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Abstract
The CLIC Beam Delivery System (BDS) transports the

lepton beams from the exit of the Main Linac to the Inter-
action Point (IP). The Final Focus System (FFS) is the last
part of the BDS and its role is to focus the beam to the re-
quired size at the IP and to cancel the chromaticity of the
Final Doublet (FD). MAD-X and MAD-NG are simulation
codes for beam dynamics and optics that are used for particle
accelerator design and optimization. This paper presents a
comparison between the two codes to achieve the best perfor-
mance of the design of the FFS, including the optimization
methods, the speed performance, and the physics accuracy.

INTRODUCTION
MAD-X [1–3] and MAD-NG [4, 5] are simulation codes

for beam dynamics and optics used for particle accelerator
design and optimization, both open-source. MAD-X was
released in 2002 and it is based on the programming lan-
guages C, C++, Fortan77, and Fortran90. MAD-NG has
been developed since 2016 in parallel to MAD-X, and is
based on the Lua programming language [6] with few exten-
sions, and LuaJIT [7], the tracing just-in-time compiler for
Lua. Its physics is based on the symplectic integration of
differential maps made out of Generalized Truncated Power
Series Algebra (GTPSA) [8]. This paper reports a compar-
ison between the latest release of the two codes, MAD-X
5.8.1 and MAD-NG 0.9.6, to achieve the best performance
for the CLIC FFS design [9] for an energy of 7 TeV [10] in
the center-of-mass.

TWISS
The Twiss [1, 4] command provides a single interface to

calculate the linear lattice functions.

Figure 1: Horizontal 𝛽 function along the FFS computed
with MAD-X (blue) and MAD-NG (orange) (top). Discrep-
ancy between the MAD-X and MAD-NG outputs (bottom).
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Figure 2: Vertical 𝛽 function along the FFS computed with
MAD-X (blue) and MAD-NG (orange) (top). Discrepancy
between the MAD-X and MAD-NG outputs (bottom).

Figure 3: Horizontal 𝛼 along the FFS computed with MAD-
X (blue) and MAD-NG (orange) (top). Discrepancy between
the MAD-X and MAD-NG outputs (bottom).

Figure 4: Vertical 𝛼 along the FFS computed with MAD-X
(blue) and MAD-NG (orange) (top). Discrepancy between
the MAD-X and MAD-NG outputs (bottom).

The comparisons between MAD-X and MAD-NG for
𝛽𝑥,𝑦 , 𝛼𝑥,𝑦 and 𝐷𝑥 in the CLIC FFS are shown in Figs. 1,
2, 3, 4 and 5. In order to have a stable comparison over
a large dynamic range of variables values, the following
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Figure 5: Horizontal dispersion along the FFS computed
with MAD-X (blue) and MAD-NG (orange) (top). Discrep-
ancy between the MAD-X and MAD-NG outputs (bottom).

formula is used for the discrepancy:

Discrepancy =
|𝑋MADNG − 𝑋MADX |
𝑚𝑎𝑥( |𝑋MADX |, 1)

, (1)

where 𝑋 is the value to be compared between the two codes.
This formula behaves like an absolute error below one and
a relative error above one. The Twiss command has been
initialized with the values 𝛽𝑥=104.3 m, 𝛽𝑦=28.9 m, 𝛼𝑥 =

𝛼𝑦 = 0 and 𝐷𝑥 = 0 m. The largest discrepancy between
the two codes is reached for the dispersion which remains
slightly below Δ𝐷𝑥 = 10−7 m. For 𝛽 and 𝛼, the maximum
discrepancy remains below 10−11.

MATCHING
The Match [1,4] command is used for matching the optics

parameters at any part of the machine. For this purpose, the
strengths of the quadrupoles in the FFS (17 quadrupoles)
will be varied, using the Jacobian method of the optimizer
to reach the matching constraints in Table 1.

Table 1: Values at the IP Before Matching and the Targeted
Values

Functions Before matching Targeted values
𝛽𝑥 [mm] 8.5 9
𝛽𝑦 [mm] 0.17 0.16

𝛼𝑥 6·10−6 0
𝛼𝑦 22·10−6 0

𝐷𝑥 [m] -1.4·10−7 0

The optimizer will attempt to decrease the penalty func-
tion, which is a weighted mean square error estimator of the
matched constraints calculated as follows:

𝑃 =

√︄∑
𝑖 𝑤

2
𝑖
(𝑥𝑖 − 𝑐𝑖)2∑
𝑖 𝑤

2
𝑖

, (2)

where 𝑥𝑖 and 𝑐𝑖 are respectively the values and targets of the
constraints, and the 𝑤𝑖 are the weights associated with the
constraints. Figure 6 shows the penalty function evolution

during the optimization process for MAD-X and MAD-NG.
The plot tracing the calls in MAD-NG shows the details
of the optimization steps, starting with the computation of
the Jacobian by finite differences in the variables (small
plateaus of dots) and its application to the first new step
(upper line), followed by a line-search bisection (single dots
stepping down) attempting to decrease the penalty function,
and where the maximum number of attempts is controlled by
the bisec option (here bisec=3). Thus, the number of calls
for each stage, as shown on the x-axis, is as follows:

𝑁𝑖 = number of variables + 1︸                         ︷︷                         ︸
Jacobian evaluation

+ 𝑁best bisec︸    ︷︷    ︸
line bisection

. (3)

Unlike MAD-NG, MAD-X only considers one call for
each 𝑁𝑖 with no apparent jump on its slowly decreasing
penalty function. The reason for this is that MAD-X seems
to vary the variables in small steps, whereas MAD-NG looks
for a global solution with larger initial steps before trying line
bisection. Therefore, even if the MAD-NG penalty function
increases initially, it converges to a better solution in this
particular example.

Figure 6: Penalty functions evolution versus the number of
iterations.

SIMPLEX and LMDIF are other matching methods avail-
able in MAD-X. The SIMPLEX method is slower than the
JACOBIAN method, but the LMDIF method [11] is the
fastest, see Fig. 6). MAD-NG still reaches the best result of
all as summarised in Table 2.

PERFORMANCE
The Polymorphic Tracking Code [12] (PTC) is a For-

tran 90 library included in MAD-X that provides symplectic
integration of the equations of motion through all acceler-
ator elements. Both MAD-NG and PTC are polymorphic
tracking codes based on the principle of tracking differential
maps, with the main advantage of providing to users with
many useful tools to manipulate these maps made out of
TPSAs.

Execution Time
The running time of the MADX-PTC and MAD-NG Track

commands were taken into account as well as the variation
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Table 2: MAD-X and MAD-NG Values at the IP After Matching the Functions

Functions MAD-X JACOBIAN MAD-X SIMPLEX MAD-X LMDIF MAD-NG
𝛽𝑥 [mm] 8.8 8.5 9 9
𝛽𝑦 [mm] 0.17 0.17 0.17 0.16

𝛼𝑥 3·10−6 1.83·10−7 -4.3·10−7 6·10−11

𝛼𝑦 -2·10−6 1.52·10−7 -1.1·10−7 8·10−10

𝐷𝑥 [m] 4·10−12 -1.45·10−7 4.9·10−7 -5·10−9

of the map order, as shown in Fig. 7. In PTC it is possible
to select the kind of Hamiltonian, exact or expanded [13], to
be used for the elements maps through the exact option, i.e.
exact = true (exact) or exact = false (expanded). Table 3

Figure 7: Execution time of the Track commands as a func-
tion of the map order (top). Ratio between MAD-NG and
MADX-PTC execution speed (bottom).

shows the number of coefficients in the differential map, i.e.
its size in memory, as a function of the number of variables,
e.g. 6 variables in our case, and the order of its TPSAs, which
both contribute to the calculation time required by the CPU
to perform elementary arithmetic operations like additions
(linear in size) and multiplications (quadratic in size). For
this reason as well as cache size consideration, higher orders
than the latter were not included in this benchmark. From
Fig. 7, MAD-NG performs the map computation between
two and four times faster than MADX-PTC for exact=true
and at the same speed for exact=false.

Table 3: The Number of Coefficients in the TPSAs of a
Differential Map With 𝜈 Variables at Order 𝑛 is 𝜈

(𝑛+𝜈
𝜈

)
=

(𝑛+𝜈)!
𝑛!(𝜈−1)! [4]

Results Accuracy
The maps generated by MAD-NG and MADX-PTC are

used as input by Mapclass [14–17] to compute the higher-
order beam size at the Interaction Point. As shown in Fig. 8,
the beam size computed from the maps generated by the two
codes, with both exact = false and exact = true, are the same
within a tolerance below 10−2 nm.

Figure 8: Beam size delivered by Mapclass with MAD-NG
and MADX-PTC maps as input, computed here with a rms
relative momentum spread of Δ𝑝/𝑝 = 0.3%.

CONCLUSIONS
The comparison between MAD-X and the new code

MAD-NG was carried out for the three main commands
offered by these codes, namely track, twiss, and match. The
evolution of the penalty functions and the delivered results
obtained for different optimization methods have been an-
alyzed to compare the overall performance of these codes.
For the particular example shown here MAD-NG achieved a
lower penalty function. Finally, the speed performance and
the accuracy of the maps have been cross-checked between
these codes for different setups showing better runtime per-
formances for MAD-NG when considering the best available
physics model exact=true.
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