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ABSTRACT: Small instantons which increase the axion mass due to an appropriate modi-
fication of QCD at a UV scale Agr, can also enhance the effect of CP-violating operators
to shift the axion potential minimum by an amount, 6;,q, proportional to the flavorful
couplings in the SMEFT. Since physical observables must be flavor basis independent, we
construct a basis of determinant-like flavor invariants that arise from instanton calculations
containing the effects of dimension-six CP-odd operators at the scale Agp. This new basis
provides a more reliable estimate of the shift 6,4, that is severely constrained by neutron
electric dipole moment experiments. In particular, for the case of four-quark, semi-leptonic
and gluon dipole operators, these invariants are then used to provide improved limits on
the ratio of scales Agr/Agp for different flavor scenarios. The CP-odd flavor invariants also
provide a classification of the leading effects from Wilson coefficients, and as an example,
we show that a semi-leptonic four-fermion operator is subdominant compared to the four-
quark operators. More generally, the flavor invariants, together with an instanton NDA,
can be used to more accurately estimate small instanton effects in the axion potential that
arise from any SMEFT operator.
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1 Introduction

The Standard Model (SM) has provided a remarkably successful description of the ele-
mentary particles and non-gravitational interactions. However, one unresolved issue is CP
violation which remains to be completely understood. In particular, there are two sources
of CP violation in the Standard Model at the renormalizable level: a weak CP phase from
the CKM matrix and the strong CP phase 6 = 0qcp — argdet[Y,Yq], where Oqcp is the
QCD vacuum angle and Y, 4 are the up, down Yukawa coupling matrices. Limits from not
observing a neutron electric dipole moment (EDM) imply an upper bound 6 < 10719 [1].
This unexpectedly small value for § compares with the order-one weak CP phase and leads
to the well-known strong CP problem. The strong CP problem occurs at the renormal-
izable level in the SM Lagrangian and remains rather stable under renormalization group
flow where radiative corrections to @, induced by the weak CP phase, first appear at seven
loops |2, 3| (finite contributions appear at four loops although still highly suppressed [4]).
However, the problem can be exacerbated by phases arising from higher-dimensional terms
in the UV theory, which can cause order-one shifts in @ thereby potentially invalidating
solutions to the strong CP problem |[5].

Such a solution to the strong CP problem is the Peccei-Quinn (PQ) mechanism [6]
where a global U(1) PQ symmetry is spontaneously broken giving rise to the axion |7, §|.
The PQ symmetry is anomalous because it is explicitly broken by non-perturbative QCD
effects, generating the axion potential with a minimum that exactly cancels §. However,
an underlying assumption of the PQ mechanism is that the explicit breaking of the global
PQ symmetry must be dominated by non-perturbative QCD effects. Generically, shift-
symmetry violating terms (which may be CP-violating) arising from interactions of the
axion with gravity spoil the axion solution by misaligning the axion potential minimum.
These contributions must therefore be sufficiently suppressed, leading to the so-called axion
quality problem, which can be addressed by one of several mechanisms in the literature (see
for example Refs. [9-16]).

However, even under the assumption that shift-violating operators in the axion EFT
are sufficiently suppressed, another aspect of the axion quality problem occurs within the
Standard Model Effective Field Theory (SMEFT) where higher-dimensional CP-violating
terms induced at a scale Agpr can shift 6 and misalign the axion potential [17-19]. These new
sources of CP violation depend on the specific UV completion. If QCD is not modified in
the UV completion then the effects on the axion potential and the neutron EDM constrain
Acp and these effects decouple as Agp — oco. Alternatively, there has been renewed interest
in the old idea to modify QCD at a UV scale, Agr that can increase the axion mass while
still solving the strong CP problem [17, 20-29]. In this case, new CP-violating sources can
also be enhanced by small (UV) instantons whose effects are no longer suppressed due to the
assumed larger QCD coupling at the scale Ag;. The leading contributions to # then scale as
A% /A:ZQP( [19] which do not necessarily decouple (i.e. when Agr, Agpy = oo with a finite ratio
Ast/Acp) and give rise to important constraints on CP violation in certain UV scenarios.
For a sufficiently small (although large) QCD gauge coupling these effects can be computed
by performing a one-instanton calculation which provides the dominant contribution to



the action. However, when the QCD gauge coupling becomes non-perturbative, the dilute
instanton gas approximation breaks down and non-perturbative methods must be used.

The effects of CP-violation arising from higher-dimension operators in an instanton
background, including a four-quark SMEFT operator were computed in Ref. [19, 30, 31]
and estimated using an instanton naive dimensional analysis (NDA) in Ref. [32]. How-
ever, different CP-violating UV scenarios can give rise to many other operators [33, 34| and
therefore previous estimates of the contributions to 8 should be generalized for the complete
list of SMEFT operators. These new contributions to § must be independent of the flavor
basis, and hence can be written in terms of flavor-invariant quantities constructed from
the Wilson coefficients. Flavor-invariant quantities allow for an estimation of the physical
consequences of the Wilson coefficients — especially when used together with other NDA
techniques [32] — prior to any explicit computation. Indeed, knowledge of CP-violating
invariants has previously been used for physical estimates [2, 3, 35-38|. This is particularly
relevant in instanton calculations where the computation can become quite cumbersome.
Besides providing an order parameter to estimate CP-violating physical effects, CP-odd
invariants also provide selection rules on the contribution from a particular Wilson coeffi-
cient, such as the number of Yukawa coupling insertions or loop factor suppressions. For
example, we will show that semi-leptonic operators generate a 6 but are suppressed by one
extra loop-order and an extra lepton Yukawa factor compared with four-quark operators.
Furthermore, knowing the number of up, down and lepton Yukawa couplings needed to
construct the invariants, we will be able to classify the leading contributions for arbitrary
Wilson coefficients. The use of flavor invariants also helps to explain the size of the instan-
ton effects in different flavor scenarios. Moreover, most computations in the literature have
focused on the limit of completely diagonal Yukawa matrices but, with the help of flavor
invariants, the extension to general flavorful matrices becomes simpler.

Due to the CP-nature of 6, the induced  in the presence of different SMEFT operators
can be parameterized via the CP-violating invariants introduced in Refs. [39, 40|, where a
basis of CP-odd flavor invariants was proposed at leading order in the corresponding Wilson
coefficient. The invariants introduced were all constructed as the imaginary part of a trace
of flavorful matrices. However, as will be made clear throughout this work, we find that
the instanton calculations can be more directly captured by a different basis, built out of
determinant-like structures, which were first pointed out in Appendix F of Ref. [39]. Indeed,
we find that the instanton computations of the enhanced 6 directly result in quantities
proportional to invariants in our new basis, instead of a complicated combination of CP-
even and -odd invariants if the results were projected onto the trace-like basis. We will show
that these determinant-like structures naturally arise in the path integral calculation of 6,
after performing the Grassmann integration over fermion zero modes. While any CP-odd
quantity can clearly be projected into both bases, the invariants built in this paper allow
for an immediate estimation of the CP-violating effects in the SMEFT, in the presence of
instanton backgrounds.

While the new flavor invariants introduced in this paper improve the estimate of 6
induced in the SMEFT, we will also perform the detailed computation of @ in the presence
of small instantons, using the one-instanton (or dilute instanton gas) approximation, to ex-



plicitly show how the new invariants appear and more naturally describe physical processes
that arise from instanton computations. In particular, we generalize previous results on
the insertion of the CP-violating four-quark operator O((llllzl 4 and calculate the effects of the

semi-leptonic, (’)l(el(;u and gluon dipole, O4qg operators. These results can then be used to
translate the stringent upper bound on 6 into limits on the scale of new physics generating
these operators. For the leading order operators, such as the four-quark and gluon dipole
operators, we find that Age 2 10% Agy, assuming a minimally flavor violating (MFV) sce-

nario for the SMEFT couplings. Under these same flavor assumptions, the loop suppressed
(1)

lequ?’
become more stringent if there is no flavor structure in the Wilson coefficients, such as the

contributions, arising from O lead to the weaker constraint Age 2 10* Agr. The bounds

anarchic flavor scenario. In this case, assuming all the Wilson coefficients are order one, we

obtain Agp 2 10 Ag; for the four-quark operator 05131 o Aer2 108 Ag; for the gluon dipole
(1)

lequ®
check, we also verify the expected independence of the renormalization scheme as well as

operator Oqq and Agp 2 107 Ag; for the semi-leptonic operator O As a non-trivial
the cancellation of divergences in the renormalized effective theory that arise from loop
integrals. To arrive at this cancellation, one has to include the appropriate counterterms
which lead to the renormalization group equations (RGEs) of the SMEFT.

The paper is organized as follows. In Section 2, we introduce the determinant-like
invariants, showing that they form a basis of CP-violating invariants, and then build such
a basis for certain SMEFT operators. The instanton calculations are presented in Section 3
where we show explicitly that the determinant-like invariants appear directly from the
topological susceptibility computation; furthermore, we also explore why the determinant
structures appear in this sort of calculation and the information it contains prior to any
actual computation. In Section 4, we compute the enhanced  and obtain new bounds on the
ratio between the small-instanton scale Ag; and the CP-violating scale Agp . We conclude
and suggest future directions for this work in Section 5. The Appendices review background
information and contain further details of the calculation. In Appendix A, we introduce
our conventions and the relevant SMEFT operators. A complete basis of determinant-like
invariants is given in Appendix B, while in Appendix C we briefly review the basics of
instanton calculations that are relevant for this paper. Finally, in Appendix D we perform
the integrals over collective coordinates used throughout the main text; in particular, we
verify the cancellation of divergences with the appropriate counterterms, which is a new
result obtained from an instanton calculation.

2 Flavor invariants featuring fqcp

Perturbative CP violation in the SM induced by the CKM phase is an intricate collective
effect that can only be properly described by a combination of Lagrangian parameters. The
most effective way to capture this effect in the SM is by using the Jarlskog invariant Jy,
defined as [41-43]

Jy = Tm (Tr [Xu, Xa]%) (2.1)



UB)q | UB)u [ UB)a | UBGL | U)e
efacp | 1.4 1.3 1.3 1, in
Yy, 341 3.4 1 1 1
Y4 341 1o 34 1 1o
Ye 1 1 1 3.1 3.4

Table 1: Flavor transformation properties of qcp and the Yukawa coupling matrices Yy, 4,.. The subscripts
of the SU(3) representations denote the charge under the U(1) part of the flavor symmetry.

where Xu’ 4= Yu’ lei g+ The quantity Jy captures, in a flavor basis-invariant way (c.f.
Table 1), the single physical phase that appears in the renormalizable part of the SM
Lagrangian and hence is the order parameter of CP violation in the SM. Here, we have
used the fact that U(3)° = U(3)q x U(3)u x U(3)a x U(3)1, x U(3). is the largest possible
flavor group allowed by the SM fermion kinetic terms and is only broken by the SM Yukawa
couplings and global anomalies. The Lagrangian can be formally made invariant under this
symmetry by promoting the Yukawa couplings to spurions transforming under U(3)® as
given in the Table 1.

Following the same logic, Refs. [39, 40] constructed the flavor invariants which capture
new CP-violating phases present at lowest order in the SMEFT parametrization of UV
physics. In Appendix A, we briefly introduce the SMEFT and the relevant operators which
will be considered throughout our work. The construction of these invariants specifically
adopted the philosophy of the Jarlskog invariant in Eq. (2.1) in the sense that they are built
out of traces of flavorful matrices. Similarly, we can construct an invariant for the QCD
theta angle, Ogcp. Using the charges introduced in Table 1, the flavor invariant given by

Jg = Im[e0QcD det(V,Yy)], (2.2)

captures the non-perturbative source of CP violation in the SM Lagrangian, specifically

0 = Oqcp — argdet[Y,Yq]. Indeed, contributions to the € potential in the presence of an
instanton background gives the following dependence [23, 46]:

3
V (0qcp, Ya, Ya) o< 99 T Gui i » (2.3)
i=1
where §u, 9a,; are the Yukawa matrix eigenvalues and 7 labels the quark flavors. Later, the
eigenvalues will sometimes be referred to by their particle name, i.e. for instance g, 3 = ys.
This result does not appear to be flavor invariant. However, the result can be reproduced
from Jy or Ky = Re[e™acP det(Y,Yy)] (depending on the CP parity of the contribution
to V) that is calculated by expanding the invariants in the limit of diagonal SM Yukawa
matrices. This suggests that the flavor invariants can appear directly in the instanton
calculations provided general flavorful couplings are used in the computation.

'For instance, the correction to the axion mass in the SM is proportional to Kp =
Re[e™%QcD det(V,Yq)] o< cosf, leading to the well-known cosine potential [44, 45|, whereas the linear term
of the axion potential generated via non-perturbative QCD effects in the SM is proportional to Jp o< sin 6.



In this paper, our goal is to consider the contribution of SMEFT operators to the
topological susceptibility in the presence of (small) instantons. We begin by considering the
effect of the four-fermion operator (’)((131 Q= QuQd in the Lagrangian, £ o C((;lzl d(’)((lizl d /Aé,lZr
The effect of inserting this effective operator in an instanton background to the topological
susceptibility, Xquqd, Or equivalently the potential, was calculated in Ref. [19] (see figure

la). In the limit of diagonal SM Yukawa couplings,? we obtain a contribution proportional

to
(1) Liboen G 1o
V(HQCDaYuvydvauqd) oc e —— TT G kT k (2.4)
Yu,ilYd,j k=1
where ¢;; captures the contribution from the two possible flavor structures c;; = C’((llllgl i
or ¢;j = C’éié d.ijji and k labels the six entries of the diagonal Yukawa matrices. The propor-

tionality factor in Eq. (2.4) depends on the details of the instanton calculation and these
factors will be derived in Section 3.

It is not immediately apparent that Eq. (2.4) is related in any way to the trace-like
invariants introduced in Ref. [39]. As mentioned in the Introduction, determinant-like
invariants are much better suited to describe instanton calculations. Respecting the charge
assignments introduced in Table 1, we can build the following simplest leading order (in
the EFT power counting) invariant

(1,8)y _ —i6 ABC _abc_DEF def (1,8)
I(Cquqd) =Im [6 aPe € € € Yu,AaYu,BbCquqd,CchYd,EeYd,Ff] ’ (25)
which contains the Wilson coefficient C’(glllfc% ikl and we sum over repeated indices. Note

that this exact invariant had already been proposed in Appendix F of Ref. [39]. In the limit
of diagonal Yukawa couplings and vanishing fgcp (assumed in Ref. [19]), Eq. (2.5) can be
expanded as

3. Tm[CL s

3
1,8 ~ ~ uqd
I(Céqu) =4 (klll yu,k;yd,k) > =

—— , (2.6)
ij=1  Yu,ild,j

which matches the result obtained in Eq. (2.4) and explains the flavor structure appearing
in the instanton contribution. Similarly, the C’((llllfiijji flavor structure arises if we consider
a second invariant where the indices C' and D are interchanged.

At this point several questions arise regarding these determinant-like invariants: why
do they seem to more naturally appear in instanton calculations? How can their knowledge
help in these computations? Can we construct similar determinant-like invariants for all
effective operators and how do they appear in instanton calculations? Furthermore, one
should also connect with the previously constructed trace-like basis of invariants: can a
complete basis be built out of the determinant-like invariants and how do they relate with
the previously constructed basis? While the former questions will be addressed in detail
in Section 3, the remainder of Section 2 will answer the latter questions regarding the
construction of a determinant-like basis suitable for instanton calculations.

2The CKM matrix is assumed to be unity here, which is possible in the SM below the W-boson mass,
since all effects of the CKM matrix can be put into effective operators.



2.1 A basis of determinant-like flavor invariants

In this section, we will discuss how one can, in principle, construct a complete basis of flavor
invariants for all SMEFT operators that are suitable for instanton calculations featuring
qcp. By complete, we mean that the basis captures all CP-violating effects from UV phases
in the Wilson coefficients of SMEFT operators. Hence, we do not include opportunistic
effects where the interference of the real part of a Wilson coefficient with the CKM phase
induces CP violation, as previously considered in Ref. [40]. We also want to emphasize that
we only work at leading order in the EFT, i.e., all flavor invariants will be linear in the
Wilson coefficients. Higher-order terms are negligible and we have estimated their effects
in Appendix D.1.

To test our set for completeness we will use the transfer matrix method introduced in
Ref. [39]. The linearity of the invariants in the Wilson coefficients implies that there is a
linear map between the flavor invariants and the entries of the Wilson coefficients C(6)

z,(¢®)-7,¢9, (27)

where we have defined the transfer matrix 7 and the vector of Wilson coefficients 6'2(6) =
((Re C(G))l , (Re 0(6))2 Sy (Im 0(6))1 , (Im C(G))2 ) ) which is a list of the real and imag-
inary parts of the entries of the Wilson coefficients. The index a ranges from 1 to the total
number of independent flavor invariants built out of C®) and the index i ranges from 1 to
the total number of parameters in the theory which cannot be removed by field redefinitions
and that can appear in an interference amplitude with the SM. The transfer matrix has a
block-diagonal form T = (TR T! ) where the block T will be ignored because it captures
the interference of the real part of the Wilson coefficients with the phases of the SM. To
check if the set captures all sufficient and necessary conditions of CP violation at the lead-
ing order in the EFT, we simply check if the block 77 of the transfer matrix has full rank,
i.e., if the rank equals the number of phases which can interfere with the SM (see Ref. [39],
where the maximal ranks are given for all operators in the Warsaw basis). Note also that,
in this paper, we do not consider Yukawa matrices with any special values, e.g. degenerate
masses, zero masses or texture zeros in the CKM matrix, that enlarge the flavor symmetry
of the SM left unbroken by the Yukawa couplings.

Oun operator: As a first example for building a complete basis with determinant-like
invariants, we consider the higher-dimensional Yukawa interactions of the up-type quarks,
Oun = |H|?QHu. This requires constructing an object that simultaneously removes the
U(1) transformations of e ¥QcP (which appears in instanton calculations) and is invariant
under the remaining non-Abelian part of the flavor symmetry, while at the same time being
linear in the Wilson coefficients. Following the previous discussion, the simplest flavor
invariant object that fulfills all these requirements is

Im [eQen ! T by, 1V, 55 Cum i det Yo (2.8)

where the rephasings of the Yukawa couplings and the Wilson coefficients precisely cancel
those of e7acp and the determinant-like structure of the Levi-Civita symbols allows the



construction of SU(3)-invariant structures. Starting from the form in Eq. (2.8), we can
now systematically construct flavor invariants that can capture all phases in the Wilson
coefficient C\y1 by using the matrices Xoa=Y, in g» transforming in the adjoint of SU(3)q,
to project out different entries of the Wilson coefficients.

With the help of the transfer matrix method, one can check that a set of flavor invariants

which captures all the sources of CP violation for the operator Oy, for Jy = Jy =0, is

Zo000(Cutr)s Z1000(Cun )s Zo100(Cunr), Z1100(Curr)s Zo110(Cun ),

(2.9)
Z9200(Cutr)s Z0220(Cunt), Z1220(Cutr), Zo122(Cun) ,
where we have defined
Tapea(Cunt) = Im [e70aon KRy, 1y, 5 (XXX EXCun) ., det Ya] . (2.10)

(1,8)
Cl)quqd

only contains 9 CPV phases, we next return to the four-fermion operator Oé

operators: After discussing this simple complete example for an operator that

1))

uqd’ and its

SU(3) adjoint form Oéi)q 4 that appeared in the previous section. A complete invariant
basis can also be built for this operator by defining the following two structures

a1,bi,e1,dr ¢ ~(1,8)y _ ~ifqcep ,ABC _abc _DEF _def a1 vbi ver vdiy ©
A (Cquga) = Im | € eAPCeabePEL ¢ 1/117AaYu7Bb()(u XXX ),

(1,8) b doy D’
XCquqd,C’cD’d (X32Xd2X§2Xd2)D Yd,EeYd,Ff] ,

o (211)

a1,b1,c1,d1 ¢ ~(1,8)y _ -ifqcp ,ABC _abc _DEF _def a1 vbi ver vdi
Ba2,b2762,d2(cquqd) =lmje € € € € Yu,AaYu,Bb (Xu Xd Xy Xd )D

(1,8) b dyy D’
X Couad,CreDrd (X32Xd2X§2Xd2)c Yd,EeYd,Ff] :

: : 0000 ( ~(1,8)
Here, the index assignment Agyo(Cd

) corresponds to the second invariant mentioned in the last section, where the

) corresponds to the invariant in Eq. (2.5) and

0000 ( ~(1,8)
Boooo (Cquqd

indices C and D are interchanged. The operator Ogt’jﬁ has 81 phases that can interfere
with the dimension-4 terms of the SM. We list a full set of 81 invariants that capture all
these phases in non-perturbative calculations in Appendix B.1.

1,3
Ol(equ )

ators. For instance, the invariants capturing the 27 CP-odd phases of the Wilson coefficients

C’l(elq’i) of the semi-leptonic operator (’)l(el(fu = (l_}e) (Qu) and its SU(2) adjoint form (’)fi;u

are

operators: One can also build determinant-like invariants for (semi-)leptonic oper-

N

f (1,3)y = -3 IJK _ijk b dy L mN _(1,3)
abed(Clequ ) = Im [e e e Y, Y g (XngXﬁXd)K (YJXG{) Clequ,NmLk 4€t Yd]
(2.12)

Here again the index assignments for the insertion of X, 4. are the same as those in the
trace invariants of Ref. [39] for the same operators, which are also mentioned in Section B.1.



0%1(1,3) operators: As a last example, one can also build invariants for SMEFT operators

that are not charged under the U(1) rephasings of the flavor group. For instance, for the
<> —

phases in the Wilson coeflicients C’éll(f) of the operator Ogof = (H Tz'DMH ) (Q’y“Q) and its

SU(2) adjoint form (’)(3(3, one can write down the following invariants

11100(0&3)), 12200(0&3)), 11122(C'1({1(;3)) ; (2.13)
where

(1,3)y _ -i0oep IJK ijk
Iabcd(CHq ):Im e WQCDh ¢ € Yu,[i u,Jj

(xaxbxexdcl?y, )Kk det¥,|. (214)
Following this procedure, a complete set of flavor invariants capturing all CP-violating
effects at leading order in the SMEFT expansion can be built for all operators in the
Warsaw basis [47]. We present a few more complete examples in Appendix B.1.

Let us once again emphasize that these new invariants are redundant with respect to
the trace-like invariants introduced in Ref. [39], as those were already a complete basis of
invariants which fully characterize the CP-violating phases of the theory. Therefore, the
determinant-like invariants must be redundant in regards to the trace-like invariants. For
example, the invariants in Eq. (2.13) can be rewritten as

‘ L
Zutea(Cg”) =l [(Q”GQCD det (YaYa)) e Fern (XIXIXEXGORT) ]

=2 (JH Rabcd(cl({1(i3)) + Ky Labcd(cl({l(f) ) ) (215)

where Rapea(C) = Re [Tr (X$X5X5X4C)] and Lapea(C) = Im [Tr (X3X5X5X{C)], as de-
fined in Ref. [39]. There are also similar relations for other operators such as

Tabea(Cunt) =2 (Jo Ra-1ypea(CunYy) + Ko Lia1ypea( Cann¥d)) (2.16)
f (1,3)y _ f (1,3) f (1,3)
Iabcd(cylequ ) =2 (Jg ImA(a—l)bcd(Clequ ) + Ko Re A(a—l)bcd(clequ ) ’ (217)

where Agbcd(q(ezi)) = Xgm. (Xfl”Xngng)lk S@tiju’nlCI(ezi’)imkn. This procedure allows us
to map all determinant-like invariants directly to the trace invariants of Ref. [39] for all
operators up to the invariants of the form Zyp.q(Cyn), where inverse Yukawa couplings
appear in the trace invariants (c.f. Zpooo(Cun) in Eq. (2.16)). We will show in Appendix B.2
how these latter invariants can also be mapped to the old basis, or alternatively a different
basis from the one given in Ref. [39] would be required, including invariants with inverse
Yukawa couplings. It also becomes apparent that Z,;.q captures both the CP-violation due
to the phases introduced by SMEFT operators and that due to the interference between

these SMEFT operators and the SM strong CP phase.

In the next section we will explore why (and when) the determinant-like invariants are
better suited to describe CP violation.



3 The interplay of Topological susceptibilities and Flavor invariants

As mentioned earlier, the determinant-like invariants capture the interference between the
strong CP phase § and the Wilson coefficients of various SMEFT operators. In particular,
we focus on CP-violating SMEFT operators

C’” D
yige
Lo e 4(9 (3.1)
oF
where D is the mass dimension of the EFT operator O and i, j,... are the flavor indices.

Since both the parameters § and C,, are odd under C'P, the vacuum energy is given by [48|
V(0,C,) =~ (uge +2ug0 0 Cpy +up C2) (3.2)

where ug, ug»,up can be computed in terms of SM and SMEFT operators. We can arrive
at Eq. (3.2) by computing the terms quadratic in the 6 term and the SMEFT operator O
in the effective action, which implies

) 1 1
u~{(GGY), w0~ 57 (GGO), o~ 5p(07) - (3.3)
OF oF

As such, the up term can be neglected compared to the other two terms. Note that
Eq. (3.2) introduces a linear term in , implying that the minimum of the energy is shifted.
In the PQ mechanism, i.e., when 6 is promoted to a/f,, a dynamical degree of freedom, the
effective value of 6 = (a/f,) is determined by Eq. (3.2). To be concrete, the potential can
be re-written in terms of the axion field a

V@)= x5+ x@) (L) 8.4

where we have introduced x(0) and x,(0) to replace ug and upo, respectively, which can
be defined as [49-52]

2

X(o):—illci%fd‘*me““(o’ {32 g GG(O)H > (3.5)

known as the QCD topological susceptibility and

T 4 . ikx 92 ~ pv Cij D,ij--
XO(O):—zkl_r)%fd xe (O’T{327r2 1w Ga (), AD 5507 (0)}‘ ) (3.6)

The shift in the axion potential of Eq. (3.4) is then given by

. :_XO(O)
b= 22 (3.7)

Experimental bounds on the neutron EDM lead to the constraint 6i,q $ 107'°, which can
then be used to obtain limits on any UV parameters contained in x,, (0).
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Usually, models of axions or axion-like particles (ALPs) are constructed with a U(1)
Peccei-Quinn symmetry in mind, which dictates the ALP couplings to the SM particles
— either directly or in an EFT after integrating out the heavy modes from the theory. If
one allows for some explicit breaking of the U(1) symmetry,® responsible for the Nambu—
Goldstone boson nature of the ALP, an axion potential can be generated in ordinary pertur-
bation theory. The interactions of the ALP with the SM particles, including those breaking
the shift symmetry, can be captured in an EFT in a relatively model-independent way.
In this case, the axion potential can be determined by calculating the Coleman—Weinberg
potential in the ALP EFT including operators that break the shift symmetry of the ALP
explicitly. The tadpole term of the resulting potential should be proportional to the in-
variants presented in Ref. [58] that capture all sources of shift symmetry breaking in the
effective theory (see also Ref. [59]).

In this work, we focus on the dimension-six SMEFT operators in the Warsaw basis [47]
— see also Appendix A for definitions and conventions. We will show in Section 3.2 how the
determinant-like CP-odd invariants introduced in Section 2 arise in the vacuum-to-vacuum
amplitude in Eq. (3.6) in the presence of the one-(anti)instanton background. To illustrate

how the invariants for different types of SMEFT operators appear in the instanton calcu-
ORNS,

quqd’ “lequ’
to estimate the contribution of the SMEFT operators to x,, (0) requires the substitution of

lations, we will focus on the operators O O4c. The full instanton computation
the zero mode profile of fermions and gauge fields, which are reviewed in Appendix C.1, as
well as the evaluation of loop and collective coordinates integrals. These final steps will be
carried out in detail in Appendix D, where the calculated expressions will then be used in
Section 4 to obtain phenomenological bounds on the CP-odd invariants.

3.1 Topological Susceptibilities

In quantum field theory, much of the essential information (e.g. the S-matrix elements,
power spectrum) can be accessed by evaluating correlation functions of operators. In this
section, we schematically evaluate the two-point correlation functions which are relevant
for our calculations in the presence of a one-(anti)-instanton background by using the path
integral formalism together with the result derived by 't Hooft [46] (see Eq. (C.13) in
Appendix C.).

As an example to illustrate how to evaluate the correlator defined in Eq. (3.6), we
consider a generic dimension-six operator O[¢r, @], where ¢r are fields with instanton so-
lutions (e.g. gluon and quark fields), and ¢ denotes the other fields unrelated to instanton
dynamics (e.g. Higgs or lepton fields). The susceptibility associated with O is given by

X (o)z—z‘hmfd‘*xe"kx 0|7 g—QGé(x) &O[m ©](0) 10
© k—0 3272 ’ Aé? ’ ’

i d ki .
=e GQCDfd4xofp—§dN(ﬂ)fH(Pdﬁj(fo)d@(fo))
F=1

3Even if this explicit breaking is not introduced by hand it will be generated by quantum gravity
effects [53-57].
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« [ DpeSilelsulael [ iz Oler. #](0) . (38)
/GF 1-(a.-)inst.

where So[¢], Sint[¢1,p] describe the action containing the ¢ kinetic terms and the inter-
actions between ¢r and ¢, respectively. The key points to evaluate Eq. (3.8) depend on
the different treatments of the fields ¢r, ¢ and their corresponding path integrals. The
essential steps are summarized as follows:

o Flields with instanton solutions pr. The field ¢1 is expanded in eigenmodes, where
only the zero modes of r are replaced by the instanton solutions. In particular, the
fermion fields are expanded as

NOE ;5,&%““); OE ;5}%“% (3.9)

where f}k), éj(f“) are Grassmann variables, f is a fermion flavor index and the explicit
form of (¥ is given in Eq. (C.10). Importantly, the non-zero modes of ¢y are inte-
grated out and the path integral over the zero modes is interpreted as an integration
over collective coordinates (see Appendix C for further details). Thus, we can directly
replace the path integral of ¢y using 't Hooft’s result [46]

. Ny _
f Doy e~Sle] _, gmifacn f Iz f d—ng(p) f [T (pdeag®y,  (3.10)
P f=1

where d¢(9), d€(®) are Grassmann integration measures associated with the fermion
zero modes and dy(p) is the instanton density in the SU(N) theory (see Eq. (C.14))
with p denoting the instanton size.

e [ields without instanton solutions . The remaining fields, ¢, are integrated over
without performing the eigenmode expansion. This procedure can be diagrammati-
cally seen as closing the external legs ¢r (e.g. quark fields) which are coupled to the
instanton vertex by using the fields ¢ (e.g. Higgs fields), e.g. see Fig. la. The crucial
step is to expand the interaction terms of e~ Smt[ene] obtaining the contributions of
the ¢ zero modes.

e The remaining steps require substituting the zero mode profiles of ¢; (given by
Egs. (C.4), (C.10)) and evaluating the remaining loop integrals induced by ¢ and col-
lective coordinate integrals. Most of these calculations are carried out in Appendix D.
Finally, the integral over instanton size, p, is performed in Section 4, where some UV
scenarios responsible for the instanton dynamics are specified.

Another relevant correlation function is the QCD topological susceptibility defined in Eq. (3.5).
This two-point correlation function has been computed in the literature, assuming x(0) only
receives contributions from the Standard Model, and within the perturbative regime and
one-instanton approximation is given by [23, 60|

() ==3125) i [ (o) s

where Ky = Re [e_wQCD det (Yqu)] as introduced in the footnote 1.

(3.11)
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3.2 Relevance of determinant-like flavor invariants

The appearance of determinant-like structures in instanton computations, which are more
directly parameterized by the invariants introduced in Section 2.1, is related to the techni-
calities introduced in the previous section which are explored in further detail here.

The main point relates to the treatment of the fermionic contributions in the instanton
background. The fermion fields are expanded in their eigenmodes, such that one can then
isolate the zero modes as in Eq. (C.9). The Grassmann integration measures dg}o) will

effectively project out the zero modes of the fermions, since [ dfj(co)f](co) = 1. In the full path
integral calculation, the following Grassmann integral relations are useful

f B dPey 948 — det A
1. ..
f d3§1d3§2 851‘452{1352 _ 562”213531]2]3141’1]‘1141’2]‘231‘3]'3 7
1 ...
f d3§1d3§2d3§3d3§4 e£1A52+£3B£4§1C§2 = 562”2136j1j2]3Ai1j1Az‘2jQCi3j3 det B, (3.12)

f d3§1d3§2d3§3d3§4 e§1A€2+£3B§4§IC§2 §3DEq = Zlezm6]1]2]3Ai1j1Ai2j2Ci3j3
X 6k1k2k3€lll213Bk1l1Bkzl2Dk3l3 )

where &1, 4 are three-dimensional Grassmann variables and A, B,C, D are 3 x 3 matrices.
These identities are at the origin of the appearance of flavorful objects contracted with
Levi-Civita symbols in the calculation, which we describe as determinant-like.

As such, in computations where the fermion zero modes in an effective operator are
integrated over, the determinant-like invariants introduced in Section 2.1 are better suited
at describing CP-violation. This happens not only because the final result is more easily
connected to them, but also because they capture the full dependency of the final result
in terms of the flavorful couplings of the theory. In other words, the result obtained will
be proportional to a determinant-like invariant times instanton-related quantities; all the
dependence on the rest of the theory (in this case Yukawa couplings) is captured by the in-
variant. This would not be the case if we were considering the trace-like basis of invariants.
While the results could be projected into this basis, this would occur as complicated com-
binations of the invariants and with coefficients which include other SM flavor invariants
as we explicitly show in Appendix B.1.

Furthermore, a direct relation between diagrammatic contributions and invariants seems
to be clear. Consider the example of the calculation performed in Ref. [19], where the
topological susceptibility from an insertion of the effective operator Oéizl q Was studied.
Diagrammatically this process can be understood as that of Fig. la; one can observe in
the diagram that since all fermion legs of the effective operator are directly connected to
the instanton background, this corresponds to their zero modes being projected out in the
path integral calculations. Therefore, as previously shown, the resulting contribution will
follow a determinant-like structure on all indices of the Wilson coefficient. Indeed, as we
will prove explicitly in the next section, this diagram gives a contribution proportional to
the introduced invariants 43909 C((llllgl 4) and B C’((llllzl Q)
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H H H
(1) 1)
Oquqd Oquqd
S Soa
H H
(a) Instanton diagram with an insertion of the (b) Instanton diagram with an insertion of
effective operator O((lt)q a4 the effective operator O((l‘ll)q q and additional

Yukawa coupling insertions, corresponding to
invariants of higher order in the Yukawa cou-

plings.
H P .
\
\
1)
Olequ YH
/I
/
N
N N
H H
(c) Instanton diagram with an insertion of a (d) Instanton diagram with an insertion of an
non-chirality-flipping effective operator Ogg, effective operator, giving rise to mixed trace

and determinant-like invariants. One example

is the insertion of the effective operator Ol(:q)u.

Figure 1: Examples of instanton diagrams corresponding to invariants discussed in the text. Here, the
gray blob depicts the instanton background that the fermions (solid lines) are coupled to. The fermion lines
are closed via Yukawa interactions with the Higgs (dashed lines).

Another interesting contribution which illustrates the previous points is the contribu-

tion from the insertion of the operator oW The corresponding diagram is that of Fig. 1d

lequ®
and only the quarks emerging from the ef(flective operator have zero modes, as the leptons
are assumed not to be charged under the symmetry group responsible for the instanton
dynamics. Indeed, looking at the constructed invariants I ({ be d(Cl(elq)u), we see exactly that
only the quark indices are contracted with the anti-symmetric e-structure (determinant-
like) whereas the lepton indices are contracted in a trace-like manner over a matrix product
with a lepton Yukawa coupling.

A final illustrative example is that of rephasing invariant operators such as OI({l(;. In
this case, even at the lowest order in Yukawa couplings, one cannot build an invariant
where both quark indices are directly contracted with an e-structure; at most one index
is contracted, as shown in the invariant Iabcd(CI%)). This means that diagrammatically

only one fermionic propagator is directly connected to the instanton background, that is,
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only one zero mode is projected out from the effective operator. This case is illustrated in
Fig. 1lc.

We have so far argued that the result of instanton calculations are proportional to the
determinant-like invariants (and no extra flavor structures). Next, we will show how these
patterns arise explicitly.

3.3 Four-quark operator

Diagrammatically speaking, having effective operators in the theory allows for a different
way to contract the open fermion legs coupled to the instanton vertex apart from utilizing
mass terms or Yukawa couplings [28]. Let us start by considering the operator O(uzl q» Which
can give rise to the instanton diagram in Fig. la. Since the SM SU(2) gauge group is
unrelated to the instanton dynamics, the SU(2) quark structure can be treated in the same
way as a flavor index. As such, zero modes in the instanton background will not depend
on the SU(2) index. The topological susceptibility, Eq. (3.6), induced by the four-fermion

)

-0 4 dp t —So[H,HT] 3 (0) 7¢(0) 27(0)
o ’QCD/dmof—E)dN(p)fDHDH e 2oL fH 2 del Jdey A ) (3.13)
p f=1

(1)
« of A2(QVuHurQYaHd+he)(z) L [d4xGG(:n) Cququ Qd(0) +h.c. |,
3272 Qlar

operator can be calculated as?

C(i)d
z), 01 q (1) (0)

T quqd

Y] 1-inst. -1 4, . ikz
Xuqa (0) zllfl_r)r(l)[d xe <0 e

where d2§ ©) 2 df c0) g § ¢O) for the two components of the SU(2) quark doublet. The fermions

are expanded in thelr elgenmodes (c.f. Eq. (C.9)) and only those terms containing fields
with zero modes in the instanton background have been kept. As can be seen in Eq. (C.10)
this will be u,d, Q" in the instanton background and the conjugates will contribute to the
anti-instanton scenario.

The next step is to expand the exponential of the interacting action of the fermions
and Higgs, such that precisely enough fermion fields appear in the Grassmann integral to
obtain a non-vanishing result. We will also make the SU(2) indices of all SU(2) doublets
explicit in the following calculations by giving all SU(2) doublets upper case indices. We
find

3
a0 = 0acr [ty f Lan(p) [ DHDH! S 1’[( 2aelael a*gy) )

1 _ _ ~
X f d4x1d4l‘2d4l‘3d41‘4 1 z fg)() (¢(0)Yu,i1j1HIPRw(O))(:El)gTS?z
+| perm. over i1
fermion fields

4Note, that all computations are done in Euclidean space by Wick-rotating the time coordinate every-
where in the calculations.
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<€) (Do 17 PO 20615 €k (Yo, H P @) ()€, (3.14)

12

&)
_ _ GG(x C uqd,mno
<€8) (PO H Prv©) w)&l,) [ d'a 32(2 g € O Pl eary
2 oF

x €N (w@)PRw(O))éé?) (0) ] :

where the indices m, M of § ©) " denote the SU (2) and flavor indices, respectively, of the zero
mode Grassmann vector {Q, "which in this case is six-dimensional. After integrating over
all Grassmann variables of the zero modes and considering all the permutations over the
fermion fields, we find that the flavor invariants constructed in Section 2 appear explicitly

k1 kzoElllQde,k’lll

1 1-inst. 1 -6, 1
( ) ( ) —ins [e WQCD 1112m€]1]2nyu lelyu’iwéc( ) Yd,kglg

quqd 4 A2 quqd,mnop
+e0qep girigm jijany - ,C(l) kikzo lilapy, ' diz @d (p) 6
w,i1j1 4 w9252~ quqd,onmp d,k1l1 £ d,kals 0 ,05 N\P)pP

- - 2
x fDHDHJr ¢ SolH.HT] [[ d4$1d4x2(¢(0)H}L€UPR¢(O))(1’1)(T/J(O)GJKHKPRT/)(O))(@)]

=21[f d4x1d4z2($(0)PR¢(0))(ac1)AH(wl—xz)eIJE‘”(&(O)PRw(O))(xQ)fE 2172

X (GMNG Nw(o) Pm/J(O) 1/1(0) PRw(O)) (0) / d4x—(2) .
(3.15)

The factor of 1/4 at the beginning of Eq. (3.15) appears because the integral over the
fermion zero modes is expressed in terms of the Levi-Civita symbols (see also Eq. (3.12)).
The last step is to integrate over the Higgs field in the Euclidean path integral; using the
definition of the Higgs propagator in position space

f DHDH e SUMH T (2)HY (22) = Ag (1 - 22) 615, (3.16)

we are left with the integral

=2 f d* w1 d zo (9 Prp @) (21) Apy (21 - 22) (90 Prop @) (22) (3.17)
multiplying the invariant that we set out to find. After some simplifications, we finally
arrive at

A(l) . + Y )d dp
1 in
éu)qd(o)l st. qqu2 quq fd4x [ —dN(,O)pGI2( (O)PR7/J(0)¢(O)P 77Z)(O)) (0),
o
(3.18)
where we have defined
Eli)qd = e~ facn meiny, 151 Yu,izgo C(itlléd mnopeklkwellbpyd,klhYd7k2l2 ’ (3.19)
Bc(pizld = ¢faco llzzmél]anu 11 Y iz Cciizld onmp klkzoellbpyd,klllYd,kzlz :
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The same calculation can be performed with the anti-instanton solution. In this case,
the non-vanishing contributions will arise from the Hermitian conjugate terms in the calcu-
lation. Furthermore, the winding number [ d*z GG (z) will flip its sign, which also induces
a sign flip in the exponential of 6qcp. Therefore, the full one-instanton and anti-instanton
contribution to the topological susceptibility induced by a four-fermion operator reads

1 1 1
X((lll)qd(o) = Xflu)qd(o)‘l—inst. + X((lu)qd(o)‘l—a.-inst.

1 " _ _

1 . d i )
~ g, i) [ @20 [ ST (50RO 0O R ) ()

1-inst.

1-a.-inst.
(3.20)
Substituting the explicit form of the fermion zero modes from Eq. (C.10) gives
_ _ 4% 1 _ _
PO Prp Prol”| = L = O Py {00 Pyl . (3.21)
1-inst. ™ (‘T0+p ) 1-a.-inst.

which in turn leads to the result
W gy 2 (1) (1) " dp 62|40 1
Xquqd(o) - A/é?:[m (Aquqd+Bquqd) /d 550/ EdN(p)p T [FW . (322)

As expected, the final result depends explicitly on the determinant-like invariants introduced
in Eq. (2.11), since using Eq. (3.19) we find

Im(A(l)

quq

d)=A8888(C’(1) . Im(BY (3.23)

quqd ) quq

_ 120000 ( ~(1)
d) - BOOOO (Cquqd) °
It is instructive to compare our results with the NDA estimates introduced in Ref. [32],
which states that the loop factor suppression, (47)~, can be predicted by

a=z-2v+2p, (3.24)

where z is the number of fermion zero modes, v the number of vertices and p the number
of propagators in the instanton calculation. From Fig. la, we verify that for an insertion
of Oéizl q We have a = 12-10+4 = 6. After appropriately substituting the fermion zero
modes, our result in Eq. (D.6) gives a suppression of 1/(457%). Clearly, the power of 7
matches the NDA prediction, but the numerical factor is smaller than 4% obtained from
NDA. This difference arises from the fact that we have assumed an unbroken SU(2) group
and there are also combinatoric factors. Taking these effects into account and summing both
the instanton and anti-instanton configurations, the estimation from NDA would predict a
suppression factor 1/(2567%) in Eq. (D.6), which is within one order of magnitude compared
to the full calculation.
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3.4 Semileptonic four-fermion operator

In Section 2.1, we showed that invariants featuring fgcp can also be constructed for the
semileptonic operator Ol(elofu, so it is important to verify whether they arise in instanton
calculations. As the leptons are not charged under the gauge group generating the instan-
tons, they are not coupled to the instanton vertex directly and should, hence, be treated
perturbatively like the Higgs field in the last section. The invariants of a semi-leptonic oper-
ator can therefore only enter by treating the leptons perturbatively on top of the instanton
background giving the special functional form to the quark zero modes (c.f. Eq. (C.10)), as
we will now show. The topological susceptibility will be calculated with an insertion of the
operator Ol(elq)u, where the leptons will be kept in the path integral. As before, we will split
off the zero modes and integrate over the non-zero modes of the quark fields. This gives

oW
o)

le u ~(1)
q Olequ(o)
= ¢ "acp f d*zg f d—'sdw(p) f DHDHTDLDEDeDée‘SO[H’HT] e~ S0[L:L] g=Sole.e]
p
(3.25)

T

(1) 1-inst. 4 . ik
Xjequ(0) s zh_I}% d*ze'™™ (0

32

a 4$ g u~u 2 e L elle .C.)(x
[ H p dé(O) (0)d2£é02)ejd (QYuHu+QYeHd+LY.He+h.c.)(x)

cW
[ d*z GG(x) lequ LeQu(0) +h.c.
,@P’

322

As previously, we will now expand the exponential of the action containing the fermion and
Higgs field. We expand the exponential over the quark Yukawa couplings in the zero modes
as before and neglect the quark non-zero modes. Then, as is usually done in perturbation
theory, we expand the exponential of the lepton Yukawa interaction order by order in the
small Yukawa coupling, since expanding the exponential to first order will be sufficient to
obtain a non-vanishing result.

. A d _
Xy (01705t = ~iPacn f d*zo f p—'ng(p) f DHDH'DLDLDeDe S0l H-H']

3
x ¢~ SolLL] o=Solec] 1‘[ (a2 [ d'ordiasd vy vsd'as

1
X —

Ujy Ujg

ol > f_égo!) (O, H Pryp @) (1)€Y 5_8? (D OV, H PRip©@) (22)€Y)
. perm. over ] 9
fermion fields

X 5(0) (¢(O)Yd klllHKPR¢(O))($3)§(O) (0) (¢(O)Yd kot HE PRy (224 )5(0)

(€Y)
4 GG(Z') C(lequ,mnop

2 2
32m Afp

x 5(0) (D OV oyt HY Pryp©@) (a5 6(0) f (LYen) eno

x Eg)oo)(@z?“)Pw(O))si‘;))(O)] [t (eVd, HIPLE) ()
(3.26)
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Note that in comparison to the computation of (’)((;l)Ol ¢ an extra down Yukawa coupling is

needed to complete the zero mode expansion because Ol(elq)u

In the next step, we will perform the integration in the path integral over the Higgs and

has no down-quark bilinear.

lepton fields, as well as the zero mode integrals. Using
f DYDY e (1) (22) = Ap (a1 - 22) 017, (3.27)

the lepton fields are contracted to form a loop.” The resulting expression reads

Xlequ(o) inst. _ 2A/29F e wQCD 621Z2m€]1]2nyu,i1j1 Yu7z'2j2 Clequppmn}/e’po det Yd

= Il(l)
equ

x 3l fdA‘OC()/d—f,,)OlN(P)Pﬁz2 fd4965d4966 (djm)PR?b(o))($5)AH(9«°5—$6)
P

et (P~ 0Pur0-0) (PO Pas®) 0)core® [ 1200

As before, we add the anti-instanton contribution to obtain the full result, which leads to

(3.28)

the complex conjugate invariants appearing with the opposite sign in the final result. Thus,
the final result is proportional to the invariant

hn(I“)

lequ) =Im [e—iGQCDeiligmejle’nY Y C(l) YT det Yd:| — 1'8000 (C(l)

w171 " u,iz2je ~ lequ,opmn ™ e,po lequ) )
(3.29)
that we have defined in Section 2.1 multiplied by a complicated integral. In Appendix D.2,
the integrals in Eq. (3.28) are evaluated; in particular the integral over the leptonic loop is
divergent. We have explicitly verified that when considering the appropriate renormalized
effective field theory, the counterterms cancel this divergence, as expected. Furthermore,
the NDA estimation of Ref. [32] also works in this case: following Eq. (3.24), we expect a
suppression of (47)~® which matches the 7 suppression of the result obtained in Eq. (D.19),
where the numerical factor ~ 1/(4507%). For this factor, if we take into account the combi-
natoric factors, the unbroken SU(2) and the sum over instanton and anti-instanton config-
urations, the NDA estimation of 478 becomes approximately half of the full result.

This analysis can be repeated for all other operators in the SMEFT following the same
procedure. We present calculations for the insertion of the gluon dipole operator O4¢g in
Appendix D.3, that will also be considered in a phenomenological study in Section 4. For
some SMEFT operators, their leading contribution might not arise from projecting the
zero modes out of all the fermion legs. Indeed, considering non-zero modes of the quarks in
the effective operators is also needed to obtain the invariants with more powers of Yukawa
couplings introduced in Section 2.1. We next discuss the calculations in these cases.

3.5 Higher-order invariants and selection rules

In our calculations we have only considered contributions at leading order with the least
possible power of the Yukawa couplings. However, one could compute higher-loop dia-
grams with more powers of Yukawa couplings, which would be captured by higher-order

>The indices I,.J represent all internal indices, like the flavor and SU (2) gauge group indices.
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invariants, such as the diagram depicted in Fig. 1b. The explicit calculation of higher-loop
diagrams works differently than what was performed in Sections 3.3 and 3.4, because some
interactions mix the zero and non-zero modes of the fermions charged under the instanton
group. Explicitly performing this calculation is beyond the scope of this paper but we will
comment on how these calculations work in principle. Instead of just including the quark
zero modes in the calculations, one would have to include the non-zero mode interactions
in the action as well. These should be treated perturbatively as was done for the leptons
in Section 3.4. As a consequence, one can no longer simply integrate over the free part of
the action containing just the non-zero modes to remove them from the path integral as
done in Eq. (3.10), since their interactions with the zero modes necessarily appear in the
action as well. Hence, we would have to reevaluate 't Hooft’s result for the non-zero mode
integration (i.e., remove the factor of e®2?2Vs from the instanton density in Eq. (C.15))
and treat the non-zero modes of the colored fields as perturbations around the instanton
background.

In summary, including extra powers of Yukawas from the interacting part of the action
forces us to consider terms mixing zero- and non-zero modes of the quarks. The contraction
of the flavor indices of the non-zero mode fermions in the Yukawa interactions is done
by Kronecker deltas as a result of flavorful propagators introduced in the perturbative
calculation (c.f. the calculation with the semi-leptonic operator in Section 3.4). This
results in the higher-order invariants introduced in Section 2.1, where the extra Yukawas
are contracted in a matrix product. The indices corresponding to non-zero modes remain
contracted in a determinant-like manner, i.e. via the e symbol.

In addition, flavor invariants offer an explanation as to why operators invariant under
the flavor-diagonal U(1) quark rephasings (shown in Table 1) cannot enter through zero
mode contributions in instanton calculations. One example for such an operator is (’)I({lq),
which is invariant under ) — €’*@(Q), where all flavors are rephased with the same parameter.
Because the operator is rephasing invariant, other flavorful objects besides the Wilson
coefficient are needed to counteract the rephasing of e QCP that necessarily appears in
instanton calculations. Due to the linearity of the flavor invariants in the Wilson coefficient,
this object can only be constructed by SM Yukawa couplings. There are two options to
construct a flavor invariant given these constraints. The object counteracting the rephasing
of e7acD can either be det Y, Yy with the Wilson coefficient appearing in a trace invariant
or a determinant-like invariant where, even at lowest order, the Wilson coefficient multiplies
one of the Yukawa couplings (c.f. Eq. (2.13)).% As we have discussed previously, both traces
and matrix products can only appear through propagators in perturbative calculations of
the non-zero modes of quarks around the instanton background. Hence, the flavor invariants
imply a selection rule on all operators that are invariant under rephasings to only contribute
in instanton calculations when the non-zero modes of its fermions are considered.

As a more general statement, flavor invariants can be used to understand how the con-
tribution from any SMEFT operator will contract with the flavor structure of the theory

5These two types of invariants are equivalent as we show explicitly in Eq. (2.15) for the operator (’)I({lq)
and all arguments presented here work for both forms.
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without explicitly doing the path integral computations, as we have anticipated in Sec-
tion 3.2. Furthermore, knowing how the non-vanishing contributions scale and connect
with an instanton diagram, allows to correctly account for the loop factors coming from
the zero modes and from the rest of the perturbative calculation; invariants can therefore
allow for a more refined NDA estimate of the instanton effects in the spirit of what was
done in Ref. [32].

4 Constraints on dimension-six CP-violating operators

The results derived in the previous sections can now be used to place bounds on the scale
Agp associated with dimension-six CP violating operators. We will assume that QCD
is modified at a scale Ag; where the one-instanton approximation remains valid and small
instantons induce a shift in f proportional to A%I / Aélj. Using the determinant-like invariants
arising from the one-instanton calculation, we will then obtain limits on the ratio Asi/Acyp,
under the assumption that this induced 6 in the small instanton background saturates the
experimental bound from the neutron EDM, § < 10710 [1].

The effects from small (UV) instantons are enhanced, provided the gauge coupling
becomes larger in the UV. In this limit, the one instanton calculation remains consistent
and the invariants derived in Section 2 can be directly used. As such, we can reliably
compute the effects of various dimension-six operators and compare them to the topological
susceptibility x(0) shown in Eq. (3.11). There are two UV models that modify QCD UV
dynamics to enhance the topological susceptibility for which the instanton computation is
relevant and these will be briefly reviewed below:

Product group models A natural way to explicitly compute the instanton integrals
discussed in Section 3 is to Higgs an enlarged gauge group containing QCD color. This
modifies the instanton measure dy(p) by an exponential factor

dn(p) - dn(p) e 2™ P EI (4.1)

where the sum extends over all the scalars ¢ that Higgs the gauge group. This provides
a cutoff ~ 1/|(o)| for the instanton integrals. In particular, we consider the product group
model introduced in Refs. [27, 28], where the gauge group SU(3)1 x SU(3)a x ---x SU(3)g
is Higgsed to the diagonal SU(3). via bifundamental scalars o. The gauge couplings of the
individual gauge groups at the UV scale can be chosen to be larger than the QCD coupling
while still in the perturbative regime so that small instantons are enhanced and instanton
computations are applicable.

5D Instantons Another model where small instantons provide a significant contribution
to the topological susceptibility was studied in Ref. [61]. This involves uplifting the BPST
instanton presented in Eq. (C.4) to a compact extra dimension of size R, which modifies
the running of the effective gauge coupling in Eq. (C.16) above the compactification scale
1/R. The effective action then becomes

872

R R
Sef ¥ —————+bgln— | 4.2
2/R) p " p (4.2)
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where by is the S-function coefficient of the zero modes and the linear term R/p is due to
additional contributions in Eq. (C.11) from the Kaluza-Klein modes. As such, the instanton
measure becomes modified by an amount

dn(p) ~ dn(p) " . (4.3)

The dilute instanton gas approximation can then be used to compute the topological sus-
ceptibility in this model by imposing the 5D perturbativity condition

2472

ASIR S 2 )
g

(4.4)

where Agr is identified with the cutoff scale of the 5D gauge theory.

4.1 Bounds from induced

As discussed in Section 3, new sources of CP violation in the SMEFT can induce a shift in
6, which leads to observable effects such as the neutron EDM. In principle, all the invariants
discussed in Section 2.1 and Appendix B.1 will give contributions to . However, due to the
different flavor structures, there are only a few invariants that contribute to leading order.

In the following, we consider three different flavor scenarios to study their impact on
the bounds obtained from the induced f-angle. We will briefly introduce them here.

1. The simplest is the anarchic flavor scenario, in which all Wilson coefficients have an
O(1) value. Compared to the SM, this will in particular lead to large flavor-changing
interactions.

2. A slightly more restrictive flavor assumption is the MFV [62-64] scenario. As we
have noted earlier, in the SM the only breaking of the U(3)® flavor symmetry of
the fermion kinetic term is due to the SM Yukawa couplings. Taking the Yukawa
couplings to be spurions under this symmetry (c.f. Table 1), makes the Lagrangian
formally invariant under this approximate symmetry. In MFV we assume that the
non-renormalizable operators of the SMEFT follow the same symmetry scheme. Thus,
all SMEFT Wilson coefficients are polynomials in the Yukawa couplings dictated by
the spurious transformations of the Wilson coefficients under the flavor group.

3. Lastly, we consider a Froggatt—Nielsen (FN) scenario [65] that offers an explanation
for the size of the SM lepton and quark masses as well as the parameters in the CKM
matrix. In this scenario, the SM fields are extended by a complex scalar field ¢ which
is a singlet under the SM gauge group. The new scalar field has charge —1 under
a global U(1) symmetry. Constructing a Lagrangian invariant under the SM gauge
group and the newly postulated U(1) yields

(Z)* 4Q; Tqu; L (Z)* 9Q;14d; d A~ o* qr;*qe; _
(4.5)

where the FN charges of the left-handed fermions @, u', d, L, ef are denoted as q4Q; Qus

4ds 9L, qe, respectively, g = 0, Apy is the effective scale where the Froggatt—Nielsen
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scenario is UV completed and the coefficients C?j’d’e are O(1) complex numbers. Even-
tually, the global U(1) symmetry is broken by the VEV of the complex scalar, which
yields hierarchical Yukawa couplings as powers of \ = % ~ 0.2 dictated by the FN
charges. One set of charge assignments that can reproduce the SM Yukawa couplings
to large accuracy is

9@ =1{3,2,0}, qu=1{5,2,0}, qa={4,3,3}, (4.6)

for the quarks and

ar. ={9,5,3}, ¢e=1{0,0,0}, (4.7)
for the leptons. This construction can be extended to the effective operators of the
SMEFT [66], resulting in hierarchical entries for the Wilson coefficients.

We begin by identifying the leading order invariants amongst those given in Section 2.
This can be easily achieved by studying the FN scaling of the invariant with the least
number of Yukawa matrices for each operator. Consider the topological susceptibility of
QCD, x(0) o< Kpy, e.g., which scales as oc \2". This compares with the SMEFT invariants
in Section 2.1 which scale as

18 18
Zoooo (Cuart ) ABo0o Céqu)a Biooo (Cc(luqi) oc N7, (4.8)
1,3 13
Tu00(Clig”): Tooo (Clgn) o A (4.9)

This scaling helps to determine which invariants are important and hence phenomenolog-
ically the most interesting. For instance, Egs. (4.8) and (4.9) indicate that the operators
Oun and (’)((li’jg lead to larger effects compared to 01(11013) or Ol(clcii), i.e. if the Wilson co-
efficients are assumed to be of the same order (up to the appropriate power of the FN

parameter \), the contribution of the operator (’)(5111’52 (or Oupy) to Bing dominates over that

of (’)l(el(ii) (or (’)I({l(f’)). This can also be understood from Fig. la and Fig. 1d — the latter
figure contains additional loops and Yukawa couplings, compared to the former figure and
the leading order contribution from x/(0).

Below, we study in more detail how these invariants contribute to the shift in the axion

potential minimum, 6;,4, for two leading-order operators — oW

quqd 85 well as the dipole

operator Oqq, and the sub-leading semi-leptonic operator Ol(elofu.
For this analysis, the MFV (at leading order) and FN flavor scenarios result in the
same scaling for the Wilson coefficients, which occurs because we are only considering the

contribution from chirality-flipping operators to one observable. For instance, the scaling

1 .
of (’)quqd is
(1) MEV 3 ¢)) N 4Q;+qu;+40Q, +4
quad,ijkl " clYu»ind7kl+O(Yu,d)7 Cquqd,ijk;l ~ Cl,z‘jk:l)\ Qi Ty QT (4.10)

where ¢; are O(1) coefficients. Since by the FN construction, Eq. (4.5), Y, ~ A9@*9 and
Yy ~ \@*9d | we explicitly see the same scaling in both scenarios. Therefore, we will only
present constraints on Agp (for a given Agr) under anarchic and MFV scenarios for the
considered operators in the following.
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4.1.1 Four-quark operators

For the four-quark operator (9((;3]l 4 the topological susceptibility is computed in Appendix D.1
and the result is given in Eq. (D.6). Performing the integral over p in the product group
model SU(3)* - SU(3). and assuming |{c)| = Ag1, we obtain

))A—%I : (4.11)

1672
Ond = =7 (A8888 (C(l) e
CF

0000 [ ~(1)
5(bo — 6) Ky quqd) Boooo (C

quqd
where by = 13/2 for SU(3)1 and by = 21/2 for SU(3)y . For SU(3)2, ... SU(3)k-1, bo = 10
and we get an additional factor of 2 on the RHS of Eq (4.11). In the case of 5D instantons,
we obtain

) A (4.12)

ina = —— (A5000 (.. 2
o ( 2

0000  ~(1)

quqd
Note that as a consequence of the Higgsed theory, the product group model has a smooth
cutoff on the instanton size p, which leads to a mild dependence on the g function coefficient,
bp in Eq. (4.11).

In contrast, Eq. (4.3) implies that the integral over p is dominated by instantons of
size p ~ 1/Ag1. Therefore, all the susceptibilities for the 5D model only depend on Agy, up
to an overall factor. This factor cancels when taking the ratio of susceptibilities, implying
that #;,q is independent of the § function coefficient, bg.

The constraints arising from Egs. (4.11) and (4.12) are shown in Fig. 2, where for the
product group model, we use by = 13/2 since it gives the most stringent constraints. Note
that the same value of by will be used in constraining the semi-leptonic and gluon dipole
operators. In the anarchic flavor scenario, we find that Agp 2 10'9(10') Agy for the 5D
(product group) model. On the other hand, the MFV scenario provides a much weaker
constraint — Agp 2 5% 10°(10°) Agy for the 5D (product group) model, which differs exactly
by a factor of ~ | /3 ¥4, as indicated by Eq (2.6). This matches the MFV scenario considered
in Ref. [19], up to an overall factor due to the Higgs doublet structure. In addition, the
invariants help us to easily incorporate off-diagonal Yukawa couplings which changes the
previous estimate of 6i,q in Ref. [19] by ~ 6%.

4.1.2 Semi-leptonic operator

For the four-fermion operator (’)( ) , the susceptibility is given by Eq. (D.19). In the case
of the product group model, performing the integral over p gives

18000(01(1)) 11 6 A b A2
Oind = —————” [— —(1 ( QF‘) ~log4 ) 111(—0— )]—SI 413
= - 6)Ky L25 5\ 8\ ag ) TET OB 5 3 AZ (4.13)

where ¥(z) is the digamma function, while in the 5D instanton model we obtain

Thoo(C ) 111 6 A A2
o qu Aoy 3 SI
Oind K, [25 (l g( - )+’yE log2)] —Aélj. (4.14)
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Figure 2: Limits on the UV scale Aggr of the four-quark operator O&Ld in different flavor scenarios as a
function of the small instanton scale Ag;. The shaded regions are excluded by the non-observation of the
neutron EDM. The striped red region, which corresponds to scales above the Planck mass, is plotted for

reference.

We present the constraints arising from Eqs. (4.13) and (4.14) in Figure 3. As expected,
the constraints in this case are much weaker than the four quark operators. For the anarchic
and MFV cases, we obtain Agp 2 10%(107) Agr and Acp 2 5x 103(10%) Agy, respectively, for

the 5D (product group) model. From Eq. (2.12), we see that the largest term in 18000(01(61(1)11)

is approximately ~ Ky y, /[y, for the anarchic case (Cl(elq)u ~0O(1)), and ~ Kg9?2 for the MFV

scenario (Cl(elq)u Nk ~ YeNmYurk). This results in a difference by a factor of ~ /3, yr
in the two flavor scenarios. In comparison to the result for the four-quark operator, the
difference can again be understood in terms of a loop factor and different Yukawa couplings

. . . 1 1 1 .
entering the invariants AJ90 C’c(l uzld), BYRXN Cc(luzld) and I[())ooo(q(e q)u) — for MFV, there is

a relative factor of ~ \/y2/16m2 = \/A%/1672 whereas for the anarchic case the factor is

~V y'ryd/16772'

4.1.3 Gluon dipole operator

Next, we consider the gluon dipole operator Oqq = (Qo*” TAd)H Gﬁy. This operator con-
(1,8)
quqd’
functional form in terms of instanton parameters. The flavor structure of this operator is

tributes to the topological susceptibility at the same order as O and has the same

similar to O, presented in Eq. (2.10), and the leading order invariant is given by

To000(Cac) = Im [e70cr TR IbYy 1y, 5.Cag, ki det Y] (4.15)
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Figure 3: Limits on the UV scale Agg of the semi-leptonic operator Ol(elciu

a function of the small instanton scale Agi. The shaded regions are excluded by the non-observation of the
neutron EDM. The striped red region, which corresponds to scales above the Planck mass, is plotted for

in different flavor scenarios as

reference.

The computation of the susceptibility for this operator is given in App. D.3 and the result
is presented in Eq. (D.26). In this case, the product group model gives the result

_ Toooo (Cac) 144m* A

Oina = , 4.16
d Ky 5(bo-6) A2, (4.16)

where by and |(o)| are similarly defined as in Eq. (4.11). In the case of the 5D instanton
model we obtain

~ Toooo (Cac) 18 A
- St
K; 5 AZ,

The constraints coming from 6;,q in Eqgs. (4.16) and (4.17) are presented in Figure 4.

Oind (417)

In the anarchic scenario, the constraint is approximately, Agp 2 5 x 107(108) Agy for the 5D
(product group) model. It is worth noting that the constraints arising from both the leading
order operators (9((131 d l(elq)u
are the weakest among the three, as expected. The anarchic and MFV flavor scenarios are
defined by Cyqq ~ 1 and Cyq ~ Yy, respectively, resulting in bounds differing by a factor of

~/Ud (see Eq. (4.15)). This is much less pronounced compared to Oég} q and Ol(elq)u which

and Ogq are similar in the MFV scenario, while those from O

have multiple Yukawas.
Finally, note that for simplicity we have assumed the small-instanton induced 6 provides
the entire contribution to the neutron EDM. However, in principle, there can be direct
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contributions to the neutron EDM from the SMEFT operators which should also be taken
into account. These contributions from parameters other than 6 have been considered in
Refs. |52, 67-71].

5 Conclusion

The enhanced effect of small (UV) instantons due to new high-energy dynamics that modi-
fies QCD at a UV scale Agr can be used to increase the QCD axion mass while still solving
the strong CP problem [17, 21-23, 27, 28, 61]. However, in the presence of higher-dimension
CP-odd operators at a scale A, an extra contribution to 6 can also be induced from these
small instantons which can misalign the axion potential and give rise to a large neutron
EDM, leading to stringent constraints on the ratio Asi/Agp [19]. In this paper, we have
further explored these contributions for generic UV CP-violating scenarios parameterized
by SMEFT operators. In order to estimate the induced shift 6;,q, the calculations have
been performed in the one-(anti-)-instanton (or dilute instanton gas) approximation, valid
when the instanton dynamics can be treated as perturbative. This assumes that the QCD
coupling near the scale Agr is large or semi-perturbative (in order to amplify the effect
of small instantons). The calculation is not applicable for non-perturbatively large QCD
couplings, where non-perturbative methods must be used.
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Given that the instanton calculations involve complicated integrals and are usually con-
sidered as estimations [32], a more accurate estimation can be obtained by including the
effect of flavorful couplings in the theory. However, since physical observable are flavor basis
independent, the flavorful couplings should be arranged into rephasing flavor invariants. In
particular, the topological susceptibility from small instantons can be described in terms of
SMEFT CP-odd invariants introduced in Ref. [39]. However, the basis of trace invariants
presented in Ref. [39] is not well-suited to characterize the results from the instanton cal-
culation of topological susceptibilities. The results, when projected into the basis of trace
invariants, yield complicated linear combinations of the invariants with coefficients that
may contain inverse powers of Yukawa couplings, therefore making the task of estimating
physical effects with these invariants impractical. Instead, in this work we have proposed a
new basis of CP-odd SMEFT invariants, built from determinant-like structures which are
much better suited to describe instanton computations. We have explicitly shown and ar-
gued that the instanton calculations give results that are directly proportional to elements
of our new basis with no extra powers of flavorful couplings. The flavor invariants derived in
this paper therefore allow a more refined estimation of the effects of including CP-violating
new physics in small-instanton calculations, complementing the instanton NDA estimates
in Ref. [32].

Furthermore, the new invariants directly imply selection rules on which kind of opera-
tors can appear at the leading order in the instanton calculation since they determine the
number of Yukawa couplings and loop factors. We have also shown that rephasing invariant
operators cannot contribute only via fermion zero modes which usually give the dominant
contribution. For example, we show in the case of the semi-leptonic operator contribution
how invariants encapsulate the expected lepton Yukawa dependence and extra loop sup-
pression. Performing the computations in a flavor-invariant fashion also allows us to easily
test different flavor assumptions for the SMEFT Wilson coefficients. For instance, we find

that for the four-quark operator oW the leading order invariant in the MFV scenario

uqd’
contains an extra product of the upqaroid down Yukawa couplings (or just the down Yukawa
coupling for the gluon dipole operator Oq4g) compared to the anarchic scenario. Using the
experimental bound on 6, we obtain constraints on the scale of the higher-dimension CP-
violating operators by assuming that the contribution to 6 is entirely due to the calculated
effect of the small instantons. We also show that for the leading order operators (’)(izl q and
Ogc the invariants are approximately ~ sin @ and result in similar bounds Acp 2 10% Ag; for
the MFV scenario. However, for the anarchic scenario, the limits are operator dependent

and become much more stringent— for oW we obtain Acp 2 10™ Agp while for Oqq, the

quqd’

bound becomes Agp 2 108 Ag;.
The cancellation of divergences appearing in the instanton loop integrals can be used as
a non-trivial cross-check of our calculations. The divergences in the correlation functions are

canceled by including the counterterms of the SMEFT in a Green’s basis. This cancellation
(1)

lequ 1O obtain a divergence-free

has been explicitly shown for the semi-leptonic operator O
result that is then used for a phenomenological study.
Our work can be extended in several directions. The most immediate one is to perform

similar calculations by including all relevant SMEFT operators systematically, explicitly
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verifying the appearance of the constructed invariants. In addition, considering higher or-
ders in the Yukawa couplings would also prove interesting. Another possible extension of
our work is to consider the effect of higher-dimensional effective operators (e.g. consider-
ing the double insertions of dimension-six SMEFT operators, or a single insertion of the
dimension-eight SMEFT operators). Since these operators could allow for different topolo-
gies than those of Fig. 1, their effect might not be in general trivially extrapolated from

our results. While we estimated that a higher-dimensional effect would be suppressed, as
(1)

quqd
study of higher-dimensional operators could be relevant.

expected, in the case of the double insertion of O in Appendix D.1, a more systematic

Furthermore, we have solely focused on contributions to the linear term in the axion
potential in this work. However, similar computations could be performed to estimate the
small instanton effects on the axion mass term using CP-even SMEFT invariants. Having
more reliable estimates of observables to probe SMEFT operators can help to better direct

experimental searches.
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A SMEFT conventions

In this work, we consider the SMEFT up to dimension-six terms and assume dimensionless
Wilson coefficients Cj 4, ..;, defined as

1 i1.in
L =2 g B Cuiin O (A1)

where Agp is the cutoff scale associated with the CP-violating operator, a labels the type of
dimension-six operator and i7...7, correspond to the n flavor indices of fermionic operators.
Above the electroweak breaking scale, the SM Lagrangian is given by

1 1 1 2 -
SM _ A ~A,uv I I,uv v g A AA, pv
L = —ZGWJG e ZWNVW B Z_lB'm/BM + 0QCD_3271'2 GMVG #

+i(QPQ + ulpu + dIpd + LIPL + elpe) — (QYyHu + QYqHd + LY. He + h.c.)

+(D*H)\ (D, H) +m%(H' H) - %(HTH)Q, (A.2)
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where Y, q are the Yukawa coupling matrices and H' = éiH ;. Our sign convention for
covariant derivatives is mostly positive, e.g. the covariant derivative acting on a field ¢
reads

Dy = (0, +igTE Gl +igoaT' W) +ig1 Yy B,) o, (A.3)

where g, g2, g1 are dimensionless gauge coupling constants and Té, T! are the SU(3) and
SU(2) generators in the representations of ¢ respectively; Y, stands for the hypercharge
of ¢. Here, it is convenient to define the covariant derivatives acting to the field and its
Hermitian conjugate,
<> <>
HY%D,H =H'(iD,H) - (iD,H)H, H%WD,H=H't"(iD,H) -

(D, HNYT H, (A.4)

I are the Pauli matrices.

where 7 We adopt the Warsaw basis [47| conventions for the
definitions of the effective operators. The fermionic operators are given for completeness in
Tables 2 and 3. We only consider fermionic operators and neglect fully bosonic ones in our
analysis because only the former have zero modes projected out resulting in determinant-like

structures, as explored in detail in Section 3.

B Details on determinant-like invariants and their relation to trace in-
variants

B.1 Complete set of flavor invariants featuring fqcp for all SMEFT operators

In this Appendix, we present a complete set of flavor invariants, featuring fqcp and are
linear in the Wilson coefficient, for all dimension-six SMEFT operators, which were not
shown in the main text due to their length. We begin with the operators that are used as

(1,8)

examples in the main text. For the operator Oquq a

a complete set can be built with the
following 81 invariants

— 30 —

A0 () oo (1)) atoom (1)) atgoe (2, A8 (c0)
ABIED () ton () agoen (1) At (12, a8 ()
ALED () | Asain (), atoom (1)) agmee (12, A8 (c09)
AR (), AR (), agitn (1)) Ak (), A8 ()
A58 (Clad) - A5506 (C) AL (Cld) - SIS (Cimr) » ABSE8 (i)
D (U, AR (), Agtn (1)) Aszte (), A28 (c09)
ALZID () o (), a0ion (1)), st (2, A58 ()
Ao (Cl) - A3200 (CSa) - ATabo (Clad ) - ABKE (C) - AGEE (o)
AL (Cot ) + 40230 (Cl) + A0 (Cluad ) » 1380 (ot ) - AT (Clnd ). (BD)
AR (C8), 43300 (L)) A8 (el A8tz () s 30 (el
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Label Operator # phases | # primary phases
Oeri (HYH)(Lie;H) +h.c. 9 3
Ou (H'H)(Qiu;H) +h.c. 9 9
Oan (HYH)(Qd;H) +h.c. 9 9
Oow (Eiof””ej)TIHWJV +h.c. 9 3
OB (Lia“”ej)HBW +h.c. 9 3
Ouwe | (Qio"™ T u;)H G4, +hec. 9 9
Ouww | (Qic"u;)T' HWL, +h.c. 9 9
OuB (Qio"uj)H B,y +h.c. 9 9
Oac | (Qio"'TAd;)H G}, +h.c. 9 9
Oaw | (Qio*d;j)T'H VV,{V +h.c. 9 9
Oas (Qio"d;)H By, +h.c. 9 9

(1) ) T oAKT, .
Oy (H'iD, H)(Liy"Ly) 3 0
o) | (HUWDLH) (L' L) 3 0
Ote (H'iD , H) (et e;) 3 0
oM (H'i D, H)(Qi"Q; 3 3

Hq 1D, H)(Qiv*Qy)

f - _
of) | (H'DLH)(Qir"v'Q;) 3 3
Ot (H'i D, H) (v"u;) 3 3
Oma (H'i D, H)(dy"d;) 3 3
Omua | (HYiD,H)(a"d;) +h.c. 9 9

Table 2: Table of bilinear fermionic operators in the Warsaw basis [47]. For each operator, we also indicate
the number of phases and the number of primary phases [39], i.e. the number of flavor-invariant CP-odd
quantities capturing the interference with the SM. The lower-case indices i, j, k, [ denote flavor indices, while
the uppercase indices I and A denote the indices of the adjoint representation of the SU(2)r and SU(3).
gauge groups, respectively.

30000 (1,8) 0000 [ ~(1,8) 0000 ( ~(1,8) 0100 ( ~(1,8) 0100 ( ~(1,8)
0110 (Cquqd) 0122 (Cquqd 0220 Cquqd 0000 Cquqd 1000 Cquqd
0100 (1 8) 0100 (1 8) 0100 (1 8) 0100 (178) 0200 (1 8)
Biioo quqd 2100 quqd 0120 quqd 1220 quqd 1120 quqd )
;1000 (1 8) BLO00 ((~ (1,8) 31000 ( ~ (1,8) 31000 (~ (1,8) 1000 ( ~ (1,8)
Boooo quqd » 80100 quqd y ©1200 quqd » B0110 quqd y B0122 quqd )
1000 (1,8) 1100 (1,8) 1100 (1,8) 1100 (178) 1100 (1,8)
Bysio uqd 0000 uqd 1100 uqd 2200 quqd 0110 uqd
B1100 (1,8) 1100 (1,8) 1200 (1,8) 2100 (1,8) 2200 (1,8)
0220 (Cquqd) 1122 (Cquqd 2100 Cquqd 0122 Cquqd 0000 Cquqd
A2200 (1,8)

1128 (Cfond)

where the two structures A(Célllsz) and B(C’élllqgg) are defined in Eq. (2.11).

We have also used the operator Ol(el(ii) in Section 2.1 for which the full list of 27 invariants
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Label Operator # phases | # primary phases
Oy (LinpLg) (L™ L) 18 0
0l (Qiu Q) Qi7" Q) 18 18
0% | Q' Q) QT Q) 18 18
Ol(ql) (Livu L) (@i Q1) 36 9
Ol(s) (Linu" L) Q7' Q) 36 9
Oee (&yues)(Exyrer) 15 0
Ouwu (wsypug) (T ) 18 18
Oaq (divud;) (dry™dy) 18 18
Ocu (@ivpes ) (upyHur) 36 9
Oed (Evpes) (dry™dy) 36 9
oy (@iyuy) (diy¥dy) 36 36
O | (@ Tuy) (@ "Td) 36 36
Ore (LivuLj) (exyter) 36 3
On (LivpLg) (g ) 36 9
Ol (Livu L) (dgy*dy) 36 9
Oqe (QivuQ;)(Ery"er) 36 9
o) (QivuQj) (wry"uy) 36 36
O | QT Q) (" T u) 36 36
Oéﬁ) (Qivn@;) (diy"dy) 36 36
0% | (QuTAQ)) (i Tdy) 36 36
Owdq | (L{€;)(drQua) + hoc. 81 27
Ofa|  (QPu)(Qidr) +he. 1 81
O | (QiTHu;)(QTAdy) + hc. 81 81
O | (Lee))(Qhun) +hc. 81 27
01(211 (Liouwe;)(QFo uy) + hoc. 31 97

Table 3: Table of four-fermion operators in the Warsaw basis [47].

For each operator, we also indicate

the number of phases and the number of primary phases [39], i.e. the number of flavor-invariant CP-odd

objects capturing the interference with the SM.

reads
o000 ( 1(61012)) , Zoooo (C&{i)) , Ziooo (Cl(ezi)) » £1000 (Cl(elq’i)) , Tiooo (Cl(el(ﬁ)) ,
Tio00 ( l(elqi)) 0100 (Cﬁjqi)) o100 (01(6143)) , Io100 (ng’i)) A (Cl(el(ﬁ)) ,
Inoo (C&i)) T100 (Cl(et{i)) , Ioito (Cﬁii)) , Toi1o (Cﬁ{i)) , Thito (Cl(etﬁ)) , (B.2)
200 ( u)) Tya00 (C](elc;i))  Tano (C&;ﬁ)) , Iz (ngi)) o220 (01(61(1,3)) , '
a2 ( 1equ)) 1220 (Cl(elqi)) Tis20 (0121(;3)) , Iiazo (01(.31(1’3)) , Ioi2s (018(1’3)) ,
T5122 (Cl(elqi ) T§122 (Cl(ezi))
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where Z( lequ)) is defined in Eq. (2.12).

We next continue with all other invariants in the Warsaw basis of the SMEFT. Only the
form of the invariants will be given and we refer to Ref. [39] for the index assignments that
are needed to obtain a complete set of invariants which will be exactly the same as those
that are needed for the determinant-like invariants. Consider first the fermion bilinears
where we have already defined the invariants for Oy in Eq. (2.10) and the invariant for
Og4n can be defined in a similar way. Furthermore, the dipole operators Oy, Ouw, Oua
and Ogg, Ogw, O4c, fall into the same class of operators and the invariants have exactly
the same form as those for Oug and Og. For Ocy, the form of the invariants is

Zo(Conr) = Im [e QP Tr (XECopr) det (YuYa)] (B.3)

where the index assignments for a, for this operator and all other operators below, are the
same as for the trace invariants in Ref. [39]. Oqp and O.w fall again into the same class of
operators.

For the bilinear current-current operators, the Hermitian leptonic operators (’)(1 %) and
One do not have any phases interfering with the SM at the leading order and consequently
there exist no flavor invariants. For the operators containing quarks we have already defined
the invariants for OI({ICQB) in Eq. (2.13). The phases introduced by the operators Oy, and Opg

can be obtained from the invariants of (’)I({I(f’) by replacing CI({I(iS) - YuC'HuYuT , Y Oy deT ,
while the phases in Opyuq can be obtained from the invariants of Ouy by replacing C ;; —
Cona¥]

Only the four-fermion operators remain to be treated. Again, for the purely leptonic
“Hermitian” four-fermion operators Oy and Oee, whose Wilson coefficients satisfy the iden-
tity C7: ikl = = Cjiik, no CP-odd invariants arise at leading order in the Wilson coefficients. For
Ole, we can define the following invariants

Z,(Cie) = Im [e PacP (X2) ., det (YyYa)] - (B.4)

i ekl lejlmz emk

The remaining semi-leptonic four-fermion operators can be divided into two classes. In the
first class Oge, Oed, Oeu, can be captured by the following invariant forms

I(fbcd(cqe) =Im I:e_ieQCD (XngXEXd) (X Y. )kl det (Y Yd)]

qe, jzlm e, mk

. (B.5)
Tiped(Cea) =T [einCD (XgYe)ij(XngchleYd)lmOed,jkmnY:a szd i det (Yqu)] ;

and the Oey invariants are obtained by Y, , C -Y C

d,lm “ed,jkmn d nl u,lm " eu jkmnyu nl*

The second class (’)( 3) ,Og> Oy, 1s captured by the invariants of the following form

T, (O ) = T [e7%acm (X1 (e x5 XX, fqu;gkdet (YaYa)],

| (B.6)
Tpea(Cia) = Im [e_wQCD(Xg)ij(XSX XXV Cra it Yol o det (Yo Yd)]

i
_’Yuklc itm Yy

lu,jilm =~ umk"

and the Oy, invariants are obtained by Yd w1Cla jilm J ik
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The phases introduced by the operator Ojeqq are captured by the following invariant

_ 1,3
7l (Cleaq) = Im [e Paon (YIXS), (YaXoX3XEXT), Ol det (Yqu)] . (BY)

The operators (’)((l}l’g), Ouu, O44 can all be described by invariants of the form

bacad _ —i6 b d b d 1,3
Ay (Ci™) =Im [6 e (X0 XB XX (XX P XS X)), Ol det (Yqu)] ’

Bagszde(C(cll,?))) = Im [e—iOQcD (Xngngﬁl Xélil )ij(ngXg2X§2ng)klc(l,i’)) det (Yqu)] R

arbicidy q qq,lijk
(B.8)
where the following replacements have to be made for the latter two operators C(l’:.)’?kl
qq,4j

\ A e, Yy v v . vl cC Y, vi T

wim™ u,nj ~uu,mnop” u,ko” u,pl’ ~d,im " d,nj ~dd,mnop” d,ko” d,pl*
18 1,8 . . .
For the operators Oéu’ ), Oé d ), a complete set of invariants can be found by considering
the following forms of invariants

A2 (CGD) = Tm [e7aom (XI X XX, (XEXEXEXE),,

a1bicidy

u,lm ~qu,jimn - u,nk

<Y W)yt et (Yqu)] ,
| (B.9)
Bepexq2 (L) = Im e Pacn (X0 XY X0 X ) (XS XX P X ),

a1bicidy

XY, i Ol Yok det (YaYa) |

w,lm ~qu,mijn = unk

where for (’)éé’s) the replacement Y c® vyt Ly oW ¥t has to be made.

JAm~ qumign unk d,lm ~qd,mijn" dnk

)

Finally, the CP violation introduced by the operator (91(111’8 can be captured by invariants

of the form

Aa2bacads (01(1(11»8)) = Im I:G*MQCD (X0 Xgl xXo Xéll )ij(Xl(llQ deQXSQchilQ)kl

aibicidy

<Y . v, ¢cW® yt oyt

u,jm™ d,In ~ud,monp~ w0t~ d,pk

Ba2b202d2 (01(1(11,8)) = Im I:e—ieQCD (Xgl Xgl Xﬁl Xéll )ij(Xg2 XSQXSQXéb)kl

aibicidy

det (Yqu)] , 510)

<Y v, c1® yt oyt det(Yqu)].

u,ym = d,In""ud,nomp~ u,0t” d,pk
B.2 Conversion of invariants with negative powers of Yukawa couplings

In Section 2.1, all determinant-like invariants were related to the basis of trace invariants
of Ref. [39], except for invariants of the form Zyp.s(Cyn) which are mapped to the trace
invariants L(C') and R(C') defined below Eq. (2.15)

Toved(Cunr) = 2 (Ja R(—l)bcd(CuHYJ) + Ky L(—l)bcd(CuHYuT)) ; (B.11)

"Note, that we have chosen the same form for all invariants here while Ref. [39] chooses a form with
fewer insertions of Yukawa couplings, whenever no insertions of X, 4 are made in one of the bilinears of
right-handed quarks. We chose to do this here to present the invariants in a more compact form. We will
also do this for the following four-fermion operators containing only quark fields.
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that contain inverse powers of Yukawa couplings, which is clearly not in the basis of Ref. [39].
To convert the right-hand side of Eq. (B.11) to the basis we will use the following relation

a1
det A

Lﬁ-AﬁA+%«ﬁAV-ﬂ@P»4, (B.12)

which directly follows from the Cayley—Hamilton theorem. Making use of this identity, we
can write

L-1ypea(C oY) = Im Tr (X;lxgxgnguHYj )

=MX@%Nhﬂ%W%ﬂm@M® (B.13)

+% ((TrXy)? - Te(X2)) LObcd(CuHYj)) ,

given that det X, # 0. Repeating the same for R(,l)OOO(CuHYuT) enables us to fully map all
determinant-like invariants of Cyy to the trace invariants of Ref. [39]. The same procedure
can be followed for all other operators with chirality flipping currents where the same
problem occurs. In some cases further syzygies have to be imposed in order to map the
invariants appearing on the right-hand side of Eq. (B.13) to the basis of Ref. [39]. For
instance, the invariant Zy;00(Cyp) is mapped to the CP-odd trace invariants L2100(CuHYuT),
LHOO(C’UHYJ) and LOloo(CuHYuT), out of which only the last two appear in the basis of
Ref. [39] without further manipulations. Therefore, more syzygies have to be applied to the
invariant LQloo(CuHYJ) in order to reduce it to the basis in Ref. [39].

C Basics of instanton calculations

In this Appendix, we briefly give an overview of instantons and their calculus. There is a
vast literature on instantons, and more details can be found in the standard lectures and
recent reviews of this topic such as Refs. |28, 32, 72-78].

C.1 Instanton calculations: technical preliminaries

The presence of instantons is necessary if the vacuum of the theory considered is degenerate
in the space of fields. Within the semi-classical approximation, instantons describe the
tunneling effects that connect the two distinct energy-degenerate states in the space of
fields. They are localized objects in Euclidean spacetime, satisfying the Euclidean equation
of motion with non-trivial topologies and therefore minimize the Euclidean action.

The instanton solutions for pure Yang—Mills theories were first discovered in 1975 by
Belavin, Polyakov, Schwarz and Tyupkin (usually refered as BPST instantons) [79]. These
solutions play a primary role in revealing the non-trivial vacuum structure of Yang—Mills
theories, i.e. the existence of the # vacuum, as a superposition of the so-called “n-vacua”
which are degenerate but topologically distinct and characterized by the winding number
n of the gauge field at infinity [80].

We begin with the pure Yang—Mills part of the QCD Lagrangian, including the con-
tribution of the vacuum angle fgcp. From the Lagrangian formalism, we then write down
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the Euclidean action of this theory.®

1 v . g2 ~ v
Svi- [ d%(ZGﬁ,,GA»M ibon L GG ) , 1)

where G, = Gl‘j‘ T4 with the gluon field strength tensor given by

G, = 0uGy - 0,G - g *PCGRGET . (C.2)

Here, A = 1,...,8 are gauge indices, 7% and f4PC are SU(3) generators and structure
constant, respectively. The QCD gauge coupling is g. Our convention for the dual field
strength tensor is Gﬁy = %EWPUGA’W, with the choice €923 = +1. We define the topological
charge as

2
# fd4xGﬁyC~;A"”’(x) =Q.where QeZ. (C.3)

Within the perturbative regime, we can fix the topological charge ) = +1, because these
configurations will minimize the Euclidean action and dominate over all path integral tra-
jectories.” Later on, the subscript |ins;. will be replaced by |1-(a)-inst. for the background with
the one-(anti)-instanton solution.

For the @ = +1 configuration, using the regular Landau gauge, an explicit form of the
BPST instanton solutions for the SU(2) gauge theory is given by [79],

€apvs M7V€{172’3}
_(5aua p=0

a ('T B xO)V
G#(x)‘lfinst. =2

Mg =2l Mg = . (C4)
W w0+ 2 " T b v =0

0, pw=v=0

where a = 1,2,3 label the SU(2) gauge indices, u,v are the Euclidean spacetime indices
and 74y, is the group-theoretic 't Hooft 1 symbol defined in Eq. (C.4). The relations and
index contractions of the n symbols can be found in Ref. [46]. The instanton solution in
Eq. (C.4) depends on five parameters, the Euclidean four-vector zfy and p which describes
the instanton location and size, respectively.'”

The anti-instanton solution has exactly the same form illustrated by Eq. (C.4), with
the replacement 74, — 7au, Where the symbols 74, are defined by the modification
Saps Oav = —Oay, 0ar in Eq. (C.4). Since we usually work with field strength tensors instead

8When switching from Minkowski to Euclidean space, the field strength tensor components are related
by (Gi)m = (G)E, (Gy)m =i(G4y)E. For the Euclidean path integral, each trajectory is weighted by
the factor e™ M,

°In the non-perturbative regime, all topological configurations contribute to the path integral equally.
Thus, one needs to consider multi-instanton solutions and the interactions between (anti-)instantons [81-86].

""For an SU(2) theory, G, = G4 T" there are an additional three gauge parameters, for a total of eight
parameters. Different values of these parameters just lead to equivalent instanton solutions. In the language
of soliton physics, these parameters and the family of equivalent solutions given by Eq. (C.4) are referred
to as collective coordinates and zero modes, respectively.
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of gauge fields, it is convenient to give an explicit form of the field strength tensor in the
presence of a one-instanton background,

2

a P
=4 . .
Givlinst. Taw T wo)2 + p22 (C.5)

Furthermore, note that the instanton solutions for the SU(N') gauge theory can be obtained
by embedding the SU(2) solutions into SU(NN). Therefore, in this work, when contracting
the gauge index of ny Linst, With T4 or fABC only A, B,C € {1,2,3} yields non-vanishing
results.

An important property of the one-(anti-)instanton solution is that it satisfies the (anti-)
self-dual equation

G, ==Gy,, (C.6)

and thus, due to the Bianchi identity, automatically solves the gluon equation of motion
DrGY, = D“ézy = 0. With all of these properties, the one-(anti)-instanton solution then
yields the finite QCD classical action

8w
= 9—2 + ZGQCD . (C?)

) 1 2 -
Slzimst. f d4x(ZGﬁVGA’W+i9QCDSgﬂ_2G;‘VGA’W)

1-(a.-)inst.

Fermion zero modes Next, we consider the SU (V) gauge theory with massless fermions

in the presence of an instanton background. The fermionic Euclidean action is given by

S¢=fd4x@z7f(—¢1p)¢f, (C.8)

where D, = 0, +igG}, T, and f is fermion flavor index. The spectrum of the Dirac operator
can be obtained by expanding the fermion fields into their eigenmodes,

V() = ;s}%(“(m; () = gé;’“%ﬂk)(x), (C.9)

where fj(ck) and E}k) are Grassmann variables. The crucial point is that the interaction of
fermion with the instanton background leads to the so-called fermion zero modes which
satisfy the massless Dirac equation, —ilp‘l_inst_w(o)(a:) =0. For the SU(2) gauge theory, an
explicit form of 1(°)(x) in the regular Landau gauge is given by [73, 74|

1 0 am
:(XL):_ p 3/2( ) Pam = € (C.10)
1-inst.

0) (4
P () XR W[(x—xo)2+02] ¥

where a = 1,2 and m = 1,2 are spinor and SU(2) gauge indices and € is the anti-symmetric
tensor in two dimensions. Here, the fermion zero modes given by Eq. (C.10) are normal-
ized by imposing the condition [ d*z [w(o)Tw(o)](x) = 1. In the presence of an instanton
background, only XTL7 xr Weyl components possess the zero mode solutions of the Dirac
equations and vice versa for the anti-instanton background. Also, notice that the zero
modes are independent of the flavor of the respective fermion.
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Vacuum-to-vacuum amplitude Within the semi-classical approximation, one can ex-
pand the fields around their classical configuration in the presence of the one-instanton
background, up to quadratic order in the quantum fluctuations, the Euclidean action reads

Sg = Skinst- 4 / 'z 3 501 (Ma,0,)00; (C.11)

where in QCD, SHits® is given by Eq. (C.7), §® encapsulates all quantum fluctuations of
the gauge A, ghost 7, scalar ¢ and fermion ) fields.'? We are interested in the vacuum-
to-vacuum amplitude, and, following Refs. [28, 46|, we express this amplitude in terms of
path integral as follows,

[ DA, DyDiD$D DY Dipe

_SE‘
1-inst.

o d , C.12
> |1-1nst. / DA“DnDﬁD¢D¢TD¢D¢ e_SE Acl=Q ( )
ol

(00

The computation of this amplitude requires a lot of effort. First, one has to split the
path integral measure into an integration over zero modes and non-zero modes. The path
integral over zero modes can be replaced by an integration over collective coordinates and
the corresponding Jacobian must be computed properly. Second, the non-zero modes need
to be integrated out, their contributions can be viewed as the product of the infinite non-
vanishing eigenvalues of the operator Mg,q,. This product is divergent due to many large
eigenvalues and needs to be regularized. The final result that will be used in our calculations
is given by [46]

-1 d Nf - z (= c
(010} |y, = €0 [ a0 [ v () [ T1(pdefag() f ' oreme) - (cas)
f=1

where J is a source term describing the interaction between fermions (charged under the
instanton gauge groups) and other quantum fields (unrelated to instanton dynamics). An
important quantity appearing in Eq. (C.13) is the instanton density in SU(N) theory,

g2 \*N 2.2
dy(p) = C[N] (9—2) e 8 /97 (p) (C.14)
Notice that the gauge coupling g in the pre-factor (872/¢%)*" is the bare coupling and only
receives radiative corrections beginning at two-loop order. Furthermore, the running gauge
coupling in the exponential factor, resulting from the contributions of non-zero modes, is
evaluated at one-loop order and the full expression can be found in Eq. (C.16). In presence
of scalars, o, that are charged under the gauge group, the instanton density is modified as
in Eq. (4.1).

The coefficient C[N] includes the contributions of non-zero modes and the Jacobian
factor when transforming [ DA,(LO) to the integration over collective coordinates and it is
given by [28, 32, 46, 87|

~CuN
Cre™> 0.292N

CWNI= vy ’

(C.15)

1 The fluctuations 6@ include both zero modes and non-zero modes.
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where Cy ~ 0.466, Cy ~ 1.678; the contribution of fermion non-zero modes yields the fac-
tor e¥292Nr where N ¢ is the number of fermions. Note that the coefficient (7 is just a
constant while Cy and e%??2%s are scheme-dependent due to the renormalization of the
gauge coupling. Here, the coefficient C[N] is defined in the Pauli-Villars regularization
scheme. In this paper, we evaluate loop integrals using dimensional regularization and the
MS scheme, therefore dx(p) should be converted into MS scheme. The details of this step
will be discussed in Appendix C.2. Eventually, the running of the gauge coupling is given
by

872 B 872
9?(1/p)  g3(Auv)

C.2 Divergences and scheme independence of the results

11 2
- bo logpAUV, b() = ?N - ng. (C.16)

The calculation of the topological susceptibility, x,(0) defined in Eq. (3.6), induced by
effective operators can involve divergent loop integrals. Within the SMEFT, the standard
technique to regularize these divergences is to use dimensional regularization, supplemented
by the modified minimal subtraction (MS) renormalization scheme. Therefore, to consis-
tently evaluate x,(0), as well as the ratio x,(0)/x(0) in Eq. (3.7), the instanton density
dn(p), defined in Pauli-Villars (PV) renormalization scheme, must be converted to the
MS renormalization scheme. The details of this conversion procedure can be found in the
Appendix B of Ref. [28].

It is clear that the computations of x,(0) and x(0) are scheme dependent. However,
X0 (0)/x(0) does not depend on the renormalization scheme since it is the ratio of two
topological susceptibilities and both scale in the same fashion when converted to a different
renormalization scheme [28§]

W15 (0) = lVNDIOPY (0, (C.17)

where the bracket notation in the subscript of X, (0) indicates either the x(0) or x,,(0)
susceptibilities. To deal with the divergences arising from the insertion of SMEFT opera-
tors that will only affect x,,, one has to consider the renormalized SMEFT, i.e. with the
appropriate counterterms calculated in the MS scheme.

As an example to illustrate this feature, in Appendix D.2, we explicitly calculate the

l(el(iu(O) resulting from the insertion of the

divergent part of the topological susceptibility x
semi-leptonic operator Ol(elq)u' The divergences appearing in loop calculations are expected
to be canceled in renormalized perturbation theory by appropriate counterterms. To obtain
these counterterms we make use of the SMEFT RGEs'? [91-94] that are computed from
the SMEFT counterterms. It is important to note that we will require off-shell correlation
functions and therefore to observe the cancellation at the level of the correlation functions,
the counterterms will be calculated in an off-shell Green’s basis [95]. The details of this

computation will be given in Appendix D.2.

2Tnspired by previous studies [88—90], the B-function of a given operator (related to instanton dynamics)
can also be computed in the instanton background instead of using the traditional diagrammatic approach.
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D Evaluating loop and collective coordinates integrals

D.1 Four-quark operator

With the insertion of the four—quark operator Oquqd, We have shown in Eq. (3.22) that
the two-point correlation function X (0) is proportional to the determinant-like flavor
invariant. However, to complete the calculatlon of the topological susceptibility we still
need to evaluate the integral Z and perform the final integral over the collective coordinate
zo in Eq. (3.22).

The integral Z has been previously calculated in the literature [19, 23, 28| and reads,

I= 6IJEIJ/OZALSIH /d4$2 (@(O)PR"Lﬂ(O))(UCI)AH(UCl —$2)(1/;(0)PR¢(0))(372)7

4 zkacl ikxo 2 ko K (k 2
fd4x1fd4x2fd4 3 21 2 s 3=P_4 d'k [:02 ! p)]z’
28 (22 + p2) k2 +m3, (22 + p?) 8 (kp)2+ (mpp)
(D.1)

where we have substituted the zero mode profile in Eq. (C.10) and the (Euclidean) scalar
propagator into the first line of Eq. (D.1). The integrals over the Euclidean coordinates
x1, xo are performed using the identity

—ikx
4 € 7T k:

where Kj(kp) is the modified Bessel function of the second kind. In the small instanton
limit, i.e., mgp < 1, the integral in Eq. (D.1) can be evaluated to give

1
A DR — D.3

Secondly, we can evaluate the integrals over the collective coordinate (z¢ in Eq. (3.22))
resulting from the insertion of the four-quark operator:

(D.4)

_/d4$0(1/;(0)PR(L)¢(0) O P pyy)(0)

1—(a)7inst

Finally, substituting the results derived in Egs. (D.1) and (D.4) into Eq. (3.22), we obtain

1

Xnaa (0) =
2

l 0000 ( ~(1) 0000 (1) dp 4, (kp)* K3 (kp) 2

A2 (Aoooo (Cquqd) Boooo Cquqd f dn (P)P [8 4fd (kp)?2 + (mpp)? | 5r2pt

P
(D.5)

In the small instanton limit, mgp < 1, the topological susceptibility induced by the
operator Oélll)q q 1s then given by

Xis 1 0) =

QF( 300 (Clthe) + 53558 (C20) [ v ooz (D)
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The integration over the instanton size, p, can be performed once the details of the UV
dynamics at the small instanton scale are known. Some examples of UV models will be
explored in Section 4.

The results obtained in this Appendix also allow us to estimate the higher-order con-
tribution of having an insertion of the CP-odd phase from O( ) od and a CP-even parameter
from the same operator. This extra insertion of the SMEFT operator would result in one
less Higgs needed to close the fermion legs in Fig. 1. With this substitution, the final result
has one less power of the integral Z, Eq. (D.3), which would then be substituted by one
more power of the result of Eq. (D.4). As such, the higher-dimensional contribution will be

2
suppressed by an additional factor of ( A;;) .

D.2 Semi-leptonic operator

(1)
lequ
is analogous to previous computations, where we begin with Eq (3.28) and then add the

Evaluating the integral associated with the insertion of the semi-leptonic operator O

anti-instanton contribution. The topological susceptibility, Xlequ(o) reads
1 1 dp
X () = = Fooo () T (0) (81°77) Tia. (D.7)

where the contribution of (’)l(el(ju is included inside the integral Zjq,, defined as

I]equ=EOPGOP[d4x0[d4x5/d4x6

x (PO Pryp©) (25) A (w5 — x6) tr (Pr Ap (6 — 0) Pp Ap(0 - 26) ) (99 Prip()(0) .
(D.8)

Evaluating the divergent part of Zj.q, Next, we substitute the (Euclidean) scalar and
fermion propagators into Eq. (D.8) to give

Zlequ = 2/ d4$0 @Z(O)PRI/)(O))(O)

dq g, 4k ] et o
f Az (2 )4 (2m) [PR Pr, + k)Q] e (w(O)pR¢(0))(x5) .
(D.9)

Here, to obtain Eq. (D.9), the integral representation of the four-dimensional Dirac delta dis-
tribution has been used to eliminate the [ d*z¢ integration and simplify the four-momentum
variables. To regulate the divergences appearing in the integral in Eq. (D.9), we employ
dimensional regularization [96] in the MS scheme as well as the semi-naive procedure [97]
to deal with ° matrices in d = 4 — 2¢ dimensions. Finally, we obtain the following for the
divergent part of the integral Zjeqy,

—ikxs

d*k ke
div. _ 4 4 0 0 0 0
Tieqn = o 25[ /d zod x5 (90 PRy ) ( 0)/ o )41<:2+_(¢( ) Prab ))(x5)]
(D.10)

The crucial point is that Eq. (D.10) contains a UV divergence manifested as a %—pole, which

can be canceled by identifying the appropriate counterterms.
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Divergence cancellation and relation with SMEFT RGEs. Using the results in
Ref. [93] we can extract the appropriate counterterm needed to cancel the divergence in
Xl(j(;u(()). The SMEFT RGEs reveal that the only counterterm that can cancel the diver-

gence in X, (1) ,(0) is the one responsible for the running of the on-shell operator O( ) q (all
other counterterms either yield the wrong flavor structure or require additional 1nbert10ns of
gauge couplings). However, since we are requiring the divergence cancellation at the level
of correlation functions, which are not invariant under field redefinitions [98, 99|, we need
to consider the counterterms in an enlarged Green’s basis instead. For this particular case,
we can verify that the contribution of Ol(el(zu to the RGE of Oélu)q q 1s fully determined by a
Green’s basis operator. Considering the Green’s basis of Ref. [95], we find [93]

(1), c:t. . __ 1 o f
Cquqd mnop - _Yd,op GEHDLWTL ’ C:uHDl mn ~ 1672 ¢ Clequ,stmn Y:e,ts ’ (Dll)

where GS'}tI'Dl mn 18 the Wilson coefficient of the redundant operator Oyup1 = QuDQFNI that

is reduced to (’)((;l)q 4 Via field redefinitions — or equivalently at this order, replacing D?H by
(1),div.

e (0), we need to compute the

the Higgs equation of motion. To cancel the %—pole in x
correlation function

Xﬁﬁm(o)h_mt,=—i££%/d4x€ikx (0‘ {32_GG( ); K?DlOuHDl(O)}‘()) )

1-inst.

using similar steps to those used previously in Section D.1. Eventually, we obtain

d
Xutip1 (0) = - m(Iup1) f p—ng(P)(3!p612)IuHD1, (D.13)

oF

where the invariant I,gp1, supplemented by the counterterm in Eq. (D.ll), yields

Y t. 1
Im(IuHDl) = Im [ wqQceop 1122m6.71.72nYu Zl]lYuviZjQ SI—tIDl,mn det Yd] ZOOOO (Cl(eq)u) .

(D.14)
The explicit form of the integral Z,yp; reads

Tuiwr =2 [ d'ao(6O Pry®)(0) [ d'as _d'k_kzemthe
(2m)* k% + m?2,

—ikzs

(PO Pry©)(a5), (D.15)

where we have used the fact that the Green’s basis operator contains derivatives (in Eu-

clidean space) acting on the Higgs, hence the path integral over the Higgs fields yields

dik k2efik(zlfxg)

21V k2 +m2 01 -

(2m) +myy
(D.16)

f DHDH e S H (2)0? HY (22) = 02, A gy (w1 = 22)61y = -

At this point, we have found that the integral Z,pyp; in Eq. (D.15) obtained from including
the counterterm is the same as the integral Ild“’ in Eq. (D.10) up to the overall factor
1/(167%¢). Thus substituting Egs. (D. 14) and (D.15) into Eq. (D.13), one can easily
observe that xSfip; (0) precisely cancels the & c-pole in Xl( O311(0)
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Evaluating the finite part of Zj,, Starting from Eq. (D.9), we can also extract the
finite contribution of the integration over the loop momentum g¢,

0 < [ a5 R0

A d4 k2 —ikxs 1 1 0) (0)
fdmf’ @o) K2+ m?, |8n2 " 1672 log (7’[) Pry)(es), (D7)

where g is the renormalization scale. To evaluate Eq (D.17), we follow similar steps to the
previous computations by first substituting the fermion zero mode solutions in Eq. (C.10),
then integrating over all locations x5 and the collective coordinates xg. The final integral
over the momentum k can be performed in the limit of mg — 0, to explicitly give

Z{finite,0V) d'k 1 [ Lot ] 4p [ . o-ikzo [ d4x5 o-ik(@5-z0)
et (27T)4 4 2 kQ m + ,0 (335 - :130)2 + p2)3

d*k 1 12

—— = [1+=log— || kp K1(k
(27r)447r2[ T3 Og/@][ pEi(k0)]
1 11

Finally, substituting Eq. (D.3) and Eq. (D.18) into Eq. (D.7), the topological susceptibility

(()) induced by the operator oW

lequ becomes

X lequ

(1)(ﬁnite,UV)(0)_ i 70 (C(l)

dp 3! 11 +30(log (pA )+7E—log2)
lequ Zoooo 1equ) f —dn(p) or

Pl 6n2)2 6007 p
(D.19)

The dependence on the renormalization scale p in Eq. (D.19) has already been removed

by performing the RG evolution induced by Cl(eq)u,

pendent of the renormalization scale as expected. The result in Eq. (D.19) will be used in

rendering the final result of 6;,q inde-

Section 4.1.2 to place bounds on the scale Agp.

D.3 Gluon dipole operator

The calculation for the insertion of the gluon dipole operator Qg = Qo**T4d H ny in the
correlation function works similarly to those previously presented in Section 3.3. The field
strength tensor in Oy is set to its instanton background value, while the rest of the calcu-
lation proceeds in a similar fashion to the other effective operators: we assume all fermions
only contribute zero modes at leading order and subsequently contract all Higgses. As
discussed in Appendix B.1, the insertion of the gluon dipole operator yields a similar flavor
invariant structure as given in Eq. (2.10). Following the previous calculations, combining
both the instanton and anti-instanton contributions, the topological susceptibility xqq(0)
can be written as a flavor invariant times a complicated integral

d
xac(0) = Toooo(Cac) f p—ng(P) 310°7° Ty, (D.20)

?
2
AQF
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where the Oqq operator is included inside the integral Zyq, and defined as

Tag = ers€’ fd4$0_/d4333 (VO Pryp©) (w3) Ay (w3) (6D T4 PRy O G| )(0).
(D.21)

The computation of xgqg(0) proceeds in the same way as the integral of X (O) Since
most of the computations have already been performed in Appendix D.1, we only need to
evaluate the remaining integral Zyg. Substituting the zero modes of fermions (C.10) and
gauge fields (C.5) into Eq. (D.21), then contracting spinor and color indices'?, the integral

192 ikxs 1 —ikxg
,0/ 4fd4a:0fd4a;3 ; 2)3 1.2 4 2 2 2)5 ’
R @+ 2 i, (3 7

~96p° kp Ki1(kp) e~ ko
- s (2n)1 (kp>2+(me>2f d'an

_ 1 (kp)* Ki(kp)K3(kp)
_@fd‘*k T (D.22)

Here, the only extra computation is to evaluate the integral over collective coordinate [ d*xzg

Tac becomes

and express the result in terms of the Bessel function, K,,. This step can be easily performed
by p differentiation and using the identity in Eq. (D.2), to give

2

e~ tkTo 1 bl 2 e~ tkTo T o 2 k
4 4
— g = — [ — ) | 2K (k
fdxo (x§ +p2)5 2(ap2) .[ ﬂfo(x%+p2)3 24(3p2) [p 1( P):|a

_ g_z (%)3[(3(@), (D.23)

where differentiation of K, satisfies the following identity

0

1 k
—|—=K,(k = K, (k D.24
| 0 00) | =~ o) (D21

Analogously to the previous section, the last integral in Eq. (D.22) can be evaluated in the
small instanton limit, i.e., myp < 1, to give

w6 (D.25)

Substituting Egs. (D.3) and (D.25) into Eq. (D.20), we obtain

3! 6
(UV)(O)” Az, Toooo( CdG)/ (P)WW. (D.26)

This result will be used in Section 4.1.3 to place bounds on Agg for various UV models.

13 As mentioned in Appendix C.1, TAGSI, only receives contributions from A =1,2,3.

1-inst.
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