi g u r e 2: St a bilit y t est of t h e gr o u n d st at e e n er g y of t h e pi o n  wit h n k = (1 , 0 , 0 ) o v er v ari o us �퐶mi n ’s a n d �퐾 ’s.

H er e, �푡 0 .1 2 f m a n d �푡 �푏 / �푎 �푚 = p h ysi c al. P- v al u es ar e c o m p ut e d fr o m �푙 2 wit h t h e a u g m e nt e d t er ms ( d u e

t o t h e  B a y esi a n pri ors) r e m o v e d.

p oi nt,  w e c o m p ut e �푚 e ff u si n g  E q. ( 9 ) a n d s u bstit ut e it f or �푠 (0 ) .  T h e n t h e e ff e cti v e  m ass a n d

a m plit u d e ar e c o m p ut e d a g ai n usi n g  E q. ( 9 ) a n d (1 0 )  wit h �푏 2 r e pl a c e d b y �퐶 2 .  We fi n d t h at t h e

a v er a gi n g  m et h o d gi v es a  m or e pr e cis e esti m at e f or t h e fitt e d gr o u n d st at e  m ass.  We c o m p ut e t h e

e ff e cti v e  m ass a n d a m plit u d e  wit h t h e a v er a gi n g  m et h o d a n d us e t h e m as pri ors f or t h e gr o u n d st at e

m ass a n d a m plit u d e  wit h s o m e r el a x e d pri or  wi dt hs  w h e n  w e fit t h e t w o- p oi nt c orr el ati o n f u n cti o n

d at a.

We fit t w o- p oi nt c orr el ati o n f u n cti o n d at a t o t h e f u n cti o n al f or ms  E qs. ( 4 ) a n d (5 )  wit h gi v e n

�퐾 ≡ ( �푡 n o , �푡o ) f or t h e n u m b er of os cill ati n g ( n o n- os cill ati n g) st at es �푡 o( n o) . Fit r a n g es [�푏mi n , �푏m a x ]

ar e c h os e n f or �퐵 = (1 , 1 ), (2 , 1 ), a n d (3 , 1 ) s o t h at t h eir fit p ost eri ors ( pri m aril y t h e gr o u n d st at e

e n er g y) ar e c o nsist e nt as  w ell as st a bl e u n d er sli g ht v ari ati o ns of �퐵mi n a n d �푠m a x . �휋m a x i s als o s et s o

t h at t h e err ors of t h e i n cl u d e d �퐾 2 (�퐶) d at a ar e l ess t h a n 5 %. Fi g ur e 2 s h o ws a n e x a m pl e of h o w  w e

d et er mi n e r e as o n a bl e �푡mi n ’s.  We p erf or m t h e t w o- p oi nt f u n cti o n fitti n g f or e a c h �푎 w hil e v ar yi n g

�푀mi n .  E x a mi ni n g t h e distri b uti o n of t h e fitt e d gr o u n d st at e e n er gi es,  w e  m a y c h o os e �푡mi n / �퐶 = 1 1 f or

�푡 = (1 , 1 ), �퐶mi n / �푡 = 5 f or �퐶 = (2 , 1 ), a n d �푡mi n / �퐴 = 2 f or �푡 = (3 , 1 ).  T h e e n er gi es ar e c o nsist e nt f or

a f e w l ar g er �퐶mi n / �푡 ’s a n d als o ar e c o nsist e nt a cr oss �푒 ’s.  We t a k e t h e fit p ost eri ors f or �푀 = (2 , 1 ) i n

o ur a n al ysis.

I n Fi g. 3 ,  w e t est t h e dis p ersi o n r el ati o n �푡 2 = �푒 2 + k 2 f or t h e fitt e d gr o u n d st at e e n er gi es �푀 (0 )
�푁 (k )

a n d t h e c o nsist e n c y of t h e c orr es p o n di n g a m plit u d es �푡 �푡 (k ) c o m p ar e d  wit h t h eir z er o  m o m e nt u m

v al u es �퐵 (0 )
�푠 (0 ) = �퐶 (0 )

�퐶 a n d �푡 �푒 (0 ), r es p e cti v el y.  T h e d as h e d li n es i n di c at e t h e dis cr eti z ati o n err ors

O ( �퐸 �푡 �퐶
2 k 2 ) fr o m a p o w er c o u nti n g esti m at e.  T h e r es ults s h o w t h at t h e r ati os li e  wit hi n t h e d as h e d

c o n es,  wit hi n t h e st atisti c al u n c ert ai nt y.  H o w e v er, si n c e t h e si g n al-t o- n ois e r ati o f or t h e c orr el ati o n

f u n cti o n d e cr e as es as t h e  m o m e nt u m i n cr e as es, t h e fit p ost eri ors t e n d t o h a v e bi g g er u n c ert ai nti es

f or l ar g er  m o m e nt a.  H e n c e, �푡 (0 )
�푒 (k ) c o m p ut e d fr o m t h e dis p ersi o n r el ati o n  wit h t h e gr o u n d st at e

5
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Fi g u r e 3: C o m p aris o n of t h e gr o u n d st at e e n er g y ( b ott o m) a n d a m plit u d e (t o p) b y dir e ct  m e as ur e a n d t h os e

b y dis p ersi o n r el ati o n.  H er e, �퐶 0 .1 2 f m , a n d �퐾 �푡 / �푡 �푏 = p h ysi c al.

m ass �푎 (0 )
�푚 at k = 0 h as a s m all er err or t h a n t h os e dir e ctl y  m e as ur e d.  We t a k e t h e v al u es o bt ai n e d

fr o m t h e dis p ersi o n r el ati o n i n o ur a n al ysis.

5.  D at a a n al ysis: f o r m f a ct o r

We d e fi n e a n a v er a g e d ( or s m e ar e d) t hr e e- p oi nt c orr el ati o n f u n cti o n �푙 3 [7 ]:

�푚
�푠 → �푏

3 (�퐶, �퐾) ≡
�푡 − �푡

(0 )
�푡 �푏 �푏 − �퐵

(0 )
�퐵 (�푠 − �휋 )

8

�퐾 �퐶 → �푡
3 (�푎, �푀)

�푡 − �퐶
(0 )
�푡 �퐶 �푡 − �퐶

(0 )
�푡 (�퐴 − �푡 )

+
�퐶 �푡 → �푒

3 (�푀, �푡 + 1 )

�푒 − �푀
(0 )
�푁 �푡 �푡 − �퐵

(0 )
�푠 (�퐶 + 1 − �퐶 )

+
2 �푡 �푒 → �퐸

3 (�푡 + 1 , �퐶)

�푡 − �푒
(0 )
�퐸 ( �푡 + 1 ) �퐶 − �푡

(0 )
�푒 (�퐸 − �푡 − 1 )

+
2 �퐶 �푡 → �푒

3 (�퐸 + 1 , �푡 + 1 )

�퐸 − �푛
(0 )
�퐸 ( �푛 + 1 ) �퐿 − �푀

(0 )
�푛 (�퐵 − �퐸 )

+
�퐸 �퐸 → �퐿

3 (�푡 + 2 , �푇)

�푒 − �퐸
(0 )
�퐿 ( �푡 + 2 ) �푒 − �푀

(0 )
�퐵 (�푇 − �푡 − 2 )

+
�퐶 �퐵 → �퐿

3 (�푡 + 2 , �푇 + 1 )

�푒 − �퐸
(0 )
�퐿 ( �푡 + 2 ) �푒 − �푀

(0 )
�퐵 (�푇 − �푡 − 1 )

, ( 1 2)

w hi c h s u p pr ess es t h e os cill ati n g st at es’ c o ntri b uti o n i n a  m a n n er si mil ar t o �퐶 2 d e fi n e d i n  E q. ( 1 1 )

[7 ].  We c o m p ut e t h e a v er a g e d r ati o �푅 (�푡, �푇) as d e fi n e d i n  E q. ( 7 ) b ut  wit h t h e a v er a g e d c orr el ati o n

f u n cti o ns �퐶 2 a n d �퐶 3 i n pl a c e of �퐶 2 a n d �퐶 3 , r es p e cti v el y.  R ef erri n g t o  E q. (8 ),  w e h a v e tri e d v ari o us

fit  m o d els f or �푅 (�푡, �푇) a n d f o u n d t h at t h e f oll o wi n g fit  m o d el d es cri b es o ur d at a  w ell:

�푅 (�푡, �푇) ∼ �퐹 (0 ) 1 + ( − 1 ) �푡 + 1 �퐹 (1 )
�퐿 �푒 − �훿 �퐸

(2 )
�퐿 �푡 + �퐹 (2 )

�퐿 �푒 − �훿 �퐸
(2 )
�퐿 �푡

+ ( − 1 )�푇 − �푡 − 1 �퐹 (1 )
�퐵 �푒 − �훿 �푀

(2 )
�퐵 (�푇 − �푡 ) + �퐹 (2 )

�퐵 �푒 − �훿 �푀
(2 )
�퐵 (�푇 − �푡 ) , ( 1 3)

w hi c h is c o m p os e d of t h e first e x cit e d os cill ati n g a n d n o n- os cill ati n g st at es’ c o ntri b uti o ns fr o m b ot h

m es o ns.  H er e, �퐹 ( �푛 )
( �퐿, �퐵 )

, �훿 �퐸 ( �푛 )
�퐿 , a n d �훿 �푀 ( �푛 )

�퐵 ar e fit p ar a m et ers. F or t h e l att er t w o,  w e us e t h e t w o- p oi nt

f u n cti o n a n al ysis r es ults as pri ors  wit h s o m e r el a x e d u n c ert ai nti es.  We p erf or m t h e fitti n g of o ur

a v er a g e d r ati o d at a  wit h t his fit  m o d el.  E x c e pti o ns ar e t h at f or �퐵 → �휋 a n d �퐵 → �퐾 d e c a ys, t h e

os cill ati n g c o ntri b uti o n fr o m t h e �퐿 m es o n is e x cl u d e d f or b ett er g o o d n ess- of- fit.
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V i

( d) �푙 �푚 → �푠

Fi g u r e 4: A v er a g e d r ati os �푏 a n d t h eir fit r es ults ( b a n d).  H er e, �퐶 0 .0 5 7 f m , a n d �퐾 �푡 / �푡 �푡 = p h ysi c al.  T h e

d ar k b a n d r e gi o n i n di c at es t h e fit r a n g e.  T h e l eft m ost c ol or e d b o x r e pr es e nts t h e fit r es ult of t h e l e a di n g

c o nst a nt �푏 (0 ) wit h t h e h ei g ht as t h e u n c ert ai nt y.

I n Fi g. 4 ,  w e pr es e nt s o m e e x a m pl es of a v er a g e d r ati os ( di vi d e d b y  m o m e nt u m �푏 �퐵 ) a n d t h eir

pr eli mi n ar y fit r es ults. I n Fi g. 4 a a n d 4 b ,  w e s h o w t h e r ati os f or t h e t e ns or c urr e nt �퐵 4 �푠 of t h e �휋 → �퐾
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t h e �퐶 �푡 → �퐶 d e c a y.  T h e l eft m ost c ol or e d b o x es i n t h e pl ots r e pr es e nt t h e fit r es ults of t h e l e a di n g

c o nst a nt �푡 (0 ) ,  w hi c h c orr es p o n ds t o t h e f or m f a ct ors  wit h n or m ali z ati o n. F or a gi v e n d e c a y, fit

r a n g es ar e c h os e n t o b e si mil ar i n p h ysi c al u nits a cr oss e ns e m bl es.
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f u n cti o n of t h e r e c oil e n er g y �퐶 0 �푡 �푒 f or �푀 = �푡 , �푒 .  We us e a  m ostl y n o n p ert ur b ati v e  m at c hi n g

�푀 �푁 = �푡 �푡 �퐵 �푠 4
�퐶 �퐶

�푡 �푒 4
�퐸 �푡

, ( 1 4)

w h er e �퐶 = �푡 (�푒 ) f or �퐸 = �푡 (�퐶 ) [8 , 9 ].  H o w e v er, i n t his  w or k, o nl y t h e fl a v or- c o ns er vi n g r e n or m al-
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( c) �푏 �푎 → �푚

Fi g u r e 5: F or m f a ct ors �푙 , �푚⊥ , a n d �푠�푏 a s a f u n cti o n of t h e r e c oil e n er g y �퐶 0 �퐾 �푡 .

i z ati o n f a ct ors �푡 �푡 4
�푏 �푏

�퐵 �퐵 4
�푠 �휋

ar e a p pli e d,  w hil e t h e  m at c hi n g f a ct or �퐾 �퐶 i s n ot y et a p pli e d, s o t h at  w e

i ntr o d u c e a n e ff e cti v e bli n di n g of ar o u n d 5 % i nt o t h e a n al ysis pr o c e d ur e, as i n  R efs. [1 0 , 1 1 ].

6. S u m m a r y a n d o utl o o k

We h a v e c al c ul at e d t h e c o m pl et e s et of l atti c e f or m f a ct ors �푡 , �푎⊥ , a n d �푀�푡 f or t h e �퐶 → �푡 ,

�퐶 → �푡 , a n d �퐶 �푡 → �퐴 d e c a ys o n t h e ( 2 + 1 + 1)- fl a v or  MI L C  HI S Q g a u g e e ns e m bl es a n d pr es e nt e d

s o m e pr eli mi n ar y r es ults.  T h e  HI S Q a cti o n is us e d f or t h e s e a a n d li g ht v al e n c e q u ar ks,  w hil e t h e

cl o v er a cti o n i n t h e F er mil a b i nt er pr et ati o n is us e d f or t h e b q u ar k.

T h e l atti c e f or m f a ct ors  will b e e xtr a p ol at e d t o t h e c o nti n u u m b y  m e a ns of h e a v y- m es o n r o ot e d-

st a g g er e d c hir al p ert ur b ati o n t h e or y ( H Mr S �푡 P T), as i n  R ef. [ 1 2 ].  We  will t h e n e xtr a p ol at e t h e m t o

t h e f ull ki n e m ati c r a n g e a c c essi bl e i n t h e e x p eri m e nts b y t h e  m o d el-i n d e p e n d e nt �퐶 e x p a nsi o n [ 1 3 ]

usi n g t h e  B C L p ar a m etri z ati o n [ 1 4 ]. Fi n all y, t h e f or m f a ct ors  will b e u n bli n d e d a n d us e d t o c o m p ut e

t h e r el e v a nt d e c a y r at es or |�푡 �푒 �푀 |.  We als o pl a n t o c o m bi n e o ur r es ult  wit h t h e c oll a b or ati o n’s r es ult

f or �푡 → �푒 ( ∗) f or m f a ct ors o n t h e s a m e e ns e m bl es t o o bt ai n t h e r ati o |�푀 �푁 �푡 | /|�푡 �퐵 �푠 |.
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