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ABSTRACT: We study how the coupling between axion-like particles (ALPs) and mat-
ter can be obtained at the level of on-shell scattering amplitudes. We identify three
conditions that allow us to compute amplitudes that correspond to shift-symmetric La-
grangians, at the level of operators with dimension 5 or higher, and we discuss how they
relate and extend the Adler’s zero condition. These conditions are necessary to reduce
the number of coefficients consistent with the little-group scaling to the one expected
from the Lagrangian approach. We also show how our formalism easily explains that
the dimension-5 interaction involving one ALP and two massless spin-1 bosons receive
corrections from higher order operators only when the ALP has a non-vanishing mass.
As a direct application of our results, we perform a phenomenological study of the in-
elastic scattering £ ¢~ — ¢h (with £* two charged leptons, ¢ the ALP and h the Higgs
boson) for which, as a result of the structure of the 3-point and 4-point amplitudes,
dimension-7 operators can dominate over the dimension-5 ones well before the energy
reaches the cutoff of the theory.
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1 Introduction

In recent years, the study of modern on-shell methods [1-5], together with their appli-
cation to phenomenological issues, has been gaining much attention and giving fruitful
results. Without a doubt, the most innovative feature of these methods consists of
writing down scattering amplitudes by relying on nothing but the covariance of the S-
matrix under little-group transformations of the Lorentz group [6], thus putting aside
the need for fields and Lagrangians. The consequences and applications of the on-shell
approach are far-reaching. On the phenomenological side, much progress has been
made, for instance, in the computation of loop-integrals and anomalous dimensions [7—
13], in the understanding of the Standard Model (SM) and of Effective Field Theories
(EFTs) [14-33], in the study of the physics of higher-spin dark-matter [34, 35] and also
in the formulation of neutrino oscillations [36]. One less pursued question is that of
establishing a precise connection between the physical properties of infra-red (IR) on-
shell amplitudes to the physics of the ultra-violet (UV)[14, 22, 28, 37-40]. In the
Lagrangian approach, the different assumptions about the UV dynamics are translated
in the IR to specific EFTs and power counting (e.g. SILH [41], HEFT [42]), giving us
much more control over the properties of the low-energy amplitudes. The same exercise
still needs to be carried out in a systematic way in the on-shell approach, in which the
UV properties are reconstructed from the IR amplitudes.

Along these lines, an interesting problem that can be studied using on-shell meth-
ods is the one concerning the physics of axion-like particles (ALPs). From the usual
quantum field theoretical perspective, it is well known that ALP interactions must be
invariant under a shift-symmetry if the underlying global symmetry is exact. This has
extensive physical consequences, among which the existence of soft-theorems and the
appearance of the so-called Adler’s zero, which state that amplitudes involving ALPs
(or, equivalently, Nambu—Goldstone bosons) and amplitudes involving ALPs and other
particles are either regular or vanish in the limit in which the ALP momentum be-
comes soft [43-46]. Previous studies in the literature have shown how, using on-shell
techniques, amplitudes involving only exactly massless ALPs make manifest the pre-
viously mentioned soft-theorems [47], as well as Adler’s zero conditions [39, 40, 48-50].
In addition, it is possible to read off from IR properties of these ALPs amplitudes the
structure of the coset group associated to the spontaneous symmetry breaking in the
UV [38].

Two questions that have remained unanswered in the literature are: what happens
when we consider couplings between ALPs and matter? What are the physical prop-
erties that these amplitudes must satisfy in order to recover shift-symmetry? Stated
in another way: the Adler’s zero condition is a necessary requirement that an ampli-



tude involving ALPs must satisfy, but it may not be enough to completely characterize
the interactions between ALPs and matter. What we seek to find in this work are
possible additional conditions that completely pinpoint the ALP-matter interactions.
Given that on-shell methods allow us to write the amplitudes without assuming any
Lagrangian or symmetry, they are the ideal framework to approach this question.

In this paper, we continue to further explore this direction and investigate the
coupling between ALPs and other matter particles, including the SM ones. We will
first reproduce the well-known results of ALP 3-point couplings to massive fermions
and vectors, which in the Lagrangian approach emerge from operators of the form
(9,0)1y"y ¢ and #VV, where ¢ is the ALP, ¢ any massive fermion, V a field strength
tensor and V denotes the dual field strength (to be defined below). We will then uplift
these amplitudes to 3- and 4-point amplitudes involving SM particles in the unbroken
electroweak phase. Understanding the properties of the simplest scattering amplitudes
of ALPs and matter particles will allow us to generalize this procedure and construct
higher-point functions in a systematic way.

The paper is organized as follows. In Section 2, we formulate our approach in terms
of on-shell methods and apply it to generic 3-point amplitudes involving one ALP. We
discuss how we could generalize our procedure to higher-point amplitudes involving
more ALPs and the difficulties involved. In Section 3, we match the massive amplitudes
in the IR to the massless ones in the UV, while specializing to the SM particle content,
discussing also how to handle electroweak symmetry breaking effects. We also comment
on the physical interpretation of the shift-symmetry breaking invariants introduced in
Ref. [51]. In Section 4, we build higher-point contact amplitudes up to dimension 8 in
the ALP scale, while some phenomenological applications are discussed in Section 5. In
particular, we study the production of an ALP in association with a Higgs in a lepton
collider, £~ ¢* — ¢h, and show that higher-order contact operators can give the leading
contribution to the cross-section at high-energies. Finally, we conclude in Section 6.
We also add a number of appendices with more technical material: in Appendix A,
we present our conventions for spinors; in Appendix B, we propose an alternative
on-shell derivation of the connection between Yukawa couplings and fermions masses;
finally, in Appendix C, we present detailed computations of the running of the 4-particle
amplitude involving one ALP, a fermion-antifermion pair and one Higgs doublet. This
will be useful to show the consistency between the 3-point amplitude involving one
ALP and two massive fermions and the 3-point amplitude involving one ALP and two
massless gauge bosons.



2 ALP couplings to matter

2.1 General remarks

On-shell techniques have been previously used in the literature to study amplitudes
involving massless scalar particles. More precisely, under the assumption that these
amplitudes vanish as any of the momenta goes soft, 7.e. p — 0, it is possible to derive
a number of features of such (pseudo-)scalars and in some cases even completely deter-
mine the underlying theory [14, 37-40, 47, 48]. However, these analyses are restricted
to amplitudes with nothing but scalars, and therefore do not apply when they interact
with other matter fields, for instance SM particles, making necessary the addition of
extra conditions to characterise ALPs amplitudes. One of the goals of the present pa-
per is then to extend this discussion and to characterise the interactions of ALPs with
other particles from an on-shell perspective.
Our starting point are amplitudes involving ALPs, hereafter denoted by ¢, in the
limit in which the ALP momentum, py, goes to zero. We will thus be focusing on
lim A[¢, O], (2.1)
pe—0
where A denotes the amplitude and O is a set of other arbitrary particles.! We will
start by considering amplitudes with the minimal number of particles coupled to one
ALP (taken to be massless), i.e. 3-point amplitudes Az in which one ALP interacts
with two other particles. Our purpose is to use the soft limit to deduce which conditions
such 3-point amplitudes must satisfy. We will discuss how to do this in a concrete way
shortly. To avoid possible complications due to SM symmetry group, in this section
“matter” means any massive particle of spin 0, 1/2 or 1 that can couple to the ALP. We
will see in Section 3 that our results can be directly applied to amplitudes of massive
SM particles (that would correspond to the broken electroweak phase), and we will also
discuss how to extend them to the massless SM particles (above the electroweak scale).
In on-shell language, 3-point amplitudes are special objects, since they are com-
pletely fixed by little-group covariance and have constant coefficients. While massless
3-point amplitudes only make sense using complex momenta (the 3-body kinematics
forces the amplitude to vanish for real momenta) [2, 5], no such obstruction arise for
massive amplitudes and the momenta can be taken real. Also, 3-point amplitudes can
be used as building blocks to form the so-called “constructible” higher-point ampli-
tudes [26, 52, 53]. Contact interactions, that cannot be constructed in this way, will be
discussed in Section 4. We will now focus on the coupling between one ALP and two

!A more precise definition of the soft limit in terms of Lorentz invariant quantities is |py - p;| <
|pi - pj|, for any two momenta p; # p; of the set O.



massive particles of the same species (we will relax this condition in Section 2.5). The
amplitudes we are interested in are written as

AS [¢P{1,"',12575§71,"',J25 ’ (22)

where P is a particle of spin s, P its antiparticle, {I1,--- I}, {Ji, -+, Jos} are sym-
metrized massive little-group indices and the subscripts denote the labels of the mo-
menta (for more details on the notation and conventions, we refer the reader to Ap-
pendix A).

Going back to Eq.(2.1), it is important to notice that the soft limit effectively
“freezes” the particle whose momentum is becoming soft, leaving us with an amplitude
with one less dynamical particle. This means that, when we try to apply (2.1) to
3-point amplitudes as in Eq. (2.2), the soft limit would leave us with a non-physical
2-point amplitude. To circumvent this obstacle, we will consider the 3-point amplitude
in Eq.(2.2) as part of a generic (n + 1)-point amplitude A, [¢, P, O], constructed
“joining” together A3 [¢PP] in Eq. (2.2) with a n-point amplitude A, [P, O] (see Fig. 1).
The additional particles denoted collectively as O are generic (apart from the fact
that there must not be another ALP) and their nature will not play any role in our
reasoning. 2 In the soft limit, the (n + 1)-point amplitude decomposes as

. I, I
lim An+1|:¢731;) 257"':| =
p¢—)0 >

n
: K1, ,Kas €K1 J1 " €K o, I, Jos 3 J1, ,Jos
lim 7 A [Pl | Il g [pli feplie ] (23)
=0 i=1 (P +p¢) — mp,

where we sum over all particles P, which are labeled by i in A, and A,, and €;; is
the Levi-Civita tensor that takes into account the sum over spin configurations of the
propagating particle (see Fig. 1). We can understand Eq. (2.3) as follows. Since the
ALP couples to two particles of the same species, in the p, — 0 limit the momentum
of the particle in the propagator is very close to p* = m%i, 1.e. the particle is very close
to its mass shell. According to polology [6],? the total amplitude will then factorize into
the product of the two sub-amplitudes multiplied by the intermediate propagator and
hence we obtain Eq. (2.3). We can rewrite it more compactly as

2We will come back to the case with more ALPs in the end of this Section and in Section 4.

3 As the name suggests, polology refers to the pole structure of amplitudes. More precisely, suppose
we consider a n-point amplitude A,, in which the external momenta py ., and p,41,. ., (for some
r < n) are such that s;__, = (p1 + -+ + pr)? = m?, where m is the mass of some 1-particle state
1) that can be exchanged in an internal propagator. If this is the case, then polology guarantees that

the amplitude has a pole at s;,. , = m? and that the residue factorizes into the product of the two



Figure 1. Diagramatic representation of Eq.(2.3). The index i labels the particle species.
The momenta of external particles are taken to be incoming.

n

. Ly hs ] Ky, Kas I, I
pligo Ani1[0Piy } B pligo — An [Pi’p ’ ] < (Sp)wilias (24)
1=

with the soft factor given by

Iy, 1o . €K 1J1 """ €KagJas I, IasyJd1,,J2
(Spii e, = =5, ) 5 s |0 Pl (2.5)

In the last step we have simplified the propagator using the fact that ¢ is massless,
which gives (p+py)? —m%i = 2p-pg. We stress once more that all the particles appearing
in the soft factor are on-shell and that we consider real momenta. We observe that,
under our hypothesis, the amplitude A, ,; has the same kinematical configuration of
A, without the ALP, i.e. the ingoing particle P; is on-shell in both cases. We are
therefore led to the conclusion that the amplitude describing the interactions of an
ALP with matter particles should obey the following soft factorization condition:

subamplitudes connected by the propagator of the particle v:

where —py = p1 + -+ pr = —Pr41 — -+ — Pp, is given by momentum conservation (we are taking
all momenta incoming). This result is non-perturbative and relies only on the locality and unitarity
of the S-matrix. Furthermore, it is the basis of the Britto-Cachazo-Feng-Witten (BCFW) recursion
relations [52, 53].



ALP soft factorization condition

For a massless ALP, in the limit p, — 0, as the amplitude A, (¢, P, O] factorizes
as

Ania[6, P, 0] 225 3" A [P, O] x S, (2.6)
/)

we demand that no poles appear in Sp in all phase space for real momenta. This
condition holds when the 3-point amplitude Az that appears in Sp represents the
interaction of the ALP with two particles of the same species, such that A, 1 has

the same kinematical structure as A, without the ALP.
& J

The motivation for the condition in Eq.(2.6) comes from the fact that we want the
regularity of the soft-limit to be a general property of the amplitude, and not simply
a characteristic of a particular point in the phase-space. Stated in another way: given
the factorization in Eq.(2.4), the fact that particles P and O are the same in A4,
and A, 1 guarantees that the condition of regularity will be valid for any kinematical
configuration of P, O and will thus be independent of particular choices of momenta.
Due to the singularities of the propagator in Sp, the ALP soft factorization condition
is expected to give non-trivial requirements on As.*

To make progress we need to specify the particle content of the amplitude A;. We
will now analyze in turn the cases in which P has spin 0, 1/2 and 1.

2.2 Scalars

In the simple case in which P = S, with S a spin-0 particle, there are no little group
indices associated with S and Sg is simply given by
1

Sg =
2p - py

Az (09,55, ] - (2.7)

The 3-point amplitude among 3 scalars amounts just to a simple constant, therefore
the only way to avoid Sg of diverging as p, — 0 is to set it to zero. This is nothing
but a manifestation of the fact that in the usual quantum theoretical language the
interactions of an ALP with two scalars, given by (8”¢)(STZ'<8_:S), gives a vanishing
amplitude when all particles are taken on-shell.

4We see that the factorization in Eq.(2.4) may in general affect the spin configuration of the
remaining n-point amplitude when compared to the original (n+1)-point one. As we will see, however,
the leading term in the soft expansion will always satisfy (87))%1[;(2 x Jfél 5;?2 + symm, i.e.
the spin configuration will remain the same, with a change in spin configuration arising only in the

subleading terms. Here, "symm” indicates the symmetric combinations of little-group indices.



2.3 Fermions

Moving to the case of fermions P = 1, we now have a non-trivial little-group scaling
and the 3-point amplitude can be written as

As [0y = g1 (12) + gr [12], (2.8)

with two a priori complex dimensionless constants, g r, that are related to the cou-
plings to the left- and right-handed components of the fermions, respectively. We
consider for concreteness the case of Dirac fermions, but the same discussion holds
for Majorana fermions. In the previous amplitude we have used the bold notation in-
troduced in Ref. [3], which amounts to simply bold the particle momenta instead of
writing explicitly the little group indices. More specifically, in this case the bolded
spinor products are matrices in the {I,.J} space (see Appendix A). Also, we use the
short-hand notation |n) = |p,), and similar for other spinors, to label the momenta.
Calling p1 = p, p» = —p — py and using Eqgs. (A.13) and (A.18), the soft factor S,
becomes

m
(Su)k = % .Qj% (92 + gr)ox + (S0 )k (2.9)

where S0 denotes terms that are sub-leading on pg and we will always assume masses
to be real and positive. As we are going to see, both of these terms will play an
important role in determining the form of g; and gg. First, to avoid the divergence of
S, in the soft limit we need g, = —gg,” which implies that the coupling of the ALP
to the fermions must necessarily be axial. This condition is nevertheless not enough to
guarantee the regularity for all p, as a divergence may still appear when the (real) 3-
momenta p and py are collinear with pp, > 0. In this case, the denominator appearing
in Eq. (2.9), that is contained in the definition of Spg , becomes

1 1 e ||

Ds ol —o - 5, lm2’
20:Ps afgi| ((/m2 + 5P - 17]) 1Polm

i.e. it diverges for very small masses. We anticipate here that the massless limit

(2.10)

my — 0 is precisely the limit that will allow us in Section 3 to match the massive SM
amplitudes in the IR into the corresponding massless amplitudes invariant under the
SM symmetry group in the UV. To avoid divergencies when my/|p] < 1, we must then
require the soft factor Sy to be regular also in the collinear configuration. Since, with

5Since, under parity, angle and square brackets are exchanged, the condition g; = —gr amounts
to a parity-odd amplitude, i.e. to a pseudoscalar ALP. We thank Yael Shadmi for pointing this out.



the condition gy = g, = —¢gg, the first term in Eq. (2.9) vanishes, we turn to Spg' In
the collinear limit, this term is proportional to (see Eq. (A.20))

lim (Sy0)k = — 25T (5167 + 6767 | (2.11)
2my,

where the structure carrying the little group indices is diagonal and traceless because
of the contraction with the ey tensor, —ex; (6567 + 6561) = (0*)%. The only way to
guarantee a non-singular massless limit is to have the couplings to be proportional to the
mass, since then Eq. (2.9) becomes independent of m,, in this limit. As a consequence,
remembering that the couplings ¢g; r are dimensionless, we are forced to introduce a
new scale f in order to correct their dimensionality. From the arguments above, we
then find that gp = —gr o my/ f.

We can yet obtain more information about the phase of the couplings by imposing
CPT invariance and unitarity of the amplitude. The relation of the amplitude with
their C' PT conjugate is given by Eq. (A.23), and implies in the present case that g, =
g% This, together with the previous conditions, leads to purely imaginary coefficients.
In short, we conclude that the coefficients in Eq. (2.8) must be of the form

gr, = —gr = C¢¢¢m7¢, C@WW € R. (212)

The non-trivial generalisation to several fermion species will be presented in Eq. (2.22).
With Eq. (2.12), the final expression for the amplitude then reads

iM¢

Aoy ] = waT( (12) - [12]). (2.13)

This result agrees exactly with what we have from the usual quantum theoretical ap-
proach starting from an interaction given by (Cyyy/2f)(0,¢)y y*1b. We do not have
any coupling with the vector current, because it is not physical due to vector current
conservation on-shell. It is worth stressing that, while little-group arguments were pre-
dicting the structure of the 3-point amplitude in term of two complex constants, the
ALP soft factorization condition (2.6) reduces this freedom to a single real parameter.

2.4 Vectors

We now move to the case P =V, with V' a spin 1 particle of mass my. Without any
loss of generality we take V' = V. The 3-point amplitude reads

LIy, Ji,Je| _ 9- 2 g+ 2 9o
Ay [V v = 7 (12 4 Sl ¢ S (12) 2], (2.14)



where ¢4, gy are three dimensionless complex constants and f is again a new scale
needed to correct the dimension of the coefficients. We observe that, unlike gy, the
coupling g¢o is instead divided by a factor m(/l to ensure a well-defined high-energy
limit [24, 28]. Similar to Eq. (2.8), we use the bold notation to leave the little-group
indices implicit. It is worth stressing again that we need to symmetrize over the little-

group indices, so for instance©

(12)* = % ((1h27v) (12272) 4 (172270) (1h272)) | (2.15)

and analogous expressions for the other spinor structures. With this amplitude we
compute the soft factor:

m? -+ 1
(SR = g (T 0 ) (5, + 05,00 + (5,

I,
= e 2.16
2% - Dy 7 — )Kl,Kg ( )

o
where again Spg are terms that are subleading in py. As in the case of the fermions,
regularity when |ps| — 0 imposes that the term in brackets of the first term vanishes.
Regularity in the collinear limit (when my — 0) requires Spg to be regular, and we
can easily show that this requires go = 0 (recall Eq. (2.10)). Together with CPT and
unitarity, the constraints on the couplings we obtain are

g- = —g+ =1Csvyv, Cyyv €R. (2.17)

Similarly to the case of fermions, the equation above implies that the couplings of
the ALP to two vectors are purely imaginary and axial. With the results above, the
amplitude in Eq. (2.14) becomes

C
Ag |:¢V-111,12‘/2J1,J2i| _ % (<12>2 . [12]2) . (218)
It is possible to show that the amplitude with such couplings corresponds exactly to
the operator (Cyyv/2f)pV,,,V*, where V,, = %eum[gvo‘ﬁ (see Appendix A). Once
again, we see that the ALP soft factorization condition (2.6) reduces the number of

free parameters from three complex to one real coupling.

2.5 Fermions - Many species case

So far we have analysed the couplings of the ALP assuming that only one species of
particle P couples to ¢. For the discussion in Section 3, it will also be necessary to

6Here we choose the normalization of 1/2 for all values of I 1,2, J1,2 for simplicity, but other con-
ventions can be useful in other contexts, for example in Refs. [18, 24].

— 10 —



consider the case in which the ALP couples to at least two non-degenerate fermion
species. What we would like to do is to generalize what has been done in Section 2,
constructing a (n + 1)-amplitude A, 11[p, P, O] joining together the 3-point amplitude
A3[¢P Q] (with P and Q two particles of different species) and the n-point amplitude
A, [Q, O], where once more O denotes a set of arbitrary particles. We face, however,
an immediate problem: when the soft limit is taken in this case, the particle Q in the
propagator will not be close to its mass shell, since by assumption its mass is different
from the one of particle P, and the factorization of Eq.(2.3) fails. Stated in other
terms: given that A, 1[¢, P, O] and A,[Q, O] contain, respectively, particle P and Q
that are different, the two amplitudes cannot have the same kinematical configuration.
This implies that the ALP soft factorization condition cannot hold in this case. To
avoid this, we can work first in the high-energy limit, where all fermions are massless
and Eq. (2.6) holds again. On the one hand, at leading order in p,, the soft factor in
Eq. (2.5) vanishes automatically as (pp) = [pp] = 0 and regularity is trivially satisfied.
On the other hand, the subleading terms that are constant in ps do not vanish and can
be constrained in the collinear configuration. Considering that the angle between the
3-momenta is # < 1, we obtain for each helicity configuration (see Eq. (A.21))

é% Sw X % (219)
Thus, using the regularity condition in the collinear limit, we arrive at the conclusion
that the coefficients of the amplitude should vanish in the massless limit, i.e. they
should be proportional to the mass of the fermions involved in the amplitude. The
couplings, that are now matrices in the space of fermion species, can always be put into
the form ‘

InR = % [MyByp — AppM,) (2.20)
where M, is the fermion mass matrix and Ay g, Bp g are arbitrary matrices, that can
depend in a regular way on M, as well. If there is any massless fermion in the spectrum,
or if some different species are degenerate in mass, we must treat them separately as the
form of the amplitude is different, meaning that we can always take M, to be diagonal
with positive non-degenerate entries. Since the parametrization above is redundant
under the transformation Ay g = Ap g+ MyXi g, Brr = Br.r+ X, rMy, with X
some matrix, we can always choose Ay, r to be hermitian by choosing X r = MJIATL’R.
Imposing C'PT and unitarity, which based on Eq. (A.23) amounts to g, = g};, we obtain
that .
i

¢ i
g1 = = | MyAr = BRMy|, gn =
f ¥ RV f

[M¢BR — ARMLZ)] , (221)

- 11 -



i.e. the couplings g;, r depend on the hermitian matrix Az and on the complex matrix
Bpr. The matrix elements of B can be simplified as follows. First of all, we observe
that the real part of (Bpg);; can always be absorbed in (Ag);;, since the fact that My is
diagonal implies that (Bg);; and (Ag);; are not uniquely defined. Furthermore, since the
diagonal couplings (gz.r)i appear in the coupling between the ALP and two fermions
of the same species, they must satisfy the soft factorization condition of Eq. (2.3). As
shown in Section 2.3, this forces their imaginary part to vanish. We thus conclude
that the matrix Br can always be taken with vanishing diagonal elements. We still
have enough freedom to significantly simplify the expression for (Bg);, ¢ # j. Indeed,
applying the transformation Agp — Ar + MY, B — Br + Y M,, with Y satisfying
MY = YTM,, the expressions for gz p do not change and A remains an hermitian
matrix.” In order to satisfy M,Y = YTM,, the matrix elements of ¥ must be of
the form Yj; = M;Y;;/M;. The off-diagonal matrix elements Yj; (i # j) can then
be chosen to impose the condition (Bg);; = (Bg)j; (it is sufficient to pick Re(Y};) =
M;(Re(Brji) —Re(Bry;))/ (M} — M7) and Im(Y;;) = M;(Im(Brjs) +Im(Br,;)) /(M7 —
M ]2), which is always allowed since the masses M; are assumed to be non-vanishing and
non-degenerate), in such a way that the matrix Br can always be chosen to satisfy
Bgr = BE with vanishing diagonal elements. The couplings appearing in the amplitude
are thus

i

7
gL = 7 [MyAr — BeMy], gr=

with both Ar, Bg hermitian. This expression agrees with what one would expect from a
shift-symmetric coupling of one ALP to fermions [51, 54-56], and precisely corresponds

to the operator (1/f)(0,0)¢[Cy + Cay®|y*, with Ap = Cy + Cy and Bg = Cy — Cjy.
We observe that the diagonal elements of C'y, are not physical due to vector current
conservation and can thus be redefined to obtain (Bg);; = 0, in agreement with what has
been found above. In this case, that corresponds to the 1-family case, the dependency
on (Cy); thus drops out and it follows from Eq. (2.22) that g, = —gg, in agreement
with Eq. (2.12).

We emphasise that the requirement of regularity of the soft factor Sp, combined
with a well behaved massless limit of the low-energy (massive) amplitudes and C'PT
invariance plus unitarity, allowed us to fully determine the structure of the 3-point
amplitudes up to some constants. In addition, they all agree with the amplitudes one
would obtain by imposing shift-symmetry at the level of Lagrangian.

"We thank Quentin Bonnefoy for a clarifying discussion about this point.
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2.6 Multiple soft limit

We close this section by commenting on the case that Eq. (2.3) contains more than one
ALP, that is, when multiple ALPs are being taken soft. In this situation, we can make
recursive use of polology to obtain an expression similar to Eq. (2.4), with, however, a
different soft factor:
lim A [¢1 - 735;:'":1%7 . } =
Doy Py —0 B
: - Ky, Kas (m)) T2

p¢1,"]:1,£7r¢}m4>0i21‘/4n [PZ- ,} X (87%- >K1,~~~,K25 , (2.23)
where we have defined the m-th soft factor, 87(;”), associated to the soft emission of
m ALPs. Then, a natural extension of the ALP soft factorization condition (2.6) is to
impose that 57()m) is regular for all m > 1. For m = 1, we have explicitly computed
the soft factor in Eq. (2.5), that depended only on the 3-point amplitude As3[¢PP], and
showed how this latter is constrained by the ALP soft factorization condition (2.6). For
m > 1, instead, the soft factor depends not only on the 3-point amplitude, but also
on higher-point amplitudes involving more ALPs, A4[¢*PP], - , Apio[¢™PP], since
these are in general non-vanishing. To make the discussion more concrete, let us focus
on the double soft limit, m = 2 (see Fig. 2). The soft factor in this case, S (2), contains a
piece that depends on two insertions of the 3-point amplitude (2.2), and a second piece
that depends on A4[¢*PP]. Since the 3-point amplitude is fixed by the ALP soft factor-
ization condition (2.6), we would expect that imposing the regularity of the double soft
limit would allows us to constraint the 4-point amplitude, A4[¢?*PP]. Already at this
level, however, things are not so simple. Doing the explicit computation, we find that
87(32 ) has a term that can be canceled by a suitable choice of the coefficients appearing
in A4[¢?P7P], but other divergent terms remain whose spinor helicity structures are not
obviously connected to any tree level amplitude. We suspect that the solution to this
problem lies in loop corrections, as it happens in the discussion of multiple soft limits
of photons [44]. In that case, radiative corrections are instrumental in guaranteeing
that the overall amplitude is finite and the same may happen in our case. Given the
complexity of general loop computation in the on-shell context, we defer the detailed
analysis of this class of amplitudes to future work.

3 ALP interactions with the SM particles

Having constructed the 3-point amplitudes that describe the ALP interactions to mat-
ter, we now discuss how to extend our results to the case of the SM. There are two
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Figure 2. Schematic diagrammatic representation of Eq. (2.23) for an amplitude with two
ALPs (m = 2). The first line represents the insertion of two 3-point amplitudes, the second
one is the Bose exchange of the two ALPs in the double A3 insertion, while the last line
represents the insertion of the 4-point amplitude with two ALPs whose coefficients need to
be determined. The dots denote other factorization channels that are automatically regular
in the double soft limit.

different regimes for the SM amplitudes. One is when (some of) the particles are mas-
sive and the amplitudes are invariant under the symmetry group SU(3). x U(1)gwm,
corresponding in the usual QFT language to the broken phase of electroweak symme-
try. These amplitudes are the relevant ones at low-energies, that is, when the typical
energy scale is much smaller than the scale of electroweak symmetry v (to be defined
below). For massive amplitudes in this low-energy regime, apart for some overall group
theoretical factors, the results of Section 2 can be directly applied. For energies above
the scale v, i.e. at high-energies, we take the particle content to be massless and ampli-
tudes to be invariant under Goyy = SU(3). x SU(2), x U(1)y, thus corresponding to the
unbroken electroweak phase. Explicit expressions for these amplitudes involving also
the ALP will be given below. The link between low- and high-energy amplitudes will al-
low us to find additional properties of the coefficients Cyyy,, Cypvv and gr g introduced
in the previous section, once the connection with the coefficients of the high-energy
amplitude is made explicit. In practice, we will take the massless limit of the massive
amplitudes (as defined in Appendix A) and equate them to the corresponding Ggy-
invariant massless amplitudes, under the assumption that the m — 0 limit is smooth
and continuous.

The remainder of this section will be devoted to the study of the high-energy limit
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applied to the amplitudes involving one ALP and different particles. The case of the
coupling between one ALP and two Higgs doublets is identical to the one already
discussed in Eq. (2.7), so we can skip directly to the coupling between the ALP and
particles of higher spin. For spin 1 particles (analyzed in Section 3.1) the high-energy
limit of Eq.(2.17) will be straightforward and will allow us to relate the coefficients
appearing in the amplitudes involving oW W, ¢ZZ, ¢y and ¢yZ to the coefficients
appearing in the amplitudes involving ¢ BB and ¢W*W* (with a the SU(2); adjoint
index). The case of the amplitude ¢GAG? (where G is a gluon and A is the index of
the SU(3). adjoint) will be more difficult, since this amplitude cannot be linked to any
of the massive amplitudes derived in Section 2. In this case, we will need to resort to
a one-loop computation to recover the same structure of the amplitude that emerges
for the other spin 1 bosons. The case of spin 1/2 particles (discussed in Section 3.2)
will be even trickier, since Ggy-invariance will force us to connect low-energy 3-point
amplitudes to high-energy 4-point amplitudes involving one additional Higgs doublet.
As we are going to see, in this case electroweak symmetry breaking (as discussed in
Ref. [22]) will be essential to meaningfully connect low- and high-energy coefficients
and will force us to introduce a “ALP-Higgs obstruction” condition to complement the
ALP soft factorization condition of Eq. (2.6). In this section we will still be concerned
with amplitudes that involve only one ALP that are suppressed by f~!. We will discuss
in Section4 how to compute amplitudes suppressed by more powers of f and we will
comment on the limitations of our approach.

3.1 ¢VV amplitudes

The massless 3-point amplitude involving one ALP and two spin-1 particles can be
built using little group covariance and Ggy-invariance. The result is

- +
As[¢B; By = 973 (12)?, As[¢B{ Bf] = 973 22,
e " (3.1)
Az [pW Wy ]| = 7W (12), A3 (oW, Wy | = 7W [12]%,

where, for simplicity, we have ignored Ggy indices. The + superscripts show explicitly
the helicities of the spin 1 particles.® We recall that massless 3-point amplitudes are
non-vanishing only when considering complex momenta. A priori, little group covari-
ance allows the a priori complex coefficients gEW to be arbitrary and unrelated one
with the other. As in Section2, we now want to find whether any correlation exists

8We do not consider amplitudes with one positive and one negative helicity states, as these am-
plitudes have a more intricate analytical structure and do not necessarily vanish as the momenta are
taken real [57-59].
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between these coefficients and how to connect such coefficients with those appearing
in the amplitudes involving physical states. Let us start with the 3-point amplitudes
involving one ALP and the massive spin-1 particles, A3 [ngl(Jr)Wz(*)] (where the super-
scripts now denote the electric charge of the massive W bosons, not to be confused
with the helicities that appear in Eq. (3.1) for the massless W bosons in the unbroken
phase) and A3[¢Z1Z5]. As we saw in Section 2, in this case the ALP soft factorization
condition (2.6) holds and the amplitudes are those of Eq. (2.17), with real coefficients
Coww and Cyzz. Taking the high energy limit of these massive amplitudes and using

spontaneous symmetry breaking as implemented in the on-shell context [60, 61], we

obtain the following correspondence between Cyww ¢zz and gﬁvwz )

9hw = —9sw> Cozz = sin*(Ow)gp + cos’(Ow)gw,  iCoww = g, (3.2)

where Oy is the weak angle. We thus see that, although little group covariance does
not correlate gﬁjw one with the other, using the high energy limit and electroweak
symmetry breaking we are not only able to (anti) correlate gE}W with g5y, but we are
also able to express the coefficients that appear in the massive amplitudes, Cyzz and
Ceww, with the high energy coefficients gE’W. The remaining amplitudes involving the
physical spin-1 states (other than the gluons, to which we will come back later in this
section) are As[¢yiiyy] and As[¢Z175], where 4* denotes a photon with helicity 1.
The form of these amplitudes is completely fixed by little group covariance to be

+
— g’Y'Y

Aslor vz ] = I 19)2 A [07is] = 22 [12)7,
/ / (3.3)
Asloziz] = 2 (1%, AufoZing] = 2 2P

Once more, the coefficients appearing are, a priori, unrelated one with the other. We
can, however, use once more electroweak symmetry breaking as implemented in Ref. [60]
to obtain

7’-C¢’Y’Y = g;'y = _g»Jyr»ya Z-C(¢>Z'y = 927 = _gJZr,y, (34)

where

iCyrry = sin®(Ow ) gy + c08” (0w ) g, iCyzy = 2cos(w)sin(Ow) (g — g5] . (3.5)

9As discussed in Appendix A, in the cases considered in this paper, when taking the high energy
limit of the massive spinor helicity structure (12)? we simply obtain the massless structure (12)2, which
selects negative helicity for the spin-1 particles involved. In an analogous way, the massive structure
[12]2 corresponds to the massless [12]? and positive helicity vectors. From this correspondence, the
result in Eq. (3.2) immediately follows.
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We thus obtain the non-trivial result that all the coefficients that appear in the 3-point
amplitudes between physical states are correlated one with the other through their
dependence on the high-energy coefficients gjg and gﬁtv. In terms of degrees of freedom,
we have started from four a priori complex parameters (gviv ) and reduced them to
only 2 real ones.

Gluons, on the other hand, cannot be related to other gauge bosons via symmetry
breaking, nor are they massive at low energy. At all energies at which perturbation
theory is valid, the coupling between the ALP and gluons will be

I
As[6GrG5] = T (127, As[oGTGy] =72 12, (3.6)
as usual omitting Ggy structures. Following our discussion above, we would expect the
coefficients g and g} to be related by g5 = —g as in the case of the photons, but in
this case we cannot relate the amplitudes under consideration with massive amplitudes
(gluons are never massive) nor we can use electroweak symmetry breaking as we did
for photon (color symmetry is never broken). The way we found to extract some
information out of these amplitudes is to go to the 1-loop level and see the interplay
between Az[¢GFG*] and 3-point amplitudes involving fermions. More precisely, we
compute the anomalous dimension of the coefficient C', appearing in the amplitude
between ¢ and two fermions ¢ (the coupling will be defined in Eq. (3.9)) induced by
Eq.(3.6). The coefficient Cy cannot be arbitrary, but in order to satisfy the ALP
soft factorization condition (or, more precisely, to satisfy the “ALP-Higgs obstruction
condition” that we will introduce in Section 3.2 and that will be added to the ALP soft
factorization condition), it will have to satisfy a specific constraint, shown in Eq. (3.12).
Our 1-loop computation (shown in Appendix C) shows that Cy, can satisfy Eq.(3.12)
only if
9 = —9& = iCoca (3.7)

with Cyge real. We thus conclude that the coefficients appearing in the amplitudes
with gluons do indeed satisfy the same relation we found in the case of photons. It is
worth stressing, however, that the reasoning above makes the amplitudes in Eq. (3.6)
qualitatively different from the others, as we were only able to arrive at the constraints
above by using other amplitudes.

Summarizing, the amplitudes in Eqs. (3.1) and (3.6) are constrained to be of the
form

Afovi Vi) = a2 o] = g,

with V' = B, W or G, and Cyyy real. For the phenomenology of ALPs, the most
important couplings are the one with photons and gluons, which we define at the
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Lagrangian level by .Z = Cg}” OF,, Fr + C‘é—?%GﬁV@A“ Y, with the couplings C'y,, and

Cyce given in terms of the high-energy couplings by Egs. (3.5) and (3.7).

3.2 Fermions and EWSB

The case of fermions is more subtle and, as we already mentioned at the beginning of
this section, to properly address it we will need to add a condition to Eq. (2.6). The
problem stems from the fact that, unlike what happens in Eq. (2.8), we cannot build an
amplitude with one ALP and two fermions due to Gsy-invariance and fermion helicities.
Nevertheless, it is possible to add a Higgs doublet and write

Adloviiit] = S (12), AdoifvipH] = <02 (3.9)
where 1, z denote the chiral fermions of the SM, while H is the Higgs doublet and H
denotes the anti-Higgs (in the case of couplings to up-quarks one should swap H « H).
For simplicity, we again suppress all indices and tensor structures related to Gsy. Also,
it is important to notice that the dimensionless couplings Cy,, C,, are matrices in fermion
flavor space and the spinor structures (12) and [12] are flavor-independent since all
fermions are massless. This also implies that we have the freedom to redefine C)
and Cy, because in the massless limit they can be seen as tensors of the flavor group
U(3)y;, X U(3)yy [36]. At tree-level, CPT and unitarity enforces that C, = C’:L, that
follows from Eq. (A.23).

The fact that the amplitude in Eq.(3.9) is now a 4-point amplitude brings two
changes to the analysis. First, the coefficients C, can now depend on the kinematics
through kinematical invariants, which we will always assume to be regular, i.e. given
by a power expansion. Second, the reasoning that led us to the ALP soft factorization
condition (2.6) fails, because taking ps — 0 does not guarantee that the particle ex-
changed in the propagator goes on-shell and that the amplitude factorizes. The key to
understand the soft limit for these amplitudes lies in the Brout—Englert—Higgs mech-
anism. In general, to connect the massless (high-energy) amplitudes with the massive
(low-energy) amplitudes without the Higgs, one uses

lim A[H, -] = lim ~ A ], (3.10)
pH—0 HE. v

where H.E. stands for the high-energy limit of the amplitude (see Appendix A) and v
is the scale at which the Higgs becomes non-dynamical (“frozen” in the language of
Ref. [22]), which is introduced by dimensional analysis and represents the scale asso-
ciated with electroweak symmetry. The limit py — 0 is to be understood also as the
limit in which the Higgs becomes non-dynamical, which amounts to removing it from
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the amplitude, and the right hand side is to be taken as the high-energy (massless)
limit of the corresponding massive amplitude. What is stated in Eq. (3.10) is nothing
but the UV/IR compatibility for amplitudes involving the Higgs.

In short, we learn from the discussion above that the ALP soft factorization con-
dition (2.6) is not directly applicable to amplitudes involving Higgs. Therefore, we are
led to impose an extra condition for such amplitudes:

( 0

ALP-Higgs obstruction If a low-energy 3-point amplitude As involving one

massless ALP cannot be associated to a non-vanishing gauge invariant 3-point am-
plitude in the UV, but only to a 4-point one with an extra Higgs, then we impose
the following condition:

lim Ao H -] = lim lim ~Aufp -] (3.11)

li
P¢sPH— py—0H.E. v

\ J

The prescription above guarantees that the result we obtained previously in Eq. (2.22)
holds, as the double soft-limit ps, py — 0 assures that the factorization in Eq. (2.3)
takes place. ' Therefore, from Eq. (2.22), after applying Eq. (3.10) to (3.9), we obtain

qu/, (pH = 0) =1 (YwBR - ARY;/,> s (312)

where Y, are the diagonal Yukawa couplings, B r = limgg UpBRU ; and
flR = limp g, ULARUE (with Ap, By the original couplings appearing in Eq. (2.22))
The equation above needs clarification. The first point regards the appearance of fla-
vor transformations. As mentioned previously, when the fermions are massless we are
free to perform U(3)y, x U(3),,, flavor transformations, while this freedom is lost when
they become massive. Hence, when connecting the massive and massless regimes, am-
plitudes will in general agree up to a flavor transformation [36]. Secondly, the Yukawa
matrices can be expressed here as vY, = U LM¢U;, where the relation to the mass
from an on-shell perspective was shown in Refs. [22, 61] and we provide an alternative
derivation in Appendix B. Moreover, from the two previous points we can derive the ex-
pressions for A, Bp, recalling that the matrices Ap, Br can depend on higher powers of
the fermion masses, such that the high-energy limit selects only the mass-independent

10We stress that this condition is reminiscent of the Higgs low-energy theorems [62—64]. However,
these theorems, unlike in our case, are typically employed in the broken phase of electroweak symmetry.
And they are used to obtain contributions from loop amplitudes coming from heavy particles that
couple to the Higgs, which is not what is stated in Eq. (3.11). Nonetheless, it would be interesting to
derive an on-shell perspective of these theorems, which is still missing as far as we know.
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term. At zero Higgs momentum, that is, for constant coupling, Eq.(3.12) is identi-
cal to what one would expect from ALPs coupled to fermions in a shift-symmetric
manner [51, 54-56].

Before moving on to other amplitudes, it is worth to explore in more detail some fea-
tures of the amplitude A3 [QMM_J] and its relation to the ALP-Higgs obstruction. At face
value, the high-energy limit of this amplitude with couplings given in
Eq.(2.22) leads to a vanishing result, since Cy ~ M,. This naive result is incon-
sistent with Ggy-invariance and, for this reason, we had to promote the UV amplitude
to a 4-point amplitude with an additional Higgs. One could, however, imagine an alter-
native route. Using the Weyl equations in Eq. (A.11), it is possible to trade the mass
factor for a momentum insertion in the spinor structures, e.g. My (12) ~ (1|py|2] for
the case of angle brackets, with an analogous identity holding for square brackets. This
form highlights that the amplitude does not vanish in the high-energy limit and should
be directly matched into Ggy-invariant 3-point amplitudes A3 [gbwL, rUL, R}. But these
amplitudes nonetheless vanish identically due to the 3-particle kinematics, leaving us
with the 4-point amplitude already discussed as the unique route to match the massive
amplitude in the UV.

Another interesting feature of the coefficient in Eq.(3.12) is its connection with
the invariants that parameterise the breaking of shift-symmetry defined in Ref. [51].
In this reference, a total of 3 and 10 invariants were constructed in the lepton and
quark sector, respectively, using the mathematical properties of Cy(py = 0). From our
perspective, the only way to break the coupling structure of Eq. (3.12) is to violate the
scaling with the Yukawa matrices (which correspond to a breaking of the dependence
on the particle mass in Eq. (2.20)), as the phase of the amplitude and the hermiticity of
Ag, Br are fixed by CPT and unitarity. We thus conclude that the maximum number
of independent parameters that can break the shift-symmetry (in our language, that
gives a singular massless/high energy limit) amounts to the number of independent
parameters in the Yukawa matrices, i.e. the number of parameters left after all possible
flavor transformations are applied. For leptons, taking massless neutrinos, this implies
3 independent parameters; for quarks (with two Yukawa matrices that are correlated in
the UV because we have only one left handed doublet), the number increases to 10 (6
masses plus the 4 parameters of the Cabibbo—Kobayashi-Maskawa matrix '!). Hence,
in the general case in which the Yukawas have the maximal amount of parameters,
this counting exactly corresponds to the one found in Ref.[51]. Since, however, the
invariants are constructed based on the exact form of the flavor group, we cannot

"The emergence of the Cabibbo-Kobayashi-Maskawa and the Pontecorvo-Maki-NakagawaSakata
matrices from the on-shell perspective was studied in Ref. [36].
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conclude that by reducing the physical parameters of the Yukawas will necessarily
reduce the amount of non-vanishing invariants. In general, their number will only
decrease once the flavor group is enlarged.

4 Constructing higher-point functions

So far we dealt with 3-point functions, .e. amplitudes with couplings proportional to
1/f that, at leading order, can be matched onto dimension d = 5 operators. We now
proceed to extend our discussion to amplitudes of higher-order and build explicitly the
amplitude basis up to 1/f%. 1In the literature, only d = 6 (for instance in Refs. [65,
66]) and a couple of d = 7 operators [65, 67-69] were considered and studied at the
phenomenological level. Our present work provides the complete amplitudes, and a
corresponding operator basis, up to d = 8 consistent with the ALP properties. Our
results agree with what was recently found in the literature, in particular Refs. [70,
71], that use a different on-shell approach, and Ref.[72] that employs Hilbert series
techniques.

4.1 Contact amplitudes

The higher-point amplitudes we are interested in are contact ones, ¢.e. amplitudes that
are regular in the kinematical invariants, and necessarily involve 4 or more particles.
These amplitudes, from now on denoted as A, are part of the physical amplitudes,
that is simply the sum of contact and factorizable terms:

Appys = A + At (4.1)

The factorizable terms are those that can be obtained joining together lower point
amplitudes, using polology to guarantee the correct pole structure [2, 3]. The strategy
is similar to the one we outlined in Section2 when taking the soft limit: the struc-
ture of A™* should be such that, when it is possible to exchange an intermediate
particle, in the limit in which the intermediate particle goes on-shell the factorizable
amplitude factorizes, i.e. it can be written as the product of the lower point ampli-
tudes times the propagator of the intermediate particle. Schematically, we thus have
Abaet = Agl)A%)/ (p* — m?), where Aﬁ};,? are the two lower point amplitudes (a
ni-point and a ne-point amplitude, respectively) and the intermediate particle has mo-
mentum p. For simplicity, we are leaving implicit the Levi-Civita tensors that ensure
the correct transformation under little group transformations and that depend on the
spin of the exchanged particles. Explicit examples of how the factorizable amplitudes
can be constructed can be found in Ref. [3].
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Dimension 6

Particle content | A x f? O x f?

¢2HFI Po1 - Py (@@) (au(b) |H|2

Table 1. Contact amplitudes suppressed by 1/f2 and corresponding d = 6 operators. All
the amplitudes are stripped of overall coefficients.

On the other hand, given that A are contact amplitudes (i.e. they do not contain
propagators), they are by definition regular as p, — 0, so we cannot extract any
information from them using the ALP soft factorization condition (2.6) alone. In order
to make progress, we need an additional physical constraint on them. We impose:

ALP soft contact condition

If ASt[- -] is a contact amplitude with n > 4 involving at least one massless ALP,
then
lim A%[---] =0, (4.2)
p¢4>0

for each ALP ¢ present in the amplitude.

If we look back at the results from Section 2, the only reason that the soft-limit did not
give a zero was because of the py-independent terms, that only appeared because of the
singular propagator in Eq. (2.5). Since, now, we do not have such singular terms as we
are looking directly at the contact amplitudes, the natural extension of the previous
requirement is to have the amplitudes to vanish in the soft-limit. The only exceptions
we found to the condition above are the Ay [(bWZH] amplitudes (3.9), that have a
constant coefficient in Eq. (3.12). However, as discussed in Section 3, these amplitudes
must be treated according to the ALP-Higgs obstruction (3.11).

We stress that the regularity conditions of Eqs. (2.6) and (4.2) are, in most cases,
equivalent to the Adler’s zero condition [44]. In Quantum Field Theoretical language
the Adler’s zero condition states that, in the soft limit p, — 0, the soft factor is regular
when ¢ is emitted from some external leg and vanishes when ¢ is emitted from the
interior of the diagram. The only exceptions are, as explained above, those amplitudes
involving the Higgs doublet that match into 3-point amplitudes at low energy.

We will now systematically build amplitudes involving ALPs and SM particles
in the unbroken electroweak phase, imposing Eq. (4.2). In practice, these amplitudes
must scale with some positive power of the ALP momentum. This can either appear in
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Dimension 7

Particle content At x f3 O x f?
. Cpy) (12 D
nioH (ps - p1) (12) (8,0)9 H (DH1))
(g - p2) (12) (0,0)(DF4p) H
(3%)%%‘%
B O P)y YV,
iV | (03 Gl 23 Gy VT
(0" Q) Yy TV,
(0" )y TAYV
(8,0 (Hi Dy H)V™
i 0,6 (HiD. HY T
OH Hy V3 (3] ps(p1 — p2) |3) Cup)H? W
(0,0) (HTi Dy AH )V A
(8,0) (D, AH) VAW
o 0 pykap) | H |2
oH s 11po2 (0.0) (W) | H|
(0,0) (" TA4Y)(HI'TAH)
OH\HHyHy | py- (py—pa) + symm. | (96)(H'iD, H)| HI?

Table 2. Contact amplitudes suppressed by 1/f3 and corresponding d = 7 operatores. The
symbol ¢ denotes SM fermions, while V = B and VA = W4, G4 denote the abelian and non-
abelian SM gauge bosons, respectively. Each operator must be invariant under the SM gauge
group and this restricts the type of fields that can appear. The symbol ‘symm’ indicates that
it is necessary to symmetrize the momenta of identical particles according to Bose symmetry.
Additional spinor structures can be obtained from the ones shown by swapping angle and
square brackets. The operator F 4'is defined as ﬁA TAD — ﬁTA and the dual field
strength as VW = 26Wa/3V B,

the coefficients through Lorentz invariant combinations such as p - pg, or in the spinor
structures themselves, for instance as (p|py|p'], with p, p’ the momenta of other particles
in the amplitude. To have any chance to contribute to amplitudes suppressed at most
by f%, the spinor structures appearing must have dimension < 4. Additionally, we also
have to impose Bose symmetry when there is more than one identical particle. For
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Dimension 8

Particle content At x f4 O x f*
¢4 (p¢>1 'p¢2>(p¢3 'p¢4) -+ symm. (a;ﬂb 8M¢)2
&> H, H, (Pgy - p¢2)2 (0.0,9 auavqb)‘[ﬂ?
(Ps, - 1) (s - P2) + symm. | (8¢ 0"¢)(D,H D, H)
(Oup 0%)V,, VI
Do) 0PIV, VI
(Por - Pen) (12)° ; e )V:W
¢2‘/1‘/2 ( Oz(b (b) 1% ]
(00 0%9) Vu‘?,VA”“‘”
(0" 0,0) ViV
(11po, 2] (1]ps, |2 '
(09 0,9) Vu’i VAev
¢2¢17/;2 (p¢1 'pl) <1\p¢2]2] -+ symm. (8M¢ 81@)(7;7”7”1?)
¢2¢1&2H (p¢1 -p¢2) <12> (Guqﬁ 8“05)1;[{7?
¢2H4 Ppr - Do (a/i¢ 8”¢)’H’4

Table 3. Same as Tables 1 and 2 for contact amplitudes of order 1/f* and the correspondent
d = 8 operators. We do not consider amplitudes that violate baryon or lepton number.

simplicity, we assume only one species of ALP ¢.

Let us illustrate the method with an example, ¢?V;Vs, for which we have four
helicity configurations for the vectors: (—,—), (+,+), (+,—) and (—,+). For the
(—, —) configuration, little-group covariance and dimensional analysis allow us to write
only the spinor structure (12). This can satisfy Eq. (4.2) only if multiplied by invariants
proportional to pg, ,, appropriately symmetrized to satisfy Bose symmetry. The only
possibility at the mass dimension of interest is py, - py, and the amplitude is

c N D¢y " Pg 2

A [V Vy | o % (12)7. (4.3)
Note that we could have built different kinematical invariants with more powers of mo-
menta, but they would induce an amplitude of higher order in f. An identical reasoning
applies to the (+,+) helicity configuration, for which the amplitude has exactly the
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same form, provided we exchange the angle brackets with square brackets. We thus ob-
tain a second independent spinor structure. The (—, 4) configuration requires, instead,
a momentum insertion of the ALP in between the brackets, as we need to connect an
angle with a square spinor. The only symmetric combination in pg, , is then

. _ 1
AL [0V V5] o =5 (pe, 2] (1pg, 2] - (4.4)

f
The (4, —) configuration can be obtained from the equation above just swapping angle
for squared brackets. Unlike the previous case, this does not produce an independent
spinor structure since, due to Bose symmetry, once we exchange angle and square
brackets, re-label the momenta as 1 <> 2 and use the identity [p|q|lk) = (k|q|p], we
obtain exactly the same spinor combination we began with. As a consequence, for each

vector V' we can reconstruct only 3 independent operators:

C C’

Zics > 5(0a0) OOV V" + 5

(0a0) (0 GV, T + %(a%)(ay@mvw,

(4.5)

with C,C’, C" dimensionless coefficients. Note that in the list above we do not have the
operator (8*¢)(8,0)V,aV. Although not trivial, it can be shown that this operator is
redundant [73]. From our on-shell construction, however, the non-redundant operators
were singled out automatically.'?> We observe that, were we considering a generic pseu-
doscalar ® and not an ALP ¢, it would be possible to write down additional terms in
the amplitude, that vanish in the ALP case. For instance, for the case just discussed,
the amplitude would be

R C1 c1 (P, * Pa,) 2
ARV V] = 1)t 4 SRR (197, (4.6)
where ¢, 5 are dimensionless constants. It is only when we consider ALPs and we impose
the ALP soft contact condition of Eq. (4.2) that ¢; = 0 and we are left with Eq. (4.3).
As a second example, let us consider the amplitude between two pseudoscalars and two
Higgs doublets. In the case of a generic pseudoscalar, the amplitude can be written up

to O (f™) as

/ /

_ C C ch
A @ Hy Hy) = ¢y + f—épq»l Do, + f—i (P, - Pay)” + f—i ((pa, - P1) (P, - p2) + symm)
(4.7)

120n-shell techniques have been used to systematically construct higher-dimensional operators in
general effective theories [27, 74].
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where symm denotes the momenta symmetrization according to Bose symmetry and
the constants cg; 55 are dimensionless. On the other hand, when we consider ALPs,
the ALP soft contact condition forces ¢, = 0 and we are left only with the terms
proportional to the ALPs momenta:

/ / /
C

ASH® Hy Hy) = %Pm pay + f— (o pen)” + 55 ((Bor *21) (P - p2) + symm) . (48)

For both cases of the generic pseudo-scalar and ALPs, the basis of amplitudes that
satisfy the ALP soft contact condition (4.2) is the same.

We present the list of higher-point amplitudes suppressed by f=2, f~2 and f~* and
the correspondent dimension 6, 7 and 8 operators in Tables 1, 2 and 3, respectively.
For each amplitude we only show independent spinor structures, with the exception
of those that can be obtained exchanging angle with square brackets which are left
implicit. We also do not write explicitly overall coefficients that may depend on SM
gauge group structures like group generators.'> These coefficients will depend on the
particles appearing in the amplitude and their quantum numbers. We show explicit
examples in Appendix A for the case of 3-point amplitudes with SM particles. For
the higher dimensional operators, we only show the general particle content, with 1)
representing SM fermions, V = B the abelian SM gauge boson and V4 = W4 or G4
the SM non-abelian gauge bosons. Each operator should be invariant under the SM
gauge group and, as usual, this imposes restrictions on the particles that can appear in
each operators. We observe that some spinor structure involving spin 1 particles may
involve both abelian or non-abelian gauge bosons. The difference in this case lies in
the overall coefficient that we do not write explicitly, but the amplitude corresponds
to different operators depending on the nature of the spin 1 particle involved. To
avoid confusion, we make explicit the dependence on the gauge bosons when we write
the operators corresponding to the amplitude under consideration. For instance, the
(1|pg, |2](1|ps, |2] amplitude may correspond to the d = 8 operators (0" ¢0,¢)V,,a V" or
(8”¢6V¢)VMﬁVA’”O‘, depending on the vector considered.

We conclude stressing that the constant coefficients that multiply the amplitudes
in Tables 1, 2 and 3 are not further constrained by Eq. (4.2), in sharp contrast to the
amplitudes suppressed by f~! discussed in Section 3.

13Tn Egs. (4.3) and (4.4), for example, if V is an abelian boson the proportionality factor is just a
constant, while if it is non-abelian then A [¢?VAViE] oc 648, where 648 takes into account the Gsyp
tensor structure.
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4.2 Corrections to photon and gluon couplings

The construction of amplitudes suppressed by higher powers of f follows in similar
fashion, with their number quickly growing. One interesting class of amplitudes is
At [¢VVH nH ”}, with n > 1 and V' a massless gauge boson, i.e. a photon or a gluon
at low-energy, that start only at dimension 7. In the non-dynamical limit of the Higgs,
these amplitudes are the only ones that can modify the dimension 5 coupling of the
3-point amplitudes (3.8) of the ALPs to massless gauge bosons, thus they can give us
an insight of how the low-energy amplitudes are affected by the higher-point ones.
According to little-group invariance, and taking the negative helicity configuration
for the spin 1 particles as example, these amplitudes can be written schematically as

Act [QS‘/'I—‘/Q—Han}
(12" /o

— oo+ (pv -m)% + (py -m)% + (pv -p@% +o, (49)

where ;.. are dimensionless (complex) constant coefficients and the dots denote
higher-order terms with more powers of kinematical invariants. Moreover, pg represents
Bose symmetric combinations of momenta of the vectors and Higgs, and py = p; + po,
which is the sole combination of p; » that respects Bose symmetry. Imposing the ALP
soft contact condition (4.2) implies that c¢g = ¢; = 0, while ¢, c3 may be non-vanishing.
As stressed before, we also need to take the non-dynamical limit of the Higgs (3.10) in
order for A [¢V'V H"H"] to contribute to the low-energy amplitude As[¢VV]. Taking
the non-dynamical limit (3.10) implies that all the structures in Eq. (4.9) that contain
py will vanish at low-energy. Thus, the only relevant terms will be the ones propor-
tional to py - py. Since the resulting amplitude is a 3-point amplitude, momentum
conservation implies that py = —p, and the final amplitude ends up proportional to
pé. All the steps above can be summarized as

2
A [V Vy Hr ] B, [(m -m)% + (pv -p@% o ] }1211
Eq. (3.10) {(p P )ﬁ 4+ .. :| (2)271 <12>2 (410)
TP f f
pv=-p Iz " (12)°
= B )

where the term inside the square bracket is constant and can depend on higher powers of
pé. One the one hand, if the ALP is exactly massless, pi = 0, the low-energy couplings
are not corrected by higher-dimensional operators, as Eq. (4.10) vanishes. On the other

hand, if we allow for a small mass pi = mi), we see that all corrections are suppressed
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Figure 3. Diagrams contributing to £~¢T — ¢h generated by the operators described in the
text. Black circles denote the insertion of operators containing the ALP. For the last diagram,
also the crossed contribution in which the A and ¢ legs are exchanged should be considered.

by at least the ALP mass squared. This conclusion agrees with what was previously
argued in Refs. [75-77] and follows straightforwardly from our formalism.

5 A phenomenological application : (/T — ¢h

The phenomenological impact of higher-dimensional ALP operators have been previ-
ously considered in Refs. [65, 67-69], where the effects of the d = 6 operator
(0,¢)(0"p)|H|? and of the d = 7 operator (8“¢)(HTZ'%>HH)|H]2 were studied in the
context of collider physics. In this section we will turn our attention to the d = 7
operators (9,¢)(D*))Hp, (8,¢)H(D"1) and explore their phenomenology at lepton
colliders. More precisely, we will study the impact of these operators in the process
(=0t — ¢oh, with £ = e, u and h the physical Higgs, that can in principle be tested at
future lepton colliders.
The full set of operators that we will consider is

C 252 Clipa <=
5—]5(8#@(8%)!17!2 + %(8%)(HW D, H)|H|*+
. C¢e2H T CégHDQ = Cﬁ%HDQ 7

+ > i - YepLyH g + T(aﬁ))( D'L)Hlp + 7 (8,0)LeH (D"Cg) + h.c.,

ﬁnt -

l=e,p

(5.1)

where L., are the left-handed doublets of the first and second families, while er and ug
are the corresponding right-handed fields. We denote by Cy2p2, Cypa, Cypp, C&’fﬁmz
the Wilson coefficients, noticing that Cypep is real and we have already factorized the
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Figure 4. Left: Ratio between the cross-sections with and without dimension 7 operators

as a function of the center of mass energy. We take the modulus of the ratio of d = 7 and

(1,2)
C¢e2HD2'

Right: Total cross-section with the inclusion of d = 7 operators as a function of the center of

d = 5 coefficients equal to 1. The bands are obtained by varying the sign between

mass energy, taking C’é;’f;[ p2 = Cezr = 1. All cross-sections are computed taking mgy = 0.

For both panels the solid curves denote ¢ = e and dashed ¢ = p, while blue (orange) means
f=10% (10°) GeV.

Yukawa 1, explicitly.!* We do not consider lepton flavor violating couplings and will
always assume that the d = 5 coupling has the structure given by Eq. (3.12). Also, we
only consider ALP effective interactions and do not include any SMEFT operators.
After electroweak symmetry breaking, the operators in Eq. (5.1) will generate the
diagrams contributing to £~¢* — ¢h shown in Fig. 3. More in detail, diagrams ()
and (iv) receive contributions from both Cypey and 027221){ p2, diagram (i) gets contri-

1,2

butions from Cypep, &) 1){ pe and Cy2 2 while diagram (744) is only generated by Cypa.

02
To compute the corresgonding cross-section, we generate and manipulate the total am-
plitude using FeynRules [78], FeynArts [79] and FeynCalc [80, 81]. In the limit of very
high-energies, /s > v, with /s the center-of-mass energy and v the Higgs vacuum
expectation value, the differential cross-section in the center-of-mass frame simplifies

to the following expression:

do*t({=0* = ¢h)
dcos @ 512w f6

+ 4tuRe (C’&ZHDQ Cﬁ%}m) ] )

(e bt o)

“Having in mind the structure of Eq. (3.12), our parametrization amounts to suppose that Y, A —
BRrY; equals the Yukawa coupling times an order one factor that we denote by Cyp2 5, as expected by
power counting.
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where t = (pi- —pp)? and u = (py- —py)?. Inspection of Eq. (5.2) shows that, in the high

energy limit, the only relevant contributions are those coming from Cé;fl){ I

specifically, from diagram (), due to the fact that only this diagram give a contribution

, and, more

that grows quadratically with the center-of-mass energy. The conclusion is that, even
though d = 7 operators are suppressed by more powers of f, they can still give the
dominant contribution to observables for sufficiently high energies. This strongly relies
on the fact that the coefficient of the d = 5 operator is Yukawa suppressed, while an
analogue suppression does not exist for the d = 7 operators. We also observe that
Eq. (5.2) is still the leading contribution even if effects from d = 8,9 operators are
included. This is because, to give a cross section at the same order in 1/f, they would
need to interfere with d = 6,5 operators, respectively, and would thus be suppressed by
powers of masses and v. The same is true if loop effects involving multiple insertions
of the d = 5 operator are considered, since they are doubly suppressed (by one loop
factor and by the lepton Yukawa coupling) and are thus not expected to change our
conclusions.

To quantify the effects of the d = 7 operators and compare them to those of the
d = 5 operator, we show in Fig. 4 the complete cross-section (in which particle masses
and the Higgs vacuum expectation value are properly taken into account) as a function
of /s, with ¢%%() denoting, respectively, the total cross-section and the cross-section

computed with only d = 5 operators. Since Cﬁ’fl){ pe give the dominant contribution at
high-energies, we set Cyeppz = Cypa = 0. Furthermore, we take Cyppy = |Cé2’22[){ p2l =1,
while we allow for a different signs between Cé}g pp2 and Cﬁl 2. On the left panel,
we plot the ratio 0*°*/c® for £ = e,y and f = 10* GeV (blue lines) and f = 10°
GeV (orange lines). Continuous lines refer to eTe™ — ¢h while dashed lines refer to
w = — ¢h. The bands are obtained varying the sign between C’;Z 2 and C’qﬁ% Hp?-
As we can see, at high energies ¢'°* can be larger than ¢® by many orders of magnitude.
The effect is larger for electrons, since o® is suppressed by smaller Yukawa couplings.

On the right panel we instead show how o' grows with energy, with the same
conventions used in the left panel. Inspecting the two muon cross-sections shown,
we clearly see the transition from the low energy regime (dominated by the d = 5
operator and essentially independent on energy '°) and the high energy energy regime,
in which the d = 7 operator dominates and the cross-section scales as s? as predicted by
Eq. (5.2). Tt is interesting to notice that for f = 10* GeV the dimension 7 effects can
push the cross-section to reasonable values (6" ~ 1 fb), while it would remain out of

reach considering only the d = 5 operator (¢(® < 107° fb).

15When +/s is comparable to the Higgs mass, the cross section is not flat with respect to /s because
of the threshold.

— 30 —



From the EFT perspective, it is to be expected that higher-dimensional operators
dominate the cross-section when the energy is close to the cut-off f. What makes the
present case more special and interesting is that the effects of the d = 7 operators
are relevant much before /s ~ f. This is a direct consequence of the fact that the
ALP soft factorization condition (2.6) required the coefficient of the d = 5 amplitude
to be proportional to the Yukawa, while the ALP soft contact condition (4.2) did not
impose such selection rule on the d = 7 operators. We see from Fig. 4 that, at the
phenomenological level, this distinction between d = 5 and d = 7 operators might be
extremely relevant, since, for instance for electrons, the contribution from d = 5 is
always subdominant.

6 Conclusions

Given a scattering amplitude involving ALPs, what is the set of physical properties that
it must satisfy to recover shift-symmetry? Of course, starting from a Lagrangian and
requiring it to be shift-symmetry invariant is not a complete answer to this question,
as we are not making statements about the amplitudes themselves. Taking the on-shell
approach, that bypasses fields and Lagrangians, makes the question even less obvious,
but provides a natural framework for working it out. In this paper, using on-shell
methods, we have identified three conditions that allow us to construct amplitudes
with the desired shift-symmetric properties. All three conditions rely on the properties
of the amplitude in the limit of soft ALP momentum.

The first condition, that we call ALP soft factorization condition, Eq. (2.6), enables
to reproduce the correct amplitudes when the ALP is interacting with two massive
particles, i.e., in the case of amplitudes suppressed by !, with f the scale associated
with the ALP (Section 2). In addition to constructing these amplitudes, we also discuss
at length how they can be connected with amplitudes that involve SM particles and
are invariant under the SM symmetry group at high energies. While the case of the
coupling of an ALP to Higgs doublets or gauge bosons is relatively straightforward,
the case of fermions is more subtle, due to an interesting obstruction that emerges
because of a combination of the kinematic of 3-point amplitudes and invariance under
the SM symmetry group. In Section 3 we identify a second condition, the ALP-Higgs
obstruction, that deals with this latter amplitude by relying on electroweak symmetry
breaking and on the fact that, in the limit in which the Higgs momentum becomes soft,
the 4-point amplitude which is invariant under the SM symmetry becomes a 3-point
amplitude with massive fermions. The consequence is that the scattering amplitude
ends up being proportional to the Yukawa coupling of the fermions involved.
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The third condition, that we call ALP soft contact condition, Eq. (4.2), allows to
determine the correct amplitudes when the ALP is interacting with more than two
other particles. Since these higher-point amplitudes correspond to effective operators
suppressed by higher powers of f, we determine in Section 4, solely using scattering
amplitudes, the complete list of operators up to d = 8. Among the higher dimensional
operators, of particular interest for low energy physics are those that involve one ALP,
two massless spin-1 bosons and a number of Higgs pairs, since in the limit of non-
dynamical Higgs they correct the dimension 5 amplitude between one ALP and two
massless spin-1 bosons. We show that on-shell techniques allow us to conclude in
a straightforward way that the dimension 5 amplitude is corrected only if the ALP
mass is different from zero, while the corrections vanish for a massless ALP. We also
study a phenomenological application in which these higher dimensional operators can
dominate over the d = 5 ones: the process {7¢~ — ¢h at high energy lepton colliders
(Section 5). We find that, due to the Yukawa suppression of the d = 5 operator, the
d = 7 ones can dominate already at energies /s < f, where they are typically expected
to give only subdominant contributions with respect to the d = 5 operators.

We observe that the ALP soft factorization condition and the ALP soft contact
condition are equivalent to requiring the amplitude to manifest the Adler’s zero in
the limit of soft ALP limit. Nevertheless, this procedure is not completely universal,
since they cannot be applied to 4-point amplitudes involving one Higgs doublet. As
we have shown, in this case we must resort to the ALP-Higgs obstruction condition of
Eq. (3.11), which can be seen as a generalization of the Adler’s zero to this case.

Our work can be extended in several directions. First of all, having derived the
shift-symmetric ALP amplitudes, it follows immediately that all additional terms that
do not satisfy our conditions must break the shift-symmetry. An interesting point
would be to investigate how some sort of power counting could be applied to such
coefficients without resorting to Lagrangians. Moreover, as we already conjectured at
the end of Section 2, it would be interesting to study how general loop diagrams could
make regular the multi-soft limit in which several ALPs momenta are taken to zero
at the same time. A third aspect that can be explored would be the generalization
to amplitudes involving several different ALPs, i.e. to the case in which we have
spontaneous symmetry breaking of a non-abelian group. Possible applications would
be to the study of amplitudes involving light mesons and matter particles (like nucleons
or vector mesons) in Chiral Perturbation Theory, or the coupling between a Composite
Higgs and SM fermions and gauge bosons. Moreover, since on-shell methods can be used
to derive the renormalization group equations of effective operators [10-13], amplitudes
with more than one ALP can be used to study the effects of light ALPs in the running of
Wilson coefficients of operators of the Standard Model Effective Field Theory. Finally,
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the on-shell scattering amplitudes formalism extended using the techniques of Ref. [82]
can, in principle, be used to compute the interactions between ALPs and photons when
magnetic monolopoles are present [83, 84]. We leave the study of these aspects to future
work.
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A Conventions

A.1 Spinor variables

In this Appendix, we set the notation for the spinor variables and summarize the identi-
ties we use. The starting point is the covariance of the S-matrix under little-group, that
allows us to write scattering amplitudes as a sum of all possible kinematical structures
that carry the correct little-group transformation, each multiplied by a corresponding
coupling. The building blocks for these kinematical structures are 2-component spinors.
For massless momenta we define the spinor variables as

", [l = [Pl (A1)



where «a, & are SL(2,C) indices for left- and right-handed spinors, respectively. The
spinors |p) , (p| are referred to as angle spinors, while |p], [p| as square spinors. They
transform under the U(1) little-group with opposite phases:

p) = e p), [p] = elp), neR (A.2)

All indices can be raised and lowered with the Levi-Civita tensor that is defined by
€2 = —¢1, = 1, for instance |p), = €, (p|”. The spinors above satisfy

pu(@)* =™ = p]* (0", Pu(0")as = Pac = [P, [Pl (A3)

plp) =plp] = (plp = [p|p = 0. (A.4)

Equation (A.3) is simply the defining equation of the spinors, where o* = (1,75)
and d* = (1,—5), while in Eq. (A.4) we have the Weyl equations. For a massless
4-momentum (p") = [F|(1,sin 6 cos ¢, sin O sin ¢, cos @), with p the 3-momentum, one
possible realization for the spinors in Eq. (A.3) is given by

() ==V (2) . i =~V (9).
() = Va7 (%) W)= vER ().

(A.5)

where ¢ = cos?, s = ¢“sin .

invariant products of spinors:

We can also define the usual anti-symmetric Lorentz

Pl 2) s, [pa) = [plalal®, (A.6)

(pq)

with the contraction of up- and down-indices performed with the Levi-Civita tensor.
These products can be computed explicitly using Eq. (A.5).

For massive momenta we adopt the notation of Ref. [3] and define bold angle and
square spinors as

P - (A7)

=", Il = [

p)=p").. Ipl p

&

where now I = 1,2 is the SU(2) index of the little-group, that are also raised and
lowered through the Levi-Civita tensor. Contrary to the massless case, the bold spinors
transform in the same way under little-group as

|pI>%WIJ !p‘]>, |pq — Wi ‘p‘]} , WeSU(2), (A.8)
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and analogous for (p| and [p|. The massive spinors satisfy similar relations as
Eq. (A.3), but with the inclusion of the SU(2) little-group indices:

Pda =€1J ‘Pl}d <PJ‘O[, Pas = —€1J ‘Pl>a [PJ‘d- (A.9)

With the same parametrization as in Eq. (A.5), we can represent the massive spinors
in terms of the components of the 4-momentum as

== (S ) e - - (T

e\/E+ ym)

s*VE+1p]| e/E = 7] —c/E = [pl|s\/E+17]

N [ SVE+P]|eVE - P 1 [ —e/E—=|p|| sVE+|p]
(1)) = <—C¢E+ ] |s\/E - |ﬁ|> (Pl = (—s*\/E— pl|=ev/E+ |ﬁ|>’
(A.10)

where the first (second) column refers to I = 1 (2), while the rows are for differ-
ent SL(2,C) indices. Also, E = /m?+ |p|? is the energy and, as before, p’ the
3-momentum. In writing Eq. (A.10), we have assumed that momenta, and in partic-
ular the mass m, are real and positive. For the expressions with complex momenta,
we refer the reader to Ref. [3] and references therein. From the expressions above it is
immediate to check that

e e S
@' pac=m [P, [P0 =m (",

which are the massive version of the Weyl equations in (A.4). We note that in the
massive Weyl equations (A.11) the two types of spinors are related by the mass m.
The anti-symmetric spinor product is defined in the same way as before

(pa) = (p'a’y = G| |, . Ipal = [p'd’] = '], |a']" (A.12)
From the Weyl equations we can also derive
(p'p”) = —me"”, [p'p’] =me"’. (A.13)

It is possible to connect the spinor variables associated to massive particles to
the corresponding massless variables. Each of the massive spinor helicity variables in
Eq. (A.10) can be decomposed as [3]

p") = Ip) ¢t +vmlpl ¢t |p'] = Ip] ¢4+ Vm D) (L, (A.14)

where |p) , |p| are the same massless variables in Eq. (A.5) and ¢, = (1,0), (- = (0,1).
This decomposition is the mathematical expression of our physical intuition that in the
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massive spinor helicity variables there will always be a component with the “wrong”
helicity (i.e. angle brackets will contain square brackets and vice-versa), but this con-
tribution will be proportional to the particle mass. To make explicit the mass depen-
dence, we have introduced the dimensionless spinor helicity variables [p) = |p) /v/m
and |p] = |p] /v/m. To see why this decomposition is useful, we discuss the example of
the product (pq) = (p’q’), that can be written as

(pa)

Given that the product [pg] is finite, we define the high-energy limit as the limit

(pq) = (pq) (Ci(i + [ﬁd](id) : (A.15)

m/ (pq) — 0, for which the second term between brackets vanishes. In a more concise
way, the high-energy limit of (pq) is given by

lim (pq) = lim (p'q”) = (pg) 6167 , (A.16)

where H.E. stands for High-Energy, i.e. for the m/ (pg) — 0 limit, and {85 = ¢L¢7.
An analogous discussion also holds for [pg]. We thus see that, for the amplitudes with
a simple dependence on the spinor helicity variables as those we are discussing in this
paper, the high energy limit simply amounts to the “unbolding” of the massive spinor
products

(pg) = (pa) 6167,  [pg] — [pa] 6363 . (A.17)
It is also useful to consider spinors with negative momenta, for which the analytic
continuation compatible with Eq. (A.11) reads

|-p) =1p), |-p|=—Ip]. (A.18)
Other useful identities are

(plglk] = [klqlp) ,
(plo*|q] (klo|l] = —2 (pk) [ql]

where (plg|k] = (p|* os |k]* and similar for [k|g|p). The same relations also hold for

(A.19)

massive spinors.

Finally, to compute the soft factors in Section 2, more precisely the py-independent
piece in Eq. (2.9), we can use the explicit representations for the spinors in Egs. (A.5)
and (A.10). Starting with a massive momentum p and a massless one p,, we have:

1J

I N _ 0 e
(" (p+po)) = <\/(E—]ﬁ\)(E+\ﬁ!+2\ﬁ¢D 0 ) ’

o +n] = (0, VE-PDETHIR RN

(A.20)
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where we are assuming that the angle between the 3-momenta p and p, is zero. We
can see that in the limit p;, — 0 we recover Eq. (A.13). Had we instead started with
both massless p and p, such that the angle between the 3-momenta is § < 1, we would
have obtained

_ 2 P 2

b +re)) = ( Pl Py |p|+|p¢|> rolF)
_psl 17| >
pore)] ( W+ mr P E a) roLF)

which are relevant quantities for the computation of Eq. (2.19). Note that in Eq. (A.21)

(A.21)

we still have a SU(2) little-group index, as p + p, is not massless.

A.2 Construction of amplitudes

To write down amplitudes, we use the fact that the S-matrix is covariant under little-
group transformations. This implies that we can express the amplitudes as a sum of
all possible Lorentz-invariant combinations of spinor variables that have the correct
little-group transformation.

For massless particles the little-group transformation is given by Eq. (A.2) and,
according to the covariance of the S-matrix, the amplitude must transform as A —
e~ %" A, with h the helicity of the corresponding particle. Specializing to the case of 3-
point amplitudes, little-group covariance gives us three constraints, while the amplitude
can be built out of 6 spinor products, namely (12}, (23) , (13) and the same with square
brackets. We use here the short-hand notation |n) = |p,) to label the momenta in
the spinors. Due to 3-particle kinematics, however, all these products vanish if the
momenta are real. Relaxing this hypothesis, we find that we can either have the angle
contractions or the square ones to be non-vanishing, thus leaving us with only three
independent Lorentz-invariant products. Up to coefficients, this allows us to completely
fix the amplitude [1, 2, 5]:

<12>h3—h1—h2 <23>h1—h2—h3 <13>h2—h1—h37 ZZ hz S 0
“43 X [12]h1+h2*h3 [23]h2+h3*h1 [13]h1+h3*h2 Z B > (A'22)

where hy 23 are the helicities of the particles. For higher-point functions, we cannot
completely fix the amplitude, since we have more spinor contractions than little-group
transformation rules.

When considering massive particles the discussion is more involved, because both
angle and square spinors transform in the same way under little-group. Nevertheless,
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one can simply write the amplitude as a sum of all independent spinor structures, each
with a different coefficient (see Ref.[32] for a classification). For a massive particle
of spin s, the transformation of the amplitude is given by the completely symmetric
2s tensor representation, which is equivalent to the usual representation in terms of
the total spin and its projection [3]. Hence, each term in the amplitude must contain
exactly 2s spinors, angle and/or square, of this given particle.

A.3 CPT invariance and unitarity

To extract information on the phases of the amplitudes, we need to relate them to their
complex conjugate, which can be done using C'PT" invariance and unitarity. In terms of
the transfer matrix 7', the amplitude for a state O is written as A [O] = (0|T'O), where
we take all particles to be incoming and 0 is the vacuum. Using C'PT invariance of
the S-matrix, one can show that (0|7'O) = (Og|T0), with O representing the action of
CPT in the multi-particle states, that amounts to reversing the spin (i.e. changing up
and down little-group indices in the massive case, or flipping the helicity for massless
particles) and swapping particles with anti-particles [6]. In addition, when applying ©
we must also reverse the ordering of the particles in the amplitude, that can lead to
extra minus signs in the case of fermions. Then, unitarity of the S-matrix imposes that
T ~ T up to corrections of order TTT. We therefore obtain at leading order

AlO] ~ A[Og]". (A.23)
The complex conjugation of spinor structures can be found to yield

w'a’)" =~ prasl, (A.24)
that holds when considering real momenta with positive energy [85, 86].

A.4 Feynman rules with spinor variables

It is also instructive to show how some Feynman rules for effective operators are trans-
lated in terms of spinor variables. To do so, we first need to express the external
wave-functions in terms of spinors. For spin 1/2 and spin 1 particles we have, respec-
tively,

),wwzv@muw,
(A.25)

w@:(ﬁ%),m@zum,mm
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_ (plo,|p] _ 5P Ip|
Eu(p) - \/imv y Or E(p)oca - \/5 my ) (A26)

where u,v,u,v are the usual solutions to the Dirac equation, and ¢, is the massive
polarization vector, with my the mass of the spin 1 particle. Considering a Yukawa
interaction of the form

G%Yukawa = —Qb <gL/l/};[%77/}L + gR¢E¢R> ) (A27)

the corresponding on-shell amplitude with all-in convention is

As[o{y | = —a’ (—p2) (gOL g(;) u'(p1) = g1 (1727) + gr [1727] . (A.28)

For vectors the relevant interactions are

my ¢ - .
Ly = ; COVLVE + gV, VI + GV, Vv, (A.29)

The corresponding amplitude is

vt = (27

= 2(i§ — g) (12)* — 2(ig + g) [12)* — Wj—OV (12) [12],

N + 4910505 — (D1 - Do) M) + 4G€masD DY ) "(p1)e” (p2)

(A.30)

where we note explicitly the 1/my scaling of the last term. To manipulate the Levi—
Civita we have used

1
€pvaB = 4—2,(Tr[6ua,,6a05] — Tr[auﬁ,,aaﬁg]). (A.31)
A.5 SM amplitudes

For completeness, we present here as well the SM 3-point amplitudes we use to derive
our results in Section 3:

A3 [sznua H]] (YJ)ab(SZLneij
3 [Qzlbnd [] ] — (YT>ab6n 51

12, As[Q) us™H;| = (V)"0 e;; [12],

(
(12), A3[Qb dsmHI] = (Yol [12],

ibn A+1 \/_ A i b[23]2 ibn \/_ A i b< >2
[Q QijG?, ] Tmnajéa[ ] A3 [Q Q]mQ ] Tmn5J6a< >

2
sl 684 = Vag.TA S A furi, 6] = V30,00 ik

12 Hnfu gy

A i) = —vVagrp ) = Ve,

Ag[H{HjQBﬂ:—\/§g’yH6;—<1?2>12<>23>, AS[HL B3] =~y 2 22 [153],
(A.32)
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where the expressions are analogous for other fermions and vector bosons, ¢, g, gs
are the gauge couplings and yg the Higgs hypercharge. In the equations above a,b
denote flavor indices, 4,j indices from the fundamental of SU(2); and m,n for the
fundamental of SU(3).. We use T for the generators of both non-abelian groups.
Here, the conventions are chosen such to correspond to covariant derivatives defined as
D, = 0, —igV,, and the Yukawas as Zyirawa = —Yq/ﬂELHwR + h.c..

B Yukawa - Mass connection

In this Appendix we present an alternative way to understand the relation between
fermion masses in the broken electroweak phase and the Yukawa matrices in the un-
broken phase. This relation was previously studied in Ref. [22] (and more recently in
Ref. [61]) by analysing how the “freezing” of external Higgs particles can make massless
spinors become massive. Here instead, we show explicitly that we can understand the
Higgsing as a modification to the dispersion relation of the fermions, which is very
similar to the analysis performed in Ref. [36] for neutrino propagation in matter.
Consider a generic amplitude A that has a factorization channel in 1z for p? — 0,
with ¢ being one of the massless right-handed fermions of the SM. More precisely,

yab VR
li = i a”_Ab — B.1
i A= I 41 = (A1) (4), By

where A7 p are the sub-amplitudes, a, b are flavor indices and we leave implicit spinorial
indices and the Levi-Civita tensor. Consider now the same amplitude with the addition
of an Higgs - anti-Higgs pair in the py,pg — 0 limit, in such a way that the Higgses
become non-dynamical. Given that the Higgs interacts with the fermions through
Yukawa interactions,

As[v] Wk H] = (V)™ (12), A0 WhoH] = (Y,)" [12], (B.2)

where H <+ H in the case of u-quarks and ignoring SM group indices, we can make
recursive use of polology to show that the amplitude will feature extra factorization
channels as p?, py,pg — 0. Schematically'®,

@ Vr YL Ur @
lim lim A[H H| = : : (B.3)

pHPg—0p2—0 ®

.
H H

I6Here we ignore the contributions from the Higgs being emitted by the other external legs, that
contribute to them becoming massive and therefore are not relevant to our computations.
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Note that we need one Higgs and one anti-Higgs, because otherwise we would not
obtain a factorization to the same amplitudes A7 . Evaluating the amplitude above
we obtain

lim lim UQA[H,Iﬂ
pu,Pg—0p2—0
1 v Y ea [(—p — UYT be + o -
— lim lim Aa ( ) [( p 2pH)p] (w) <(p pH)( p SH pH)>AI}]%,
pH.,pg—0 p2—0 p (p+pm) (p+pu+pq)

(B.4)

where we insert one factor of v for each Higgs becoming non-dynamical. We remark
that the momenta p + py and p + py + pg in the expression above are in principle
massive and should carry a massive little-group index. We have checked that, since we
take the limit py 7 — 0 in the end, we obtain the same results using massless spinors.
The numerator of Eq. (B.4) can be rewritten as

[(=p — pa)p] {(p + prr)(—p — 1 — Pa)) = [ppu] Pup) = (p + pH)?, (B.5)

where we have neglected higher-order terms in Higgs momenta. With the simplification
above the limit becomes
, 103V,
lim lim v*A[H, H| = lim Ap —Aa (B.6)
puPr—0p2—0 p?—0 p p?

It is clear that Eq. (B.6) contributes to the original amplitude without the Higgs - anti-
Higgs pair, as the latter are removed from the external states. Hence, after we take all
Higgs non-dynamical we arrive at

2 b 1[4 (YY)
lim lim (A—i—v.A[HH} )—hm.A obe +— 4 a
pHPg—0p2—0 p2—0 p? p

(B.7)
where the dots denote similar amplitudes computed with more Higgs insertions, which
are given by analogous expressions. It is possible to resum all the contributions:

ba

2y T ba
v(Y)Y ) | (B2)

ba Yoy
]

1
= —1‘
[?’2 — YV,

hence it is clear that the Higgs "background” modifies the dispersion relations of the
fermions by inducing an effective mass. Note that the propagator above does not
respect locality manifestly, due to the matrix structure of the Yukawas. Nevertheless,
it is always possible to find basis in which the propagator becomes diagonal and we
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therefore restore manifest locality. The necessity to perform such rotation is nothing
but a realization of the mismatch between the massless and massive flavor basis. The
mass matrix is given by

ME = 2ULY Y, Up = o (Y)Y, , (B.9)

>diagonal
where Ugr € U(3)y,,, the right-handed flavor group of the massless phase of the theory.
To be able to write directly the mass matrix in terms of the Yukawa, we can repeat
the same steps above with a factorization channel on a left-handed fermion and obtain
similarly M2 = UZY¢YJ U,, where now Uy, € U(3),,. In order for both expressions to
match, the mass must be given by

M

= vUY,Up. (B.10)

It is interesting to notice that for the neutrino sector, in the absence of a Yukawa inter-
action involving right-handed neutrinos, we can still generate masses via the Weinberg
amplitude

A [H?L?] = e (12), (B.11)

with L the lepton doublet. Repeating the reasoning above for this interaction, we
obtain

M3 = U4(CLVCW)diag0nalu <B12)

and we can thus see explicitly the different scaling with the scale v when compared to
Eq. (B.10).

C One-loop running of A[¢i) H]

In this Appendix we describe in more detail the computation of the beta function used
in Section 3 using the methods of generalized unitarity [5, 7-12, 87-95]. For 1-loop beta
functions, the master formula reads [10, 91]

(o) Al0] = gz 3 [ amieel f

C AP0, 0] AR [, -0].

(C.1)
where 7o, is the anomalous dimension of the amplitude A [O;]. The formula above is
obtained by selecting bubble diagrams from the Passarino—Veltman decomposition [96],
which is the only topology that can contain UV divergences. This is achieved by first
performing all 2-cuts (labeled by a), that result in the product of two tree amplitudes

As—ﬁz integrated over the 2-body phase-space dII[¢y, ¢5] of the two cut momenta ¢ 5.
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Doing so does not select only bubbles, since 2-cuts get contributions from triangles and
boxes as well. To remove them, we shift ¢, ; to the complex plane using a BCFW-like
shift [52, 53], 2172 = (1 5+ 205, and integrate over dz/z around z = 0. Then, we deform
the contour around the origin as a sum over contours around poles and at z = oo.
The poles can only come from triangles and boxes, as they have uncut propagators. So
dropping them and keeping only the residue at infinity guarantees that we are selecting
only the bubbles. The numerical factor ¢/87* arises from collecting the divergent piece
of the bubble (—1/87%), normalizing the phase-space integral (2/7) and from Cauchy’s
theorem (1/27i). Also, Vl(gi) denotes the IR contribution to the anomalous dimension
that must be subtracted, and that depends only on the external particles of A [O;].

We are interested in computing the contribution of the amplitude A3[¢GG] to the
running of Ay [qﬁzﬁ@H } For concreteness, let us choose A, [qﬁ@dH ] and Ay [(b@dﬁ ]
For the first amplitude we have only two possible 2-cuts:

o GA L GY HI

Iilo !

9 b b !
;'ln QY Qj’m’ > am v,

a Va
m’ n'/ m

(C.2)
where we ignore other cuts that do not involve A3[¢GG]. In addition, A, A" and
n,n’,m, m’ are indices of the adjoint and fundamental of SU(3)., respectively, a,a’, b, b’
of flavor and 4,7, 7, j" of the fundamental of SU(2),. To compute the 2-cuts above,
we need the corresponding 4-point amplitudes. They can be computed using Egs. (3.6)

and (A.32):

a'i'n’ Aa \/égsg'i_ i saa’ 23 ’
Ay [¢Q1 m2G§4+] == ¥ GTrﬁl’éi 0 %7
a'n’ Ja \/igsg+ aa’ 13 ?
Ay [¢d1 di2G§4+:| = TGTﬁvé %7
ol Aa _ \/§gsg_ i caa’ (13 2
Ay [¢Q1 m2G§4 } = TGT;;'@ 0 <<12>> )
a'n 7a _ \/Egsg_ aa’ 23 2
A [_q da’n’GA—Hi’] _ _\/59 TA (Y )aa’é;” [12]2
4| in1%2 3 stnn/\1q i [23] [13]7
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. _ o (12)?
rd, GA+H1-/} = —\2¢, T4 (Y] “63—<
A4 [Ql n’2 3 \/—g nn ( d) 7 <23> <13> ?
where T# denotes the generators of SU(3), and gé the ALP-gluon couplings. The
product of the two amplitudes in the left 2-cut in Eq. (C.2) reads

(1) = (1) Ad [ 9Q5" QoG | Au | Qi 5" G 7, HY | 576" 57 67

:_M( Y,)abolgm [165]* [12)° (C.4)

f CT 4] [66] [26)
with C4(3) the Casimir of the adjoint of SU(3).. The extra minus sign above takes

into account fermion ordering, i.e. to arrange the amplitudes as we have defined in
Egs. (A.32) and (C.3) we need to anti-commute some fermions, leading to an extra
minus. Note that only one helicity configuration of the gluons contribute, as the SM
amplitude Ay [QdGH } is non-zero for only one choice of gluon helicity. Then, we shift
{1 2 to the complex plane as

1) = [60) + 2], 6] = |6o] — = 6], (C.5)

while |¢;] and |f3) remain unchanged. After performing the shift above and selecting
the residue at z = oo we obtain

2CA(8)9296 v vabsi sm 2 [12] [261] — [144] [20]
1) — —2mfG(Yd) 5707 00 : (C.6)

Now comes the phase-space integration. To this end, we write ¢; 5 as linear combinations
of external momenta [11, 22, 87, 89,

() = (2 ") (). .

where ¢ is the azimutal and 6 the half-polar angles. The angle spinors are related in
similar way, but with an extra complex conjugation. Inserting Eq.(C.7) in (C.6) and
integrating over phase-space

2 3 2 + )
[ atts e - -2n 2SR ey (). ey
The 2-cut on the right in Eq.(C.2) is computed analogously. The product of the
amplitudes is
( ) A4 |:¢dbmczb 01 G€A2+i| A4 [anl —fl)G?_IZQ)HZ] 51414/55/(1/5:7;:/
(C.9)

2CA(3)9298 s vapejem (2022 [61)°
i e SO R TA T ATITAL
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where now we do not have any extra minus from fermion ordering. Note that the spinor

structure from expression above is identical to the one in Eq. (C.4) by changing 1 <> 2.
Thus,

2C4(3)g%gt

/ ATT[(;, 6] (1) = 2m; 2CA3)9:96

The result of both 2-cuts must be then inserted in Eq.(C.1) and compared to

Ay [(b@dH } It is important to notice that the 2-cuts produced the same kinemat-

ical structure as the original amplitude. Besides, there is no contribution from IR

(Ya)@sim (%ﬂ [12]) | (C.10)

divergences in this case [25, 26]. We arrive at

Aoy __g?gJGrY dCy __gfgé
d>’

v, (C.11)

dlogp w2 dlogp w2

where we included the result also for the conjugate amplitude, that follows in a very
similar way. The results above, properly translated to the usual language by Eq. (A.30),
agree with previous computations in the literature [54-56]. At leading order, the cou-
plings g(i; are related by complex conjugation according to Eq. (A.23), which implies
that

dc, _ dc]

dlogp — dlogpu’ (C.12)

up to two-loop effects. As a consequence, we can use the results of Section 3 and, to
be consistent with the 1-flavor limit, must satisfy g5 = —gg. Therefore,

9o = —9& = iCsaa, Cyaa € R, (C.13)

that corresponds solely to the ¢GG coupling, as we wanted to demonstrate.
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