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Abstract. The situation of the experimental data used in the dispersive evaluation of the hadronic
vacuum polarization contribution to the anomalous magnetic moment of the muon is assessed in view
of two recent measurements: e+e− → π+π− cross sections in the ρ resonance region by CMD-3 and
a study of higher-order radiative effects in the initial-state-radiation processes e+e− → µ+µ−γ and
e+e− → π+π−γ by BABAR. The impact of the latter study on the KLOE and BESIII cross-section
measurements is evaluated and found to be indicative of larger systematic effects than uncertainties
assigned. The new situation also warrants a reappraisal of the independent information provided by
hadronic τ decays, including state-of-the-art isospin-breaking corrections. The findings cast a new light
on the longstanding deviation between the muon g – 2 measurement and the Standard Model prediction
using the data-driven dispersive approach, and the comparison with lattice QCD calculations.

1 Introduction

The muon anomalous magnetic moment, characterized
by the gyromagnetic anomaly, aµ = (g − 2)/2, is the
subject of notable current interest. Recent measure-
ments at Fermilab [1, 2] with increased precision exhibit
a spectacular excess compared to the Standard Model
(SM) prediction [3] whose lowest-order (LO) hadronic
vacuum polarization (HVP) contribution is evaluated
with dispersion integrals involving e+e− → hadrons
cross-section data [4–9]. Other contributions are from
quantum electrodynamics [10, 11], electroweak interac-
tions [12, 13], NLO HVP [9], NNLO HVP [14], hadronic
light-by-light [15–29]. While the observed 5σ deviation
could be regarded as a serious clue for physics beyond
the SM, it must be taken with extreme caution in view
of significant tensions among the data sets entering
the HVP calculations. Although the decade-long dis-
crepancy between the two most precise results of the
e+e− → π+π−(γ) cross section1 from KLOE [30–33]
and BABAR [34, 35] was already taken into account
in the systematic uncertainty assigned to the predic-
tion [3, 8], the recent measurement of the same process
by CMD-3 [36] is in conflict with all previous determi-
nations, thus requiring a close scrutiny of all the e+e−

input data.
A tension of a different nature arose almost four

years ago with the first precise HVP calculation using
QCD on the lattice [37] that resulted in a 2.1σ larger

1 If not explicitly stated, final state photon radiation is
implied throughout this paper for all hadronic final states.

lowest-order contribution than the dispersive analysis.
The tension is exacerbated to 3.7σ if the comparison
is restricted to an intermediate HVP window in Eu-
clidean time [38], which can be calculated more pre-
cisely on the lattice. Confirmation of this discrepancy
has since then been obtained by several independent
lattice groups [39–42]. This situation calls again for spe-
cific studies cross-checking both approaches [43, 44].

This paper reviews the existing tensions among
the e+e− → π+π− cross-section measurements, and
discusses in detail systematic uncertainties related to
higher-order (HO) effects [45] in the measurements re-
lying on initial state photon radiation. In view of the
results obtained we reappraise the use of τ hadronic
spectral functions in the dispersive approach, and dis-
cuss the discrepancies of the dispersive HVP calcula-
tions with lattice QCD and the aµ experimental result.

2 Tensions among the e+e− → π+π−(γ)
data sets

The e+e− → π+π− channel contributes with 73% to the
lowest-order HVP contribution to aµ in the dispersive
approach, and 58% to its uncertainty-squared. It also
leads to the largest observed discrepancies among some
of the most precise data sets. The studies in this paper
therefore focus on that process.

The longest known and most critical tensions oc-
cur between precise cross section measurements from
KLOE and BABAR. Albeit heavily discussed in the
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Fig. 1. Bare e+e− → π+π− cross section versus centre-
of-mass energy in the ρ peak region. The error bars of the
data points include statistical and systematic uncertainties
added in quadrature. The green band shows the HVPTools
combination within its 1σ uncertainty.

framework of the Muon g – 2 Theory Initiative [46], no
understanding of the difference could be achieved and
consequently no solution to the problem emerged. The
discrepancy was bridged by inflated uncertainties in the
corresponding HVP contribution.

The available e+e− → π+π− cross-section mea-
surements, zoomed into the ρ peak region, are shown
in Fig. 1. Their combination and 1σ uncertainty, ob-
tained using the DHMZ methodology implemented in
the HVPTools software [47, 48], is indicated by the
green band. The spline-based combination procedure2

takes into account all known correlations and accounts
for measurement tensions. It has been thoroughly vali-
dated through closure tests [47]. Compared to our last
update [8], we added the more recent SND20 [49] and
CMD-3 [36] data, while also employing an updated ver-
sion of the covariance matrix provided by BESIII [50].

Relative comparisons between the most precise in-
dividual measurements and the combination are shown
for the ρ resonance region in Fig. 2, and for the BABAR
and CMD-3 data in a wider window in Fig. 3. A
large tension arises between CMD-3 and KLOE, which
provide the, respectively, largest and smallest cross-
section measurements. Tensions are also observed be-
tween BABAR and CMD-3 in the central ρ resonance
region, while they agree at low and high energies. The
CMD-3 data also exhibit a 2.8σ discrepancy with the
older CMD-2 results by the same collaboration [52].
Extensive discussions with CMD-3/2 physicists in the
framework of the Muon g – 2 Theory Initiative [54] did
not reveal any obvious problem in the new results. A
summary of these discussions is available [55].

2 Since the main purpose of the combination here is to pro-
vide a common reference for comparing the various measure-
ments, we do not employ the analyticity-based constraints
used in Ref. [8].

Figure 4 (top) shows the local combination weights
versus

√
s for each data set. They take into account

the uncertainties of the measurements and their cor-
relations, as well as the corresponding point-spacing
and binning [47, 48]. While previously the BABAR
and KLOE measurements dominated the combination
over the entire energy range, the more recent CMD-3
and SND20 data receive important weights, too. The
group of experiments labelled “Other exp” corresponds
to older data, often with incomplete radiative correc-
tions, which receive small weights throughout.

The bottom panel of Fig. 4 displays the uncer-
tainty scale factor versus

√
s, derived based on the lo-

cal compatibility among the measurements [47, 48].3
Large scale factors due to tensions indicate the pres-
ence of systematic effects that are not included in the
measurement uncertainties. They require a conservative
uncertainty treatment in the combination [3, 8].

Figure 5 shows the pull magnitude (significance) be-
tween pairs of the three most precise e+e− → π+π−

experiments, computed as the absolute value of the dif-
ference of the contributions to aµ divided by its un-
certainty, in various energy intervals. The three KLOE
measurements [30–32] have been combined into one
data set [33]. The difference between BABAR and
CMD-3 rises to a significance of 2–3σ on the ρ peak,
while reasonable agreement is seen at lower and higher
energies. The differences between BABAR and KLOE
are also at the 2–3σ level in the ρ peak region, reach-
ing up to 4σ at higher energy, while good agreement
is seen at lower energy. The largest differences are ob-
served between CMD-3 and KLOE, with significance
above 5σ around the ρ peak. When probing the broader
energy interval 0.6–0.975 GeV, covering the ρ peak,
the significance of the difference between BABAR and
CMD-3 is 2.2σ, that between BABAR and KLOE is
3.0σ, while CMD-3 and KLOE differ by 5.1σ (Fig. 5,
bottom). When extending the comparisons to the max-
imal regions of overlap between pairs of experiments,
the differences are diluted to 2.1σ between BABAR
and CMD-3, 1.5σ between BABAR and KLOE, and
3.3σ between CMD-3 and KLOE, respectively, owing
to the better inter-experiment agreement and larger
KLOE uncertainties below and above the peak of the
resonance.

The interesting possibility to resolve the tensions
between different data sets using basic theoretical con-
straints on the pion form factor from analyticity and
unitary has been investigated [56]. However, the theory-
constrained fits are loose enough to accommodate even
the extreme cases of KLOE and CMD-3 [57].

3 While the uncertainty rescaling is applied to the com-
bined π+π− cross-section uncertainty to account for local
inconsistencies among the measurements, a global system-
atic tension must also be taken into account in the HVP
calculation [8].
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Fig. 2. Comparison between e+e− → π+π− cross-section measurements from BABAR [34, 35], KLOE 08 [30], KLOE 10 [31],
KLOE 12 [32], BESIII [50], CMD-2 03 [51], CMD-2 06 [52], SND [53], SND20 [49], CMD-3 [36], and the HVPTools combi-
nation. The error bars include statistical and systematic uncertainties added in quadrature.

3 BABAR study of additional photon
radiation

The BABAR collaboration performed unique measure-
ments of additional photon radiation in the initial state
radiation (ISR) processes e+e− → µ+µ−γ and e+e− →
π+π−γ. Hard NLO radiation with one additional pho-
ton was studied in Refs. [34, 35]. A new analysis [45]
based on the full available data set extended that study
and included for the first time the measurement of hard
NNLO processes with two additional photons from ei-

ther initial or final state radiation (FSR). The paper
also includes comparisons with predictions from the
NLO Phokhara and the partial NNLO AfkQed [58]
Monte Carlo generators.

In the following we use the notation LO, NLO,
NNLO to specify the true QED order defined with re-
spect to the lowest-order ISR process, while the same
symbols taken within quotes, ‘LO’, ‘NLO’, ‘NNLO’,
refer to reconstructed topologies with various photon
multiplicities. We summarise here the main findings of
the BABAR study [45]:
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Fig. 3. Comparison between e+e− → π+π− cross-
section measurements from BABAR [34, 35] (top panel),
CMD-3 [36] (bottom), and the HVPTools combination of
all available data in the

√
s range covered by CMD-3. The

error bars include statistical and systematic uncertainties
added in quadrature.

– ‘NNLO’ contributions with additional photon ener-
gies above 200 MeV (100 MeV) for the most (least)
energetic one (representing (1.9–3.8)% of the beam
energy in the centre-of-mass frame) are observed in
(3.47±0.38)% and (3.36±0.39)% of the dimuon and
dipion events, respectively. These events are domi-
nated by small-angle additional ISR photons.

– The ‘NLO’ event fractions, with one additional de-
tected or kinematically reconstructed photon above
200 MeV, predicted by the Phokhara generator
exceed the BABAR data, particularly for additional
ISR photons at small angle. Over the full measured
phase space, including additional ISR and FSR pho-
tons, Phokhara over-predicts the hard ‘NLO’ con-
tribution by a factor of 1.25 ± 0.05.

– The BABAR cross-section measurements [34, 35]
are found to be insensitive to the missing NNLO
contributions in (and hard ‘NLO’ excess of) the
Phokhara generator.

– The AfkQed generator approximates real and vir-
tual higher-order (HO) corrections by resumming
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Fig. 4. Top: relative local weight per measurement con-
tributing to the e+e− → π+π− cross-section combina-
tion versus centre-of-mass energy. Bottom: local uncertainty
scale factor versus centre-of-mass energy applied to the com-
bined π+π− cross-section uncertainty to account for incon-
sistencies among the measurements.

the leading logarithms.4 It provides a reasonable de-
scription of the rates and energy distributions of the
measured ‘NLO’ and ‘NNLO’ topologies.

4 Cancellation between soft/virtual and
hard photon corrections

4.1 Expected behaviour of NLO events and
experimental procedures

To assess the effect of higher-order radiative corrections
one needs to evaluate the sensitivity of a given mea-

4 AfkQed generates the additional NLO (or NNLO) ISR
photons in the collinear approximation using the structure
function technique, which is not consistent with the ‘NLO’
angular distribution with respect to the beam axis observed
in the BABAR data. This shortcoming is not present in the
KKMC event generator [59], which uses a different technique
for multi-photon emission, while maintaining the same ad-
vantage of leading-log resummation. We have verified that
the ‘LO’, ‘NLO’, and ‘NNLO’ event fractions predicted by
AfkQed and KKMC are in agreement with the data.
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Fig. 5. Significance of the difference between pairs of the
three most precise e+e− → π+π− experiments for narrow
energy intervals of 50 MeV or less (top) and larger energy
intervals (bottom) indicated by the horizontal lines.

surement to the presence of additional photon radia-
tion, particularly ISR. An analysis that rejects part of
the additional ISR requires a compensating correction
from an NLO Monte Carlo generator to be consistent,
at that order, with the corresponding ISR luminosity
computed with the same generator. The Phokhara
event generator version 9.1 [61] incorporates all contri-
butions from NLO QED and thus provides a complete
prediction of the ISR process e+e− → µ+µ−γ(γ). It
includes the lowest-order (LO) ISR and FSR processes
and NLO contributions from real photon emission by
the e± beams and the outgoing muons, as well as soft
photon emission and virtual corrections. The sum of the
soft and virtual terms is infrared finite and the transi-
tion energy between soft and hard emission is chosen
within a safe range (5 MeV for BABAR simulations)
so that both contributions are under control. From an
experimental point of view, both LO and soft plus vir-
tual NLO lead to event configurations that are recon-
structed in the ‘LO’ topology and kinematics, whereas

sufficiently hard NLO radiation necessitates a different
kinematic treatment. The lowest energy for NLO pho-
ton contributions is experiment dependent. In BABAR
a value of 50 MeV, the energy threshold for a detected
photon included in kinematic fits, is representative, al-
though a higher threshold (200 MeV) is applied to de-
tected or kinematically reconstructed photons to sep-
arate the ‘NLO’ from the ‘LO’ topologies for the final
results.

The effects of HO radiative corrections are evaluated
using samples of ISR muon-pair events generated with
Phokhara in the BABAR conditions: ISR (or FSR)
photon at large polar angle (20◦–160◦) in the e+e−

centre-of-mass (CM) system; two-charged-particle mass
from threshold to 1.4 GeV;

√
s = 10.58 GeV CM energy.

Soft and virtual corrections are studied with the use of
samples generated at LO with either ISR only or with
ISR and FSR, and samples generated at NLO with ei-
ther ISR only or the full NLO configuration with ISR,
FSR, and their interference. The fraction of hard pho-
ton radiation turns out to be rather large because NLO
ISR is enhanced by a factor ln(s/m2

e). It strongly de-
pends on the energy threshold of the additional photon:
a fraction of 60% for E∗

γ above 5 MeV in the centre-of-
mass decreases to 38% above 50 MeV and to 25% above
200 MeV. All contributions are dominated by NLO ISR
at small angle with respect to the beam axis. For exam-
ple, with 50 MeV photon energy threshold the NLO ISR
fraction at small angle outside the BABAR acceptance
is 27%, NLO ISR at large angle 8%, and NLO FSR 3%.
These values illustrate the importance of a thorough
understanding and robust correction of effects from HO
radiative corrections. The situation is very similar for
the e+e− → π+π−γ(γ) ISR process 5.

It is instructive to compare the Phokhara predic-
tions at different orders. For the BABAR conditions
the full NLO (LO) cross section for e+e− → µ+µ−γ(γ)
amounts to 17.16 pb (17.45 pb), a reduction by −1.7%
at NLO. Since the NLO cross-section contribution with
an additional photon above 50 MeV corresponds to
38% × 17.16/17.45 ≃ 37%, it is almost compensated
by a reduction of 39% due to the soft and virtual con-
tribution. This large cancellation between hard and
soft/virtual effects is well-known in QED [63]. It re-
quires a careful assessment of the measured and theo-
retically corrected cross-section fractions.

4.2 Going from NLO to NNLO processes

At present there exists no complete NNLO calculation
of the e+e− → µ+µ−γ(γ)(γ) process. A behaviour sim-
ilar to NLO is expected, i.e., an overall small effect on
the cross section, possibly at the level of a few per mil,
and significantly larger contributions from hard radi-

5 For pions, additional radiation requires a model, usually
assuming scalar QED with point-like pions and improved
with dispersive methods [62].
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Fig. 6. Generic Feynman diagrams for the ISR e+e− →
µµγ(γ) process at LO, NLO and NNLO. At each specified
QED order indicated on the left, generic diagrams, ignoring
specific topologies with different particle permutations, are
drawn for the virtual (loop) and real photon emission pro-
cesses. For each order, the latter processes are given on the
left-hand side, while the interference contributions are spec-
ified on the right together with their experimental topology
labeled with quotes. Nγ,add refers to the number of real pho-
tons emitted, beyond the main ISR photon: Nγ,add = 0 for
the ‘LO’ topology, Nγ,add = 1 for the ‘NLO’ topology. In the
case of NNLO, the two interference contributions labelled
(1) and (2) lead to ‘LO’ and ‘NLO’ topologies, respectively.

ation, which may affect the fiducial acceptance of the
analyses.

The investigation of hard and soft/virtual radiative
corrections at NNLO is more intricate than at NLO.
The situation is illustrated in Fig. 6, which shows the
relevant generic Feynman diagrams. For each order in
QED, positive contributions with one to three real pho-
tons are separated from contributions from interfering
amplitudes involving soft/virtual photons. The first two
rows correspond to the diagrams considered in the NLO
generator Phokhara. They illustrate the large cancel-
lation occurring at this level as the result of the inter-
ference term within the ‘LO’ topology.

At NNLO, the cancellation occurs between the pos-
itive three real photon emission contribution and the
generic interference contributions leading to an ‘LO’
topology, for the processes labelled (1), or to an ‘NLO’
topology for those in part (2). The interpretation of the
results from the radiative BABAR study [45] depends
on the relative importance of these two components.
Two extreme scenarios may be considered:

– Scenario 1: the processes labelled (1) dominate the
NNLO interference term. Since they fall into the
‘LO’ topology, the ‘NLO’ contribution is unaffected
by NNLO and the large excess of events predicted
by Phokhara compared to the data for the ‘NLO’
topology would need to be interpreted as a generator
issue at NLO.

– Scenario 2: the processes labelled (2) are the dom-
inant NNLO interference contribution. Being nega-
tive, it will affect the ‘NLO’ photon energy distri-
bution in a way uncorrected by the NLO genera-
tor. In this situation, the observed deficit in data
would arise from NNLO virtual contributions and
Phokhara is safe.

The true situation is likely in-between these two ex-
treme scenarios. Only complete NNLO calculations, at
fixed order or in an event generator, will help resolve
this ambiguity and should be a high priority for the
field. Since the interference contribution listed in the
second row of part (1) is obviously positive, it will tend
to reduce the negative contribution originating from the
first row, perhaps to an overall level smaller than part
(2). Also, the interpretation of the BABAR results ap-
pears more natural in the second scenario as the NNLO
contributions, real and virtual, would explain all the ob-
served features without having to question the validity
of the Phokhara generator at NLO.

5 Impact of higher-order radiative effects

The observation that Phokhara does not correctly
predict the ‘NLO’ contribution raises potential issues
for ISR experiments measuring only part of the cross
section because of event selection criteria. The fiducial
acceptance of an analysis is evaluated with a Monte
Carlo generator interfaced with a simulation of the de-
tector response. KLOE, BESIII and CLEOc [64] rely
on Phokhara to estimate the unselected ‘NLO’ part.
Hard NNLO contributions are ignored. As explained
in Section 4, a mis-evaluation of hard NLO and NNLO
contributions is not compensated by soft/virtual contri-
butions at the same order since the latter are included
in the selection of lower-order-like events. This unbal-
ance will generate a bias in the cross section measure-
ment.

5.1 Procedure

It is not possible to accurately compute the bias with-
out full knowledge of the respective analyses and associ-
ated detector performance. The purpose of the follow-
ing study is limited to estimating the possible extent
of the bias by reproducing the kinematic conditions of
the published analyses with a simplified generic detec-
tor. The study is further restricted to two configura-
tions: ‘KLOE08’ with small-angle undetected ISR [30]
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and ‘BESIII’ with large-angle measured ISR [50], the
quotes indicating their generic nature. In both cases,
Monte Carlo samples are generated with Phokhara in
the kinematic conditions of the experiments with a fast
simulation of the tracking and calorimeter performance.
The 4-vectors from the event generator are converted
into pseudo “reconstructed” data using the acceptances
and resolutions of the detector, as found in the papers
published by the experiment. Analysis steps are then
applied to these pseudo data to reproduce the overall
acceptance and efficiency taking into account the analy-
sis cuts used by the experiment, e.g., fiducial acceptance
in the (Mtrk, Mππ) plane for KLOE or χ2

LO selection for
BES-III.

Moreover, two assumptions are made: first, the hard
NNLO fraction is taken from the BABAR measure-
ments and assumed to hold independently of the ex-
periment’s CM energy. Secondly, real hard NNLO and
soft/virtual NNLO radiative corrections are assumed
to cancel in the cross section. In absence of a com-
plete NNLO calculation, the effect of the observed
hard NNLO contribution on the ‘NLO’ spectrum is not
known. This ambiguity is related to the relative im-
portance of parts (1) and (2) in Fig. 6, which will be
approached by considering the extreme scenarios intro-
duced above.

While scenario 2 can be readily transposed to any
ISR experiment by estimating the effect of missing
NNLO corrections, evaluating the impact of scenario 1
is more delicate without knowing the origin of the is-
sue in the Phokhara generator. It is worth mention-
ing in this context that all tests documented in the
Phokhara publications to evaluate the impact of NLO
versus LO corrections relate to the integrated cross sec-
tion as a function of the two-pion mass [65]. Albeit
Phokhara was used by the experiments to evaluate
the fiducial acceptance and efficiency of energy and an-
gular selection requirements on additional ISR photons,
the modelling accuracy was to our knowledge never
tested. Experiments exploiting ISR measure the Mππ

spectrum of the selected π+π−γ sample and correct it
for acceptance and selection efficiencies to determine
the Born-level e+e− → π+π− cross section

σππ = dNππγ

dMππ
· s

2MππH(Mππ)εaccεselLee
, (1)

where s is the CM energy squared, H(Mππ) the ISR
radiation function (radiator), and Lee the e+e− lumi-
nosity. The acceptance εacc, selection efficiency εsel, and
H(Mππ) are evaluated with Phokhara. Although we
have studied NNLO effects for all three variables, re-
sults will only be reported for the selection efficiency
which is affected most.

5.2 Generic ‘KLOE08’ configuration

In the experimental configuration with
√

s = 1.02 GeV,
only the two charged particles are detected in a po-

lar angle range between 50◦ and 130◦. Their three-
momenta are measured accurately, while the energy
and polar angle of the putative ISR photon are cal-
culated assuming LO kinematics for the ISR process.
The ISR photon is required to be emitted in a dead
cone of 15◦ around the beams. The common track mass
Mtrk of the two charged particles, computed under the
LO assumption, allows to separate dimuon from dipion
processes. The selection of π+π−γ events is defined in
the (Mtrk, Mππ) plane in a region avoiding background
from ϕ → π+π−π0 and the muon band [30]. Fast simu-
lation follows the KLOE performance for charged par-
ticle reconstruction [66]. Since the selection is very sen-
sitive to the NLO radiative tail, only events satisfying
the acceptance cuts are considered here.

Despite the LO-like selection, half of the NLO
events are automatically kept in the selected sample
when the additional ISR photon is emitted in the
same hemisphere as the primary ISR photon, reducing
thereby the dependence of the selection efficiency on
the Phokhara generator. This situation occurs since
all ISR emissions are sharply peaked in the beam direc-
tion, resulting in a small invariant mass of the dipho-
ton system consistent with the zero-mass assumption
in the Mtrk calculation. However, when the additional
photon is emitted along the opposite beam direction,
the diphoton mass can be relatively large, introduc-
ing a long tail in the Mtrk distribution. In that case,
the selection efficiency depends on the validity of the
photon distribution predicted by Phokhara. The sim-
ulated event distributions within the fiducial accep-
tance in the (Mtrk, Mππ) plane for the same-side and
opposite-side samples are shown for all events (top)
and the selected events (bottom) in Fig. 7. Figure 8
shows the corresponding Mtrk distributions integrated
over 0.6 < Mππ < 0.95 GeV, for events with additional
photon energies larger than 10 MeV. Here the opposite
side configuration leads to Mtrk values above the pion
peak, which are selected with an average efficiency εoppo

sel
of only 25%.

To estimate the effect of missing hard NNLO radia-
tion in Phokhara, the fraction of (3.5±0.4)% observed
by BABAR is assumed, as the relative thresholds for the
additional photon, 100 MeV in BABAR versus 10 MeV
in KLOE, scaled by the beam energies, are compara-
ble 6. Taking further the NNLO contribution as a per-
turbation of the much larger hard NLO component, the
selection efficiency is assumed to be unaffected. Follow-
ing the previous discussion, three out of four configu-
rations feature the emission of at least one of the two
additional photons opposite to the ISR photon and thus
contribute to the radiative tail of the Mtrk distribution.
Averaging over the KLOE08 mass range (dominated by
the larger statistics at high mass), the resulting cross
section change from the reduced selection efficiency

6 This scaling is approximate because of the phase-space
reduction due to the non-negligible muon mass at the low
centre-of-mass energy for KLOE.
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amounts to roughly −3.5 · 3/4(1 − εoppo
sel )% = −2.0%.

The Mππ dependence is small across the ρ mass region,
with a value of −2.3% at the peak.

In scenario 1 the NLO excess in Phokhara is as-
sumed to be a generator issue. Were the NLO fractional
excess at the same level as that observed by BABAR,
the resulting effect on the selection efficiency would par-
tially cancel the bias from missing NNLO radiation,
with a residual effect of order −1% at the ρ peak.

In scenario 2, the use of Phokhara is safe and
the only bias originates from missing NNLO correc-
tions. Hard NNLO radiation contributes as in sce-
nario 1, but its effect is reduced by the negative inter-
ference contributions with an ‘NLO’ topology (cf. part
(2) in Fig. 6), of which only one half with opposite-
side radiation contributes to the Mtrk radiative tail.
The resulting cross section change is estimated to be
−3.5 · (3/4 − 1/2)(1 − εoppo

sel )% = −0.7% for the average
over Mππ, and −0.8% at the ρ peak.

Both scenarios lead to cross section changes that
exceed the 0.5% uncertainty assigned by KLOE08 [30]
to radiative corrections.

5.3 Other KLOE measurements

The ‘KLOE10’ configuration with the ISR photon de-
tected at large angle and the two pions in the same
range as ‘KLOE08’ may be treated in a similar way.
Because additional ISR photons predominantly emit-
ted along the beams are well separated from the de-
tected ISR photon, one expects both same and oppo-
site sides to contribute to the Mtrk radiative tail. The
cross-section change in scenario 1 is therefore expected
to be larger than for the ‘KLOE08’ configuration. In
scenario 2, however, since the NNLO positive real pho-
ton and negative virtual/soft interference contributions
approximately cancel, and lead to photon topologies in
the rejected radiative tail, there is no bias for KLOE10.

In the KLOE12 measurement [32] the cross section
was directly obtained from the ratio of the π+π−γ to
µ+µ−γ mass spectra, protecting the result against mod-
elling biases. However, in practice, the protection is in-
complete as pion and muon selection requirements dif-
fer in the (Mtrk, Mππ/µµ) plane. While part of the pion
radiative tail is retained, it is almost entirely removed
in the selected muon sample by a tight 80 < Mtrk <
115 MeV requirement applied to reduce the pion back-
ground. This asymmetry in the selection of the pion and
muon samples reintroduces a modelling dependence.

KLOE12 features a comparison of the measured
muon ISR cross section with the QED NLO prediction
by Phokhara. The results show agreement within the
quoted systematic uncertainty of 1%, which is however
insufficient to validate the 0.5% uncertainty assigned
to radiative corrections in the two-pion cross-section
measurement. A newer dimuon study based on a much
larger data set does not improve in precision [67]. We
may proceed as in the pion case to estimate the effect

of missing NNLO corrections in Phokhara. The cross
section change under scenario 1 is found to be of order
−2.6%, while the increase from a potential Phokhara
NLO excess cannot be estimated. As for the pions, an
NLO excess as the one observed in BABAR would es-
sentially cancel that cross-section change. In scenario 2,
the muon cross-section change is found to be reduced,
as for the pions, by a factor 1/3 to −0.9%. Such a bias
would amount to twice the quoted radiative correction
uncertainty, but would not be detectable given the 1%
systematic uncertainty of the test.

5.4 Generic ‘BESIII’ configuration

BESIII reported ISR based e+e− → π+π−γ cross-
section results [50] using data taken at

√
s = 3.773 GeV,

a factor of three below (above) the BABAR (KLOE)
CM energy. The analysis requires detection of the two
pions and a large-angle ISR photon, while additional
photons are ignored. A kinematic fit using the π+π−γ
hypothesis selects LO and NLO soft/virtual events with
the requirement χ2

LO < 60. A fast simulation of the ‘BE-
SIII’ configuration and detector performance [68], using
the Phokhara generator and the same assumptions as
in the ‘KLOE08’ study, allows to investigate the effects
of additional photon radiation.

Figure 9 (left) shows the distribution of χ2
LO as

a function of the true NLO additional photon energy
Eγ,add, exhibiting a strong correlation. Events with
about Eγ,add > 50 MeV are subject to rejection. As
this maximum accepted Eγ,add is consistent with the
BABAR threshold of 100–200 MeV for NLO/NNLO
photons when normalized to the respective beam en-
ergies, one expects very low selection efficiencies of
NLO/NNLO events in BESIII. The distributions of
Eγ,add for all radiative events and after the χ2

LO < 60
selection is shown on the right panel of Fig. 9. The frac-
tion of rejected events with Eγ,add > 50 MeV is 92%.

The fractional cross-section change due to missing
NNLO in Phokhara in scenario 1 amounts to approx-
imately −3.5 · 0.92% = −3.2%, again significantly ex-
ceeding the assigned systematic uncertainty of 0.5%.
As in the the case of KLOE, this large effect might be
partially cancelled by an NLO excess in Phokhara un-
der scenario 1 that we are unable to propagate to CM
energies lower than BABAR.

Similarly to KLOE10, the tight ‘LO’ selected topol-
ogy preserves BESIII from any bias under scenario 2 as
the NNLO positive and negative contributions approx-
imately cancel in the rejected radiative tail.

5.5 Additional remarks

The quantitative effects of higher order radiative correc-
tions on the KLOE and BESIII two-pion cross-section
results estimated here cannot be taken at face value.
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Rather, they indicate the potential size of systematic ef-
fects encountered from the use of Phokhara in view of
the findings reported by BABAR [45]. According to our
study, effects from neglected NNLO contributions may
suggest upward cross-section corrections that exceed
the quoted systematic uncertainties, potentially reduc-
ing the difference seen with BABAR. The concomitant
effect of the hard NLO excess in Phokhara [45] is
more speculative and may depend on CM energy. In-
vestigations by the generator authors should allow to
shed light on this issue [69]. Any definitive assessment
needs to be carried out by the KLOE and BESIII col-
laborations with the full machinery of their analyses.

In this context we also performed a test compar-
ing dimuon samples generated with Phokhara and
KKMC [59] in the ‘KLOE08’ configuration. Differ-
ences in the energy distributions of additional photons
at ‘NLO’ level lead to different acceptance predictions
among the two generators. By construction, KKMC

produces higher photon multiplicities, but it predicts
the fraction of three or more photons above 10 MeV at
KLOE energies to be 1.3%, which is lower than the cor-
responding ‘NNLO’ rate found by BABAR. Of course
the two generators operate in different ways. Whereas
Phokhara is designed for ISR with an NLO matrix
element, KKMC works from the Born level up with
multiple ISR photon emission approximating higher or-
ders. It is beyond the scope of this paper to conduct
a detailed evaluation of these generators, but we note
their different predictions. Contrary to our above esti-
mates for Phokhara, KKMC would predict a down-
ward shift of the measured cross sections, albeit again
larger than the quoted systematic uncertainty assigned
to radiative corrections.

In a recent paper [60], Belle II confirms the BABAR
finding of an ‘NLO’ excess by Phokhara with respect
to their π+π−π0 data. To account for this excess and
the missing NNLO contributions, they assign a 1.2%
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systematic error for the generator. It is critical that fu-
ture (re-)analyses of ISR based cross section measure-
ments perform data-driven tests of the kinematic prop-
erties of additional photons as Belle II has done. Such
tests allow to investigate the sensitivity to mismod-
elling and higher order radiative effects, and help design
robust selection criteria. The loose selection used by
BABAR could be implemented rather straightforwardly
in the BESIII analysis since the setup follows the same
topology with a large-angle ISR photon, and the detec-
tor allows the measurement of large-angle additional
photons. The situation is more complicated for KLOE
as the selection method, at least in the small-angle ISR
topology used in KLOE08 and KLOE12, lacks kine-
matic constraints, preventing the reconstruction of ad-
ditional small-angle photons. Such an approach would
be possible in the KLOE10 topology, but would re-
quire independent charged particle identification. An-
other difficulty for KLOE arises from the low centre-
of-mass energy and the proximity of the ρ resonance
leading to low ISR photon energies that are not as well
separated from additional photons as in the case of BE-
SIII and BABAR. This also presents an obstacle to the
experimental separation of additional large-angle ISR
and FSR photons as was done by BABAR and would
be possible with BESIII, as seen from Fig. 10.

6 Reappraisal of τ spectral functions

Spectral functions derived from measurements of mass
spectra in hadronic τ decays provide a complemen-
tary input, under isospin symmetry and accounting
for isospin-breaking corrections, to compute HVP inte-
grals [70]. In the late 1990s, thanks to LEP experiments
(particularly ALEPH), τ spectral functions in the two-
pion channel were more precise than the available e+e−

cross sections. In the following decade, both τ and e+e−

data were therefore used by our group [48, 71–76].
The τ spectral function vπ−π0(s) in the π−π0 chan-

nel is defined by

vπ−π0(s) = m2
τ

6 |Vud|2
Bπ−π0

Be

1
Nπ−π0

dNπ−π0

ds
(2)

×
(

1 − s

m2
τ

)−2(
1 + 2s

m2
τ

)−1
RIB(s)
SEW

,

with

RIB(s) = FSR(s)
GEM(s)

β3
0(s)

β3
−(s)

∣∣∣∣ F0(s)
F−(s)

∣∣∣∣2
, (3)

and where (1/Nπ−π0)dNπ−π0/ds is the normalised in-
variant mass-squared (s) spectrum of the π−π0 final
state obtained from the combination of spectra from
several experiments, Bπ−π0 (Be) are the corresponding
τ branching fractions (final state photon radiation im-
plied), and SEW is an electroweak radiative correction.
The s-dependent isospin-breaking (IB) corrections are
included in RIB(s). In Eq. (3), β0,− denote the pion

velocities in the two-pion CM system for the π+π−

and π−π0 final states, respectively. GEM(s) is the ra-
diative function, correcting from the π−π0(γ) to the
π+π− final states, requiring the addition of the specific
FSR contribution to the neutral case. Several model-
dependent approaches exist for the small long-distance
radiative correction GEM(s). The pioneering work of
Cirigliano-Ecker-Neufeld [77] used Chiral Perturbation
Theory (ChPT), while vector dominance was the ba-
sis of further work by Lopez Castro et al. [78]. The
two methods have been known to be in good agree-
ment. More recently, other studies extended the order in
ChPT while satisfying short-distance constraints [79].
Additional free parameters, however, deteriorate the
precision of the prediction. In the longer term, lattice
QCD based estimates are expected to become avail-
able [80] and will provide an important cross check.
The form factor ratio F0/F− takes into account the dif-
ferent masses and widths of the charged and neutral ρ
mesons and the ρ – ω interference only present in the
neutral final state.

The idea of significant ρ – γ mixing, motivated by
the well-founded Z – γ mixing in high-energy e+e−

collisions, was put forward by F. Jegerlehner and
R. Szafron [81] and introduced large IB corrections
on top of what had been previously estimated. How-
ever, a justification for applying the same Z – γ formal-
ism to the composite ρ meson was never given. It was
exacerbated by the proposal by F. Jegerlehner to re-
verse the correction and apply it to e+e− rather than
τ data [82]. In a consistent dispersive approach of the
pion form factor there is no room for ρ – γ mixing as
differences between charged and neutral ρ line shapes
are embedded in their respective resonance parameters
(mass, width) [83]. The consideration of ρ – γ mixing is
therefore dropped.

The use of τ spectral functions was at some point
discontinued owing to the improved e+e− cross-section
data from KLOE and BABAR not requiring IB cor-
rections. Given the discrepancies among the e+e− data
sets and the progress on the understanding of IB correc-
tions, we reconsider them here and present an update
of the 2π HVP contribution to the muon g – 2 from τ
decays. The combined τ mass spectrum, after an up-
date of the ALEPH data, is unchanged from Ref. [76].
A small change is introduced by updated IB correc-
tions, essentially the ρ –ω contribution. The parameters
used in Eq. (2) are mτ = (1776.84 ± 0.17) MeV, the
CKM matrix element |Vud| = 0.97418 ± 0.00019, and
Be = (17.818±0.032)%. Short-distance electroweak ra-
diative effects [84, 85], relevant for the ππ decay give
SEW = 1.0235 ± 0.0003 [73].

Most corrections to the τ -based 2π contribution to
aµ are unchanged from our previous work [48, 76]. They
amount to (all in 10−10 units): −12.21 ± 0.15 from
SEW, −1.92 ± 0.90 from GEM, +4.67 ± 0.47 from FSR,
−7.88 from mπ− − mπ0 in the cross section, +4.09
from mπ− − mπ0 in Γρ, +0.20+0.27

−0.19 from mρ− − mρ0 ,
−5.91 ± 0.59 from ππγ and other electromagnetic ρ de-
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cays. The last four corrections are affected by a sys-
tematic uncertainty from the choice of the analytic
model for the ρ lineshape, which we estimate from
the difference between the Gounaris-Sakurai and Kühn-
Santamaria resonance parameterisations and add lin-
early.

Due to its fast bipolar dependence on mass the con-
tribution of ρ – ω interference to the dispersion integral
is relatively small. It depends on the ω mass, the mixing
amplitude ερω and its phase ϕρω, all determined from
fits to the pion form factor in e+e− data. The value for
ϕρω used in our previous analyses [48, 76] was unexpect-
edly large [86]. Here, we use updated results from a fit
to the combined e+e− data before CMD-3 [56, 87] giv-
ing mω = 782.07±0.15 MeV, ερω = (1.99±0.03)×10−3,
and ϕρω = (3.8 ± 1.8)◦. Including CMD-3 [57, 87] gives
similar results with the full difference added as system-
atic uncertainty. The resulting IB correction from ρ – ω
mixing is +(4.0 ± 0.4) × 10−10.

Summing up all the effects, the total IB correction to
the τ -based 2π contribution is estimated to be −(14.9±
1.9)×10−10 to be compared to our previous estimate of
−(16.1 ± 1.9) × 10−10 [48, 76]. Finally the contribution
to aµ from the combined τ data reads

aτ
µ[2π] = (517.3 ± 1.9 ± 2.2 ± 1.9) × 10−10 , (4)

where the uncertainties are from the combined mass
spectrum, the branching fractions, and the IB correc-
tions, respectively.

The result (4) differs from that obtained in Ref. [79],
(519.6 ± 2.8[exp]+1.9

−2.1[IB]) × 10−10 using O(p4) ChPT.
Most of the difference is accounted for by their SEW
value (1.0201), which does not take into account dou-
ble counting between SEW and GEM for the subleading
non-logarithmic short-distance correction for quarks.
This effect is responsible for a shift of 1.7 × 10−10 in
aτ

µ[2π]. The remaining difference7 (0.6 × 10−10) origi-
nates mostly from the ρ width corrections in the pion
form factor.

7 A new perspective on the muon g – 2
HVP contribution from the dispersive
method

Having discussed the tensions among the e+e− → π+π−

cross-section measurements and their possible origins,
and reappraised the use of the complementary τ spec-
tral functions, we proceed with a quantitative study of
the dominant HVP contributions to aµ. We consider
here only the most precise results. We do not include
the CMD-2 measurements [51, 52], whose discrepancy
with CMD-3 is currently under investigation [88], and
the SND results, which are in a state of flux from the

7 Larger differences are seen when comparing results from
individual experiments.
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Fig. 11. Compilation of aµ predictions subtracted by the
central value of the experimental world average [2]. The
predictions are computed from the individual π+π− con-
tributions between threshold and 1.8 GeV, complemented
by common non-π+π− contributions taken from Ref. [3]
(circles). The quoted uncertainties correspond to the two
contributions and do not include that of the subtracted ex-
perimental value shown by the vertical band. The error bars
indicate the π+π− and total uncertainties, respectively. The
percentage given for each experiment represents the frac-
tion of aµ[π+π−, threshold–1.8 GeV ] used from a given ex-
periment (see text for details, particularly concerning the
two values for KLOE). The lattice result from BMW [37] is
shown as filled square.

older [53] to the new measurements [49] that are still
being updated [89].

For the following exercise, we consider the LO HVP
contributions from the π+π− channel in the wide mass
range from threshold to 1.8 GeV for each experiment.
BABAR and the τ spectral functions extend over the
entire interval, while the other experiments cover a
more restricted range and are completed near thresh-
old and at large mass with the combination discussed in
Section 2. For KLOE, we use the original combined data
from Ref. [33] and consider two cases: the full available
range and a restricted range of 0.6–0.975 GeV, where
the data are most precise and KLOE’s weight in the
combination is largest (cf. top panel of Fig. 4). The two-
pion contributions are complemented by the remain-
ing LO HVP, NLO and NNLO HVP, hadronic light-by-
light, as well as QED and electroweak contributions, all
taken from Ref. [3]. The differences in the resulting aµ

predictions therefore reflect the differences in the two-
pion contributions from each experiment, whose uncer-
tainties correspond to the original ones, that is without
rescaling to accommodate inconsistencies among data
sets.

The results are shown in Fig. 11 as differences be-
tween the aµ predictions and experiment [2]. The un-
certainties drawn are from the π+π− measurements (in-
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Fig. 12. Compilation of LO HVP awin
µ predictions in the

intermediate Euclidean time window (0.4 – 1.0 fm) [38], com-
puted from the individual π+π− measurements between
threshold and 1.8 GeV (when only part of this interval is
available it is extended to the full range using Ref. [8]),
complemented by non-π+π− combined spectra taken from
Ref. [8]. Also shown is the average of the available lattice
QCD results [44].

ner bars) and the total contributions (outer bars). The
quoted uncertainties are separated into the π+π− and
remaining non-π+π− contributions.

The BABAR and τ based results are in agree-
ment. Combining both with CMD-3 gives ahad, LO

µ =
(7057 ± 33 ± 22) × 10−11, where the first uncertainty
is from the π+π− contribution, scaled by a factor 1.5
according to the χ2 value of 4.5 for 2 degrees of free-
dom and the second from the non-π+π− contribu-
tion. This average results into ∆aµ = aSM

µ − aexp
µ =

−(123 ± 33 ± 29 ± 22) × 10−11, where the first uncer-
tainty is from the π+π− contribution, the second from
all the other terms in the aµ prediction, and the third
from the g – 2 experimental world average [2]. The sig-
nificance of a non-zero ∆aµ is 2.5σ. As expected from
the known tensions, the aµ value for KLOE in the re-
stricted range lies well below (3.8σ) the above combi-
nation.

The BABAR, τ , CMD-3 combination agrees with
the only result available so far from lattice QCD for
the full aµ prediction, BMW [37], who find ∆aµ =
−(105 ± 55 ± 22) × 10−11, shedding a new light on the
apparent discrepancy between BMW and the dispersive
approach. Combining the values of BABAR, τ , CMD-3
and BMW, the difference with experiment is 2.8σ.

In the light of these results, we extend the study to
the intermediate window 0.4 – 1.0 fm in Euclidean time,
which is favourable for lattice QCD. The corresponding
awin

µ values are displayed in Fig. 12, where the quoted
uncertainties are again separated into π+π− and non-
π+π− contributions, the latter contribution using the

combined spectra from Ref. [8]. 8 All dispersive pre-
dictions are found below that from lattice QCD with
significance of 1.1σ for CMD-3, 2.5σ for τ , 3.1σ for
BABAR, 5.4σ for full KLOE, and 5.8σ for restricted-
range KLOE, exacerbating the pattern seen for aµ.
The weighted average of BABAR, CMD-3 and τ gives
232.0 ± 1.1, to be compared with 236.1 ± 0.9 from lat-
tice QCD. To further understand the discrepancy, ad-
ditional lattice QCD studies, splitting the range of the
lattice window into smaller intervals, possibly around
the present optimal window, could be helpful.9

8 Conclusions

This paper reviewed existing tensions among the most
precise e+e− → π+π− cross-section measurements used
in the dispersive evaluation of the hadronic vacuum po-
larization (HVP) contribution to the anomalous mag-
netic moment of the muon. Local discrepancies between
KLOE on one hand and BABAR and CMD-3 on the
other hand exceed significances of 3σ and 5σ, respec-
tively, while that between BABAR and CMD-3 is gen-
erally at the 2σ level. CMD-3 data lie systematically
above all other data, while KLOE data lie below.

A dedicated analysis of radiative processes in
e+e− → µ+µ−γ and e+e− → π+π−γ at NLO and
NNLO by BABAR [45] prompted a study of related sys-
tematic uncertainties in the measurements using initial
state photon radiation. In absence of an NNLO Monte
Carlo generator the studies relied on approximate as-
sumptions and fast simulation. They indicate potential
problems for radiative event acceptances in the KLOE
and BESIII measurements, not covered by the quoted
systematic uncertainties.

In view of these difficulties with e+e− results we
reappraised the use of τ hadronic spectral functions in
the dispersive approach with an updated treatment of
isospin-breaking corrections. The τ -based HVP contri-
bution comes out close to the larger values provided by
BABAR and CMD-3.

We reevaluated the compatibility of the dispersive
HVP calculations with lattice QCD and with the g – 2
experiment. Combining BABAR, τ , and CMD-3 mea-
surements for the e+e− → π+π− HVP contribution,
and adding all other contributions, the dispersive cal-
culation of aµ agrees with the lattice QCD result from

8 The τ based awin
µ result differs strongly from those given

in the first versions of Ref. [90], particularly when using
a non-π+π− contribution derived from the full spectrum.
Because of the different weighting of the mass spectrum, the
π+π− fraction of the HVP contribution is different for the
window (0.64) and the full range (0.73), thus invalidating
their procedure. This inconsistency has been corrected in
the published version of Ref. [90] now in fair agreement with
our result.

9 See also the discussion on the limitations of such split-
ting in Ref. [44].
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BMW [37], while a discrepancy in the restricted observ-
able awin

µ persists.
The discrepancy of the dispersive prediction with

the g – 2 experimental world average reduces from more
than 5σ when KLOE measurements are included but
neither CMD-3 nor τ data, as in [3], to the new pre-
diction of 2.5σ when CMD-3 and τ measurements are
included but not KLOE.
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with Henryk Czyż, one of the Phokhara authors.
70. R. Alemany, M. Davier and A. Hoecker, Eur. Phys.

J. C 2 (1998), 123-135, doi:10.1007/s100520050127
[arXiv:hep-ph/9703220 [hep-ph]].

71. M. Davier and A. Hoecker, Phys. Lett. B 419
(1998), 419-431, doi:10.1016/S0370-2693(97)01512-8
[arXiv:hep-ph/9801361 [hep-ph]].

72. M. Davier and A. Hoecker, Phys. Lett. B 435
(1998), 427-440, doi:10.1016/S0370-2693(98)00825-9
[arXiv:hep-ph/9805470 [hep-ph]].

73. M. Davier, S. Eidelman, A. Hoecker and Z. Zhang, Eur.
Phys. J. C 27 (2003), 497-521, doi:10.1140/epjc/s2003-
01136-2 [arXiv:hep-ph/0208177 [hep-ph]].

74. M. Davier, S. Eidelman, A. Hoecker and Z. Zhang, Eur.
Phys. J. C 31 (2003), 503-510, doi:10.1140/epjc/s2003-
01362-6 [arXiv:hep-ph/0308213 [hep-ph]].

75. M. Davier, A. Hoecker, B. Malaescu and Z. Zhang,
Eur. Phys. J. C 71 (2011), 1515 [erratum: Eur. Phys.
J. C 72 (2012), 1874],
doi:10.1140/epjc/s10052-012-1874-8 [arXiv:1010.4180
[hep-ph]].

76. M. Davier, A. Hoecker, B. Malaescu, C. Z. Yuan and
Z. Zhang, Eur. Phys. J. C 74 (2014), 2803,
doi:10.1140/epjc/s10052-014-2803-9 [arXiv:1312.1501
[hep-ex]].

77. V. Cirigliano, G. Ecker and H. Neufeld, Phys.
Lett. B 513 (2001), 361-370, doi:10.1016/S0370-
2693(01)00764-X [arXiv:hep-ph/0104267 [hep-ph]];
V. Cirigliano, G. Ecker and H. Neufeld, JHEP 08
(2002), 002, doi:10.1088/1126-6708/2002/08/002
[arXiv:hep-ph/0207310 [hep-ph]].

78. F. Flores-Baez, A. Flores-Tlalpa, G. Lopez Castro
and G. Toledo Sanchez, Phys. Rev. D 74 (2006),
071301, doi:10.1103/PhysRevD.74.071301 [arXiv:hep-
ph/0608084 [hep-ph]]; A. Flores-Tlalpa, F. Flores-
Baez, G. Lopez Castro and G. Toledo Sanchez,
Nucl. Phys. B Proc. Suppl. 169 (2007), 250-
254, doi:10.1016/j.nuclphysbps.2007.03.011 [arXiv:hep-
ph/0611226 [hep-ph]].

79. J. A. Miranda and P. Roig, Phys. Rev. D 102
(2020), 114017, doi:10.1103/PhysRevD.102.114017
[arXiv:2007.11019 [hep-ph]].

80. M. Bruno, Muon g – 2 Theory Initiative Workshop,
Bern, 4-8 September 2023,
https://indico.cern.ch/event/1258310/.

81. F. Jegerlehner and R. Szafron, Eur. Phys. J. C
71 (2011), 1632, doi:10.1140/epjc/s10052-011-1632-3
[arXiv:1101.2872 [hep-ph]].

82. F. Jegerlehner, ECFA workshop e+e− Higgs/EW/Top
Factory working group WG1 (July 14 2022),
https://indico.cern.ch/event/1173700/.

83. Clarifying discussions with G. Colangelo are gratefully
acknowledged.

84. A. Sirlin, Rev. Mod. Phys. 50 (1978), 573,
[erratum: Rev. Mod. Phys. 50 (1978), 905]
doi:10.1103/RevModPhys.50.573; W. J. Marciano
and A. Sirlin, Phys. Rev. Lett. 61 (1988), 1815-
1818, doi:10.1103/PhysRevLett.61.1815; A. Sirlin,
Nucl. Phys. B 196 (1982), 83-92, doi:10.1016/0550-
3213(82)90303-0.

85. E. Braaten and C. S. Li, Phys. Rev. D 42 (1990), 3888-
3891 doi:10.1103/PhysRevD.42.3888.

86. G. Colangelo, M. Hoferichter, B. Kubis and P. Stoffer,
JHEP 10 (2022), 032, doi:10.1007/JHEP10(2022)032
[arXiv:2208.08993 [hep-ph]].

87. P. Stoffer, presentation in the discussion session
on e+e− data, Muon g – 2 Theory Initiative Work-
shop, Bern, 4-8 September 2023, https://indico.cern.ch/
event/1258310/.

88. I. Logashenko, Muon g – 2 Theory Initiative Work-
shop, Bern, 4-8 September 2023, https://indico.cern.ch/
event/1258310/.

89. A. Kupich, Muon g – 2 Theory Initiative Workshop,
Bern, 4-8 September 2023, https://indico.cern.ch/
event/1258310/.

90. P. Masjuan, A. Miranda, and P. Roig, Phys. Lett.
B 850 (2024) 138492, 10.1016/j.physletb.2024.138492
[arXiv:2305.20005 [hep-ph]].

https://indico.cern.ch/event/1258310/
https://indico.cern.ch/event/1173700/
https://indico.cern.ch/event/1258310/
https://indico.cern.ch/event/1258310/
https://indico.cern.ch/event/1258310/
https://indico.cern.ch/event/1258310/
https://indico.cern.ch/event/1258310/
https://indico.cern.ch/event/1258310/

	Introduction
	Tensions among the e+e-+-() data sets
	BABAR study of additional photon radiation
	Cancellation between soft/virtual and hard photon corrections
	Impact of higher-order radiative effects
	Reappraisal of  spectral functions
	A new perspective on the muon g–2 HVP contribution from the dispersive method
	Conclusions

