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A Helix Coupler for a Pickup of a Low Velocity Beam

N.Tokudal)

Abstract: A helix coupler of a travelling— wave type worked successfully as the pickup and the kicker
in the stochastic momentum cooling of low velocity (B = 0.12) protons and a — particles
stored in TARN (Test Accumulation Ring for Numatron) at INS, University of Tokyo. This
coupler has a high coupling impedance and a bandwidth of a few hundred mega—hertz for
such a low velocity beam. The presented formulation, based on the sheath helix model,
explains well the measured coupling impedance at TARN, and is useful for optimization of the
coupler’s geometry to meet the required conditions: coupling impedance, bandwidth, and
beam velocity.

1) On leave from the Institute for Nuclear Study, the University of Tokyo, Tokyo, Japan.



1. Introduction

Several types of couplers for pickups and kickers used in stochastic cooling have been considered to
meet requirements on coupling impedance, bandwidth, beam velocity. The technique of stochastic
cooling, which was originally developed to cool high —energy antiprotons, is now applied also to
low —energy beams, for instance, the LEAR ring at CERN [1] (300 or 600 MeV/c antiprotons) and
the TARN ring at INS [2] (115 MeV/c/nucleon protons and a — particles). It is an important subject
to extend the beam velocity region to lower ranges, and many types of couplers should be examined to
find an excellent coupler for a low—energy beam. As a candidate for such a coupler, a helix coupler
of travelling wave type is presented here. This coupler was designed for momentum cooling at TARN,
and worked successfully.

This paper describes the helix coupler used in the stochastic cooling at TARN, and its formulation

based on the sheath helix model to calculate its coupling impedance and characteristic impedance.

2. Helix Coupler at TARN

Figure 1 shows the structure of the helix coupler used at TARN, and Table 1 lists its main param-
eters. The materal is stainless steel. The helix and the shield are rectangles in the transverse cross
section, because the profile of the rf —stacked beam is flat. The helix of 11.5 tums is wound around
the four rods bolted to the two disks, which support the whole assembly in the vacuum chamber. The
helix is insulated from the rods with dices of MACOOR. The shield is bolted to the two disks
through L —metals.

The pitch of the helix is determined so that the signal’s phase velocity in the longitudinal direction
is equal to the beam velocity with an assumption that the signal propagates along the tape at the ve-
locity of light. The reason for this determination of the pitch will become clear later, though the actual
phase velocity is higher than the light velocity. As the characteristic impedance of the coupler meas-

ures 100 2, a 100  transmission line, which is a two —conductor line with ceramic beads for insula-



tion, connects each output of the coupler to a feedthrough attached to the vacuum chamber. In the
atmosphere, one of the feedthroughs is attached with a 100 Q resistor for termination, and the other
with a 1002/502 transformer for impedance matching between the coupler and the feedback system.
The measured coupling impedance derived from observed Schottky signal power of circulating par-
ticles is around 400 £ in a frequency range from 50 to 100 MHz. The data will be shown later in

Fig. 8 in comparison with theoretical values.

3. Formular for Coupling Impedance

The coupling impedance, or the sensitivity, of a pickup is defined by a ratio of output voltage from
the pickup to the Fourier component of the beam current. As described by several authors {3, 4], the
Lorentz’s reciprocity theorem [5] enables us to obtain the output voltage of the pickup excited by the
beam, whose position is (r,,0 ) in cylindrical coordinates, by calculating the longitudinal electric field
component E_(r.0.) and the power flow Pr through a coupler that is excited by a virtual external
current source. In this paper, we consider a coupler of cylindrical structure and let the beam pass on
the coupler’s axis for simplicity of calculation. Then, in the context of Boussard and Di Massa [4], the

coupling impedance is given by

I/ Re
Zp':j?';:Ez(O)LIF(f)‘ , (3.1)

F(5)= 5';'; , (3.2)
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where L is the coupler length, R, the load resistance, By, the relative beam velocity, By, the relative
phase velocity of the signal, and ko the propagation constant in free space. It should be noted that
Eq.(3.1) is derived by assuming the load resistance R o is equal to the characteristic impedance Z, of

the coupler. As will be described later, Zc of a helix coupler varies with frequency; strictly speaking,



Eq.(3.1) is not accurate in our case. However, we use this equation, because it will be approximately
correct, when the variation of Z, is not large.

Our task here is to calculate phase velocity B, and power flow PT for a helix coupler. For the
calculations to examine the properties of the TARN pickup, which as a rectangular cross section, we
transform the pickup’s geometry to a cylindrical one, whose circumference is equal to that of a rectan-
gle. Then the parameters of the TARN pickup to be used in the calculation are summarized as in

Table 2.

4. Sheath Helix Model

We consider a sheath helix, which approximates a tape helix, to simplify our problem. The sheath
helix is a mechanically smooth metal pipe; however, the conductivity in the direction along the tape is
infinite, whereas that in the direction perpendicular to the tape is zero (see Fig. 2). We have the fol-
lowing boundary conditions on the helix (r = a) and on the shield (r = b):

1) along the tape, the tangential electric field must vanish:

Eoi cos¥ + Ezi s =0 , (4.1)
Eozcos + Ezpsim¥ =0 (4.2)

where the subscripts 1 and 2 refer to the field components in the two regions 0 < r<aanda < r < b;
2) the normal electric field must be continuous:

Ezi cos¥ - Egi sinW = Ezz2 (oW - Egy sin¥ (4.3)
3) the tangential magnetic field must be continuous:

Hazi sin¥ + Hop o5t = Hlzz scm ¥ + Hea os ¥ (d4.4)
4) on the shield, the tangential electric fields must vanish:

EZI =0 » (q.f)

Ee2 =0 . (4. 6)



The electric field components are expressed in the form of a linear combination of modified Bessel

functions with unknown constants A through F. With omission of the phase factor el(wt—kz), they

arc

1) Region! (0<r < a)

Eer = Aloltor) (< 7)
Er.=%AL(J’or) , (4.8)
Hoi = 7 Er . (4.9)
Hzi = Blo(rer) , (4.10)
Hm=1;;oé BI,(ior) , (a4 11)
Eg) = ~ZoHri |, (4. 12)

2) Region2 (a<r<b)

Eu=CI,(for‘)-rDl(°(Yor‘) . (‘113)
Erz = %[CL(UI")“ DK((YN")] ’ (4.14)
Hoz=',iEn , (4.15)
Hy;, = EI.(¥or) + EKolVor) . (4.16)
H"£=i§[EI‘(Yo'\)’FK}((O")J' (‘I.l7)
Eez = - ZoHr2 , (q.1%8)

where Zo is the impedance of vacuum (120 = ), and

Ya‘—'%o/'?:;'l . (4.17)

We have six unknown constants and six homogeneous equations derived from the boundary con-
ditions of Eq.(4.1) through (4.6). To have a non —trivial solution for the unknown constants, the de-

terminant must vanish. A straightforward calculation leads to

Kea) _ Koltb) 1'7*
fon ¢ L(r.a) | Is(vea) I,(¥ob)
{a"w a I,()’a&) K.(f‘a) _ K (r.b) »
IL(rna) I1,(x.b)

(4. 20)

where the angle ¢ is defined by

sing =8, . (4.21)



The transcendental equation provides the dispersion relation: the relation between phase velocity and
frequency. Multiplying both sides of this equation by Yo WE have another equation, whose left hand

side is proportional to frequency:

Kelte@) _ Kolrab) ]'/2

I.,(J'.Q) I,(Yoa) _L,(Yob) (4.22)
I,(Yea) Ki(voa) _ Ki(rob)
I(vea) I,(7.b)

'I(g‘,a coﬂb = JolX

To obtain a solution of B, for a given value of frequency and geometrical parameters, we should solve
Eq.(4.22) numerically to compute v that satisfies this equation; it is straightforward to obtain B,
from the value of y o The relation between tan¢g/tany and koa coty can be plotted on a graph as in

Fig. 2, where curves for various values of b/a are shown. At the limit of f = 0,

fan¢ _ Zjn(b/ﬂ) J,/z (423)
fany | 1-(a/b)? ’
or
) = | 24 (Lfe ) :]‘/zfnn‘/’ (4. 2%)
(0 =&(-(ll/b)l+2/n-(b/a){0”z¢/ ’

On the other hand, at high frequencies

fi"_f_lvl*(f&n\" ')2, (4. 25)
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As is apparent in Fig. 3, phase velocity varies with frequency appreciably in the low —frequency region,
especially for a large value of b/a, and decreases to c siny asymptotically in the high frequency region.

The boundary conditions lead to electromagnetic fields are as follows.

Egl = El(o) IL(vor) , (4.27)
Er = —;f; E () I, (rer) , (4.2%)
Eor= =7 Zetang Hi(0) I, (4or) , (4.29)
Hzi= Halo) I, (¥or) , (4.30)
He = —I—Hz(o)I,(ror‘) ’ (4. 31)

tos ¢



He: = —ZI“{aHff Ez(0) I, (¥or) ., (4.32)
[ - [ ° )
Ez; = E;(0) Teltob) = Tolter Io(2or) , (4.33)

To(rob ) - Te(rea)
E, = —1 E,() Tol¥ob) + T (VYor) LGer) , (4.34)

cos ¢ Tol¥ob) = Tolroa)
: Ti(Yeb) - T r.r)
E = - Zo{ H ) !
62 ] an$ Ha(o T (reb) — T.(0er IL(vor) , (4.35)
Hay = Halo) Lilleb)t Tolfer) ¢ 0y, (4.3¢)
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Hr: = —&— Hz(0) — I,(vor) » :
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Hez = = n (o) I,(7.r) (4. 38)
0z = - tanf Fz Toltob) - Tolrea) '
where
K. (x) .
¢ = ( =0, » (4.39)
Te (0 I.(x) ¢ )
1 fen ¥ I1.(s.a)
= -5 0 = (4.4°)
MO TG e Lo B0

S. Synchronism of phase velocity and beam velocity

From the dispersion relation, we obtain phase velocity as a function of frequency, and can examine
the behavior of the factor F(¢) defined by Eq.(3.2). At f{ = 0, the parameterr £ vanishes, and conseg-

uently F(£) = 1. Atf = oo,

Lim F(5) = (5.1

{0

)

| (sm ¥ = )
{ o (s # B,)

as is derived from Eq.(4.26). Therefore, the pitch angle should be set so that siny = By, or the
coupling impedance is reduced at high frequencies due to the damping of F(¢). Figure 4 shows F(§) as
a function of frequency for various values of By /siny; the geometry of the coupler is that of the TARN
pickup. This figure indicates that the applicable beam — velocity region is wide, when the required

bandwidth is narrow. For instance, when the required upper limit of the bandwidth is 100 MHz, F(¢)



exceeds 0.5 in a velocity region from By, = 0.1to 0.2, as shown in Fig. 5. It should be noted that
the length is an important parameter in F(£). At a long coupler, F(£¢) decreases at high frequencies;
therefore, a long coupler does not mean a high coupling impedance, though Eq.(3.1) scems to say that
coupling impedance is proportional to length. The relation between coupling impedance and length

will be discussed in Sect. 9.2 in more detail.

6. Power Flow

The power flow through the coupler is obtained by calculating the Poynting vector
Py = ;’&U(ﬁxﬁ*).fz, dS

=7z,(’efb(ErHo'—EaHr‘)rdf ) (6.1)

Putting the electromagnetic fields obtained in Sect. 4, we have

Py = L |Es0)|? p2 fen?¥ T (voa ) [ ; -ro(roa)—To(/./,)]
T2 Zo Lv  17(Xea) T (o)) —T,(64)
X [I.Z(Y»al—Io(roa)Iz(roa)J (6.2)
for the inside of the helix, and
_ @ B 1 fen¥ IS(EA) !
T2 2 7. 2 fw 17(1.a) T(¥Yea)-T,(¥ob)

l / { I
— Inz(ft’a) az(rob) + Ilz({'a) I,z(fab)
To(Ve) = To(lob) Ti(rvea) — T (E:b)

+ (r.a)z[l.’(r.a Y-T.(re2) I (r.a )]
X [Tolrea) + Ti(foa) + Tu(nb)fT.lnb)J (6.3)

for the outside of the helix. The sum of them is

3
pr = L IEg)l’ 1 Bw /
T7 2 72, £2 (1-p3) Telrea) - To(¥ob)
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X
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In the calculation of the integral of the modified Bessel functions, the following formulae are used:
]1,1(4'1)1111 = %1[13(“)— Io(m)lz(rnj , (6.5)
IK,’(n)zdx = ~g—z[K,’(m)— K,((x)Kz(ri)] , (6.6)

, 2 ! A .
JL(rx)K.(ri) xdx = %’[L(“)K:”“*EL(”)KI(”)* 7 L(rx ) Kalrx )J (6.7)

We introduce normalized power flow, which is power flow divided by IEZ(O)IZ:

Prmi = PTn/‘Ez(D)lz ) (6.8)
Pimz = P12/ |Ez(0)|® | (6.9)
Prm = Px/ 1Ezto)|* (6.10)

Their limiting values at f = 0 and f = o are

2
lirt Prmy = s a? ——MJ R (£.11)
foo 42, ﬂw(") .
5-': Proi= e, (6.12)
f['.:t.., Prme = 0o, (6.13)
[/"’ PT = oo .

fr0.00 ~ (6.14)

Therefore the coupling impedance, which is inversely proportional to the square root of P, vanishes
at f = 0 and =, and takes a maximum value at a certain frequency; thus, the coupler has a finite
bandwidth. Figure 6 shows the normalized power flow for the geometry of the helix pickup of

TARN.

7. Characteristic Impedance

We define the characteristic impedance by

2
7, = v , (7.1)
2Py
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where V is the voltage between the helix and the shield:
b
V='L E,, dr
= l;é‘l (Vo ) E.
T Lelle (0) . (7.2)

Putting this equation into Eq.(7.1), we have

i 2:6,2 ( /_/3;.3 )zl’:(r»a ) Prac’ (7.3)
At the limits of f = Oande.
Zt"t Z - _ZQ_ ln(b/Q) ) (7.4)
{0 “ 2T fBu(o)
lim Zc =0 . (7.5)

{00

Figure 7 shows Z _ as a function of frequency. For a large value of b/a, Z varies appreciably with
frequency. Therefore, a small value of b/a is desirable from the view point of impedance matching

between the coupler and the 50 Q feedback system.

8. Coupling Impedance

The theoretical values of the coupling impedance for the geometry of the TARN pickup are shown
in Fig. 8, where the experimental values are plotted in good agreement with the theoretical values.
The solid line is the result with R, = 177 4, which is the theoretical characteristic impedance at
0 MHz given by Eq.(7.4); the dashed line is that with R o = 100 &, which is the measured one. The
measured characteristic impedance is almost constant at this value in a frequency range up to 100
MHz. The reason for the discrepancy between the theoretical value and the experimental one has not
been clarified. The experimental coupling impedance is derived from the measured Schottky signal
power; the power per Schottky band is given by

12,1’
2.

Ps = 2(7e)" 1) ¥ 1)

where q is the charge number of the ion, f  the revolution frequency, and Z_ = 100 Q. The data of

Schottky signals of 7 MeV/n protons and a — particles are used here.



11

9. Discussion on Parameter Setting

9.1 Pitch angle

Once the beam velocity is determined, the pitch angle should be automatically set so that siny =
Bb. Though the Fig. 4 shows a value of siny = ﬁb/l.l or Bb/1.2 porvides a slightly larger valuec of
|F(¢)| at low frequencies than that of siny = By siny should be equal to By, to attain a wider band-
width.

The dependence of coupling impedance on pitch angle is shown in Fig. 9. For the case of siny =
0.05, the coupling impedance rises steeply with frequency and a large maximum value; therefore, the
helix coupler suits a low —velocity beam. The large maximum value of Zp is attributed to a large val-
ue of load resistance of 429 &, which is equal to the value of the characteristic impedance at 0 MHz.
As is apparent in Fig. 10, charactenstic impedance varies appreciably with frequency for a small value
of pitch angle. Therefore, the mismatching of impedance will lead to smaller coupling impedance than

the theoretical one.

9.2 Length

As mentioned in Sec. S, coupling impedance is not proportional to length owing to the factor F(¢),
which is a function of length. The length should be optimized not only from the point of view of high
coupling impedance but that of applicable beam —velocity range; because, a short coupler gains a
wide beam — velocity range at a cost of coupling impedance. Figure 11 shows coupling impedance as a
function of frequency for length of 36.2, 72.4, 144.8, and 217.2 cm (0.5 : 1 : 2 : 3); the other geome-
trical parameters are as same as the TARN pickup. Up to the length of 144.8 cm, the coupling
impedance increases with length, but the extention of the length to 217.2 cm does not effect a high
coupling impedance. Figures 12 (a) and (b) show coupling impedances for beam velocities By, = 0.1
and 0.2, respectively. The couplers of 36.2 and 72.4 cm might be applicable to these beams in a fre-
quency range below ~ 150 MHz, but those of 144.8 and 217.2 cm are not. For a short coupler of 36.2

cm, coupling impedances at 50, 100, and 150 MHz are shown in Fig. 13 as a function of beam veloci-
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ty. If the required bandwidth is narrower than 100 MHz, this coupler is applicable even to a relativis-

tic beam.

9.3 Radiuses

The radius of the helix is determined by the beam size. So we have to optimize the shield radius
or the ratio of b/a. Figure 14 shows coupling impedance as a funciton of frequency for various values
of b/a. For a large value of b/a, coupling impedance takes a large value. This is caused by R, setata
charactnstic impedance at 0 MHz, which increases with b/a. We should note that a large b/a leads to
appreciable variation of characteristic impedance with frequency, as discussed in Sec. 7. Therefore the

value of b/a should be set at an appronate value from the point of view of impedance matching.

10. Conclusion

The coupling impedance of a helix coupler has been formulated. The calculated coupling impe-
dance agrees well with the experimental data at TARN. The charactenstics of the coupler have been
examined for vaxjiox_xs coupler’s geometries: ratio of shield radius to helix radius, pitch angle, and
length. In result, a helix coupler turned out to provide a coupling impedance of several hundred ohms
in a frequency range of a few hundred mega —hertzs; moreover, a short coupler gains a wide range of

applicable beam velocity.
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Table 1: Main parameters of the TARN pickup

Helix
Cross section
Tape width
No. of turns
Pitch
Shield
Cross section
Length
Characteristic impedance (meas.)
Relative beamn velocity

197cm x 5.7 cm
1cm

11.5

6.1 cm

26.7cm x 12,7 cm
724 cm

~ 10092

0.12147 (7 MeV)

Table 2: Parameters of the TARN pickup to be used in the calculations

Helix radius (a)

Shield radius (b)

Length (L)

Pitch angle (y/)

Relative beam velocity (By,)

8.09 cm

12.54 cm

72.4 cm
sin~10.12147
0.12147 (7 MeV)
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Fig. 2. A sheath helix, an approximation of a tape helix. The conductivity in the direction along the
tape is infinite, whereas that in the direction perpendicular to the tape is zero.
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Fig. 3. Dispersion relation for various values of b/a. The ordinate means phase velocity, and the ab-
scissa frequency. For the geometry of at TARN, bja = 1.55 and, k _ a coty = 1.39 at 100 MHz.
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Fig. 4. Profile of |F(¢)| for various values of Bb/simp. The geometry of the coupler is that of the
TARN pickup. The pitch angle should be set so that siny = By, to keep |F(£)| as high as unity up to
a high frequency region.
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300 111,
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Fig. 7. Characteristic impedance for some values of shield radius: 9.70 cm (b/a = 1.2), 12.54 cm
(1.55), and 16.17 cm (2.0). The helix radius is 8.09 cm, and sing = 0.12147, same as the TARN
pickup.
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Fig. 9. Coupling impedance for some values of pitch angle. The other geometrical parameters are
same as those of the TARN pickup, and Bb = siny. The load impedances are 429 Q for siny = 0.05,
177 2 for 0.12147, and 108 & for 0.2; they are equal to characteristics impedance at 0 MHz.



24

" To0 . Jo0 200 300 - 400 500

freyuency (MHa) |

Fig. 10. Characteristic impedance for some values of pitch angle. The helix radius is 8.09 cm, and the
shield radius is 12.54 cm.
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Fig. 11. Coupling impedance for various values of length: 36.2 cm (dash —dotted line), 72.4 cm (solid
line), 144.8 cm (dotted line), and 217.2 cm (dashed line). The other geometrical parameters are same
as the TARN pickup, and R j = 177 Q. The relative beam velocity is equal to siny.
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Fig. 14. Coupling impedance for some values of shield radius: 9.70 cm (b/a = 1.2), 12.54 cm (1.55),
and 16.17 cm (2.0). The helix radius is 8.09 cm, the length is 72.4 cm, and siny = 0.12147. The load
resistances are equal to characteristic impedance at 0 MHz: 82  for b = 9.70 cm, 177 @ for 12.54 cm,
and 253 € for 16.17 cm.
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