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INTRODUCTION

The effect of longitudinal space-charge forces has been studied
previously for energies well below [1] transition energy and for énergies well
above [2], lB], [4] trensition energy. The longitudinal space-charge forces
are stronger the shorter are the bunches. As the bunch length passes through
a minimum at transition, the longitudinal space-charge forces have a maximum at
transition. The longitudinal space-charge forces will distort the particle

orbits in different ways, and they may cause particle losses.,

In the CPS today, the intensity is probably limited by transverse
space-charge forces, and longitudinal space-charge forces are only moderately
important. If a new injector of higher energy is built, the transverse space-
charge forces will be less important than they are today, as the effect of
transverse space-charge forces. decreases with increasing energy. - However, the
effect of longitudinal space-charge forces near transition does not decrease
much with increased injection energy. With a new injector, the longitudinal
space~charge forces may constitute an intensity limitation of the same order of
importance as the transverse space-charge forces. The same is true for the
planned 300 GeV accelerator. And even moderately large orbit distortions, not
causing particle losscs. effectivelv dilute phase space, which is harmful for

the Intersecting Storage Rings.

It is the purpose of this paper to calculate the effects of longitudinal
space-charge forces in the range around the transition energy, and investigate

two possible methods of reducing them.

This paper is divided in three main parts : In the first part
we shall assume that there are no space-charge forces, but we shall allow for a
timing error of the phase-jump. In the second part, we shall allow for longitu-
dinal space-charge forces, but we shall assume that there is no timing error of
the phase-jump. These space-charge forces are treated as linear, and the effect
of the space-charge forces is handled in the first approximation only. In the
third part we allow for longitudinal space-charge forces as well as a timing
error of the phase-jump. We find the interesting result that the distortion of

the bunches can be compensated, to some extent, by performing the phase-jump
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somewhat later than transition. We also investigate the possibility of artificial

blow_up of the bunches before transition to minimize the resulting bunch length.

The reader who is only interested in the results, and not in the

computational method, may drop the chapters 1 and 2.

There is planned an extension of this paper where the effect of
longitudinal space-charge forces are handled more accurately than in the first
approximation, One should also investigate more complicated tricks with the
R.F. system [14], to0 see if such tricks could further reduce the effect of
longitudinal space-charge forces.

1.  PHASE-JUMP TIMING ERROR, NO SPACE-CHARGE FORCES

THE EQUATLIQON OF MOTION

Let us first completely ignore space-charge forces. The effect of
a timing error of the phase-jump has been handled in the literature [5], [6], [7]
as far as the amplitude blow-up of the synchrotron oscillations is concerned.. We
shall ‘also investigate the phase relationships, as this is important in the.
third part of this paper, where we handle the combined effect from a timing error
and longitudinal space-~charge forces. We shall here start the calculation from
the verv beginning to develop a notation which will be used in the second and
third part of the paper as well, even if we by doing this to some extent

duplicate already existing work.

The equations of motion are ([5], eqs. (5.5a) and (5.5b)):

d AE eV . .

—d%. (;; = -2=17_ (31n $ - sin (Ps) '(1 '1)
g _ ™% AR, (1.2)
dt ﬁz E ‘
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The quantity denoted by

- 2 4

where p is the momentum of the particle and T is its revolution time,
obeys the equation ([5] , eq. (5.3) )

() - (F)

where E is the energy of the particle and Etr is a constant of the machine

which is called the transition energy.

We shall assume that the synchronous phase angle P is constant
at all t except at t = to , where it jumps discontinuously. From eq. (1.4)
we see that when E = Etr , Wwe have nn = 0 , We shall measure t from this
instant, With this origin for the time, to is the timing error of the phase

jump. The phase jump is performed in such a way that
sin @ (1.5)

is constant and
sgn (cos @S) = -sgn (t - to) . (1.6)
By the symbol sgn (x) we mean :

-1 for x <0 (1.7.1)
+#1 for x >0 . (1.7.2)

sgn (x)
sgn (x)

Egs. (1.1) and (1.2) can be combined into one equation :

2
o (BLE_ d9\_ & (gin ¢ - sin @) - (1.8)
at 2 dt s

w,on 27

For shortness we introduce

R = £ (1.9)
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and our equation reads

RZ
o (P B ANl & n o u
Y < =S a @ > = 5 (sin ¢- sin q%) . (1.10)

Let us define
§= ¢-9 (1.11)

.and let us assume ¢ small., It is known that in the transition region the
synchrotron oscillations have small ampliitudes; thus this ap roximation is

Justified. We then have :

RZ
d fs E & \_ & o
dt(hz - dt>_ oy cou(q’s)z‘}. (1.12)
c
Eq. (1.6) can be written
cos P = -|cos ¢gl sgn (t - to) . (1.13)

Introducing this, we have

R2
d s E d¢ ev
'&%‘(T 7 a)*’z‘?'ws Pl sen (8- ) 9=0 o (1.14)

From (1.4) we have

2 2
dng _ , (me "1 dE
w%-25) 5 7 - (1.15)

©le shall assume that this quantity is approximately constant

around transition. As n and t are both zero at transition, we have

mec? \2 1 dE
n:z( > e <=~=> t . (1.16)
Etr Etr dt tr

This is substituted into (1.14) along with

R.~ R _, E ~ E (1.17)
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and we have :

a 1
% &

gle

ho” V
)+ 2R 2 E 2 ( ) (dt) _Sﬂ lCOS (Psl Sgn. ('t _to) g = O . (1.18)
tr

%

For shortness we define a quantity T thus :

- h 2 dE \ '
™3 =2 R: T, ( ) (E?% %% |cos P | (1.19)
r

We remark that defined in this way, T 1is a positive constent
for all t. T has the dimension of time and gives the order of magnitude
for the width of the transitim region. The value of T for the CPS 1is

given in Appendix 1 .
‘With this notation the phase equation is written in the form

) + e ;:- %) =0 . (1.20)

d 1
= 5

=

We now introduce a new dimensionless variable x defined by

X = ';% . (1'21)
We also put £
0

X, = 5 - (1.22)

Our equation now takes the form

%; % %g) + sgn (x - xo) =0 (1.23)

or equivalent

s
ax

Hi—-

d%g

2 +sgn (x - Xo) x9=0. (1.24)
No machine parameters appear in (1.23) and only one machine

parameter, namely T , appears in (1.20). This means that in all synchro-

trons exactly the same things happen at transition, only in sonc synchrotrons

things may happen faster than in others,
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THE SOLUTION OF THE EQUATTION OF MOTION

For x£20, x /£ X this equation has the following general
solution, see ref. [8], p. XX, eqgs. (29) and (30) :

9 =x (BJ J§ (z) + By N§ (z) ) (1.25)
where

3,

= 2 (sen (x=x)) " x* |*
z =3 (sgn (x-x, x

- 2 (sen (x(xx,)))* sen(x) |x (1.26)

and BJ
functions of order % . Ve shall demand that ¢ and AE are continuous

functiohs'of t everywhere, especially at x =0 and x = X, e Erom egs.

and EN are constants and J§ and N% are Bessel and Neumann

(1.2) and (1.16) we see that demanding continuity of AE is the same as

demanding continuity of -:; g-g . At x=0 +this is a stronger conditim than
demanding continuity of gg—. As N (z) is a discontinuous function
of x at x =0, we cannot expect the constants BJ and BN to have the

same values on both sides of x = O , so we may equally well write the solution

in the form
o= Ix| (B; 33(a) + By Ne(a) ) (1.27)

which is a little more convenient. Also 2z is a discontinuous functim of x

at x = X, s S0 we cannot expect BJ and BN to have the same values on

both sides of x = x_ , whether we use (1.27) or (1.25) .

Using the formula

N () - cos (Vﬂ).JvEZ))— J_,(2) (1.28)

the solution (1.27) may be written as

8 = |x| (B+ Jg(z) + B_ J_g(z) ) (1.29)
with sin (%) o
'B+‘ /1, - = ~ \ BJ

- °0s (F)) (1.30)
B_ 0, L B

c0s (%)
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or alternatively

B 1, - sin (8) B

<B;>= <o,'-cos(g)<;> (1.31)

Both forms (1.27) and (1.29) have certain advantages. The form (1.27) has
the advantage that, in the region very far from transition, that is, in the
limit of large z , Jé(z) and Ng(z)‘ are oscillatory functions with a phase
difference relative to each other of E-, while the phase difference between

2

Jg(z) and J_%(z) is % 7 . As a result of this, the total amplitude will
be

B = (BJ2 +,BN2)t2 . (1.32)

while in terms of B+ and B_ the expression is more complicated :

B = (B+2 + B?® -2sin (8) B, B_)’"2 (1.33)

(To find the maximum excursions of ¢ , we have to multiply the total amplitude
by a slowly time-varying factor.) -On the other hand, the form (1.29) has

the advantage that Jg(z) and J_i(z) can be expressed in a simple way when

z is imaginary, while there is rno corresponding simple expression for Nﬁ(z)
when =z is imaginary. Consequently, we shall use both forms (1.27) and

(1.29) in the subsequent calculation.

We shall define a quantity

3, v
x| 2 . (1.34)

%]
i
(SUTN)

y 1is always real and positive. We have

2= (sgn (x(x - x,) )* sen (x) * y . (1.35)

Let us distinguish between the following cases :
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xo<0 : The phase is switched too early :
X < X z = =y (1.36.1)
X < x <0 z = -iy (1.36.2)
0 <x 2=y (1.36.3)
x,>0 : The phase is switched too late :
x <0 z = -y (1.36.4)
0 <x<x z = iy (1.36.5)
X < X ' z =y (1.36.6)

Jé(z) and J_g(z) are real when 2z is real and positive, elsewhere they
are complex, and a real solution for ¢ requires the coefficients B+ and
B_ to be complex too. We shall reformulate the cases where 2z 1is negative
or imaginary in such a way as {to work only with real functions of the real

and positive variable y .

First in the region before the phase-jump and before transition,
where 2z is negative (the cases (1.36.1) and (1.36.4)), we shall use the

following relation, which is easily proved from the series expansion :

BJ, (=y) +BI_(-y) =43 (y) +47_(y) , (1.37)
where
A = e T g, (1.38.1)
A = T 5 (1.38.2)

that is, A_ and A_ are also constants. The relatim (1.37) encbles us

to write the solution in the form

g = -x (A+ J% (y) + A J-§ (v) ), (1.39)

for use in the cases (1.36.1) and (1.36.4). In this way we avoid working

with complex functions and complex amplitudes to express a real solution,

In case (1.36.5) we use the relation

3, (39) = e ™1 (y) (1.0)
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where Iv(y) is a real function for real and positive y . From (1.40) we

have .
. . - ” "
B, Jv(ly) + B_ J_v(ly) = A, Iv(y) + A I?v(y) (1.41)
with ;
PR Vi
A" = e B, (1.42.1)
PN L (1.42.2)

From (1.41) we have

<
i

x (A" T () +a" I0G) (1.43)
to be used in the case (1.36.5) .
In the case (1.36.2) we use the relation

J(-iy) = e -ivm I, (v) (1.44)

from which we have

B, J,(-iy) + B_J_(-iy) = A" I (y) +A " 1_(y) (1.45)
with

AY =6 ~dvmi B, (1.46.1)

AW =PV (1.46.2)

From (1.45) we can write the solution in the .case (1.36.2) in the form

0= -x (A+” I§(y) + A" I_%(y) ) (1.47

After both transition and phase-jump (the cases (1.36.3) and
(1.36.6)), the solution (1.29) is already in terms of real functioms of a
real variable, so we only need to change the notation to bring it into line

with the others’. We write A+’ and A’ for B+ and B_ and obtain

9 =x(a, Jo(y) + A" T(y) ) . (1.48)
Below we shall list the solutions in the different cases, together
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with the corresponding expressions for 148 as we shall demond both 9

x dx ’

and 1 dg to be continuous 2t x =0 &ond at x = X,

x dx
useful Tarmulae,

From ec, (1.34) -ce find

¥ o osen(x) Ix|? .

From ref. [8], p. XVII, egs. (9) end (10), we have :

d
b 3,(y)

d I (y)
dy v

By means of (1.49) and

|

=3, 40 =23 =7, &) 37, &)

1

v
Iv—1(Y) - ; IV(Y) Iv+1

x_ < O : The phase is shifted too early :

1%

xb<x<0

0<x

Ps/5185

8= -x (A+ J% (y) + A_ J_g(Y) )

140 (-x) "2 (8, 3_4(3) -4 3(5) )
9= -x (A" Te(y) + A" I ¢(y) )

1 %g - (=x) (A7 T_y(3)+ 47 1y(y) )
#=x (8, J0) + A I_2(y) )

% %g —x 2 (A, Ly(0)= 4" 34(3) )

(5) +21, ()

(1.50) we derive :

We first quote a few

(1.49)

(1.50.1)

(1.50.2)

(1.51.1)

(1.51.2)

(1.51.3)

(1.51.4)

(1.51.5)

(1.51.6)
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x > 0 : The phase is shifted too late :

0
x<0 9= -x (A, Jg(y) +a_ T 4(5) ) (1.51.7)
18- (0" (14 - A 3 ) (1.51.8)

Ocxexg 9 =x (8,7 Ig(y) + A" I 2(y) ) (1.51.9)
%%Ei - %" (8, T_4(y) + A" I&(’y) ) (1.51.10)

X < x o=x (8, Jg(y) + 4 FJ__%(y) ) (1.51.11)
%g_xﬂ - x? (8,7 7 4(3) - 8" 34(5) ) (1.51.12)

CONTINUITY OF THE SOLUTION

M=
Mgl -

at x =0 and at
»A_ ond AT, A,
We shall not be particularily interested in A " , A “ and A+” , AT,

We now demand continuity of ¢ and of

X=X . In this way we find relationships between

a9

At x =0, we have = 0 irrespective of the values of the

, dx
coefficients. Therefore gg is automatically continuous at x = 0 , whatso-
ever are the coefficients, and it gives us no new relationship between the
coefficients at both sides of x = 0 if* we demand %g to be continuous at

x = 0 . However, we shall demand ¢ and AE +to be continuous functions of
x everywhere, especially at x =0 and x=x_ . From egs. (1.2) and (1.16)

we see that demanding continuity of AE is the same as demanding continuity
144
of x dx

.

By Yy, We shall denote the quantity

o

2

2 3
Vo= 3 Ixl % (1.52)

in accordance with (1.34) . In the following, we shall not write the argument
of J's and I's if it is equal o Yo o

Applying now these continuity requirements to the solutions
tebulated in eq. (1.51), we get :
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X, < o : The phase is switched too early :
X (2, Jg + A J_g) = -x (A" Ig+ A" I_%) (1.53.1)
1, 1,
(-x,) * (8, J_y - A_Jy) = (-x,) = (A" Iy +h” Iy) (1.53.2)
lirn_Ex(A " Iz(y) + A" z(y):|~ Lin (A ! Jg(y) +A 1 g g(J—)E‘ (1.53.3)
x>0

2 058, () ¢ 47 )| = 1m KR, T() - 7 B3

-x*O x>0+

x, > 0 : The phase is switched too late :

x+0

lim (A Jz(y) + A J_§(y{ﬂ = 113 Ei(ﬁ+' Ig(y) + A" I_g(yiﬂ (1.53.5)
x>0+ ,

1imJE}X)IE(A+ I_4(v) - A J;(y)El= iig+|ffz(ﬂ+"'1_§(Y) + A" I;(Y)E] (1.53.6)

x>0
xg (B Tz +8 " T ) = x (A Jg+ 48 T ¢) (1.53.7)
1/2 AT P 1’:a ‘ ]
XO ) (s.+ _; + A__ I%) = Xo (A+ J_% - A_ J;) . (1 -53.8)

To simplify eqs. (1.53.3), (1.53.4) , (1.53.5) , (1.53.6) we

note that
J,(y) = '17717'1’) (%Y)v + 0 (5% (1.54.1)
1O) = sy G+ 0 (") (1.50.2)

From this we find

lim |-x Jg(%ﬂ = lim J§(yi] = lim |-x I§(#:]_ lim I§(%] = lim (-x)L'2 J%(yi]

x>0 x>0 x>0 x>0
[ . 1, ™,
= lim [x J;(y) = lim |(-x) I,(%ﬂ = lnn I, (yi] R (1.55.1)
x>0 x>0 3
while
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lim |-x J_g(yzl = lim EJ_g(y) = lim |-x 1_%({1‘ = lim b I_;(y:)] = _;_23_ (1.55.2)

x>0~ x>0+ . x>0~ x>0+

1
I(3)
and
1, (1, o, i 1 -
lim E—x) 2 J_1(yzl = lim [x° J_;(yzl = lim [(:X) 2 I_y(yzl = lim 2 I%(yzl
x>0~ 3 x>0+ x>0- %20+
'y
= 2. (1.55.3)
r()
3
This gives upon insertion in (1.53.3) - (1.53.6) :
x <0
2 A" = L' (1.56.1)
A" =04 (1.56.2)
x, > 0
A = A (1.56.3)
A+ = 1‘1_'_"

‘This is substituted into. (1.53.1) , (1.53.2) , (1.53.7) ,
(1.53.8) . We then find :

x <0
o
'Jz ’ J_a A ] Iz P I-g .l"x, !
( 3 3>< +>=( 3 3>< + > (1.57.1)
Ty =Ty /N4 Iy, Iy A
x <0:
0
I, , I o\ /L Jo» , J2 L
< ’ —3>< +>=< ’ _’>< * > (1.57.2)
T4, 14 A J 1 ,~d4 AT
-3 3 - -3 3 -

P |
We solve for b s A

A+, ‘1+\
(_A ,>=D ( ) (1.58.1)
X, > 0: . 7

<:x+’> =" <;+ > (1.58.2)

x < 0:
o =
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with T I, -1 3 R
8 0 -3 3 -3
D = < > < > x <0 (1.59.1)
I_% s I% J—% s —J%
-1
Jo 3 J_z I, ’ I_g
B - ( g 3 ) < 3 3> x, >0 . (1.59.2)
J ¢ 5, =d4 I, , I,
-3 3 -3 3

Egs. (1.58) give the amplitudes of J,(y) and J g(y) after
3 = .
transition in terms of the corresponding amplitudes before transition. The

matrices D and E. we shall call the transformation matrices.

PROPERTIES OF THE TRSNSFORMATION MATRICES

The transformation matrices D and E describe how the synchro-
tron oscillations are influenced by pessing the transition with different
timing errors X, of the phase-jump. Note that the argument of all these
Bessel functions is Vo which is defined so &s to be positive whether the
phase~jump is early or late; one should therefore not be surprised that the
difference between the early and late cases appears as different formulae for
the two matrices, D and E respectively. ¥e shall investigate some of

the properties of the transformation matrices.

Using the relations (ref. [8], p. XXVIII, egs (19) , (20)

5 o
I (x) 3,_(x) +3_(x) 3, _,(x) = =—%i§—2—ﬂ (1.60.1)
_ 2sinv w
I (x) 1,_,(x) - I_(x) IV_1(X) = S (1.60.2)
we can show that
Io| = [B] =1 (1.61)

It is readily scen that with timing errors X, of the same
amplitude (and opposite signs) in the two cases, so thet the y,'s are the

same, then the matrices D and £ are each other's inverses :

p(-x, 1) (Ix,1) == (Ix,]) D (=Ix, 1) = ([ . (1.62)
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By developing in series all the J's and I's involved, we
calculate the matrices to first order in X, s which will be useful in

Chapter 3 . We find :

2 1. 2
/A +0 (xoz) » =3 3 cos(%),(r(%)‘) x, + 0 (xo‘)
D= » Xy <0 (1.63.1)
0 (%) s 1+0(x?) /

/140 (), 23% cos® (0Z))" = +0(x*)

3
E= | °

\o(x®)  , 1+0(x?)

e

» X, >0 .(1.63.2)

This shows that

10y, (1.64

1lim D = lim E = (g

x >0~ x 0+
o o)

7Te shall rewrite our solution in the Bessel-Neumona from, (1.27),

instead of the form (1.29). Before trmmsition the solution shall be

o= x| (b 34) +ay We(y) ), TS0 (1.65)
(o]
and after transition
0
8= x| (Ay' 3g(n) + oy Me(3) ), 7 x (1.66)

From (1.30) and (1.31) we have

(ij>=d<:> for %, <0 (1.67.1
(:1> = e <:Ir> - for x, > 0 (1.67.2)
1
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with (w)\
sin
/1, - sin (§)\ 1, o el
d = D °°S( ;) %, <0 (1.68.1)
\O , = COS (%) o, -
' . cos(6)
, / sin(Z)"
/1, - sin (g) 1, - 2 \
e = E cos(g) ) y x50 (1.68.2)
0, - cos (g) o, - 1

cos(2)/

The new transformation matrices d and e have properties very
similar to D and E . (They are, in fact, connected with the old ones by

a similarity transformation). It is easily shown that

la] = le] = 1 (1.69)
and that

a(-lx|) e(lx, ) = e(lx |) al-lx, ) = (}D) (1.70)

By straight forward substitution we find that

2 .
1r0(x?) , 23 (T5)) x +0o(x?)
d = » X, <0 (1.71.1)
O(xos) y 1+0 (xoz) ,
3 2 ;' 2 2 3
1 +0 (xo ) -3 (P(3) )2 x +0 (XO )
e = » Xg > 0. (1.71.2
0 (xo5) , 1 +0(x7?)
The numerical value of the coefficient is
2 W 2.,2
-537 (T(F) = -1.683 (1.72)
We see that
. . 10
1im d = lim e = (O1> R (1-73)
x =0~ X >0+
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To facilitate the subsequent discussion, let us introduce the

symbols A and ¢ , defined thus

AJ = A cos ¢
Ay = A sin ¢
and in a corresyonding way
/ — 7 /
Ay = A’ cos ¥
ANI - A’ sin ¢/

(1.78.1)
(1.74.2)

(1.75.1)
(1.75.2)

Let us regard the asymptotic region well before or well after tran-

sition. We then use the .ollowiig aoymptotic formulee (ref. [9], p. 1563) :

1,
2 2 1 1
Jv(y) ~ (—-——-17_y ) cos (y - 5T (v + '=2') ) (1.76.1)
NG x ()% sin (y -3 (v e D)) (1.76.2)
AL Ty M 2 siee
Tor shortness we put
1 2 1
3“5”(“3’*‘2’):'1%"' (1.77)
For x = - eq. (1.65) - may be written as
2 i, 2 1,
8 = |x|(a cosqtr(ﬁ) 2 cos (y - 8) + A sing ("157) 2 sin (y - 8) ). (1.78)
We substitute (1.34) and have
1 1
82 (2)% A lx*cos (y-5-9) , x> -w . (1.79)
Correspondingly, eq. (1.66) is written as
3 1, '
19*’('1-7)2 AMlx| P cos (y-8-¢), x+w . (1.80)

These asymptotic solutions are a good approximation provided one

is sufficiently far from transition. In this connection "sufficiently far®

means

[t| >> T = 1.85 ms .

(1.81)

(see Appendix 1). On each side of transition there is a considerable interval
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of time which is far enough away for this condition to be valid, yet near enough

for the approximation

E ~ E .1.82)

5 t>
which we introduced at (1.16) to (1.18), to be good also. See ref. [6] .

From (1.79) and (1.80) we see that in the region well befoxre
or well after transition, A or A’ may be regarded as a total amplitude
whilé ¢ and ¢’ may be regarded as a phase angle. See egs. (1.32) . The
particles with some constant A and all possible values of ¢ can be taken
as the outline of a bunch in equilibrium, approaching transition; then the
dependance of A’ and ¢’ c<n ¢ describes completely what deformation the

bunch has suffered after passing through the transition region.

We substitute (1.74) and (1.75) into (1.67) and have

A’ cos ' cos ¢
— - < > = 4 < ) x < O (1.83.1)

A sin ¢’ sin ¢

Al cos ¢’ cos ¢

—_— < >== e < ) , x_ >0 (1.83.2)
A sin ¢’ sin ¢ °

. . . A/ .
These equations give the amnlitude ratio =— and the new phase angle /' as
q g 3 A P &
Il

functions of the old phase angle ¢ . We want to find the maximum of %f

under variation of ¢ , and the corresponding values of ¢ and ¢’

We shall use this notation for the elements of the matrix 4 :

d =< oo > . (1.8L)

ds , da

From (1.70) it follows that

d-4 ’ "'d-2
e = < > . (1.85)

d-3 3 d1

Because d has unity determinant, eq. (1.69), it must be possible to express
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it in the form

cos a’ , -sin o/ ;a0 - cos a ,° sin'a
a - <. > ( 1 ) < ) , a>1 71.86)
sin o/ cos a’ o 3 '-sin a , cos «

b4

From (1.70) we then have
1

cos @ , -sin « 5 0 cos o/ , sin of
e = < - ) < ) < _ ) , a>1 (1.87)
sin ¢ , cos a 0O a -sin af cos a'

)

Eq. (1.86) is fulfilled if (see ref. [10], p. 9) .

. 1 1,
a = % <kd12+ d2®+ d3%+ de®+ 2) P4 (A4%+ d2®+ d3%+ Q- 2) 2) ’ (1.88)
2 2
taog = Sdatde o2 da-dy (1.89)
a? dy - d, a® dz + ds

(the two distinct values of o that satisfy this are both solutions)
or

tg 2a= 2 dt d.3+d2 d4

cos (2a) -« [(ds2+ d2%) - (d5%+ da®)] >0 ’

2 3 . . 2 -
tg o = & dprds- . 2 dg - dy (1.91)
a? da, - a4 a? ds + da

(the two distinct values of af that satisfy this are both solutions

or

tg 2¢/ = 2 4y 3 + 45 da
{ (2,2+ d5®) - (a2%+ as®)

cos (2a’) -« [(a12+ d3%) - (d2%+ du?)] >0 .

(1.92)

It can be shown that a® is the largest eigenvalue of (d d) and of (4 4).

With the representations (1.86) and (1.87) for d& and e,
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equations (1.83) take the simple forms

A’ cos (¢’ - a’) a0 cos (¢ - a) ’
_...< >=< 1 >< , %, <0 {1.95.1)
A sin (¢’ - a’) 0= sin (¢ - a)

1

A ( cos (4" - “)>=<5°)<°°S (- al)),xo 50 . (1.93.2)

A sin (¢/ - a) 0a sin (¢ - o)

From this we find :

For x <O :
0

A
<-—> = a with y=a, ¢ =ao , (1.94.1)
, A/ hax
For x 50
A T il
( —-—) = a with ¢ =a’ + 3 ¢ = a + 5 . (1.94.2)
A

From these equations we see that two timing errors of equal magnitude and
opposite signs give the same maximum amplitude blow-up, as conjectured by
Johnsen [6] .

Up to this point, our formulae are valid to all orders in the
timing error to . By substituting “to » We can compute the blow-up and
the relevant phases accurately. We shall now derive the corresponding first-
order formulae, because this is needed in Chapter 3 ., To find a , a , and
a’ , we now substitute (1.71.1) into (1.83) - (1.92) .

1/
a =1+2= @) x|+ 0(x?) (1.95.1)
T 3 ) o R
T 3t§ 2
@ = p+nTE T (r (3) )2 |Xo| + 0 (on) (1.95.2)
3% g
af = f tnw- S (T (?) ) IXOI + 0 (on) (1.95.3)

Introducing numerical values, we have :
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a = 1 + 0.8,2 lxol + 0 (xoz) (1.96.1)
a = E + n 7+ 0.421 [xol + 0 (xoz) (1.96.2)
al = *E + n 7w~ 0.421 Ixol + 0 (on) . (1'96'3)

Introducing T = 1.85 ms (Appendix 1), we have :

t
, L] 2
8 = 1+ 055 == + 0 (to ) (1.97.1)
, t
@ = f +n 7+ 0.227 lﬁgl- + 0 (t.?) (1.97.2)
t
al = 7T +n T - 00227 J-ID%L + 0 (toz) Py (1.9703)

An illustration of these results is found in Fig. 1 and Fig. 2.

Ps/5185



—29-
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2. LONGITUDINAL SPACE-CHARGE FORCES, NO TIMING ERROR

THE EQUATION OF MOTION

We shall now modify our equations to include space-charge forces.
Let us consider a bunch of peak amplitude § and of elliptical shape in the
phase plane, The bunch contains N/h particles. We shall assume that the
centre of the bunch is at the phase stable point ¢ = ¢, , ¢ =0 (this is

not always the case). -The energy gain per turn is then

eV sin ¢ + o Ey 2wR (2.1.1)
instead of

eV sin ¢ (2.1.2)
as it was in the absence of space-charge forces. Here, Eﬁ denotes the
component in the azimuthal direction due to space-charge. Eq. (1.1), valid

when there are no space-charge forces, must now be replaced by

d (AE eV, . :
# (o) = psine-sing) +eBp (2.1.3)
]

To evaluate E, , we assume that (see ref. [11] , p. 61) the
longitudinal particle distribution within a bunch is of parabolic form with
a peak of NB-1/ 2 7 R particles per unit length., This implies that the
half-length of each bunch is (3/4) B ¢ , where ¢ is the distance between
bunches. B denotes the bunching factor. Let x be the distance from the
centre of the bunch. Then E, is given by :

B, _ _16 &°71 x (2.2.1)
T 91 Lhwme, ¥ R BT

where the definition of &, is that 4L 7 eo/ &, is the capacitance per unit

length between the beam and the vacuum chamber,

We then substitute
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2 TR 2 7R
h = 7 = t= =y (2.2.2)
X 9 R :
g = ﬁ h = X = T \2'2'3)
s 2BU _ _ L $R
3= =— h > Bt = T R (2.2.4)
and find
E = -2 m——,-—,h%eN g (2.2.5)
53 3 Lmex R PERN ks

Here, 3 denotes half the bunch length. In using (2.2) we are taking only
the linear term in the longitudinal space-charge force. This may or may not
be a good approximation, depending on the distribution of particle density.
The distribution which gives precisely a linear space-charge force is one in
which phase-space density falls as one goes from the centre to the boundary
of the bunch, and this is more realistic than assuming a uwniform density in

phase-space.

Thus
L&y - & (sing-sing) -2 e, N (2.3)
i ‘w/ T Zn PTIR%%/ T2 Twme YR G C .

Eq. (1.2) is still valid. But using (2.3) instead of (1.1), we, this time,
find

R_® hg e2 N
4 (8, Eds & _ 3 0 1 _
dt (hc N dt) * <2ﬂ |C°S q>sl sgn (t to) t%5 L €, Y! R ;3) 4=0. (2-4)

Eq. (2.4) now replaces (1.14). The only difference is the new term inside
the bracket to the right.

We now define a quantity Ny ? being the ratio between the
space-charge forces and the R.F. focusing forces. (We remark that this is
not precisely the same quantity as that denoted by n in the 300 GeV
report [11], pp. 60-61. 1n is defined to be the ratio between the spaée—charge
forces and the R.F. focusing forces, calculated from a bunch.shape and bunching
factor in which the effects.of this field has been neglected.)

PS/5185



- 28 -

2
3 h g, © N 1
2 Lm e Y2 R 33

- (2.5)
eV
5 |cos o ] sen (t - %)

This is substituted together with the expression (1.16) for n and we have

1 dl? sgn (t ""to) sgn (t _tO)

LSED sy —— =, ——= 9, (2.6)

the constant T being given by (1.19)

Again we introduce x and x_ given by (1.21) and (1.22)

We now find the equation of motion

14 |
%; (% ag) + sgn (x - xo) 9=-n sen (x-x)9 (2.7.1)

or equivalent

d?g _ 1 4s
.a?_;a—x.psgn(x—xo)Xﬂ’:—nscsgn(x—xo)xﬁ, (2.7.2)

which replaces (1.23) and (1.24) . The only difference between (1.24) and
(2.7.2) is the term with n,, ©on the right hand side of (2.7.2). This
term is a very complicated one, as it does not only contain the coordinate

¢ of the particle in question, but also the coordinates of all the other
particles in the bunch. These other coordinates enter through 9 in Mo

THE FIRST APPROXIMATION

We shall solve eq. (2.7) in the first approximation only : We
regard the term on the right hand side as a perturbation and evaluate this
term from the zeroth order approximation, that is, from the solution of
eq. (1.24). Thereafter, we solve this approximate equation by "The method of
variation of parameters", see e.g. ref. [12] , p. 193. "“The method of
variation of parameters” is an exact method, hence the only source of error
is the first order approximation., Our solution will be correct only to
the first power in the number of particles N . The expression which is
found upon substitution of the zeroth order solution into the right hand side
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of eq.?(2.7.2) we shall denote for shortness by f(x) . We thus have to

solve an equation 'of the form

$Zs
ax=

e

% +sgn (x - %) x 8 = £(x) . (2.8)

The solution of (1.24) is given by eq. (1.51) . We oan always write this

solution in the form
ﬁo(x)‘z Ay 1.91(3()' + Az ﬁz(x)
where 8,(x) and 8,(x) are two independant solutions of (1.24) , valid

in the whole range < - e , + o>, A; and A, Dbeing conStants,, Then
the solution of (2.8) is

8(x) = aq(x) 9.(x) + a(x) 0.(x) (2.10)
with X 192(Xl)

as(x) = - /‘w CACAPEACOIED) £ (x') ax’ (2.11.1)

an(x) = 8.(x") ,

2(x) j.W(ﬁ,(x’) o ez s el (x') ax! . (2.11.2)

The Wronskian is defined as

W (ai(xt) , oa(x') , o) = 0y(r) 28 - BGE) py L (201003)

SPECIALIZATION : NO TIMING ERROR

It is possible to carry through this programme in the general
case X # 0 . However, the functions ¢(x) and 8,(x) will be complicated
functions, composed partly of J's and partly of I's (see eq. (1.51)) .
Such complications will also arise in the evaluation of f£(x). If we

introduce the approximation

x, =0 , (2.12)
that is, no timing error of the phase jump, great simplification arise in the
calculatian. By a simple trick we shall be able to treat timing errors to the
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first power of X, in Chapter 3 , and this is exactly the accuracy needed
for the subsequent calculations on compensation of the space-charge effect by

a deliberate timing error.

Assuming (2.12), the solution of the unperturbed eq. (1.40)

8y = |x| (A7 J5(3) + Ay Ne(v)) - (2.13)

This solution is wvalid for all =x . The index o indicates the zeroth

order approximation.

Far from transition but still inside the range of validity of

our approximation (1.16) , - we have from eq. (1.79) :

1, 1,
~ 3 2 4

g, ~ (2) A x| . (2.14)
30 denotes half the bunch length derived from the zeroth order approximation.

A is the total amplitude for a particle whose phaée orbit outlines a bunch.

From (2.13) we shall derive a generally valid expression for the
bunch length. We have shown (1.79) that ih the region well before or well
after transition,.letting ¢ run through O - 2 7 while keeping A constant,
describes the outline of a possible bunch. But as phase orbits never cross

each other, this must always be the case. By putting

dﬁo
g = ° (2.15)

we find

<
i

—o, = lxl [0 )2 + (ngly) )17, (2.16)

max min

and therefore
B, = A lxl [(3500) )7 + (g0 )21 . (2.17)

Developing in series we have
2,

3 (x=0)= %3' r(-%) A, (2.18)
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Using the zeroth approximation éo for the bunch length

¢ , n,, 1is approximated by 7 as defined in the 300 GeV report [11] ,
pp. 60-61 :

h g, e? N

- B
2 Lr € Y R ( )
T} = o Sl B . (2°19)
& |cos o¢_]| 33
2m Py o

For the perturbing function we have

f(x) = - n sgn (x) x e - (2.20)

The strength of the space-charge forces we shall describe by

3pecifying the value of 1 dimmediately after transition. This quantity we

shall denote by My

[¢)

At any time x we have

7= 1%, (%—f;}) sen () (2.22)

0o

and substitution of (2.17) and (2.18) yields

1=, 3 (19 5560 )7 + (5 )2]"3/'2 | (a)

|=[?

7e then substitute (é.23) and (2.13) into (2.20) and finally have

As Jg(?) + Ay Ne(y)
3 n
[(3(x) ) + (We(y) )21 ° ©

£(x) = - 2 (r(-%))’ 1
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SOLUTION OF THE EQUATT (N OF MOTION

We now have to solve the equation of motion (2.8) with f£(x)

given by (2.24) . According to (2.10) - (2.11) +the solution is

9 = |x| (3(x) 3g(3) +n(x) Ne(y) ) (2.25)

with the functions j(x) and n(x) given by

i(x) = _f = IN§(y ) P(x!') dx! + Cy (2.26.1)
U RACOINES R ACORED
o x J§(Y')
n(x) = , f(x!) ax’ + C; . (2.26.2)
] LECESIRACORNES D ACDIAED .

The lower integration limits are both arbitrary. CJ and CN are arbitrary

constants. We shall take the two lower integration limits equal to the same

number x4 . Ye have

dy’ ;
w( & |3.(3), ' INo(y'), x)= S (= |3.(y7), |27 INe(5"), ¥') - (2.27)
5 § dx : 1 <
We then work out the last Wronskian and find

W(IX'IJg(Y'), |x'|N§(Y'), y') == |? W(J%(y'), Ne(y'), y') . (2.28)

From ref. [9], p. 1564 or ref. [8], p. XIV we take :

LCACOIR ACOREDREIE- S (2.28)
Consequently
WO | 3g(y) 5 1] mgly) 5 ) = 24 ar (2.30)

PS/5185



- 33 =

This- is substituted into (2,26) :

X

. Ioax!

) = - [ 5 g (7)) et v g
X

n(x)

X

/ d_xl
[% %Tx Er J%‘(yl) f(X') ax’ + CN
X4

We then substitute f£(x) from (2.24) :

ATe(y')+hy Ne(y')

.=2_zz’x"*"
i(x) %@J%Eﬁm@-‘)uwwﬁwwnzz

2

Ay I5(y' ) +iglle(y')

n(x) =- '2%(11(3) '/'—7%'?-[ dy’ §( y') [(Jg(y ))2+(N2(Y ))2] 2

(2.31.1)

(2.31.2)

ax! + Cy (2.32.1)

dx’ +Cy .(2.32.2)

y is given in terms of x by eq. (1.34). From this we easily work out that

yl d_xl 1

2
x"[x7| ay’ = 3 T—Txl

We demand ¢ to coincide with 190 at x = x, @

j (X1 ) AJ

n (x1) AN

(see egs. (2.13) and (2.25)). This gives

C; = 4;

Cy = Ay

We then substitute (2.33) and (2.35) into
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s AT (y AN (")
.x = + P‘g) ;‘ Nz d J§ § 3 / . 6-
) =4y A1) n°lf"' s (G mgeyrs o B

. s F AT (" )+ g (v") |
nx = - P -g) j Jz l) J § i ]/ d.Xl ° 2.36.2
( ) AN l,"- (3) no !;!X I 3(y [(Jg(y'))2+(N§(y’))z] 2 ( )

y’ is an even function of x’ ; therefore the integrands in (2.36) are
even functions of x’ , Let us take two times x, and x which are

symmetriocal with respect to transition x = O . We then have :

x, ATe(y') + AN:(y") | ,
x) = T2 5 [ n(y) L2 i s ax/ 2.37.1
() = 4y (1 E) 7, | s (33 g )] 2 N

2 AT (y) +
2(x) = by (7 E) 0, [ 17 331 il A“N?*(y) s, d . (2.37.2)

for

X =-X . (2.38)

In the integrands (2.37) x’ 4is always positive and we then have
3
2 2

v = 5 x! (2.39)
which gives

1 2 1

7= 3 7 dy’ . (2.40)

Substitution yields

4 A
) P5(7) + Ay Ne(y') 1,
i(x) = Ay —z<r( ) n lNi(y ) (o ) gt )" 7 ¥ o7 dy (2.41.1)

Y a3 A M)
nx = - I‘ J ! J % § ) ‘l/- ! . 2. 02
() = iy () [ ) e ¥
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For simplicity we introduce the notation :

. Y : ~(J§(y') )2 1 a
1(32) = - v
[ (T3 N + g% T
Io(y") . Ne(y')
o) = f’ I3(') . N L gy
[l )® + (g nere ¥
4 (Nz(yl))z 1
I(N%) = 2 5 dy’
( [ [(ag(3'))® + (Mg(y7))%) * v

(2.42.1)

(2.42,2)

(2,42.3)

The amplitudes of Ji(y) and N%(y) at the time x after tran-

sition, for a particle with initial amplitudes Ay and AN rcopectively at

the time -x (see (2.34.1) , (2.34.2)), we shall denote by Ay’ and AN’ :

1

Ay = i(x)

Ay = n(x)

With the notation (2.42) we have

2
3
3
-‘—,;z<r<-§->) no1@E) , -k
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PROPERTIES OF THE TRANSFORMATTION MATRIX

According to Liouville's theorem the determinant of such a
transformation matrix should always be unity, as phase spaée can never be
diluted or compressed, only distorted. By direct computation from (2.45)

we find :

el = 1 - |5 () ) o, [ | (zm - 260%) ) | (2.46)

This is correctly unity as far as the first order in My * In the general
case of an arbitrary x +this differs from unity to the second order in Mo
This is Jjust what we should expect : our first approximation theory will

only be correct to the first power of no.

Because lfl £ 1 we cammot write f in the way we Wrote d and
e in (1.86) and (1.87). By introducing total amplitudes and phase angles
according to (1.74) - (1.75) we have fran (2.44) and (2.45)

()[4 0" o (G () )]

oz b (r(§)>3no I(JN) + 5 (%z(r(-g-))3no>2{<I(J2)>2—<I(N2>2]:I + cos 2

+ f%, (I‘(%‘))STIO{I(NZ)- I(Jz)}’ G:'!(l"(gz))zno)z I(JN){I(Nz)— I(Jz)}] * sin 24

(2.47)

But as our theory is only correct to the first power in n, We may write to

this accuracy :

La1. G (r(%sno [2 I(JN) cos 24 + (I (¥2) - I(J2> sin 2¢J . (2.48)

Put for shortness :

I,

[t

2 1 (JN) (2.49.1)

Iz

I (W2) - 1(3%) (2.49.2)
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and we have with this notation :
AL =1 + 2 P(g) ’ n Iy cos 24 + I, sin 2 (2.50)
A 7 3 o 1 2 .

The maximum of this expression with respect to variation of ¢ is

< %L) =1 4 %, <I‘(32)>3 n, <I12 + 122>Lé (2.51)

with
I .
sin 2¢ = + e IZZ)LE . (2.52.1)
I4

1
(112 + 122) 2

cos 2¢ (2.52.2)

+

The integrals I(N?®) and I(J?), vhich appear in the off-diagonal
elements of the transformation matrix (2.45), both diverge when X 2 o .
However, the integrals Iy and I, , which we use in (2.50) and subsequent
formulae, can be shown to converge when x =+ « ; comsedquently all quantities
we need can be calculated to first order in . without divergence difficulties
at large x . Terms of second order in Ny » such as the one in the deter-
minant (2.46), are of no meaning even for small x . We have computed I,

and I, numerically in the limit x + o and obtained

I, = - 1.005 (2.53.1)
I. = 0,954 (2.53.2)
Substitution yields
/ .
(fi- > = 1+ 0.697 7 (2.54)
A max

with
o .. . o
=68 + N <180 , N integer . (2.55)

This result is illustrated in Figs. 2 and 3 .
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3,  LONGITUDINAL SPACE-CHARGE FORCES AND TIMING ERROR OF THE PHASE-JUMP

THE TRANSFORMATION MATRIX

In the case of longitudinal space-charge forces but no timing

error of the phase-jump, the transformation matrix is (2.45)

1 + £, no + O(noz) R s Ny + O(noz)
f = - (3.1)
fs Ny * O(noz) s 1 - £, yR + O(noz) )
with
£o= b (r(%)) 1(3N) (3.2.1)
fo= % (I‘(%))3 I(N®) (3.2.2)
£3 = - & (f(§)>3 1(32) (3.2.3)

In the case of no longitudinal space-charge forces but a timing error ‘Xo

of the phase-jump, the transformation matrix is  (1.71)

1+0(x7) da x_+ 0 (x_?)
a =< ° ? # o ° ) for x_ <0 (3.3.1)
) (xos) ‘s 1+ O'(xoz)
and
1 +0(x?) e2 x_+ 0 (x?)
o = ( o P o o > for x <0  (3.3.2)
0 (xbs) , 1+0 (xoz)
with
1 2
ds =ex=-2 37 (r(%)) = -1.683 . (3.4)

If we now have both effects occurring at the' same time, we shall
call the resulting transformation matrix g . g must be some kind of
product of the matrices 4 and f or of e and £ . As is easily shown
by computation, d and f do not commute, nor do e and f , but they

commute to the first power in o and X, - As our calculation of
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space-charge effects is correct only to the first power in Ny » this is
sufficient. Neglecting higher order terms we have for X, < 0 as well as

for xo>0:

1 +fy 1 . fan +exx
g=< o ’ o o) . (3.5)

f3 T]O ) 1 + f1 T]O

By the same technique as was used for the transformation matrix f we have

from (3.5) :

1
2

ALY e, (f2+fs & 2oV
m3x<A> —1+no[f1 +( > * 3 no> (3.6)

with £, + s . & .}..cQ
. 2 2  Na _
sin 2¢ = + ~ Y 1 (3'-7-1)
[f12+ (—L—-—H ; £, %g- =) J 2
n
o
cos 2¢ = + £ T .  (347.2)
2 f, + f e X0 2 2
£,2 4 (2t is gz 9
2 2 o

OPTIMUM TIMING OF THE PHASE-JUMP

From (3.6) we see that in order to.make (A’ /A)ma.x as small
as possible, we should switch the phase at a time x, as to fulfil the

equation
£ f e X
g +15 &2 0o _ g (3.8)
2 2 N

which yields

x = - fzxfs . (3.9)

(o} €2 o
With this value of x = we have from (3.7)

sin 2¢ = O , cos 2y = sgn (£9) (3.10)
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From (3.21) and (2.53.1) we have f. < O and hence

cos 2 = - 1 (3.11)
Therefore

20 =7 + N » 27 (3.12.1)
or

b= Z+Nem . (3.12.2)

We substitute (3,2) and (3.4) into (3.9) and have

2
x) = w— N5 L. n, - (3.13)
32-°w
And from (3.6) :
3
) A\ _ 2 [or2y |
_x;m m:x r) =1+ |£q] n, =1 +;2-(r(5)> (T4 Ny (3.14)
.0 -
Substitution of (2.53) finally gives
Al
. o
X, ¢
with
¢ = g +N 7 (3.16)
and
x, = 0.570 .ng . (3.17.1)
With T = 1.85 ms we find
t, = 1.06 n ms . (3.17.2)

This shall be compared with a measurement done by Y. Baconnier

" [17] on the CPS at an intensity of N = 0.55 x 10'®* . As n_= 1.3 at

N = 10'2, +the above intensity gives N, = 0.55 x 1.3 = 0.72 . Substitution
of this 7  into (3.17.2) gives

(to)theor 0.76 ms . (3.17.3)
The experiment gave
() = 2.5 ms . (3.17.4)

o’exp
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This is somewhat excessive, but there is agreement in sign and in order of
magnitude, Both theory and experiment must be considered as rather in-

accurate.

This improvement obtained by optimum timing of the phase-jump is
not very great. As one may see from Figs. 1 and 2, this can be explained by
the fact that neither positive nor negative X, deforms the bunch in a
direction which is ideal for correcting the deformation associated with space-
charge. With a deformation independently adjustable in "phase" and magnitude
[14] it would be possible (to the accuracy of the present theory) to correct

perfectly. Such a possibility will be examined in a later report.

ARTIFICIAL BLOY~UP

Let A and A’ be the total amplitudes before and after

transition of a'particle whose phase orbit outlines a bunch. We then have :

AI

1l

A (1 + Xk ny) (3.18)

where

[t}

Ky 0.506 (3.19)

if we perform the phase-jump as to minimize bunch distortion, and

kf«' = 00697 (5.20)

if we perform the phase-jump at transition, x, =0 . From (2.18) , (2.19),
(2.21) we have

nO = k2 N A-z (3.21)
2
3 "&°
3
with 1/ o 2 hme x* R ,
ke = 5 2 T | (3.22)
? 2_17 coOs .q)s

Such a rapid decrease of UR with A suggests that it may be profitable to
blow-up the bunches, by beam gymnastics and filamentation well before transi-
tion, in order to reduce this space-charge effect. From (3.21) and (3.18)
we have

A" = A +k kp NA® , (3.23)
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This is a.minimum, for variation of A alone, at

B 12k Kk NAT = 0 (3.24)
dA

which - gives

L

A = (2 k1- ko N)T 3 (3°25)
p=das 22k em? (3-26)
0y = '2'11?,' = 0.988 (using (3.19)) . (3.27)

This is interpreted in the following way : if the bunches- before
transition are shorter than given by (3.25), then one may reduce the final
maximum amplitude by blowing-up the bunches before transition. The ideal
bunch length is one which gives the 1, of (3.27), and is such as to give
a space-charge blow-up ratic A’/A at transition of 3/2., The resulting
bunch length after transition is proportional to the cube root of the intensity,

and so is the final average phase-space density in the bunch :

%75 ~ N?., (3.28)

It should perhaps be emphasized that we have taken k; as constant in the
above optimization, Changing the bunch length at transition by using a
different strength of R.F. focusing, eV]cos ¢s| , would not give the same
result.

THE LONGITUDINAL SPACE-CHARGE LIMIT

Let us first assume that we do no artificial blow-up of the

bunches before entering transition. The formula (3.18) applies :
A=A (1 + ke ny) (3.29)

From Regenstreif [13], p. 34, we see that we can tolerate a blow-up of the
synchrotron oscillations by a factor 5 without losing particles longitudi-
nally out of the bucket :

(KA'I') =5 . (3.30)
PS/5185 nax
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One can hardly. justify the use of the first-order perturbation
theory in this region, but it is the only theory we have,

With
ky = 0,506 (3.31)

as given by (3.19), we have

7.9 . (3.32)

(g~

Since, with a given bunch size, Mo is proportional to the intensity N ,
and

n, = 1.3 for N = 10'2 (3.33)

(see Appendix 1), we have :

- 12
! ( Nmax> no blow-up 6.1 x 10 . (3.34)
s

This figure is valid for the present R.F. system of the CPS.

Let us then assume that an optimal blow-up has been performed
before transition. Just after trapping the bunch size is described by an A
having the same value as in the present CPS, some time later the bunches are

shaken and A 1is increased to A, and finally at transition the space-

int °
charge forces give a further blow-up and the final value is A’ ., The per-
missible total blow-up factor (artificial + space-charge) is again taken to

be 5 :

max _ 5 (3.35)
A
We have from (3.26)
1 2 3
Noax = 2k k, <§ A o ) : (3.36)
We solve (3.21) for ke , substitute and have
N1 2A' 3
I\ I < max
Nnax = . 2 ky (3 A > ’ (3.37)
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with N, My 2 and A , being the quantities valid for the present CPS.
Taking again

N, = 1.3 for N = 10'* | (3.38)

we have

—_ ‘ 13
< Nmax ) optimum blow-up ~ 2.8 x 10 . (3.39)

At last we investigate by which amount we can increase phase-
space density at N = 10'? by performing an optimum blow-up before transition.

At present, with no blow-up, we have (3.18) .

Ao blow-up A (1 + Ky no) . (5.40)

With optimum blow-up we have (3.26) :

1
' - 2 73
A otimm blow-up = 2 (2 k4 k2 N) . (3.41)

We solve (3.21) for k, and substitute :

1.

A AcS (2K ), (3.42)

/ -
* optimum blow-up

with g and A being the quantities valid for the present CPS. With

ky = 0506 , 70 = 1.3 (3.43)

U
we have A no blow-up

1.66 A (3bd)

1l

1.65 A (3.45)

AI
optimum blow-up

and the improvement factor in phase-space density-is

2

< A'no blow-up > — 1.01 (3.46
A

]
optimum blow-up
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This improvement is very smell, as we are already very close to the optimum :

n, = 1.3 (3.47.1)
while, from (3.27)
(o) = 0.988 . (3.47.2)

° optimum

CONCLUSIONS

The longitudinal space-charge forces deform the bunch in an un-
desirable way when passing transition. Some of this deformation can be counter-
acted by performing the phase-jump slightly after transition. The longitudinal
space-charge limit can be increased from 6.1 x 10'2 to 2.8 x 10'> by
blowing-up the bunches artificially before passing transition. Such an arti-
ficial blow-up is undesirable from the point of view of the ISR because it
gives a dilutation of phase-space, and we should investigate more refined
tricks which might be done with the R.F', system [14] to avoid the blow-up. Even
with no such tricks the phase-space is blovm up by a smaller factor than the

increase of intensity, so the density of particles in phase-space increases.

It must be remembered that all these results are valid only as far
as the first approximation is valid : the infinite matrix elements which we
found in Chapter 2 make us more cautious than usual on this point. Probably
the theory gives the right order of magnitude for the various phenomena pre- -
dicted, but as we have sometimes used it also where it predicts fairly large
blow-up ratios A'/A (which should be small for the first approximation to
be valid), the results should not be taken too seriously as far as accuracy

is concerned.

Distribution (open) :

MPS Scientific Staff
AR 1 o
ISR 1" 1"

P. Germain
M.G.N, Hine
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APPENDIX 1

Our quantitative results depend on the values of the quantity T ,
defined by (1.19) , and n_ , defined by (2.19) end (2.21). This in its
turn can be taken as dependent on 50(0) , the bunch half-length at tran-
sition as calculated neglecting space-charge, and the coefficient ks :

n, = =7-153L~— (4.1)
h go e® N

——
L eo ¥ R

N

w

il
(o1 (€]

i (A.2)

o7 'COS (.psl

A fuller report on the evaluation of these quantities will
appear [15], here we shall only give the results and put on record the

parameters and assumptions on which they arec based.

Our formulae for n, (2.19) , (A.2) , are consistent with
those used in the 300 GeV report [11] . The early papers [3] and [4] have
an extra'factor“873ﬂ', due to linearising the force in a less satisfactory

way.

Basic CPS machine parameters we can take from Regenstreif [13],

with the exception of the following :

At injection At transition
B 1,428 1,316 rs "
(A.3)
v 135 135 XV

The R.F. volts per turn is not very accurately known, but the
above values are certainly better than the nominal ones. Substituting in
(1.19) we find

T = 1.85 ms . (A.4)

To obtain 30(0) we assumed a full bucket at injection and conservation

of area in the phase-plane thereafter. This gave

PS/5185
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9 (0) = 0.127 radian (A.5)

It must be remarked that the measured [16] bunch length at

transition is a factor 1.5 greater than this ,

3(0) = 0.19 measured at N = 0.8 x 10'2 (A.6)

this factor is higher than one would expcct on the present theory from the
influence of space~charge forces up to the instant of transition, but this may

not be significant.

Tstimating g from the theoretical beam dimensions, to be 4.5,
o ? ’

we calculate

ks = 2,68 x 107 at N = 10'2 (A.7)
giving finally
n, = 1.3 at N = 10'2 (4.8)
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