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Introduction

This paper explores the BPS/CFT correspondence at the example of the N = 2 asymptotically

free super-QCD in four dimensions, i.e. gauge theory with 8 supercharges, with SU(N) vector



multiplet (A, ¢, $),and N ¢ = 2N hypermultiplets (Qy, Q' )?X 1 in fundamental representation.
The theory has been thoroughly explored, its two-derivatives low-energy effective action
computed exactly, both indirectly using the constraints of electro-magnetic duality [2] and by
the direct field theory computation employing equivariant localization [3]. This approach works
well for computations of supersymmetric partition functions and correlators of observables,
commuting with a specific supercharge Q.

This gauge theory has a string realization, making it possible to establish connections to
other gauge theories, e.g. maximally supersymmetric super-Yang-Mills theory on different
spacetimes, and mathematical structures associated with them. It would be very hard, if even
possible, to envision these theoretical bridges without string theory framework. One such
structure is the celebrated geometric Langlands (GL for short) program. Another related
one is the mathematics of two dimensional conformal field theory, and that of quantum
integrable systems.

We explore the correlation functions of extended observables associated to two-dimensional
surfaces in Euclidean spacetime, and find their role in establishing the difference Langlands
correspondence, or di-Langlands for short. Other names, recently appeared in the literature,
are the h-Langlands correspondence (for additive difference operators) and ¢-Langlands
correspondence (for multiplicative difference operators). We prefer not to use these terms,
in order not to confuse with the setting of quantum Langlands correspondence (which has
to do with general (q1,¢2) or general (e1,e2) Q-deformation reviewed below).

A few remarks on our terminology. From the four dimensional gauge theory we are
extracting, via taking the vacuum expectation values, a set of functions of various parameters
of the theory. These functions will be organized into a vector space H. The gauge theory
operators whose expectation values produce vectors in H will be called observables, and
denoted using the boldface font, e.g. O, Q, Y, H-observables. The expectation values of some
of these observables will be called functions, and denoted using the regular font, e.g. O, Q,
H-functions. Some of observables correspond to defects, e.g. ¥, so they expectation values
will be called the wectors, e.g. ¥ € H:
U= @ (1.1)
1)
Some of our observables have the bonus property that they can be expressed as polynomials in
the topological charges, up to Q-exact terms. In this case the insertion of such an observable
in the correlation function computing W is equivalent to action on the ¥ by differential
operators in topological fugacities, e.g. complexified theta-angles, Kdhler moduli, etc. In this
case we shall call such an observable and operator, and denote its action as
Ao (OW)
OV . ) (1.2)
Another remark concerns the use of gauge origami. This is a non-commutative gauge theory
setup inspired by IIB string theory D-brane configuration, which geometrizes the N = 4
gauge theory together with codimension two and codimension four defects, as well as the
truncated version of the theory, corresponding to orbifolding the closed string background



by a subgroup of SU(4), preserving the geometry of branes. It is in this frame of mind
that we often approach the gauge theory of interest: the Aj-quiver gauge theory: SU(N)
theory with 2N fundamental flavors. It is the limit qq,q2 — 0 of the Ay-quiver gauge theory,
which is the theory with the gauge group SU(N)g x SU(N);1 x SU(N )2, with bi-fundamental
hypermultiplets in (N1, Ng), (N2, N1), (N, No)-representations. In our conventions, the
ten-dimensional space-time is viewed as a product C; x Cy x C3 x C4 x Cy, with the physical
spacetime of gauge theory being the product C2, = C; x Cs, spanned by N D3-branes. The
defects are produced by adding D3-branes stretched along C3, = C3 x Cy, giving rise to
qq-observables, and /or C25 or C2,, producing Q- or Q-observables. To produce the xflz-quiver
theory one performs the orbifold by the Zs-group acting via (z3,24) — (e% 23, 6_%24)

Finally, one of the main applications of gauge theory is seen in the limit €9 — 0. We shall
call such a specialization of the general 2-background the §2;-background, thereby stressing
that C; x C3 x C4 planes are equivariant topological, and Cy is topological.

1.1 The main results and outline

The main results of the paper are: the identification of ¥ with the state of quantum N-site
integrable gl(2) XXX spin chain, whose inhomogeneities, spins, and reference charges (the
parameters of the HW-modules [4] which are the local site representations of gl(2)) are
determined by the masses and Coulomb parameters in the units of A = €1, the Q;-background
parameter, while the twist q is determined by the gauge coupling and the theta angle of the
theory. We construct the full set of quantum integrals of motion (QIM). The conventional way
of organizing them uses the transfer matrix formalism and representation theory of the Yangian
Y (gl(2)). There are constructions in terms of supersymmetric interfaces in lower dimensional
supersymmetric gauge theories [5, 6], but these apply to finite dimensional representations of
the Yangian (or bounded modules for affine quivers). We do not quite follow this route.

The outline of the paper is as follows. In section 2, we recall the setup of the theory, both
in field theory language, and through string and M-theory constructions. In section 3, we focus
on specific surface observables, called Q(x) and Q(x)-observables. In section 4, we review the
argument showing the expectation values Q(x)/Q(x) obey the Baxter’s TQ equation. We
then study the fractionalization of Q/ Q-observables in the presence of the monodromy surface
defect. In section 5, we show their vacuum expectation values obey a set of linear equations
(which we prove by an extension of the method employing the regularity of partition functions
of the gauge origami models), which can be organized in the form of Lax operator formalism
of the Leningrad school [7]. This allows us to identify the action of the trace of the twisted
transfer matrix on a state of the spin chain (realized by differential operators in parameters of
the monodromy surface defect) with the operator product expansion of the local bulk chiral
operators with the said surface defect. Using supersymmetry and cluster decomposition, we
demonstrate the surface defect is an eigenvector of the transfer matrix, with the eigenvalue
given by the vacuum expectation value of these bulk operators. As a result, we establish
the di-Langlands to infinite and bi-infinite dimensional setting (in the usual considerations
of mathematicians only bounded or finite dimensional modules are considered). Finally, we
conclude with discussions in section 6. The appendices contain a brief review of the Yangian
algebra and Manin matrices, and some computational details.
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2 The webs of gauge and string theories

In this section we briefly review the interconnections between the quantum 4d N = 2
supersymmetric gauge theory and two and three dimensional gauge theories whose moduli
spaces of special classical solutions describe the moduli spaces of vacua of the four dimensional
theories. We also briefly describe the surface defects and observables, and what is known or
conjectured about their presentations in the framework of gauge and string theories in various
dimensions. Finally, we review the geometric Langlands correspondence and its extension —
di-Langlands correspondence — which we develop in this paper in the specific case.

2.1 Four dimensional quantum field theory
The equivariant localization approach to exact computations in quantum field theory uses
two deformations.

2.1.1 Noncommutativity and stability

The first, curing the ultraviolet singularities of the moduli spaces of instantons deforms
the Euclidean space-time R?* to its noncommutative version R%, with the flat coordinates
X% obeying

(X', X7] =i0% (2.1)

with constant antisymmetric tensor ©, while keeping the metric Euclidean

4
g=)Y dX'dX’ (2.2)
i=1
By an SO(4) rotation of X%’s the tensor © can be brought to the normal form

0 0 0 0

=0—N——+0—N— 2.
© Lozt 4 Ox? + 203 A Ox? (2:3)
The important for the structure of our observables is the sign of the combination
r=01+6 (2.4)

We shall call the theory at (r > 0 the holomorphic phase, and that at (g < 0 an anti-
holomorphic phase.



2.1.2 Equivariance with respect to rotations

The second deformation cures the infrared divergencies, by placing the theory in an effectively
rotating frame, creating a potential well for localized field configurations attempting to run
away to infinity. This is achieved by the (2-deformation, i.e. a supergravity background,
whose effect on the bosonic part of the gauge multiplet kinetic term is to replace the
covariant derivatives D¢, Daé and the commutators [0, (;_5] of the adjoint scalars in the
vector multiplet by

Da¢+w.Fa, Dad+ w.Fa, (6,0 + tv.Dad — ty.Dad + tv.v. Fa, (2.5)

respectively, with the vector fields V, Vz being the infinitesimal SO(4) rotations, preserv-
ing 0 (2.3):
0 0 0 0
V.= X2—X1) <X4 - X3 >
FT A < axt " axz) T\ pxs T axd

P P P P
- _ = 2 0 1 0 _ 4 3
Ve=a (X oxi X 8X2) T e (X axs X ax4>

(2.6)

Here 1,29 € C are the two complex parameters of the {2-deformation, and &1, &5 are their
conjugates.

In this paper, we shall be often working in the limit eo — 0, with €; # 0. We call this
particular case of (2-deformation the ;-background.

In this paper we are going to study the gauge theory observables, both local and extended,
which supercommute with a supercharge Q. preserved by the 2-background.

One such class of observables are the gauge invariant functions of ¢(X), evaluated at
the fixed point locus X = X, of V, i.e. where V.(X,) = 0:

0\(X) = trg(X)*, k=2,3,...,N (2.7)

Classically, all gauge invariant polynomial functions of ¢(X) can be expressed polynomially
in (2.7). In performing the instanton calculations it is convenient to operate with all single-
trace operators at once, by defining the generating function, the Y-observable,

> 1
Y (z) = 2V exp Z —WO,(CO) (2.8)
k=1

where the X-dependence is omitted, while the auxiliary (at this stage) variable z € E is
introduced. Here E is a valuation group for the equivariant parameters of global symmetries.
For four dimensional theories ' ~ C (which we shall call, more specficially, Cs in what follows),
with additive structure. Our theory admits a lift to five dimensions, where F ~ C*, and
related theories admit lifts to six dimensions, where E becomes a compact elliptic curve. This
observable survives the limit £1,e9 — 0, although its expectation value exhibits a complicated
analytic behavior. To describe it we need to specify a few more details about our gauge theory.
Having Ny = 2N means the ultraviolet theory is superconformal, and is characterized by the
microscopic gauge coupling e and theta angle ¥, conveniently combined into the parameter

872

q = exp 2mir = ¢V 2 (2.9)




The 2N hypermultiplets are characterized by the set {m1,...,mon} C E. We shall often use

2N

P(x) = H (x —my) (2.10)
f=1

to encode the masses.

Finally, a vacuum state of the theory is characterized by the asymptotic eigenvalues
of p(z) =% diag(ao,...,an_1). The set a = {ag,...,any_1} C E will be a parameter
of our correlation functions. The normalized vacuum expectation value of an observable
O will be denoted as:

Oa = (2.11)

We can now recall the structure of the moduli space of vacua of the theory, i.e. the behavior
of correlators in the limit 1,62 — 0 [8]. The expectation values of O]S:O) can be recovered
from two pieces of information: first, define the hyperelliptic curve

P
(=) = t(z) == tox™ + t1x™V T FupaN 24 Fuy (2.12)

y+aq

where

tozl—i—q,tl:—quf—(l—q)Zaa (2.13)
f «@

while

u = (ug,us,...,uy) €U =~ CN-1 (2.14)
implicitly determined from requiring A-periods of the differential ﬁx% to be equal to
M)

ai,...,an—1; second (x,Ya(x)) is a branch of (z,y) which asymptotes to (z,z") for z — oco.

2.2 Two and three dimensional classical gauge theories and integrability

The curve (2.12) is called the Seiberg-Witten curve. It has been long known to coincide with
the spectral curves of several classical algebraic integrable systems: an XXX Heisenberg sl(2)
spin chain with N spin sites, or a Gaudin-Garnier s[(N) spin chain with 4 spin sites.

There are both physical and mathematical aspects of such identification. Mathematically
it means that the total space of fibration of Jacobians of the curves (2.12) over the affine space
U of polynomials t(z) is a holomorphic symplectic manifold (P,w®), with the Lagrangian
projection 7 : P — U having polarized abelian varieties as fibers. The Coulomb moduli a
are the holomorphic action variables, they are supplemented with ap, a dual set of periods,
such that

N-1 N—1
Wt = Z da; A dp' = Z da’y A dpP (2.15)
i=1 i=1

where the corresponding angle variables ¢’ on the fiber 7=1(#(x)) defined up to a lattice

O~ b+ 2t + 27r27ijmj , n',m; €7 (2.16)
J



with P = > 7107, and 79 the period matrix, obeying

1

y 0>F » oOF
i — aby = 2.17
8ai8aj 4D 8al- ( )
with the prepotential F(a) governing the 1,9 — 0 limit of the partition function
F(a)
(La ~e=1e (2.18)

In addition to this action-angle picture of P, identifying it with such and such integrable
model usually means having another Lagrangian foliation P — X, the coordinates on X
playing the role of coordinates (suitable coordinates on the fiber being momenta). For
example, Hitchin system P ~ My is almost isomorphic to T*Bung(C, S), for some curve C
and colored divisor S so that X is a moduli space of parabolic G-bundles. Specifically for the
subject of this paper, G = SL(N), C ~ P!, and S = o0 + Hqq + p11 + piocoo are four points
{0,q,1, 00} where p, are conjugacy classes in G, with pg, 1o being diagonal matrices with
distinct eigenvalues, while pq, 11 are the diagonal matrices with eigenvalues of multiplicity
(N —1,1). The special nature of a genus zero Hitchin system is that it can be described by a
finite dimensional Hamiltonian reduction, specifically in our case (it is trivial to generalize
this formalism to the case of multiple punctures [9]):

P = (Opy X Opy X Oy x 0, ) )G (2.19)
where O, C g ~ g* is the coadjoint orbit of v. The Higgs field ¢,,dw of Hitchin’s equations
is a meromorphic 1-form on C valued in g,

d d d
qbwdw:JOiw‘FJq v +Ji 2 )
w w— w—1

Joo = —Jo — Jqg— i (2.20)

with J, € O,,. Now let us remember that G = SL(N), so that each orbit, and all of P, can
be given a quiver variety description (the physical significance of this picture is justified in
going to three dimensions and applying mirror symmetry), as a symplectic quotient T*& ¥
of the cotangent bundle T*& of the vector space & of homomorphisms between the vector
spaces attached to the end-points of oriented edges of star-shaped graph, by the action of
the group ¢ of general linear transformations of these vector spaces. By keeping only one of
the two homomorphisms per edge, and taking a quotient instead of the symplectic quotient,
one arrives at & /¥, a stand-in for Bung(C, S).

The beauty of Hitchin system is that P has not only the complex structure I and the
symplectic structure we =: 7, but also a metric g, which is Kéhler with respect to the
complex structure, i.e. defines a (1,1)-type symplectic form wg = g(I-,+), and two more
complex structures J, K, such that: [JK = I? = J? = K? = —1, and Q; = g(J-,-) +ig(K-,-).
This metric g stems from the identification of P with the moduli space of solutions to Hitchin
equations with sources at {0,q,1,00} on a pair (A, ®) of a gauge field and adjoint-valued one-
form, living on C\{0, q, 1, 00}. The hyperkéhler metric g depends on a conformal class [h¢] of
a metric on C\{0,q,1,00}. The (I,wc)-part of data does not depend on g and [h¢]. However,
for special choices of [h¢] one finds yet another interpretation of P. Namely, by making



C\{0,00} a flat cylinder R x S}, and temporarily forgetting about q,1 one can interpret
Hitchin’s equations as a loop space version of Nahm equations describing SU(2)-monopoles,
i.e. solutions to Bogomolny equations

Dyjo+*F4 =0 (2.21)

on R? x Sll /R with N Dirac monopole-like singularities of —1 charge, and N Dirac monopole-
like singularities of +1 charge. Here R? ~ C is the target of the Higgs field ® € C ® sl(N)
of Hitchin’s equations, while the R in R x S of Hitchin’s equation is the target of the
Higgs field o € R ® sl(2) of Bogomolny equations. The circle S}z of the cylinder supporting
Hitchin data is dual to the circle Sll/R of R? x Sll/R supporting Bogomolny data, i.e. one
parametrizes flat U(1)-connections on the other. The positions of +1 Dirac monopoles map
to the fioo-(uo-)monodromy data on Hitchin’s side, respectively. The cross ratio q of the
four points {0,q,1,00} determines the asymptotics of

9(x) ~ P exp 7{ (A+0) (2.22)

(.’El,z‘g)XSll/R

at (z1,22) — oo in R
The identification with the monopole moduli space (which goes by Nahm transform) gives
another interpretation of P as an integrable system. Perhaps the short way of describing it is

as a Hamiltonian reduction of T’ *AZ(\V; (C, D), with AZE* the space of (0, 1)-LG-connections on

a trivial bundle over C' = CUoo, with G = SL(2). Since affine Lie algebra Lie(LG) = C® Lg,

—

i.e. central extension of the loop algebra Lg, is not isomorphic to its dual Lz’e(Lé)* ~ the
space of A\-connections on S, the Higgs field has different nature from the gauge field.

2.3 Langlands duality for algebraically integrable systems

The overused name Langlands duality borrowed from the original Langlands program in the
theory of automorphic functions is now used in the geometric context mostly in reference
to Hitchin system Mjy. The reason is that the moduli space of principal G-bundles over an
algebraic curve has a double coset presentation similar to the one underlying the automorphic
side of the number-theoretic Langlands program, while the fundamental group of the curve
is an analogue of the Galois group. The representations of the fundamental group in the
LG-group are the local systems, whose moduli space is the phase space of the Hitchin system
for the “G gauge group, albeit in the J complex structure.

The physics approach to the geometric Langlands uses the mirror symmetry of the two
dimensional N = (4,4) supersymmetric sigma model with My target. More specifically,
using the algebraic integrable structure of My in the I complex structure, where it presents
itself as a fibration of abelian varieties, one employs the fiber-wise T-duality, passing to the
dual abelian varieties. Of course, this is an approximate picture, valid far away from the
discriminant locus. The magic of N = (4, 4) theory is that this approximate picture completes
to the exact equivalence of superconformal field theories.

The consequences of this equivalence for the Fukaya/D?(Coh Mg )-category (the hyper-
kéhler nature of My implies the multi-faceted nature of D-branes in the theory) can be very



interesting mathematically. For example, the quantization of Hitchin system [10] viewed
1

as a commutative subalgebra of Kj\i/[H—tWisted differential operators on My of the algebra
of morphisms End(B..) of the canonical coisotropic brane on My, maps, under the mirror
symmetry, to the Lagrangian brane of “G-opers [11]- special holomorphic flat “G-connections.

2.4 Q- and Q-observables, surface defects, and spin chains

Gauge theories have lots of extended observables. Wilson and ’t Hooft operators are associated
to one-dimensional and codimension-three chains. There are codimension-two defects defined
by prescribing the singularity of the gauge field near the support of the defect. In four
dimensional theory of our interest these are called monodromy surface defects.

The main object of study in this paper are the Q- and Q-observables, which we define
as peculiar surface observables in gauge theory.

Recall that Donaldson theory (a twisted version of pure N = 2 super-Yang-Mills theory)
has the surface observables

O](j)z = /E k Tr ¢* =1 F4 4 fermions (2.23)

which are defined by the slant product of the universal characteristic class associated to Oy
with the two dimensional homology cycle ¥ in spacetime. In the theory on R* there are no
nontrivial two-cycles, moreover equivariantly every Q.-descendant of Oy, such as (2.23) is
equivalent to a local observable inserted at the fixed point of V.. However, one can define
something nontrivial using infinite-dimensional bundles. Specifically, given a V.-invariant two
dimensional submanifold ¥ ~ R?, one can take the space & of solutions of Dirac equation
Dp¥ =0 on X with the gauge field B = Ay, restricted from the bulk. The characteristic
classes of &, viewed as a bundle over the gauge equivalence classes of gauge fields on R*
are the observables we are interested in. Were £y finite dimensional, we would organize
them into the Chern polynomial

rkés

Ox(z) = Z (—)Faes—ke, (&) (2.24)

k=0

But & is infinite-dimensional (like a the first Landau level on a infinite plane) so (2.24)
does not make literally sense. Nevertheless, with the help of Q-deformation (2.24) can be
defined by using (-regularization. For example, for ¥ = C; € C? with A = 0 the space
Es, = C[7] is the space of all holomorphic functions on C, viewed equivariantly with respect
to the group U(1) of rotations z + ze!®. Then

1 [odt b v
/ e a (2.25)
o I'(s)Jo t 1—etar 1—qq

where we introduced the notation E[---] for plethystic exponent. The general instance of

d
Ox(z) ~x(x—er)(r—2e1) -~ eXp o

S=

Q-observable associated with surfaces, invariant under the rotations of 2-background is
defined in the main body of the paper.



2.5 Topological sigma model with Hitchin target space

In this paper, the N = 2 theory in consideration is the class S theory [12] of type An_1
associated to the cylinder C* = P!\ {0, co} with n marked points S = {p1,p2,--- ,pn} C CX,
which is the linear A,_;-quiver SU(N) gauge theory in an appropriate S-duality frame. The
corresponding Coulomb branch is the moduli space My (SU(N),P!; S) of Hitchin’s equations
on P! with (regular) ramification data at S U {0, 00} [13]. The main example will be the case
n = 2. Some details for the general A, _j-quiver theory are discussed in [14]

To see the Hitchin moduli space at hand, we consider the N = 2 theory subject to
the Donaldson-Witten twist [15] and further to the €., .,-background associated to the
U(1)? isometry of the worldvolume C? [3]. Then we compactify this theory along the torus
T2, where C? is viewed as a T? fibration over ¥ = Rt x R*, to obtain a two-dimensional
N = (2,2) sigma model of maps from the worldsheet ¥ to the Hitchin moduli space target
My (SU(N),PL; S) [16, 17]. As a cohomological field theory in the preserved supercharge, it is
a topological sigma model; either an A-model associated with one of the symplectic structures
(with a B-field in general) or a B-model associated with one of the complex structures. This
association is determined by the ratio x = —Z—f of the Q-background parameters in the
original four-dimensional N = 2 theory [18, 19].

In our recent study [19], it was demonstrated that certain types of branes and functors
acting on them descend from half-BPS surface defects in the N = 2 gauge theory supported on
a complex plane in C2. Specifically, a regular monodromy surface defect descends to a brane
of A-connections, while a canonical surface defect leads to a Hecke operator. The magnetic
eigenbrane corresponding to an oper, on which the Hecke operators act diagonally, was revealed
to have its origin in the boundary condition at infinity, where the opers are parametrized by the
Coulomb moduli [9, 19]. We showed that the vacuum expectation values and the correlation
functions of surface defects satisfy the constraints for the sections of corresponding twisted
D-modules. Moreover, it was suggested that this N = 2 gauge theoretical formulation of the
geometric Langlands correspondence (with ramifications) [10, 11, 20, 21] is related to more
conventional approach of a topologically twisted (GL-twisted) N = 4 gauge theory [22-25]
by a string duality. See also [26-29] for vertex algebra approach of the geometric Langlands
correspondence.

2.6 di-Langlands correspondence from N = 2 gauge theory

The goal of the present work is to view the geometry of the same moduli space from a
dual perspective (see section 2.2). The Hitchin moduli space My (SU(N),P!;S) is known
to be isomorphic as a hyper-Kéhler space to the moduli space of periodic U(n)-monopoles
on P! x S! with a framing at co € P! and Dirac singularities at D x {0}, where D =
{mg,mf,--- ,mL_;} C P\ {00} = C [30-34]. In particular, these two moduli spaces are
related to each other by a Nahm transform. From this presentation, it also follows that it is
isomorphic to the moduli space Mnmiges(GL(n),PL; D) of multiplicative G L(n)-Higgs bundles
on P! with a framing at co € P! and regular singularities at D [30, 34, 35].

Due to the isomorphism, the target space of the aforementioned topological sigma model
can now be viewed as Muypiggs(GL(n), PY; D), and it is tempting to reevaluate our findings
from the N = 2 gauge theory within this perspective. This shift leads to an exploration
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of relationships between geometric structures on Mymiges(GL(n),P!; D). The N = 2 gauge
theory of class S thus offers a methodology to investigate the h-deformation of the geometric
Langlands correspondence.

The geometric Langlands correspondence has two sides — the automorphic side and the
Galois side — both of which have a respective h-difference analogs defining the di-Langlands
(“di” for difference) correspondence. On the Galois side, (quasi-coherent sheaves on) the
moduli space of local systems in the ordinary case gets replaced by the moduli space of
h-difference connections on P! with a framing at co € P! and regular singularities at D.
We focus on a special subspace spanned by h-opers, for which the A-difference connections
can be expressed by scalar h-difference operators. In our N = 2 gauge theory setup, we
construct the A-opers as the quantized chiral ring relation for Q-observable [9, 19].! The
vacuum expectation value Q(a; x) of the Q-observables in the limit e — 0 is shown [9, 19, 37]
to be solutions to the h-oper

0= [1 — t(a; z)e M0 4 qP(fL‘)e_zha’”} Qa;x), for n = 2. (2.26)

On the automorphic side, we expect twisted D-modules appearing in the ordinary case
to be replaced by h-difference modules on the moduli space Bungy,,) (P'; D) of parabolic
G L(n)-bundles over P! with a framing at co € P! and parabolic structures at D. Our aim will
not be formulate this object geometrically as a sheaf of modules, as our methodology lies in the
N = 2 gauge theory. Instead, we only note that the A-difference modules on Bungy, () (P'; D)
should arise from the (B, B')-strings stretched between a canonical coisotropic brane B.. and
another A-brane B’, on which the (B, B )-strings act by joining the strings. The latter gives
the quantized algebra of holomorphic functions on the moduli space Mumpiggs(GL(n), P; D),
which is known to be a module over the Yangian Y (gl(n)) [32-34].

Our proposal is to realize the Yangian module in the vector space spanned by vacuum
expectation values of monodromy surface defects in the N = 2 gauge theory, defined over a
Z-lattice of Coulomb vacua, specified below. In particular, we demonstrate that the regular
monodromy surface defect (also supported on C; x {0} C C; x Cy) gives rise to a distinguished
basis of a module H over the Yangian Y (gl(n)) enumerated by the Coulomb moduli a, by
its vacuum expectation values:

Y(@) e H,  Y(gl(n)) — End(H). (2.27)

We show this by constructing the Yangian R-matrices from the correlation function of the
monodromy surface defect, the Q-observable, and the gg-characters. This Yangian module
H is evaluation module realized on a tensor product of N bi-infinite (i.e., neither highest-
nor lowest-weight) gl(n)-modules. The gl(n) generators are represented by h-difference
operators, where the Yangian deformation parameter £ is identified with the 2;-background
parameter €1 = h.

Had we realized the h-difference modules as a sheaf over Bungp, ) (P'; D), we could
have defined the fi-analogue of the Hecke operator by employing the Hecke correspondence
and the projections to Bungp,n) (P!; D). This is not the approach we take in this work.

See [36] for the derivation of the chiral ring relation in the absence of surface observables.
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Instead, we define a Q-operator, the h-analogue of the Hecke operator, within our N = 2
gauge theory context. More specifically, we define the Q-operator on the aforementioned
Yangian module by inserting the Q-observable on top of the regular monodromy surface
defect in the correlation function. Using the cluster decomposition of the two surface defects
in the limit e5 — 0, we prove that the QQ-operators act diagonally on the distinguished basis
elements ¢(a) € H in the limit €9 — 0, where the eigenvalues are given by the Q-functions
Q(a; ) satisfying the hA-oper equation. Namely,

Qi(z) - Y(a) = Qi(a; x)y(a), 1=1,2,---,n. (2.28)

Further, we demonstrate that the Q-operator satisfies the universal h-oper equation for
Yangian Y (gl(n)) represented on the module H, viewed as a quantized chiral ring relation of
the coupled system. From this, we show that the Q-eigenstate property of the distinguished
basis implies that its elements are also common eigenstates of the transfer matrices (x) of
the Yangian Y (gl(n)) represented on H,

0 = ({(z) — t(a;z))¥(a), (2.29)

with the eigenvalues (coefficients of t(a;x)) parametrizing the space of hi-opers.

All in all, we conclude the following statement: for a h-oper associated to the Coulomb
moduli a, there is a corresponding @Q-eigenstate 1(a) in the Yangian module H realized by
the vacuum expectation value of the regular monodromy surface defect in the limit €5 — 0 at
the vacuum a. The @-eigenstates also represent the spectral A-difference equations for the
associated XXX spin chain. The quantum spectra are precisely determined by the Coulomb
moduli a that specify the h-oper. This can be regarded as a h-deformation of the ordinary
geometric Langlands correspondence associated to twisted D-modules and opers [10, 11].

3 Four dimensional gauge theory, surface defects and surface observables

In this section, we begin our N = 2 gauge theory formulation.

The path integral of gauge theory is a sum over k € Z of integrals over the space Ay /Gy of
gauge equivalence classes of connections on a principal G-bundle over S* = R*Uocc. Although
the moduli space My, of instantons (i.e. solutions to FX = 0 equation) depends only on
the conformal class of the metric on the four dimensional spacetime, the metric on My
depends on the metric itself. The proper setup for computations of the low-energy effective
theory is the moduli space Mgamed of framed instantons on R*. It is hyperkihler, yet not
complete. Path integral of N = 2 theory has a mathematical interpretation as Mathai-Quillen
representative of the Euler class of certain infinite-dimensional vector bundle over Ay /Gy. The
bundle depends on the field content of the theory. In this paper we are mostly dealing with
asymptotically conformal super-QCD G = SU(N) gauge theory. The corresponding Euler
class can be modeled, for each k, on a finite-dimensional model of Mgamed, which admits
smooth partial G x Gyt-equivariant compactification. Here Gt = U(2) is the spin cover of
the group of rotations of R*, compatible with the structure used in the compactification.

We present the construction of the base four-dimensional N = 2 supersymmetric gauge
theory and its half-BPS surface defects in the gauge origami formulation [38—40].
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IIB branes [ 0|12 |3]4]5]6][7]8]9
D3 X | x|x|x

KK5,, 41 X|x|x|x X | x
KK5; X | X X | x
D3 X | X X | X

Table 1. IIB brane configuration for gauge origami.

Table 2. Spacetime for gauge origami.

The gauge origami is the configuration of intersecting D3-branes in the IIB theory on the
ten-dimensional spacetime X x C, where X is a local Calabi-Yau four-fold. We will consider
the cases X = Cy x Cg x (C3 x Cy4)/T'34 and X = Cq x (Cy x Cg x Cy4)/(T'34 x I'a4), where
I'sy = Zyp11 and 'y = 7Z;. Here, Iy, gives an orbifolding action rotating C, and Cp in the
opposite direction. We implement the Q-background for the U(1)? C SU(4) rotations of X.
The three independent §2-background parameters are written as g4, a = 1,2, 3,4, Zizl €q = 0;
€, associated to the rotation of the C,-plane. In order to preserve the supersymmetry, the
D3-branes must wrap two complex planes among four in X and be located at the origin
of the remaining two planes, while they can be positioned at any points on the transverse
C. We abbreviate the notation so that, for instance, C2, indicates C; x Co x {0} C X
and certain position on C.

On top of stacks of D3-branes, we have D(—1)-instantons. The path integral of the
gauge origami configuration is exactly computed by equivariant localization [40]. The framing
equivariant weights of the Chan-Paton bundles are given by the positions of the D3-branes
on the transverse plane Cs.

After introducing the gauge origami construction of the base N = 2 gauge theory, we will
define Q-operators as surface defects realized by coupling two-dimensional N = (2,2) chiral
multiplets. Also, we will define the monodromy defect as assigning singular behavior of the
gauge field at the chosen surface, modelled by an orbifold. Their vacuum expectation values
are computed by the gauge origami partition functions. See also [41-44] for an algebraic
approach of engineering the gauge theory and its monodromy surface defects.

3.1 Four-dimensional N = 2 supersymmetric gauge theory

By a well-described construction, the A;-type quiver theory is a limit q1, g2 — 0 of the theory
of N regular branes on Zs-orbifold. In the gauge origami setup it is a stack of 3N D3-branes
on C2, x {0} C C3, x C2,/Z3 (see the first two rows of table 1 with n = 2). Unlike the fully
dynamical As-type quiver theory, the A;-limit does not depend on €3, so we can simplify our
formulas below by setting it to zero. The Chan-Paton bundle has the character decomposition

N-1
Nio = NgRo + N1 R1 4+ NoRg = Z e - Ro+ eMaTe1tes Ri+ €m; - Ra, (3.1)
a=0
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where R;, ¢ = 0, 1,2, denote the three irreducible one-dimensional representations of Zs, Rg
being the trivial one, and Ry = R3.2 The gauge origami partition function, upon dropping
a 1-loop contribution of non-dynamical (Ny, Ng)—hypermultiplets, reduces to

A | 98"+ MTS* +qp (M7)*S| A
Z= ;ql ) B = ;q' tas (3.2)
where S := Sy = Ny — PoK, M+t = Sy = Ny, M~ = S; = Ny, and A now denotes (slightly
abusing the notation) an N-tuple of partitions. This is exactly the partition function of the
Aj-quiver gauge theory, i.e., U(N) gauge theory with N fundamental and N anti-fundamental
hypermultiplets. The explicit formulas for the 1-loop contribution p4 x of the perturbative
fluctuations around the instanton configuration X in the Coulomb vacuum a is well-known [3].

In Q;-background the four-dimensional theory is described by an effective two-dimensional
N = (2,2) theory on the Cy-plane, with the effective twisted superpotential W(a;q). The
partition function (3.2) in the e — 0 limit behaves as [45]3

W(a,m,e1;q)

lim Z(a,m,e1,e9;q) =e =2 . (3.3)

eo—0

We also note that the Co-plane becomes topological in the limit e — 0 (as the supercharge Q.
becomes the twisted supercharge of a hybrid A/B-model with worldsheet C3). In particular,
the local Q.-closed observables in the effective two-dimensional theory can be translated
modulo Q.-exact corrections.

The path integral with insertions of local or non-local BPS observables can be localized to
a sum over colored partitions A. For SU(N) or U(N) gauge theory A stands for a collection

A = ()\(0)7 - ‘,)\(N—l)) (3.4)
of partitions
A@) — (/\gco SAW > s )\éaA)(a)) > 0) (3.5)
of sizes
M@ = A 0 + A (3.6)
so that
k:’/\(o)‘+...+]/\(N—l)‘ (3.7)

is the instanton charge.

For observable O we denote by Ola, A| its evaluation at the instanton configuration
corresponding to the N-tuple of partitions A, in the vacuum characterized by the Coulomb
moduli a. Therefore the normalized vacuum expectation value of O is computed by

(O)a _ DA qlMNa,z\O[a’ Al
<1>a > oA ql/\|/1«a,)\

(3.8)

280 that
(C[Zg,] =RoPR1DPR2.

3This limiting behavior of the partition function can also be obtained from the limit shape [8, 46].
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3.1.1 Local observables in four dimensions

The local observables in the four-dimensional N = 2 gauge theory are polynomials in the
single trace invariants of the complex scalar ¢ in the vector multiplet. In our main example
of N = 2 theory with SU(N) gauge group, there are N — 1 independent local observables,

Tr¢*, k=23,---,N. (3.9)

We organize them into a generating function, called the Y-observable,
<1
Y(z) = exp Tr log(z — ¢) = 2V exp | — Z —Tr . (3.10)
= lz

whose evaluation at the instanton configuration A is the virtual Chern polynomial of the
universal sheaf,

Y(x)[a,A\] = E[—e"Sla, A]*], (3.11)

with, for (g > O,

N—1
Sla,A]= > e (1 —(l-q)1—q) > qlilqgl) (3.12)

(1.5)EX)

and, for (g < 0,

N—1
Sla, Al = > e (1 ~(l-q)1—q@) > (hiﬂbj) - (3.13)

a=0 (i,5)EA)

3.2 Q/ Q-surface observables

Having fixed our N = 2 gauge theory, we will turn to the construction of various surface
defects and observables. We introduce the Q- and Q-observables which are built by inserting
an additional D3-brane that intersects the worldvolume of the original stack of D3-branes
of the gauge theory along a surface.

3.2.1 Q/Q-observables

On top of the stack of D3-branes wrapping C?, which engineers the four-dimensional N = 2
theory, we add a single D3-brane wrapping C3; carrying the Zg-charge 1 for Q or 0 for Q,
respectively (cf. the fourth row of table 1),

N—-1 N-1 N—-1
Nig = Z e’ - Ro + Z eMetarte Ry + Z emd - Ra
a=0 a=0 a=0 (314)
Nig ="t . Ry, or ="t Ry
The gauge origami partition function, in the limit q; = q2 = 0, becomes, by simple
computation:

Zq)\ _ Q(z)[A]
(52) = 3o (G0 (8:15)
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with

Qx) =47 > % ¢a Qu(a),

d - Q(x) M (x + deq) (319
€9 ~ L x x €1
da=]] (1 + jgl) o Q)= T QG e 1 (@ e

where M (z) is entire function of z solving

M (x)

M —e = ) (3.17)

We call these surface observables Q- and Q-observable, respectively.
Finally, the evaluation of Q(x)[A] at the instanton configuration A is entire function
of x, with the zeroes, at (g > 0, at

r=ag+ei(i—1)+eA, a=1... N, i=12 (3.18)

Explicitly, we have

i . (i—1) — 22

Q@ = 1 F(_‘,,3%)11”“"“““

3.19
oo ey T —aq—ei1(i—1) (3:.19)

It is easy to show by the methods of [38] that (Q(z)) is also entire in z, for any &1, es.
For later purpose, we denote the normalized vacuum expectation value of the Q/ Q-
observables in the limit es — 0 by

) P ) N (3.20

li A a
am0 (1), a0 (1),

where we specified the vacuum by the Coulomb parameter a.

3.3 Monodromy surface defect

The monodromy surface defect ¥y in the four-dimensional N = 2 gauge theory is engineered
by assigning a singular behavior of the gauge field along a surface ¥ [47, 48], effectively
coupling the four dimensional gauge theory to a two dimensional sigma model [49].

3.3.1 Curvature singularity

The connection between the orbifold structure and the monodromy surface defect is the
following. Requiring the singular behavior of the form

Flyz (21,71, 22,%2) ~ J(21,71)0) (22, 22) (3.21)

with J(z1,21) € Om C g being a z1-dependent element of a conjugacy class in the Lie
algebra of the gauge group,

Om = G/ Lgauge (3.22)
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characterized by a choice of the Levi subgroup of the gauge group. Additionally, the
monodromy surface defect depends on the choice of a Levi subgroup of the flavor group
it preserves [48]. The choice of the Levi subgroup is conveniently encoded in coloring
functions. In our main example of the SU(N) gauge theory with N fundamental and N
anti-fundamental hypermultiplets, the coloring functions (c, cf,cqy) assign Z;-charges to the
framing and the flavor bundles,

(c,epycqf) :{0,...,N =1} —{0,1,--- ;[ -1} (3.23)

from which the preserved Levi subgroups are read off as

-1
Lgange = 5 (X U(#Cl(W))> ;
v (3.24)
Lmatter =5 (X U(#Cr;elmtter(w))>
w=0
In the case of [ = N and the coloring functions ¢, ¢¢, and ¢,f are chosen to be one-to-one
(without loss of generality, c(a) = cf(a) = cqf() = @), the associated monodromy surface
defect is said to be regular. For the purpose of studying the di-Langlands correspondence (as
well as the ordinary geometric Langlands correspondence, as studied in [19]), we will mainly
consider the regular monodromy surface defect throughout the work.

3.3.2 Parabolic structure

The curvature singularity (3.21) translates to the language of algebraic geometry as a parabolic
structure of the gauge bundle E, as a flag of subbundles 0 = Fy C F} C ... C Fj_1 C Ely,
of the restriction of gauge bundle on 3. Working modulo the supercharge Q means we can
assume all bundles and subbundles holomorphic. Also, a Q-exact deformation leads to a
partial compactification of the moduli space of parabolic bundles by the moduli space of
parabolic torsion free sheaves:

Fo=28 CFiCFyC...CF_1Cé& (3.25)

where zo = 0 is the equation defining ¥ (it is clear that (3.25) can be generalized to ¥
being a normal crossing divisor).

3.3.3 Orbifold construction

The singular behavior of the gauge field can be modelled by placing the N = 2 gauge theory on
an orbifold [50], Cy x (C3/Z;). The supersymmetry preserving construction is best formulated

27i 27i

in the gauge origami language, where the Z;-orbifold group acts via (22, z4) — (e @ 22,e T 24).
In orbifold computations we shall often use the following notation:
1
Jo = C_Izl ’ (jé =q2, (326)
also, for w € Z we denote by
[w] :=wmod € {0,1,---,1—1} (3.27)

its projection to the fundamental domain for Z/IZ.
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The map 23 +— z} sends the spacetime of gauge theory on the Z-orbifold to the ordinary
spacetime C; x C3. The branching locus represents the singularity of gauge fields along
the locus {z2 = 0}. This map is holomorphic but not isometric, of course. The actual
field redefinition requires complex gauge transformations, which, in turn, entail complicated
functional Jacobians. Fortunately, in computations involving £Q-closed observables all these
complications are irrelevant, up to Q-exact terms.

To summarize, the monodromy surface defect in fln—theory is implemented by the gauge
origami on the orbifold C; x (C33,/T13 x T'a4), where I'y3 = Z,, 41 and Tay = Z; (see the
third row of table 1), with Chan-Paton spaces now being representations of both Z; and
Zn+1. They are encoded in the coloring functions,

caii{l,...,Naj} —{0,1,--,1—1},  Ae{12,13,14,23,24,34}, i € {0,1,--- ,n}.
(3.28)

In the A; limit, with n = 2, and q1, g2 — 0, where we can also set ¢35 = 0 without any loss of
generality, we arrive at N = 2 gauge theory with a specific monodromy surface defect.

The path integral of the N = 2 gauge theory on the Z;-orbifold localizes to an equivariant
integral over the moduli space 9t of instantons on the Z;-orbifold [40]. As explained in [19],
one associates a projection p : M* — M to the map 2o — zb of the underlying spaces. The
pushforward p.1, summed over all fractional topological charges but kx_1 is an observable in
the N = 2 gauge theory, the monodromy surface defect representative ¥(u) in Q.-cohomology.

Now we present the evaluation W(u)[A] of the monodromy surface defect associated
to the coloring function ¢ (3.23). First, we can write the equivariant Chern character of
the framing bundle as

N
S ~c(a mt ~cr(a m= ‘5ca a), ~Cqf(a
N12:Z (eaan( )R0®mc(o¢)+e anf( )R2®%Cf(a)+6’ aterg 7 >0R1®q2 f( )mcaf(a)> '
a=1

(3.29)

Here, R, denotes the one-dimensional representation of Z; with charge w. Accordingly,
the universal sheaf of the instantons on the Z;-orbifold, carrying a representation of Z;,
can be written as
A -1 5
S12 = Z [SwRO + QISQ2W’OM[‘,—J_1]R1 + Q:),_IM:RQ} ® 43 Ra, (3.30)
w=0
Ouw, +
where we defined S, =3 ,c.-1(0)(Na = P1Ka) +05"" X peoi1 (o) PrEar MG =Y 0eet (€™

Cfar

The projection map p: 9% — M gives the universal sheaf for the instantons and the flavor
bundles in the absence of the orbifold by

-1 -1
S=> S,=N-PoK_, M*=> MI (3.31)
w=0

w=0

-
In particular, the projection p induces a map of fixed point sets p : (Emzl) " IMTH, where

the fixed points of 9% enumerated by colored partitions {A} map to the sub-partitions {A}
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formed by the columns carrying Z;-charge [ — 1. It is convenient to relate the fractionalized
universal sheaf to the parabolic sheaf by working with

Yo =8us1+ - +S5_1, w=0,1,---,1—2. (3.32)
Then, the gauge origami partition function gives, by a standard computation
Z = (¥Uc(u))a (3.33)

with the surface defect observable

Py Py ’

w=0

-2 -2 -1 _
TR ) ¥ 2 (B — S 1) — M 47 Y(MD) S,
\Ilc(u)[)\]: § : H qu ky IE 0+§ ( +1) q1 ( )
Aep~—1(a)w=0
(3.34)

labelled by the coloring function c. There are [ — 1 defect parameters (qw)ij:zo encoding the

singularity of the gauge field and the magnetic flux along the support C;.
We parameterize these defect parameters using u = (uw)ij_:lo,

Qo = Swtl 0,1, 12, (3.35)
U

with a redundancy of overall scaling. Also, we introduce the tree-level normalization of the
surface defect by multiplying (3.34) by

+
mg —aq

' N-1
Ve ()™ = TT w0t - (3.36)
a=0

3.3.4 Basis of Yangian module from monodromy surface defect

Here, we will restrict our consideration to the regular monodromy surface defect. We define a
vector space ‘H as a suitably completed vector space of multi-valued functions W¥(ug, ..., un—1)
on (C*)N, which are the eigenfunctions of the monodromy around the coordinate axes:

N-1
\I/(GQWMOUO, ceey 627rinN*1uN_1) = H tZ“"I’(’LLo, R ,UN—I), (3.37)
w=0
with the monodromy eigenvalues
27ri(aa—mz)
tao =€  °1 ,a=0,...,N—1. (3.38)

We denote collectively

6= (ta))2) € (C)V (3.39)
A typical element of H has the form
N-1 mj;—aw
H Uy ' X (a homogeneous Laurent polynomial in ). (3.40)

w=0
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We are completing the space of Laurent polynomials by allowing infinite (convergent) series
in u, /u,, with w > w’. We also allow formal paths in H, parametrized by g, such that at qF
order one admits finite polynomials in u,,/u,, of degree bounded by k.* Thus the vacuum
expectation values of the monodromy surface defect becomes a vector in H,

<\IJ(u)>a e (3.41)

Importantly, so do vevs of the monodromy surface defects at other vacua of the N = 2 theory
enumerated by the Z-lattice of Coulomb parameters:

<\I/(u)>a+61n €H, (3.42)

for any vector n = (nog,...,ny_1) € ZN¥~! satisfying ng + ... +ny_1 = 0.

As we will clarify in section 5.2, the space H is the weight-zero subspace in a U(gl(2))-
module #, from which we construct the evaluation module over the Yangian Y (gl(2)) (recall
section A.2). When considering the Bethe subalgebra, we may restrict to H since the
degree-zero condition only amounts to setting one of the Hamiltonians (the total momentum)
to a number.

In the Q-background, the monodromy surface defect becomes a local observable on the
Ca-plane. Its normalized vacuum expectation value becomes

lim 7<‘I’(U-)>a

Hm .~ vEwa), (3.43)

which we can view as above-mentioned g-parametric family of basis vectors in H.

3.4 Parallel surface defects

Finally, we consider the configuration where a regular monodromy surface defect and Q- or
Q-observable are extended along the same C;-plane in parallel. The parallel surface defect
configuration here should not be confused with the intersecting surface defect configuration
studied in [51, 52] in the regard of the associated isomonodromy problem. Rather, the
configuration here is a fi-analogue of the parallel configuration of the monodromy surface
defect and the canonical surface defect studied in [19], utilized for the N = 2 gauge theoretical
account of the ordinary geometric Langlands correspondence.

In the gauge origami setup, the parallel surface defect configuration descends from adding
a stack of N D3-branes to the stack of D3-branes engineering the N = 2 gauge theory
with the monodromy surface defect, each of which carries a Zy-charge w =0,1,--- ,N — 1,
as we now explain.

3.4.1 Q-observable and monodromy surface defect

First, we assign the coloring functions for the framing Chan-Paton bundles. We keep the
coloring function (3.23), where (c,cf, cq¢) are one-to-one functions, for the stack of 3N D3-
branes supported on C; x Co x {0}, while also giving an one-to-one coloring function for the new

4As we will see in section 5.2, we introduce a twist parameter q that parametrizes a twist of the periodic
boundary condition of the gl(2) XXX spin chain. Then, we construct a g-parametric family of basis elements
of H by the construction above.
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stack of N D3-branes supported on C; x {0} xC3x {0} xx, where x = {xg,z1, -+ ,an_1} C Cs.
The configuration is summarized by the following equivariant Chern characters of Chan-
Paton spaces,

N-1 _
Nip= ), {eaw“Ro + ¢ TRGUOR 4+ MR | @ R,

w=0
o (3.44)
ng — Z ezw+€1+€2q~g . Rl ® g{w.

w=0

The corresponding gauge origami partition function reads
Z1213 = (2(x)) (3.45)

with the generalized Q-observable Q(x) defined by its evaluation at the instanton configuration:

. N-1 . N-1 et (M —
=[] Qulzu)Al:==]] E wPl* (3.46)
w=0 w=0

where we use the double bracket (---)) to indicate the ensemble average over the colored
partitions {A}.

Instead of considering arbitrary positions x, let us set a reference value x and e;-integral
shifts, namely, x, = * — ny,e1 with n, € Z. Then the generalized Q-observable factorizes
as a product of the Q-observable, and a fractional 0-observable inserted at the intersection
of the surface defect and the surface observable:

N—1n,—1

Qu(z)[A] = E[Y Y e siA (3.47)

w=0 =0

Therefore, the gauge origami partition function (3.45) computes the correlation function of
the two surface defects and the fractional 0-observable at their intersection.

Let us consider the case where x = x,, := (z,--- ,x,2 — €1, -+ ,& — £1). The correspond-
———
w1 times N—w—1 times

ing generalized Q-observable factorizes as

w

N—1
Qu(x) = Q(xy) = H (z) H Qu(x —e1),

'=0 w'=w+1

N-1 . ’
Z e$Sj[A}]

w'=w+1

w=0,1,--,N—1, (3.48)

relating the 0-observables to the parabolic structure (3.25). The 0-observable is absent in
the case of w = N — 1, Qn_1(x) = Q(z), where the gauge origami becomes the OPE of the
regular monodromy surface defect and the bulk Q-observable,

(@x-1(@) = (QETW) =3 aMuax Q)N (WA, (3.49)
A

with Q(x)[A] and W(u)[A] given by (3.15) and (3.34).
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3.4.2 Q-observable and monodromy surface defect

Next, we bring together Q-observable and monodromy surface defect, again with both surfaces
being parallel. The gauge origami configuration is represented by the equivariant Chern

characters of Chan-Paton bundles,

N-1

NIQ _ Z |:6a“”R,0 + em@_1]+81+83qgw,0Rl + emjfegRZ ®(j§]mw,
o (3.50)
Nig= Y e™ g5 R0 ® R,
w=0
where we placed N D3-branes supported on @%3 at generic positions x = (g, x1, - ,TN-1) €

CN—1. In Ai-quiver gauge theory the instantons on @%3 only grow along C,. The correspond-
ing partitions A3 classifying the fixed points on the instanton moduli space are single-columns:
N 1— g
Kiz= )Y e™q —a 35 Ro @ Ry,
w=0

(3.51)
I @ (af“Ro +as(1 — gf* )Ry ) @ R,
w=0

where we set the lengths of the columns as d = (d,))=.

The gauge origami partition function is given by
=y H ai .y 9(x)[a, Al (3.52)
A w=0

where we defined, after including the classical part, the generalized Q-observable by

=8 +dw ~

= H (x)Qa(x), (3.53)
d w=0
where
N—-1 d .
4 Xpy_1] — Tw + (dw—1] + 1 = J)e1 + €2000
a(x) = J] J] = = ,
w=0 j=1 JEL
N (3.54)
Qd(x) — 1:[ Qw (:Cw) (xw + dwel)
=0 Qw(-rw +d 51)Q[w+l] (Iw (dw + 1)51 + 526w,N71)
They satisfy the following recursion relations:
dwel
Dy_e (x+e10,) = )
d-eslx tere) Ty—1] — Tw + djy—1)€1 + €200,0 alx)
Lly-1] — ZTw + (d[w,l] + 1)er + €20,.0
@ e - w) = @
dre b re) (@ + 1 s
Qd—e, (x + £1€1) = Yo (7 + £1) Qa(x)
- 1 -
Qdte, (x —€101) = T Qa(x)
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In the €2 — 0 limit with all x, = x, w = 0,1,--- ;| N — 1, identical, all the non-negative
integers d,, in the sum (3.53) would have to be the same (otherwise the numerator of &g
vanishes, cf. (3.54)):

lim Q(z,z,...,z)[A] = lim Q(z)[A]. (3.56)

ego—0 e9—0

In this sense Q,(x) is a generalization of the Q-observable.

3.4.3 Q-observables as QQ-operators

Even with the additional insertion of the Q-observable, the correlation function (3.49) of
the Q-observable and the monodromy surface defect is valued in the space of degree-zero

N-1
w=0"

Laurent polynomials in the monodromy defect parameters u = (u,,)
N-1 cx
(W = v = w ; .
Q(2) - (¥(w) = (Q@)¥(w)) € (@) H ) (3.57)

just as the vacuum expectation value of the monodromy surface defect itself. In other words,
we can view the Q-observable also as an operator

Q(z) € End (H), (3.58)

whose action on the basis element (¥U(u)), is given by the above correlation function. Under
this context, we will refer to Q(x) as the Q-operator. Since the contribution at each partition A
is modified by the insertion of the Q-observable, the action of Q-operator is highly non-trivial.

In the limit es — 0, the surface defect and the surface observable can be moved around
the plane Cy topologically. Therefore the vacuum expectation value (3.49) factorizes:

(Q(2)¥(w))
2 = Q(a; 2)¢(a; u), (3.59)

A T

by cluster decomposition. The normalized vacuum expectation values Q(a;x) and ¥ (a;u)
are precisely the ones we already obtained in (3.20)and (3.43). In the point of view of the
action (3.58), the factorization implies that the @Q-operator acts diagonally on the basis
¥ (a;u) of the space H enumerated by the Coulomb moduli a, with the eigenvalue Q(a;z).
Under this context, we will refer to the eigenvalue Q(a;x) also as the Q-function.

Note that such a factorization does not occur for other Q-observables (3.48), thus they
do not act diagonally in the basis ¥ (a;u).

The Q-observable also defines an action on the space H by its insertion in the correlation
function,

Q(z) - <\Il(u)> = <Q(3:)\Il(u)>a €H, Q(z) €End(H). (3.60)

a

In the limit e9 — 0, the action is diagonal on the basis 1(a;u) of the space H enumerated
by the Coulomb moduli a, with the eigenvalue Q(a;zx),

(@)
Jim S = Qas)u(as ). (3.61)
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To sum up, the Q-observables can be viewed as Q-operators on the space H. In the limit
g9 — 0, the action of Q-operators are simultaneously diagonalized on the basis ¢ (a;u) € H,
the normalized vacuum expectation value of the monodromy surface defect. The eigenvalues
are the normalized vacuum expectation values (Q(a;z) and Q(a; x)) of the Q-observables,
which we call the Q-functions.

4 Non-perturbative Dyson-Schwinger equations in the presence of surfaces

Having introduced the surface defects and observables, we turn to the modification of the
chiral ring of the four-dimensional gauge theory in their presence. We derive the so-called TQ
equations and show they provide the quantization of the chiral ring in the form of h-opers.

First, we give geometric constructions of the A-difference connections and h-difference
opers, or h-opers, for short. Then we move on to their N = 2 gauge theoretical realization.
Within the gauge origami configuration, we add D3-branes wrapping C3,, thereby engineering
the gg-characters [38]. By the regularity property of the vacuum expectation value of the
gq-character [39], we show that the vacuum expectation values of Q- and Q-observables obey
quantum h-oper equation. Further, the correlation functions of the Q-, Q-observables and
the regular monodromy surface defect are shown to satisfy fractional TQ equations.

4.1 Moduli space of h-connections and affine space of h-opers

We introduce the moduli space of hA-connections on P! with a framing at oo € P! and regular
singularities at D C P!\ {oo} = C, and the affine space of h-opers as a subspace. The
presentation in this section resembles the one in [53-55], but is different in detail.

Fix h € C. Let us consider the shift automorphism e : P! — P! defined by z +— z + k.
Note that it restricts to a well-defined automorphism on P!\ {occ} = C, €= : C — C. Given
a rank n vector bundle E —» P!, let E" be the pullback of E under the map e"o=.

Consider a map A : E — E" Upon trivialization of E on an open dense subset
U C P!, the map A is determined by the matrix A(x) € gl(n) ® C(z) representing linear
map E, — E,; with respect to a chosen basis on U N e*haz(U ). A change of trivialization
by g(z) modifies the matrix A(x) by

A(z) — gz + h)A(z)g(z) L. (4.1)

The shift automorphism induces an operator e : E — E" that sends a section s(z) to
s(x 4+ h). The above gauge transformation can also be expressed as

1, = A(2)e " 1 gla + h) (1, — A(@)e ™) gla + )~ (4.2)

The map A : E — E" is called meromorphic h-connection on E with a framing K € GL(n)

and regular singularities at D = {mJ,m{,--- ,m{_,;} C P'\ {c0} = C, if A(z) has simple
T—r00

poles only at D and A(x) “<° K. In particular, A(z) is regular at co € P! and det A(x) =

detKIJZEg = det K I i::;z for some {m;|a =0,1,--- ,N —1} C P!\ {00} =C. In

other words, {m_ |a = 0,1,--- ;N — 1} is the locus where A(x) is not invertible, and we

regard it also as an input data for the h-connection. We will consider the generic case where
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the h-lattices originating from the zeros and the simple poles do not overlap anywhere, i.e.,
{mZE + hZ>o} N {méE + hZ>o} = @ for any pair of + and «,3 € {0,1,--- ,N — 1}.
Now let us restrict to our main case n = 2. We start from a h-connection in the form of

Alz) = (O‘(‘””) p (‘”)> , A(z) T (q ?) Cdet A(z) = g ). (4.3)

We can always make a gauge transformation to set the lower-left component to be P%(w), at

the price of creating singularities of the A-connection at the zeros of v(z). The h-opers are
defined to be the A-connections which do not contain any additional singularity in this gauge,

ie., y(x) = P+1(x). Then, by making a triangular gauge transformation by

o(2) = <1 p+(x)5(x)> ’ (4.4)

0 1

we get

0

tﬁx) —aP(z

where we defined t(z) := P (2)a(z) + Pt (z + h)d(z + h) = (1 + q)z¥ + ---, which is a
degree N polynomial in z. The coefficients of the polynomial ¢(x) span the space of fi-opers.
The leading coefficient is fixed to be 1 4 q by the framing as noted above. We will also soon
restrict to the subspace where the next-to-leading order coefficient is fixed to a number. After
doing so, the space of fi-opers is a (N — 1)-dimensional affine space.

In the gauge (4.5), we can write the h-difference equation for a horizontal section as

t(x) —
_ P 9P (@) o~ 1 (Q(f + h))
’ (12 (P+1(:c) 0 ) ) MA@\ Q@) ) o

where, as a convention, we normalized the horizontal section by a product of I'-functions

I—m(jl:
M*(x), defined by M*(z) = [TV} % satisfying % = P*(z). Tt follows

that the lower component Q(x) of the horizontal section satisfies a second-order scalar
h-difference equation,

0= (1 — t(x)e "% 4 qP(m)e‘Qﬁaz) Q(z + h). (4.7)

We call this Ah-difference equation the hi-oper equation, and call Q(x) the h-oper solution.
Note that the h-oper equation is nothing but the scalar Baxter T(Q equation satisfied by
Q-functions for the gl(2) XXX spin chain with N sites. We will give a gauge theoretical
construction of the h-opers in the next subsection, and come back to the spectral problem of
the XXX spin chain as a consequence of our N = 2 theoretical formulation of the A-Langlands
correspondence in section 5.4.
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Let us be given with two independent A-oper solutions Q(z) and Q(x). The h-Wronskian

o >
+h)EQ(

of the corresponding horizontal sections is defined by

1 Q(xz + h)
Walw) = M+<x>< Q) )

= M+1(x)2 (Q(ZL‘ + h)Q(x)
From (4.6), it follows that
Wh(x P (z s M~ (x

Note that the hA-Wronskian Wj,(z) of the h-oper has N semi-infinite h-lattices of zeros at
r € m, + hZ>0, as well as N semi-infinite A-lattices of simple poles at = € m + hZ>o,
a€{0,1,--- ,N —1}. This is in contrast with the A-(or ¢-)opers studied in [53-55] whose
h-(or q—)Wronskian have finite lattices of zeros (without any pole). As we will show in
section 5, this extension to semi-infinite A-lattices of zeros and simple poles is necessary to
incorporate bi-infinite Yangian modules in the XXX spin chain. When our formulation is
restricted to the special loci where the positions of zeros m,, and poles m} are related by
an integer multiple of A, i.e., m} —m; € hZ~g, the bi-infinite modules precisely contain
finite-dimensional submodules and the h-Wronskian with finite A-lattices of zeros is recovered
by cancellation between I'-functions.’

The holomorphic symplectic structure of the moduli space of A-connections was stud-
ied in [34], from the twistor rotation for the hyper-Kéhler structure of the moduli space
MumHiggs(GL(n),P'; D) of multiplicative Higgs bundles (the space of h-opers is called the
Hitchin section there in the view of the twistor rotation. See also [56]). We expect the space
of h-opers is a holomorphic Lagrangian submanifold of the moduli space of h-connections.
We postpone the description of the space of h-opers in Darboux coordinates on the moduli
space of hi-connections to future work. See also [57] for a different realization of h-opers.

4.2 TQ equation for Q/ Q-observables and fi-opers
4.2.1 Q-observable

To the gauge origami setup for the Q-observable we add one more D3-brane supported on
{0} x (C§4. The effect of that insertion is to engineer the gg-character. Consequently, the
equivariant Chern characters of the Chan-Paton bundles are given by

Nig =3 e Ro+ 3 et Ry + 3 ema 3. R,
e (03 e
N3 = ex'+€1+€3 “Ry (4.10)

N3y = ex'Ro.

5To be precise, the bi-infinite module H, in consideration contains a lowest-weight, sub-Verma module
at the discrete loci m} — aq € RZ. If we impose further mf —m, € hZ > 0, then we obtain the described
finite-dimensional submodule. These specializations of the parameters can be understood in the view of
higgsing. See [52].
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Flowing to the A; theory by setting q1, g2 = 0 we arrive at the gauge origami partition function

Z(z,2') = Z gzl sl 351257, Pa513573  P153453

A12,A34 Py Py P3y
~ ~ Zs
PSHPN aa Sty Pags o
—01257393 + &2 P1S13 =2 — sz SnST;| . (411)
P Py
It was shown in [19] that the contribution
P
—q137 N34 N13 (4.12)
Py
can be replaced by
—G13N3a N — Gaa V13 NG, (4.13)

For completeness, we will repeat the derivation here. This term originates from the product
of weights of an infinite set of equations

JisBY I3, =0, JuBiIi3=0, k>0, (4.14)

on the origami ADHM data. We now show that in our setup the matrix Bj vanishes,
hence the corresponding weights are never zero, and can be dropped from the numerator
without introducing poles in the relevant variable x. First, Bsl;s = 0 by the standard
stability condition of gauge origami. Secondly, the choice of Ni3 in Ry representation of
Z3 orbifolding ensures that instanton cannot move onto the C%; subspace in the freezing,
Ki3 = 0. Thus, we get

B3 I3 =0.

Finally, the would-be vectors Bsl34(N34) belong to the Re-component of K34, which is empty
in the ungauging limit. This implies

B3Iz = 0.

Therefore, all constraints are automatically satisfied for all £ > 0. The only remaining
constraints imposed to the gauge origami data are

Ji3l3y =0, J3ql13 =0, (4.15)
whose contributions to the partition function read exactly
E [—6113N34Nf3 — G3aN13 N3, + 152154N13f(§4} :
With the simplification (4.13), the gauge origami partition function becomes

Z(z,2) = (T(2) % Q"))a = 3 aMpaxr (T(x) x Q")) [a. Al (4.16)
A

i.e. the vev of the OPE of the gg-character T(x) and the Q-observable Q(x'), which evaluates to

P(x)

T(z) * Q(2')[a, A] = ((33 —a")Y(x +e1 +er)[a, A+ q(z — 2’ + 52)m

) Q@)la.N
(4.17)
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with

N
P(z) = P*(@)P~(z), P*@a) = [[(z—m?), (4.18)
f=1

on an instanton configuration A in the vacuum a. Now, the absence of poles in x implies
that the left hand side of (4.16) is a degree N + 1 polynomial in x, whose coefficients are
entire functions of 2. We can write:

Z(z,2') = (z — 2')(To(z) - Q(2)) + ge2(T1(2) - Q(a")) + (T-1- Q(z")) (4.19)

where the observables

To(z) = (9(1’ +erte)+ qp(m)>120

9(x)
Tule) = (11;((3 ) o (4.20)
T_1 = Coeff,— <‘z}(a: +e1+e2) + ql‘;g;)

are, explicitly, polynomials® in =, whose coefficients are some polynomials in Tr ¢* and the
masses, and T_; is also a polynomial in Tr ¢*’s and the masses. The product - in (4.19)
means that the evaluations at A of the factors simply multiply, i.e.

(To() - Q(2")) [a, A] = To(x)[a, A] x Q(a')[a, Al (4.21)

At special values x = 2’/ and © = 2/ — €9, the eq. (4.16) gives

P(z')
Z(x',x)=¢ < Qa:’>—€ P {Q(z' —¢
Z(r=1" —e3,2") = —e2(Y(2' + £1)Q(2")) = —e2(Q(z" + 1))
Let us now evaluate
Z(x,z) — Z(x — 9, ) (4.23)
€2
in two ways: first, from (4.22), second, from (4.19). We arrive at the equation:
(Q(z 4 1) + 9P (2)Q(z — 1)) = (t(x) - Q(x)) (4.24)
where we defined an observable-valued degree N polynomial in z,
t(z) = To(x —e2) + q(T1(z) — Ti(z — £2)) (4.25)

whose coefficients are again the polynomials in the local observables Tr ¢* and the masses.
We call (4.24) the quantum TQ equation.

The notation (...),>o means taking the polynomial part in expansion near z = oo, similarly the notation
Coeff,—1(...) means taking the residue at z = co.
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In Q;-background the quantum TQ equation reduces to the Baxter’s TQ equation on
the @Q-function:

0= {1 —tlajz)e 1% 4 qP(a:)e_zsla”] Qa;x + 1), (4.26)
which we shall also call the h-oper equation, where
v i (6(7))a
t(a;x) = 5121210 D (4.27)

is the normalized expectation value of the gg-character T(x) in the limit e — 0.

The second-order scalar h-difference equation (4.26) is precisely the fi-oper equation (4.7)
that we derived in section 4.1. Thus, we gave a N = 2 gauge theoretical realization of the
GL(2) h-opers on C (more precisely, P! with a framing at co) with regular singularities at
D={mZ|a=0,1,---,N — 1} C C by the Q-observable surface defect.

Note that the positions of the singularities are given by the mass parameters m* and
the twist parameter is identified with the gauge coupling q. Finally, ¢(a;x) is a degree N
polynomial whose coefficients are parametrized by the Coulomb moduli a. The first two
coefficients are respectively 1 + q and a simple combination of m* and e;. The rest of N — 1
coeflicients are combinations of normalized vacuum expectation values of the local observables
in the limit e9 — 0, namely, lim.,_so <Tr ¢k>a, k=2,3,---,N. We will collectively denote

these coefficients as Ex(a), k = 2,3,---, N. These coefficients (Ej(a))_,, and therefore the
Coulomb moduli a, parameterize the affine space of h-opers.

At this point, recall that we split the Coulomb moduli (aa)évgol into the values ‘;—;’ mod Z
and ep-integral shifts. The former is considered to be fixed, and the ej-integral shifts
parameterize the h-opers for the fixed values of ‘Z—? mod Z. In turn, we regard the space
of ropers as a (N — 1)-dimensional &;-lattice for each choice of £ mod Z rather than an
affine space over C.

Even though we do not describe the space of h-opers in Darboux coordinates on the
moduli space of h-connections in this work, it would be desirable to do so to find an explicit
relation between them and the Coulomb moduli a, and to express the generating function for
the space hi-opers in terms of the Coulomb moduli. See [9] for the gauge theoretical derivation
of the equivalence of the generating function for the space of opers, under a higher-rank
generalization of the NRS (sometimes called a higher-rank generalization of the complexified
Fenchel-Nielsen, cf [58, 59]) coordinates on the moduli space of flat connections, and the
effective twisted superpotential of the 2;-deformed N = 2 theory, as conjectured in [60].

4.2.2 Q-observable

We now verify that the identical TQ equation is satisfied by the Q-observable in the Q-
background. As in the case of Q-observable, we insert an additional D3-brane supported
on {0} x C%,. The gauge origami setup is represented by the following

Nop=Y e Ro+ Y et R 43 ema 3. R,
(6 (63 (e
Niz = "1 R, (4.28)

N34 == GIRO.
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The gauge origami partition function gives the correlation function of the Q-observable
and the gg-character,

Z(x,a') = <‘T(x) * Q(a:')> s i q7¢ax

l(x Cr—eat dm) <Qd<x’)y<x te +eg>>+

T+ dey

' e2+ (d+1)ey Qd(m/)
+qP(z) (96 —$_€2x/_x+(d+1)81> < Y(x) >

9

(4.29)

We stress that in (4.29) the potential poles at x = 2’/ 4 de; are absent even before taking
the expectation value.

Thus, Z(z, ') is a polynomial of degree N + 1 in z. We can express Z(z,2’) in a form,
somewhat similar to (4.19) (cf. (4.20)):

Z(z,2") = (¢' —z—e2){To(2) - Q(z)) +qe2(T1(2)- Q(a")) —(T-1-Q(a")) +e162 2, ') (4.30)

with the ‘error’ term

_ 61 Qd 1( ) ($,1‘/+d61)
A | qu < Y(a! (d+1)51+52)>’
Glaa) - 9(m+51+52)%—y(9g/+51+52)§g§ (4.31)
T -z
_ (To(@) —qTa(x)) f;}i;_—:(xf rateTi@ o

At the special values @' = x + g9, or 2’ = x the eq. (4.29) simplifies to
Z(x — &9, 1) :€2<Q(:1:+€1)>, (4.32)

as there is no contribution from d = 0 in the first line due to the factor ' — x — €9 + de;
in the numerator, and

Z(x,x) = —EQqP(x)<Q(x - 51)>, (4.33)
where we again used the definition (3.16). Again, by computing %Z(xx) in two
ways, we arrive at the equation

<Q( +e1) +aP(z )Q($61)> =
< (x+e2)+q(Ti(x —e2) — T1(x + €2))) Q(m)> (4.34)

+ Z 05 (Ga— da1) <Qd—1($)T1($) — Qu(z) (To(z) — qu(fE))>

We call this quantum TQ equation for the Q-observable.
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In the limit eo — 0, the quantum T(Q equation reduces to the Baxter’s TQ equation,
or equivalently the h-oper difference equation, on the Q-function:

Qa;z +e1) + qP(z)Q(a;x — 1) = t(a; 2)Q(a; z),

0= {1 — t(a; x)efslaz + qP(:c)e*QElam] Q(a; T+ €1>. (4.35)

It is clear from (4.34) that t(a;x), the degree N polynomial whose coefficients are
normalized vevs of the local observables, in the above equation is identical to the one
appearing in the h-oper equation (4.26) for the Q-function. It can also be directly checked as
follows. Multiplying the normalized vevs t(a;x) and Q(a;z) (3.16) in the limit 5 — 0, we get

t(a;z)Q(a;z)
_ = 4 M (z+dey)
=4 dz:%]q Qa;r+de1)Q(a;z+(d+1)e1)

_ & 4 M (z+dey)
— dizioq Q(a;2+dey)Q(a; o+ (d+1)e1)

t(a;2)Q(a;x)
(4.36)

(Qa;z+e1)+qP(2)Q(a;x—¢1))

=Q(a;z+e1)+qP(x)Q(ajz—e1),

where we used the TQ equation for the Q-observable in the second line and the definition (3.16)
of the Q-observable in the fourth line. Accordingly, we conclude that the normalized vacuum
expectation value Q(a; x) of the dual Q-observable in the limit o — 0 satisfies the same
h-oper equation (4.35),

0= [1 —t(ayz)e 1% 4 qP(az)e_Qelaﬂ”] (Q(a; z+e1) Qajz + 51)) ) (4.37)

4.2.3 Remark: Fourier transformation between h-opers and opers

Here, we make a short digression and remark about the relation between the quantum
TQ equation for the Q/ Q-observables and the quantum oper equation for the canonical
surface defect [9]. The aim is only to motivate the quantum TQ equations with g9 # 0.
The detail of the relation and its implication on the bispectral duality can be found in
the companion paper [61].

The canonical surface defect, for which we call the corresponding observable H-observable,
is related to the Q-observable by the Fourier transformation [9]

HY(y) = Y 4y 5Q(), a=01,---,N-1, (4.38)
€Ly
where L, = aq + €17 is the £1-lattice centered at the Coulomb parameter a,. The summation
converges in the domain |q| < |y| < 1 due to the zeros of the I'-functions in Q(x). The
description of the canonical surface defect as coupling a two-dimensional N = (2,2) gauged
linear sigma model and its observable expression are explained in [19, 61].
Under the Fourier transformation, the quantum TQ equation for Q-observable passes
to a N-th order differential equation for H-observable,

0= [0} + 022 * + -+ tv(y)| H), (4.39)
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where we introduced a proper normalization factor to bring the differential into a canonical
form. This is called the quantum oper equation [9, 19].

Now, we consider the Q-observable. We define the H-observable by the Fourier trans-
formation

I:I(a)(y) = Z yiiQ(l’)? o = 07 17 T 7N - 17 (440)

xef/a

where L, = m_ + €17 is the 1-lattice centered at the mass parameter m,. It is not difficult
to see that the series converges in the domain 0 < |y| < || due to the T-functions in Q(x).
Since the quantum TQ equation (4.34) for the Q-observable involves more terms compared
to the one for the Q-observable, it is not immediate that the two quantum TQ equations turn
into the same kind of N-th order differential equation through the Fourier transformation.
Here, we will show the two equations are actually the same, explicitly at the example of N = 2.
At N = 2, it is straightforward to compute
P(z)
To(z) = (H(:c+51—|—52)+q Y(a) )mzo
= (r—a1+ey)(w—aztey)Ferea(|A)) Fq(@?+(a—m)z+al+a3+aras—am—erea(|\])

0= (3.

=22+ (a—m)z+ad+a3+ajaz—am—e1ea(|)|),

(4.41)

where we use the notation e = &1 + €2, @ = a1 + az, and m = m{ + mj +mg + m;.
Also, we compute

Z(x,2) = <(:1:+51Vq) [(q -1) (Vq — :E/> + qgi

2) w02t o))
-

/ /
e =) (V1= Z) 4 (m—aa (V0 - £+ 2E2)] Q).
1
where V9 = q0,;. By a direct substitution into the quantum TQ equations, we get

(4.42)

€1 €1

<P+(:c +e1)Qx+e1)+qP (2)Q(x — 81)>
= ([ + 2%+ (221 —am — (1= Q)a)z + (a1 — 1) a2 — &1) + q(a(a — m) — araz)| A=)

+e182(1 — q)VI(Q(z)),
(4.43)

and
<P+(J;—|—51)Q(x+51)—|—qP_ (x)@(x—51)>
= < [(1+q)x2+(251 —(1—qg)(a—e2)—gqm)z+(a;—¢)(az—e)+q ((a—m)(a—@)—alag—alegﬂ Q(x)>

+ere2(1-9)V1(0() ),
(4.44)
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where we normalized the Q- and Q-observables using some I'-functions. In particular, it
is crucial to have Z(z,2’)-terms in the quantum TQ equation for Q(z) to pull out the g-
derivative outside the bracket. We notice that the above two equations are identical, after
shifting a; — a1 + 2 in the latter and multiplying q_% to Q(aj) Therefore, under such a
redefinition taken into account, the Fourier transform of Q- and Q-observables give solutions
to the same quantum oper equation, converging in different domains. For more detail of the
Fourier transformation between the quantum TQ equation and the quantum oper equation
and its implication on the bispectral duality, see [9, 19, 61]. For the quantum oper equation
associated to the Fourier transform of the next-to-simplest Q-observable, see [62].

4.2.4 h-Wronskian and QQ-relation

So far, we achieved two solutions to the h-oper difference equation by the normalized vacuum
expectation values of the Q-observable and the dual Q-observable in the limit €3 — 0. Here,
we will show that these two solutions are indeed generically independent by computing
the A-Wronskian.

The h-Wronskian” is defined to be the determinant of the matrix formed by the fi-jets
of solutions to h-difference equation,

Qajz +¢1) Qajz+e1)| . ) — Ol o
det( Q(a;z) Q(a;z) )‘Q(v +e1)Q(a;2) — Qasz +61)Q(as ). (4.45)

By simply plugging the expression for the normalized vacuum expectation value Q(a;m)
of the dual Q-observable in the limit e5 — 0 into the above definition, the A-Wronskian
is computed to be

Qasz +1)Q(asz) — Qasz + £1)Q(a; z) = g7+ M(z), (4.46)

where M (x) is a product of inverse I'-functions defined in (3.17). Thus, the A-Wronskian is
an entire function in x € C with simple zeros only at discrete loci, confirming independence
of the two solutions to the h-oper equation at generic x € C. Note that the h-Wronskian is
precisely what appeared in the h-oper condition (4.9), up to a unimportant entire function.

We remind that the h-Wronskian relation is a special of the QQ-relation (see [63] for
instance), which reads

Q (a2 + me1) Qas ) — Q(a; & + me1)Q(a; ) = g7t M(x) U™ (a; 2 + mey),  (4.47)

where m € Z~q and t(™(a; z) is the eigenvalue of the transfer matrix £ (z) = Trem KT'(2)
defined by using the auxiliary space C™, at the eigenstate specified by a (see appendix A
and section 5.1). At m = 1, we recover the h-Wronskian relation (4.46). We show here that
the QQ-relation holds in the next-to-simplest case m = 2, involving the standard transfer
matrix for Y (gl(2)).

It is called quantum Wronskian in some literature. The term quantum sometimes indicates the ey # 0
deviation (i.e. non-critical level k # 0), so that we avoid using this terminology and call it hi-Wronskian not to
cause any confusion.
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Using the expression for the normalized vacuum expectation value Q(a; ) of the dual
Q-observable (3.16), we compute

Q(a;z + 221)Q(a; ) — Q(a; = + 261)Q(a; )

_ = ax - P(x+¢1)

=q M ( + 2¢q +qy(a'$+€ )> (4,48)
B E1M( )Q(a ;x4 2e1) +qP(z +¢1)Q(a; x)

=1 Qla;z +¢1)

= qﬁM(x) t(a;x +€1).

We confirm the QQ-relation is satisfied at each basis elements specified by a, with the transfer
matrix t(a; z) = t(?)(a; 2 + 1) given by the vev of the gg-character of the N = 2 gauge theory
in the limit g — 0 (see (5.10) and footnote 13). This is indeed anticipated from our gauge
theoretical formulation of the h-oper equation (4.26) and (4.37).

For higher m > 2, the QQ-relation expresses the transfer matrices defined by the higher-
dimensional auxiliary space C™ in terms of the higher gg-characters. In the present case of
Y (gl(2)), the only non-trivial transfer matrix is at m = 2 from which all the other higher
transfer matrices can be expressed. This is precisely in accordance with that the higher
qq-characters of the Aj-quiver gauge theory can be expressed in terms of the fundamental
qq-character in the limit e — 0.

4.3 Non-perturbative Dyson-Schwinger equations for surface defects and
observables

Having established the h-oper equations as chiral ring equations for the Q-observables, we
turn to the configuration of the parallel surface defects: the (dual) Q-observable and the
regular monodromy surface defect inserted on top of each other.

Recalling from section 3.4.3 that the Q-observables act as Q-operators when inserted on
top of the monodromy surface defect, our goal is to construct the universal A-oper equation
(equivalently, the operator Baxter TQ equation) as chiral ring equations. In fact, the 0-
observables inserted at the interface of the two defects make the construction even richer,
leading to the R-matrices of the Yangian which are building blocks of the monodromy matrix.
Therefore, we investigate the chiral ring equations for the generalized Q-observables (3.48),
which we refer to as the fractional quantum TQ equations.

4.3.1 Q-observable in the presence of the surface defect

For this, we insert an additional D3-brane supported on {0} x C3,, which leads to the gauge
origami configuration represented by
N-1 5 _ N
\ w!,0 M — ~w’
Nip= ) {eaw’Ro + qu3gy” e W IRy + g5 e Ry | @ G5 Rur,
w’'=0

4.49
Niz = Z et tertes g 5 R1® Ry, (4.49)

Nyy=e QQRO ® Ry-
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The gauge origami partition function®

N-1
Zo(x,x") = Z H ke M;X T.(z) % Q(x')[a, Al (4.50)
A w=0
becomes the expectation value of the OPE of the generalized Q-observable and the
qq-character,

Too () %Q(x") = (2 —2,) Y1) (T +E1+00,N-182) A(X) + e (T — 2,1 1)+, N—162)
(4.51)
where P,(z) = P (z)P; (z) and PX(z) = 2 — m‘fﬂ, and we use the notation (3.27) for

w
| = N. Recall the large x expansions:’

p? 1 a? 1
Y1y (2) :w—P[w+1]+$71 <51D£;1)+[w2”—[w2ﬂ> +o(x7?),

P,(zx)
Yu(2)

=x—m} —m, +p,+

2
— 1 € - — —
z 7! (61D£21+; 2+ (b —mp —ay—e))e1—1+ P (aw) P (a,) | +o(z7?)

(4.52)

Since Z,(z,x’) has no singularities in z, it is a polynomial of degree 2 in z, which can be
computed by expanding the right hand side (4.51) at large = dropping all negative powers

of z. Using (4.52) we get:

Zy(x,x") =(z — 2,){(z — apoy1) + €1 + €200, N1 + £114,) X))
2
+ { (51178) + %VE) - 61a[w+1]’/w> Q(x"))
+ qu(z — x{wﬂ} +e20un-1){(z —mS —mg + ay, — e1v-1)X))
(4.53)

2
1 g _
+ qw<<< — ach(uzl + 51 2+ (mb —my —ay —e1)e1vn1

+ Py (aw) Py (e + 61)) Qx") )

where
DY =eoko+ Y én— Y. o= esky+ Gy — Cu.
0K, OeKept1 (4.54)
bo=ao+(i—1)er+ (j—1)és, Oy €AY,

8

N-1 D & Ok D &  Ox D & A=
2, (z,x) = Z H qhrzethaeg _P3SA12512 _ P2S33513 _ P1SA34534 1987585
L P P Pr
S gy W0 12 13 34
S* L3z XN
+GoP4S13 ﬁlf — q13N34N{3 — G3aN13 N3y + PoPiN13 K3,
1

gp[w+1] - a[u+1] — &1V, Vw = kw - kw+1~
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At the special values of x in (4.51) we get

Z(@ =2y 41— Ou,N-162,X") = (T 1)~ Ow,N—182 = 2() Py (@) T )(QX +ere 1)),

Zo(@=al,x) = qu P (2l) (@l ], gy + 0o v—122) QX —c16,.))

(4.55)
where

e = (0uu)N5- (4.56)
We now compute, again in two ways,

Zo(x=1al,x')— Z,(x = x’[wﬂ} — 0w, N—1€2,X')

w?

7
x{u - x[w+1] + 5w,N—152

_ by (4.53)

= (x/[w—i-l] — fp1) + €1+ E1U10u, 4y + Gu(T), — me —mg + ay — 51“wauw)) (Q(x"))

__by (4.55)

= 0P (2,)(Q(x" — erew)) + Py (o) +e1){Qx + crepun))
(4.57)
which we can call the fractional quantum TQ equations.
Again, we normalize ¥ by the tree level contribution (3.36)

N—-1 mj*aw

T w = - (4.58)

For the generalized Q-observables defined in (3.48) the fractional T'Q) equations simplify to
To(2)(Qu(@)) = {Qur1(@)) + duPo(@)(Qu-1(2)),  w=0,1,--- . N1, (459)
with the understanding Q.4 n(z) = Qu,(z + £1) and
To(x) = (14 dw) + e1Uus1(Duyyy — Ouy) — My — qum, (4.60)
as computed from (4.57).

4.3.2 Q-observable in the presence of the surface defect
Next we consider the gauge origami setup:

N-1
A o - _ + !
Nig = Z [eaw’Rg + q139y° 0w 1R, + qs3 Lemu Ry | @ G5 R,

w'=0

N-1
“ / / 4.61
Niz = E e TG Ry ® Ry, (461)
w'=0

N3t = "G5 Ro @ Ro.
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The gauged origami partition function is computed to be
Z H a2 T (@) % O(x') [, A] (4.62)

where OPE of the fractional gg-character and the Q-observable is given by

2 ya [ (al, =)@ =2,y +eado -1 —dipsner)

/
r—xl,—dy,e1

Y1) (r+e1+0w N-162)

(@] y 1)~ T €200, N—1) (@[, g~ T+ (du_1+1)e1+E200,0) P, ()
xl,—x+(dy+1)er Yu(T)

+ qw ‘| Zd(x/)éd(xl)v

(4.63)

where we used the notation of (3.54). Again, the apparent poles at x = z/, 4+ d,e1 actually
cancel. See the appendix B for some details. The regularity theorem implies Z~w(l‘,xl ) is
a linear function of z. By expanding the right hand side of (4.63) in z we relate Z, to
expectation values of Qd(x’ )

Zu(w.x) = (P (ol oy —erdo v sy —do)er L) Ba(x))  (4.64)

Now, at special values of z, Z,, reduces to vevs of fractional Q-observables. First we consider

/

the case x = z;:

Zy(x =2/ ,%)

(m/[w-i-l} — xfu — 8250_,7]\],1)

= quPu(al,) (A —erew)) - (4.65)

Here we used (3.55). Next, z = x’[ — €20, N—1 gives

w+1]

Zy(x =2, ) —e20uN-1,X) -
By Py ) (1.6
w w+1 W,V —

where we again used the relations (3.55).
Let us define a differential operator in fractional couplings, also a degree 1 polynomial
in x' by

T.,x')= xfwru — A1) FE1FE U110,y +E200 N1+ 00 (T, —mb —m +au+E1uy,0u, —€2000)-

(4.67)
Then, by taking the difference between the two equations (4.65) and (4.66) (and changing
the notation from x’ to x) we arrive at

To(x)(Q(x)) = (Qx+ereprn) +duPu(@0)(Ax—c1e)), w=0,1,-- N1 (4.68)

These are the fractional quantum TQ equations for the generalized dual Q-observables.
By multiplying the classical part

g N—1 ml —aw

! H Uy (4.69)
w=0
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and assign x = x,, == (2,--- , 2,2 — €1, ,@ — £1), we obtain for Q,(z) := Q(x,,),
——

wtltimes  N—w—1 times
To(2)(Qu(@)) = (Qui1(@)) + uPu(2){Qu-1(2)), w=0,1--- ,N—1,  (470)
where T, (x) is precisely the degree 1 polynomial,
To(x) = (14 6w) + o1 (Ouyyy — Ouy) — Mbyy — Gumy, (4.71)

that appeared in the fractional quantum TQ equation (4.59) for the generalized Q-observables.
Thus, we have shown that the generalized Q-observables and generalized dual Q-observables
of specific type satisfy the same fractional quantum TQ equation (4.59) and (4.70).

5 di-Langlands correspondence

Finally, we present the N = 2 gauge theoretical account of the difference Langlands correspon-
dence. We construct the R-matrices of the Yangian Y (gl(2)) represented on specific modules
from the fractional TQ equations. The consternation of them leads to the universal h-oper
equation satisfied by the correlation function of the (dual) Q-observable and the regular mon-
odromy surface defect. By taking the limit eo — 0, where the correlation function factorizes by
cluster decomposition, we prove that the (J-eigenstates constructed as the normalized vacuum
expectation values of the regular monodromy surface defect, enumerated by the Coulomb
moduli a, are also common eigenstates of the quantum Hamiltonians of the XXX spin chain.

5.1 Yangian and universal h-oper

The Yangian Y (gl(n)) of gl(n) is an associative algebra, which is reviewed in the appendix A.1.
We introduce the universal h-oper which generate a maximal commutative subalgebra of
Y (gl(n)).

It is straightforward to show that, due to the defining relation (A.2), T(z)e "% ¢
End(C")®Y (gl(n))[[z~}, 8,]] is a Manin matrix [64, 65], i.e. a matrix over a non-commutative
ring for which, nevertheless, the determinant can be well-defined by the column expansion [66].
The notion of Manin matrix and its relevant properties are reviewed in the appendix A.3.
The determinant of T'(x)e " is computed to be

det (T(w)e*haz) = qdet T(x — (n — 1)h)e ™=, (5.1)

A Manin matrix defines another Manin matrix when it is added or multiplied by any
constant matrix. Let us be given with a constant matrix K € End(C™), and consider a
Manin matrix

1, — KT (z)e " ¢ End(C") @ Y (gl(n))[[z "}, 8,]]. (5.2)
Note that the constant matrix K introduces a twist in the periodic boundary condition for

the XXX spin chain (A.18). The determinant can be expanded in e~ " as

det (]ln - KT(x)efﬁaz) =1+ i (_1)mtm(x)efmhaI (5 3)
1 .

m=
=1- 1.',1(33)(3_’LZ‘9-I 4ot (—1)ntn($)e_”h8“”.



The coefficients t,,(z) € Y (gl(n))[[z]] are called universal transfer matrices.'’ In explicit
terms, the transfer matrices are given by

tn(e)= Y adet (KT~ (= DW)jpga)s  1<m<n,  (54)
J1<J2<<Jm

where [(Aj, - )ablap=1 = [Ajajs)ap—1 is @ minor of size m. In particular, t1(z) = Tr(KT(z))
and t,(z) = det K qdet T'(z +n — 1). It can be shown that the universal transfer matrices
mutually commute

[tm(2), £t ()] = 0, m,l=1,2,--- ,n. (5.5)

In fact, if the constant matrix K has a simple spectrum, the coefficients of the universal
transfer matrices span a maximal commutative subalgebra of the Yangian, called the Bethe
subalgebra B(Y (gl(n))) C Y (gl(n)) [67, 68]. Note that t,(z) = det K qdet T'(x — (n — 1)h)
generates the center of the Yangian Z (Y (gl(n))) C B(Y (gl(n))). All the rest of the universal
transfer matrices generate non-central elements in the Bethe subalgebra.

Let us define the quantum powers!! of the generating matrix KT (z) by

(KT (z))%:=1,

(KT (2):= KT(x+(i—1)R) KT (x+(i—2)h)--- KT (x+h)KT(x),  i>0. (56)

Note the recursive relation (KT'(z))i*Y = (KT(z + h)) KT ().
For any v € C", let us consider G(z) € End(C") ® Y (gl(n))[[z~!]] defined by Guy(z) =
S v ((KT(x 4 h)"~9)y. Then, it can be shown that

Gz — (n—1)h) (1, = KT(x — (n— 1)h)e ")

ti(z) —ta(z) oo oo (—=1)"2tn-1(2) (1) tu(2)
1 0 -0 .- 0 0
=(1,—-] o0 1 e 0 0 e M| Gz — (n —1)h).
(.) 0 1 0

(5.7)

The first line of the identity follows from the Cayley-Hamilton theorem!? for Manin matrices,
proven in [65]. All the rest are trivial identities.

Now, let us be given with a solution Q(z) = (---,--- ,Q(x)) € C" ® End(V), where V
is a module over Y (gl(n)), to the Manin matrix,

0= (1, - KT(z)e™")

Q(). (5.8)

10The definition of the transfer matrices tm(z) obviously depends on the choice of the constant matrix K.
We will not explicitly indicate this dependence for brevity.

" The procedure developed here is h-deformation of the one for U(sl(N) ® t*C[[t™*]]) which was studied
in [69]. The latter was also used in [19] to realize the universal oper in the N = 2 gauge theory. See also [70].

120 =3 (=1)"tm (2) T "™ (2 — (n — 1)R), where we set to(z) = 1.

m=0
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Then by using (5.7) with v = (0,---,0,1), we obtain the following A-difference equation
satisfied by Q(z), the last component of Q(z):

0= (1 — tl(x)e—ﬁaz 4 t2($)€_2h81 et (—1)"tn(x)e—”ﬁaz)

Q(). (5.9)

v

We will call this n-th order h-difference operator the universal h-oper. It generates the
transfer matrices t;(x)|y € End(V)[[z71]], i = 1,2,--- ,n. By construction, the transfer
matrices generate a maximal set of mutually commuting operators in End(V'), namely, the
quantum Hamiltonians and the central elements. The above A-difference equation for the
universal h-oper represented on the module V' is nothing but the operator Baxter’s T(Q
equation where Q(z) is a Q-operator.

Let us specialize to our main case Y (gl(2)). Then the above universal h-oper equa-
tion reads

0= (1 t(a)e "% 4 qP(x)e %)

, Q£ 1), (5.10)

where we set det K = q and qdet T'(x) = P(x), so that to(z) = det K qdetT(x—h) = qP(x—h),
and t(x) := ti(z — h).

We will construct the universal fi-oper represented on the space H (see section 3.3.4) in
our N = 2 gauge theoretical setup. It is crucial that the N = 2 theory provides not only the
universal fi-oper itself, but also its solutions, namely, the Q-operators, by Q/ Q-observables.

5.2 R-matrices from fractional TQ equations

We construct the R-matrices (A.16) of the Yangian of gl(2) from the fractional quantum
TQ equations (4.59) and (4.70). Let us rewrite the fractional TQ equation (4.59) and (4.70)
in a matrix form as

Eot1(z) = (P?jrga(:l) —qﬂ;;(x)) Eo(x) =: Ly(x)Z,(x), the same for Z,(z), (5.11)

for all w = 0,1,--- ,N — 1, where we repackaged the generalized (dual) Q-observables

= e [ (@) oo [ (Qu(@)
=u(a): (P;<x><<9w_1<x>>>>’ (%) (P;@)«Qw_l(x)»)' (512

Satisfying exactly the same equations, the procedure that follows will be identical for Z,(x)

into columns

(1]t

and Z,(z). We will only explicitly write Z,(z).
We make a transformation 0, (z) = g,(z)Z,(x) with

1 1 —1—% —e1upy P (z)+e1uu0,
gu() =~ E s @)= “Te (513)
E1U[) (0 —;}([x]) 0 Pj(l‘)

which gives

Oy (z) =

(EliM (~(Qul@)) + P (2)(Qu-1(2)) + O, <<Qw—1<x>>>> BCan

(Qu-1(2))
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Then, the matrix form (5.11) of the fractional TQ equation, for w = 0,1,--- , N — 2, becomes

T(x) —aub5(x)

Ouw+1() = Gut1(z) <Pj+1(a:) 0

) gw(fx)_l@w(l‘)

[z —e1uy0y, —my —e1 —(mb —mg —e1)0u, + Eluwﬁgw ()
—E11U, T + e1u Oy, — M N (5.15)
0 —
S, S
— o 90.; o w w @w
[x ! (SZ —58)1 @
=: Ry(x —0,)0,(x).
The last component w = N — 1 of the fractional TQ equation requires more care, as

[N] = 0, giving

On(z) = q0 .y . S(])Vfl SN—1 /e) (2)
N\T) = 01 x N—-1—E¢€1 SR& _S[])V_l N—-1(T (5.16)
= KRN_l(l’ — GN—I)GN—I(l')-

where we defined the twist matrix K = diag(q, 1) parameterized by the gauge coupling q.
Thus, we discover the fractional TQ equations give rise to the R-matrix of the Yangian

Y(gl(2)),

0 —
Ro(z) = 2 — &1 (:i _S:()) € End(C?) ® End(H..), (5.17)

that we introduced in (A.16) with the identification e; = h between the Yangian deformation
parameter and the 2-background parameter, up to a trivial redefinition of multiplication by
z. Indeed, sT0 denote the generators of s[(2) C gl(2) represented as differential operators
in the monodromy defect parameter u,,,

+ +
[Sgnsw] =d1s,, [

0 _
S, = U0y, —Sw, S

w

- 2
=Uy, S, =25u0y, —uu,0,

+

my, —aw

acting on the space of Laurent polynomials H, = u,

C(uy). The spin s, is given in
terms of the mass parameters by

ml —m, —e;

Sy = 24— H w=0,1,--- ,N—1. (5.19)
2e 1

The trace part acts trivially. Finally, the evaluation parameter 6, is encoded in the rest of
the degrees of freedom of the mass parameters by

mg +my +e1

b=~  w=01- N-1 (5.20)

Note that the gl(2)-module H,, is irreducible for generic values of gauge theory parameters.
Moreover, it is a bi-infinite module, possessing neither a highest-weight state nor a lowest-
weight state.
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Note that the quantum determinant (A.7) of the R-matrix is computed to be a simple
combination of the mass parameters,

qdet(R,(z — 0,)) = (x —m})(x — my) = P,(x), w=0,1,--- ,N—1. (5.21)

To present the gl(2)-module H,, more explicitly as a e;-difference module, we introduce
variables (ww)ivz_o1 constrained by Zg;ol w,, = 0, which are Fourier dual of the monodromy

defect parameters (uw)jj’;ol, namely, u, = e 1% Then we can express H,, as the vector
space spanned by ei-difference operators,
+
Hy = PCelowme s, =0,1,-- N — 1, (5.22)

leZ

on which the sl(2) C gl(2) generators act now by e;-difference operators,

s = Yo _ Swy SF=e 0w g = (wW - 1) (QSUJ — wW) 1% (5.23)

€1 €1

In principle, we would be able to construct this gl(2)-module as a (twisted) A-difference module
on the moduli space Bungy o) (P'; D) of parabolic GL(2)-bundles over P! with a framing at
oo € P! and parabolic structures at N marked points D C P!\ {co} = C, by a A-deformed
N=1 would be identified

version of the Beilinson-Bernstein localization [71]. In particular, (wy),,

with holomorphic coordinates on an open patch of Bungyz, () (PY; D). In this sense, the vacuum
expectation value (¥), of the regular monodromy surface defect should be viewed as a section
of this (twisted) h-difference module on Bungy(9)(P'; D), enumerated by the Coulomb moduli
a. More precisely, recall that we split each Coulomb parameter a,, into ‘;—T mod Z and its €1-
integral shifts, and treat the former to be fixed. The aforementioned sections of the (twisted)
h-difference module over Bungr, (o) (P!; D) are enumerated by the latter, the e1-integral shifts
in the Coulomb moduli a. In other words, the vacuum expectation value of the regular
monodromy surface defect provides a distinguished basis of the (twisted) Ai-difference module
on Bungy () (P'; D) enumerated by the e1-integral shifts of the Coulomb moduli a.

This is not the approach taken in the present work, however, and we only give a concrete
Y (gl(2))-module arising from our N = 2 gauge theory setup.

5.3 Monodromy matrix and universal h-oper

Note that the column vectors ©,(x) of vacuum expectation values of generalized Q-observables

are valued in End(C?) ® H, where # is the space of Laurent polynomials in monodromy

defect parameters (u,)N=4,

~ N-1 ’mj;—aw
H =) Ho. Ho =uw ' Cluy,). (5.24)
w=0

We view # as a evaluation module over the Yangian Y (gl(2)) (defined in (5.18) and (5.20),
cf. section A.2). In terms of the associated XXX spin chain with N sites, H is precisely
the space of states. By concatenating all the N R-matrices (5.15) and (5.16), we arrive
at a difference equation,

@N<.1‘) = KRN_1<.1‘ — HN_l)RN_Q(.CIZ — (9]\[_2) tee Ro(w - 90)@0(%)

5.25
= KT(2)|7e %O n(z), (5:25)
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where we used the periodicity ©,4n(z) = Oy (z + ¢1) = 1% 0,,(x) in the second equality.
The product of R-matrices appearing on the right hand side is exactly the monodromy matrix,

T(x)|;; = Bn-1(z — On—1)Bn—2(x — On—2) - - Ro(z — 6p) € End(C*) ® End(H),  (5.26)

for the XXX spin chain with N sites. In particular, it agrees with the monodromy matrix
introduced in (A.18) with the relevant Yangian module chosen to be H (5.24). We remind that
the monodromy matrix is nothing but the generating matrix T'(z) € End(C?)@Y (gl(2))[[z~!]]
for the Yangian represented on H, and equivalently the universal R-matrix represented on
the tensor product, T'(z)|; = (pc2 ® pu)(R(x)).

Note also that the quantum determinant of the monodromy matrix is a simple degree

2N polynomial whose coefficients are the mass parameters,

N— N—
qdet(T'(z)) |4 = H qdet(R,(z — H H = P(x), (5.27)

by the factorization property (A.8) and the quantum determinants (5.21) of individual
R-matrices.

The difference equation (5.25) is reorganized into the form of (5.8), a Manin matrix
represented on the Yangian module # annihilating the column vector Oy (z),

0= []12 — KT(:B)e_alaz}

5 ON(@). (5.28)

Note that the bottom component of the column vector ©y(x) is precisely (Qn_1(z)) =
(Q(x)¥(u))a, namely, the correlation function of the Q-observable and the regular monodromy
surface defect without any 0-observable on their interface. As we have seen in (3.58), the
Q-observable can be viewed as the Q-operator Q(x) € End (H) since it defines an action
on the monodromy surface defect by its insertion in the correlation function. It follows
that the equation (5.9) satisfied by the bottom component of Oy (z) can be written as an
operator equation valued in End (H),

0= [1 —i(z)e 1% 4 qP(:c)eiQElaz} Q(z +e1), (5.29)

where we used det K = q and qdet(7'(z))|y = P(x). This is precisely the universal h-oper
equation represented on ‘H (equivalently, the operator Baxter TQ equation). Here, we defined
the transfer matriz (z) € End (H) by the trace,

f(l’) = Tre2 KT (z + €1)|n, (5.30)

which is none other than the universal transfer matrix t1(z) (5.4) represented on the module
H (recall that we restrict to the degree-zero subspace H by fixing the total momentum).'?
Since the universal transfer matrix generates the non-central elements of the Bethe subalgebra

B(Y (gl(2))) C Y(gl(2)), the coefficients of the transfer matrix #(z) span a maximal set of

13Comparing with the universal transfer matrix t1(z) = Tre2 (KT (x)) that we defined earlier in section 5.1,
there is an additive shift of the argument by 1. We make such a redefinition merely for a conventional purpose,
which only amounts to rearranging its coefficients, namely, the quantum Hamiltonians.
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mutually commuting operators acting on the space of states H. They are precisely the
quantum Hamiltonians of the XXX spin chain system with N spin sites.

Among N + 1 coefficients of degree N polynomial #(z), the leading coefficient of 2™V
is simply 1 4+ q. The next-to-leading coefficient of zV¥~! involves the total momentum,
25:_01 €10y, which becomes a number when restricted to H. Therefore, we obtain
N — 1 mutually commuting quantum Hamiltonians in total, which we collectively denote
by H, € End (M), k = 2,3,--- ,N.

We emphasize that the XXX spin chain that we constructed above is defined upon
+

my, —aw

bi-infinite modules He, = uw ' C(uw) (5.18). Recall that we regard the values of £ to

+
be fixed mod Z. If we now specialize this parameter ¢ mod Z to the locus ™« € Z

(namely, t,, = 1), the bi-infinite module under consideration becomes reducible, containing a
lowest-weight submodule. Note that the loci %:““ € Z are precisely where a higgsing from
four-dimensional N = 2 theory to a two-dimensional N = (2, 2) theory is triggered [72]. After
going through the higgsing, we recover the standard Bethe/gauge correspondence [73, 74]
where the algebraic Bethe ansatz equation is identified with the vacuum equation of the
emergent two-dimensional N = (2, 2) theory. See [52] also for more elaboration on the higgsing.

5.4 Spectral equations for XXX spin chain

Finally, we show that the eigenstates for the Q-operators are also common eigenstates of
the quantum Hamiltonians of the gl(2) XXX spin chain with N sites. The first few spectral
equations were derived in [75] without using the @Q-operators constructed by the Q/ Q-
observables. Here, we verify the all NV — 1 spectral equations simultaneously, for arbitrary N.
Let us remind that the normalized vacuum expectation value i(a;u) of the regular
monodromy surface defect in the limit es — 0 provides distinguished basis of the space H
of states which diagonalizes the action of the Q-operators. Such an eigenvalue property
can be understood as the factorization of the correlation function of the two surface defects
in the limit e — 0,
lim (Q@)¥(w)) =¢ = Qaix)b(asu;q). (5.31)
Now, we apply the limit e — 0 to the universal hi-oper equation (5.29) acting on the
distinguished basis element 1 (a;u) € H. Then the Q-operator is converted into its eigenvalue
Q(a;x), so that we have

0= [1—i(z)e =% + qP(z)e % | Q(asz + &1)v(a; u; ). (5.32)

Here, it should be stressed that the difference operator e <19+ acts only on the normalized
vacuum expectation value Q(a;x + 1) of the Q-observable, while the operator f(z) €
End (H) acts only on the normalized vacuum expectation value 1 (a;u;q) of the monodromy
surface defect.

Meanwhile, it was independently shown in (4.26) that the e — 0 limit of the normalized
vacuum expectation value Q(a;x) of the Q-observable by itself satisfies the h-oper equation,
which reads

0= {1 — t(a;x)e 1% 4 qP(:c)eiQElaﬂ”] Qa;x + £1). (5.33)
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The two equations (5.32) and (5.33) look almost identical, but actually there is a crucial
difference: the coefficients of #(x) are operators in End(#), while the coefficients of ¢(a;x) are
numbers given by the normalized vacuum expectation values of the local chiral observables.
By multiplying v (a;u;q) to the second equation and subtracting the two, we get

_ (f(x) — t(a;:c)) Y(a;u) 0 Q(a;z) Q(a; z)
O_ ( 0 0) (Q(a; z—e1) Qasz — 51)> ’ (5.34)

where we organized h-jets of two solutions, the Q-observable and the dual Q-observable,
into a 2 x 2 matrix. The determinant of this matrix is precisely the A-Wronskian for the
h-oper difference equation, which was computed in (4.46). We remind that it is an entire
function in z € C with simple zeros only at discrete loci, so that we can invert the 2 x 2

matrix at generic x to get

0= (i(x) - t(a; ) v(a;w). (5.35)

Since the equation holds for generic x € C, each coefficient of the degree N polynomial
vanishes individually. The first two equations are trivially satisfied, and the rest of N — 1
coefficients finally give

0= (Hk - Ek(a)> b(ajuyq), k=23, N, (5.36)

where Hj, € End(#) is the k-th quantum Hamiltonian of the gl(2) XXX spin chain system with
N sites obtained in (5.30), while Ej(a) is a combination of normalized vacuum expectation
values of local observables obtained in (4.26). Thus, we conclude that the eigenstates i(a;u)
of the Q-operators, constructed as the normalized vacuum expectation value of the regular
monodromy surface defect, are also common eigenstates of the quantum Hamiltonians H,
of the associated XXX spin chain with N sites. The corresponding eigenvalues Fj(a) are
normalized vacuum expectation values of the local chiral observables, which parameterize the
space of h-opers by our construction of the fi-oper and its solutions in section 4.2.

6 Discussion

We have clarified how the h-Langlands correspondence can be formulated in the four-
dimensional N = 2 gauge theory with the help of two kinds of surface defects — regular
monodromy surface defect and the Q-observable. We show that the vacuum expectation
value of the former gives a distinguished basis 1 (a) for the degree-zero subspace H of an
evaluation module over the Yangian Y (gl(2)), while the insertion of the Q-observable on
top of it gives the action of a (Q-operator. The action was shown to be diagonal in the limit
€2 — 0 due to the cluster decomposition of the surface defects, with the eigenvalue being
the @-function. Using this construction, we showed that the @-eigenstate constructed by a
regular monodromy surface defect is also a common eigenstate of the quantum Hamiltonians
of the associated XXX spin chain. The result can be regarded as a hA-deformation of the
geometric Langlands correspondence [10, 11], realized in the N = 2 gauge theory setting.

While this study sheds light on crucial aspects, the subject merits further exploration
in various layers.
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g-Langlands correspondence and 5d N = 1 uplift. It would be desirable to uplift
our formulation to the five-dimensional N = 1 field theories compactified on a circle. In
the twisted M-theory setting, this amounts to replacing the holomorphic surface C x C*
by C* x C*. Doing so, we would be able to study (quantum) ¢-Langlands correspondence
with ramifications [76, 77], where the surface defects are replaced by codimension-two defects
wrapping the circle. While the monodromy surface defect will still be defined by singular
behavior of fields along a codimension-two surface, interestingly, both Q-observable and
canonical surface defect will uplift to multiplicative Q-observables, defined by coupling the
five-dimensional theory to a three-dimensional N = 2 gauge theory either in the Coulomb
phase or in the Higgs phase. The bispectral duality between two XXZ spin chains is expected
from the isomorphism between two moduli spaces of multiplicative Higgs bundles on C*
(on P! with a framing at 0,00 € P!), with the rank of the bundle and the number of
regular singularities swapped [78-81]. In particular, this construction will allow incorporating
bi-infinite (i.e., non-highest-weight) modules of quantum affine algebra Uq(gl(N )) on the
automorphic side of the ¢-Langlands correspondence with ramifications. See [5, 53, 54, 82]
for more previous studies of the ¢-Langlands correspondence.

Affinization and circular quiver theories. In the present work, we considered the linear
quiver N = 2 gauge theory. It would be interesting to apply our methodology to the circular
quiver theories. In the twisted M-theory setting, this amounts to replacing the holomorphic
surface C x C* by C x T2. The moduli space of Higgs bundles on 7?2 and the associated
geometric Langlands correspondence can be analyzed in the usual way as here. On the other
hand, in the bispectral point of view, the moduli space of multiplicative Higgs bundles on C
should be modified with a further affinization since the transverse holomorphic surface is now
T? rather than C*. See [83, 84] for previous studies in the N = 2 gauge theory side.

Yangian double and quantum vertex algebra. There should be a vertex algebra
approach to the A-Langlands correspondence parallel to the one for the ordinary Langlands
correspondence. Let us briefly recall the ordinary case. Let g be a finite-dimensional simple
Lie algebra over C. The vacuum module Vi (g) = Ind%ﬁB o Cur of the affine Lie algebra at any
level k € C is endowed with a vertex algebra structure, whose center Z(gy) is a commutative
associative algebra. The center is given by the g -invariant subspace, Z(gx) = Vi (ﬁ)a+, which
is trivial at all £ € C except at the critical level k¥ = —h" where h" is the dual Coxeter
number of g [85]. As vector spaces, the vacuum module Vj(g) is isomorphic to the universal
enveloping algebra U(g-). The induced injective map Z(gx) < U(g-) turns out to be an
algebra morphism. Hence, the non-trivial center Z(g_pv) can be viewed as a maximally
commutative subalgebra of U(g_), which we call the universal Gaudin algebra.'* Then it
was shown that it is isomorphic to the classical W-algebra associated to “g as a Poisson
algebra, by the Miura transformation of the latter.

The story parallels after the Ai-deformation. The Yangian double of gl(n) with a central
extension, which we denote by DY (gl(n)), was defined in [86]. It can be viewed as a h-

171t is said to be universal since the coproduct of U(g_) and the evaluation homomorphism U(g_) — U(g)
give an algebra morphism U(g_) — U(g)®™*? for any n, under which the universal Gaudin algebra maps to
a maximally commutative subalgebra in U(g)®("+2)7 called the Gaudin algebra.
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deformation of the (completed) universal enveloping algebra of the affine Kac-Moody algebra
gl(n). The vacuum module V.(DY (gl(n))) of the Yangian double is endowed with a quantum
verter algebra structure [87], whose concept was originally defined in [88, 89].!5 The Yangian
double has a non-trivial center at the critical level ¢ = —n, Z(DY (gl(n))-,) [90]. As a
vector space, the vacuum module is isomorphic to the Yangian Y (gl(n)), and the induced
map Z(DY (gl(n))—n) — Y (gl(n)) is an injective algebra morphism. Thus, the non-trivial
center can be viewed as a maximally commutative subalgebra of Y (gl(n)), i.e., the Bethe
subalgebra. It should also be isomorphic to the classical i-W-algebra [91, 92| associated to
gl(n) as a Poisson algebra, due to the i-Miura transformation of the latter. The statement
is expected to follow from a limit of [76].

In this context, it would be nice to express the vacuum expectation value of the regular
monodromy surface defect explicitly as a A-conformal block of the quantum vertex algebra for
the Yangian double. Such a presentation would naturally provide its geometric construction
as a section of a h-difference module over Bungy,(y) (P'; D). We also anticipate that the
Q-operator would be given by the insertion of a degenerate vertex operator for a module over
the Yangian double DY (gl(n)) which is a A-deformation of the spectral flow module for gi(n).

Analytic Langlands correspondence from N = 2 gauge theory. In recent studies [93—
96], the analytic version of the Langlands correspondence was formulated. In particular,
the Hecke operator that we obtained as a contour integral of the correlation function of
parallel surface defects in [19] was reconstructed as the chiral Hecke operator [96]. It would
be interesting to incorporate the analytic Langlands correspondence in our N = 2 gauge
theoretical framework by replacing a part of the four-dimensional worldvolume by a compact
P!. The analytic version of the A-(and ¢-)Langlands correspondence is also a subject to
be developed. See [97] for the account of the analytic Langlands correspondence in the
GL-twisted N = 4 gauge theory setup.

The quantum analytic Langlands correspondence realized as an one-parametric defor-
mation, established recently in [98], is expected to arise by turning on both Q-background
parameters, where €1 is associated to the isometry of the compact P! while e is associated
to the isometry of the non-compact R? as usual.

R-matrices for bi-infinite modules from stable envelopes. In this work, we constructed
the R-matrices of the Yangian Y (gl(2)) on the tensor product of a bi-infinite (i.e., non-highest-
weight) module and C?. Meanwhile, the R-matrices on highest-weight modules admit a
geometric construction from stable envelopes [99, 100]. The stable envelope was realized in
the context of the Bethe/gauge correspondence by the Janus interface interpolating different
values of real masses [6, 101-103]. It would be interesting to extend this gauge theoretical
construction of the stable envelopes so that the R-matrices on bi-infinite modules would
be incorporated, perhaps by regarding the C.,-plane as a cigar and compactifying along
its circle fiber.

15The term quantum sometimes indicates deviating from the critical level. In this sense, calling it quantum
vertex algebra may cause a confusion. We could have referred to it as h-vertex algebra.
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A Yangian of gl(n) and Manin matrices

A.1 Yangian and universal R-matrix

We review the definition of Yangian, as well as its coproduct, quantum determinant, and
the universal R-matrix.

A.1.1 Definition

Let us recall the definition of the Yangian of gl(n), which we denote by Y (gl(n)).! The
Yangian of gl(n) is a unital associative algebra with generators Typ[s], a,b=1,2,--- ,n and
s € Z~g. We can write the generating series as

Top(x) = 0gp — hiTab[s]x_s € Y (gl(n)[[z~ 4], a,b=1,---,n. (A1)

s=1
The defining relation of Y (gl(n)) is
(z — 2)[Tap(2), Tea(z")] = b (Tep(2) Toa(z') — Tep(2") Toa(x)) a,bye,d=1,---,n. (A.2)

Let Eu, a,b = 1,---,n, be the standard basis of End(C™). We can combine the
generating series into a matrix T'(z) = 30 y—1 Ea ® Tap(2) € End(C") @ Y (gl(n))[[#~]]. The
rational R-matrix R(x) € End(C" ® C™) defined by

h
Rx)=1,®1, ——-P
x

:]ln®]ln_*ZEab®Ebaa
z a,b=1

where P(v®w) = w®w is the permutation operator. The defining commutation relation (A.2)
for Y(gl(n)) is equivalent to the RTT-relation

R (g — 2T ()T (2') = T3 ()T 13 (1) RO (2 — 2, (A.4)

valued in End(C") ® End(C") ® Y (gl(n))[[z~!]]. Here, the superscripts indicate where R and
T are valued among the tensor product. For instance, R1?(z) = R(z) ® id € End(C") ®
End(C") ® Y (gl(n))[[z~]].

A.1.2 Coproduct and quantum determinant

The Yangian Y (gl(n)) is a Hopf algebra. In particular, it is endowed with a coproduct
A :Y(gl(n) — Y(gl(n)) ® Y(gl(n)) defined by

A(Typ(z)) = En:Td,(a;) ® Toe(z), a,b=1,---,n. (A.5)
c=1

This relation can be also expressed as
(id ® A)T(z) = T3 (2)T1) (2), (A.6)

as an element of End(C") ® Y (gl(n))[[z7!]] ® Y (gl(n))[[z~1]].

6See [104, 105] for comprehensive reviews.
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The quantum determinant qdet : End(C") ® Y (gl(n))[[z7!]] — Y(gl(n))[[z7Y]] is de-
fined by

qdet T'(z) = Z sgn(0)T15(1) () -+ Tog(ny(z + (n — 1)h)

geS, (A7)
= > sen(0) T,z + (n—1)h) - Ty ().
oESH

Under the coproduct the quantum determinant factorizes
A(qdet T'(z)) = qdet T(x) @ qdet T'(x). (A.8)
The quantum determinant can be expanded as a formal series as
qdet T(z) =1+ diz™  +dox™2 +--- € Y(gl(n))[[z7]]. (A.9)

The coefficients (d;);>1 generate the center of the Yangian Z (Y (gl(n))) C Y (gl(n)).
We may generalize the notion of quantum determinant to the minors of the generat-

ing matrix 7'(z). Let m < n and consider the m X m minor Tﬁ;;;z(x) with elements

(Tﬁ;j;:)ab(a:) = Tj,j, (). Then, we define its quantum determinant by

qdet T;f;j;: (z) = Z Sgn(a)nljs(l) (:U)Tizjs(z) (x+h)-- Tirnjsmy (z 4+ (m —1)h)
SESm

= Z Sgn(g)j—‘is(l)jl (z+ (m— 1)h)Tis(2)j2 (4 (m—=2)h)- - T,y jim (z).
SESm
(A.10)

A.1.3 Universal R-matrix

There exists a universal R-matrix R(z) € (Y (gl(n)) @ Y (gl(n))) [[x~1]] satisfying the Yang-
Baxter equation

R (z — 2 YR ()R (2') = R (2 )RI) ()R (2 — o), (A.11)

valued in (Y (gl(n)))®? [[z~!,2/~"]] [106]. For any representation U, V,W (py : Y (gl(n)) —
End(U), etc) of the Yangian, we obtain the R-matrices

Ryy(x) = (pv @ pv)(R(z)), (A.12)

which satisfy the Yang-Baxter equation
Ruy (z — ") Ryw (z)Rv,w (') = Rvw(¢")Ruw (2) Ruy (x — 2'), (A.13)

valued in End(U) ® End(V) @ End(W).

A.2 R-matrices and monodromy matrix

We start to introduce representations for the Yangian. We construct R-matrices, and then the
monodromy matrix by their concatenation. We construct the XXX spin chain with N sites.
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A.2.1 Evaluation module

It is clear that the Yangian Y (gl(n)) contains the universal enveloping algebra U(gl(n))
as a Hopf subalgebra. The embedding ¢ : U(gl(n)) — Y (gl(n)) is given by eq — Tpa[1],
where e, are the standard generators of gl(n), [eap, €ca] = Opc€ad — dad€ch. Moreover, there
is an evaluation homomorphism € : Y (gl(n)) — U(gl(n)) defined by € : Tpp[1] — ep, for
a,b=1,--- n,and € : Tyls] — 0 for s > 1 and all a,b=1,--- ,n. Note that e o = id.

There is an one-parameter § € C family of automorphisms sy : Y(gl(n)) — Y (gl(n))
defined by s¢(T(x)) = T(x — 6). Namely, we get the action of sy on the generators by
expanding the right hand side in #=!. Note that € o sg 0ot = id. A gl(n)-module V can be
promoted to a Y (gl(n))-module V(#) with the help of the map e o sqp : Y(gl(n)) — U(gl(n)).
This is called evaluation module with the evaluation parameter 6.

A.2.2 R-matrices and monodromy matrix

Now, consider the standard n-dimensional representation C" of U(gl(n)) and the associated
evaluation Yangian module pcn : Y(gl(n)) — End(C™). Then, we can recover the rational
R-matrix (A.3),

R(z) = (pcn ® pen)(R(x)) € End(C") @ End(C"), (A.14)
and the generating matrix for the Yangian Y (gl(n)),
T(z) = (pcn ®1d)(R(x)) € End(C") ® Y (gl(n)), (A.15)

by applying this representation to the universal R-matrix. The Yang Baxter equation satisfied
by the rational R-matrix and the RTT relation (A.4) for the Y(gl(n)) are consequences
of (A.11).

For representation V' of gl(n), consider the associated evaluation Yangian module, and
the evaluation homomorphism py : Y(gl(n)) — End(V). Then, the generating matrix
represented on V is computed to be

hZZ b=1 Eup® eba|V
— : E " QE
. € End(C") ® End(V) (A.16)

T(z)ly = (id® py)(T(z)) =1,
=: Rv(.%'),

which, by (A.15), can also be viewed as the universal R-matrix represented on the tensor
product, Ry (x) = (pcn @ pv)(R(x)). For this reason, we call Ry (x) an R-matrix.
Let us given with N gl(n)-modules (H,) -

N_ and N evaluation parameters (6,,)) ) € CV.
Then we construct a Y (gl(n))-module

w=0

N-—1
%:I@HWZH()@“-@HN_l (A.17)

w=0
with the help of ¢®N o (sp, ® --- ® sgy_,) © A¥7L. Then, the generating matrix T(z)
represented on the module H is computed to be

_ By ap=1Eaw ® el()i\f—l) 1 - h2ap=1 Bap ® 61(72)
x — 0 " x—0n_1 (A.18)

T(l’) ’H = (]ln

€ End(C") ® End(H),
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where e((;;) =18 - ®1Reg|y, ®1®---®1. In terms of the R-matrices (A.16), it is written as
——

w-th
T(x)|ly = Rn—1(x —On—1)Rn—2(x — On—2) - - - Ro(x — bp), (A.19)

where we denote R, () := Ry, (x). This is precisely the known expression for the monodromy
matrix for the periodic XXX spin chain with N sites. Each site is labelled by the gl(n)-
module H, and the evaluation parameter 6.

A.3 Manin matrices

We give a brief review of the definition and properties of Manin matrices [66] relevant to
this work. See [65] for a comprehensive review.

Let R be a non-commutative associative ring. Let M € Hom(C",C™) ® R be a m x n
matrix with its entries in R. We call M a Manin matrix if
¢ Elements in the same column commute with themselves.

e Commutators of cross terms of any 2 x 2 minor of M are equal; namely,

[Mi]}Mkl} = [MkjaMz] fOl“ all i,j,k‘,l. (A20)

Let M € End(C") ® R be a Manin matrix. Then we define the determinant of M
by the column expansion,

det M= > (=17 ] Mog (A.21)
oESy i=1,2,--.n

where S, is the permutation group and the product is taken in the order of column that
the entries lie in. It can be shown that the determinant is not dependent of the order of
the columns, and thus it is well-defined as determinant.

Some relevant properties of Manin matrices are:

e Any minor of a Manin matrix is a Manin matrix.

o If A and B are Manin matrices and [A;j, By = 0 for all ¢,5,k,{, then A+ B is a
Manin matrix.

o If A and B are Manin matrices and [A;;, By = 0 for all 4, j, k,, then AB is a Manin
matrix and det(AB) = det Adet B.
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B Absence of poles in T, (z, z')

The residue of the right hand side of (4.63) at @ = z/, + d,e1 is proportional to

dwer (2, —ﬂffwﬂ] +dye1—dy, 1181 +€200, N—1) Y1) (20, +dwer)
N—14d,

H H o 1)~ Ty T —11€1— (j—1)e1+€20ur 0 Qu(x, )My (z ) +dre1)
IZ0j=1 je1 le(ﬂf;l+dwl€1)Q[w/+1](CE;/+(dw/+1)51+825w/,1\7—1)
w'=0j=

Pw(x;+dw€1)

— ([L‘Zu _'/L‘/[w-i—l} +dw€1 —526W7N71)(xl[w_1] _CE:J"_ (d[wfl} —dw+1)51 +525w70)m

N—ldw’fé /, .
w’,w xfw/il] —$;/+(d[w/_1] —(5[w+1],w/)81—(]—1)81 +€25w/70
<11 11 -
w'=0 gj=1

JE1

% Qur (@), )My (), 4+ (dyr — b 0)E1)
Qw’ (1’;, +(du/ _6w/,w)5l)Q[w’+1] (x;/ +(dw’ +1 _5w’,w)51 +526w’,N—1)

dw/—(sw’wl , , .
_ H H -’E[w/_l]7xwl+d[w/71]€17(]71)€1+625w’0
= 1

wHww+l  j=1
H?ile“’*” —al,+dp—ne1—(j—1)e1+e2du,0 ijfl]ﬂxﬁu—wfwﬂ]+dws1—(j—1)51 +€28w,0
H?i;ljﬁ ng;l]jsl
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