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1 Introduction

While the Post-Minkowskian expansion of general relativity [1–5] has been highly successful
in solving the relativistic two-body problem by means of modern amplitude techniques, new
and puzzling features seem to appear at every new order considered. The second-order Post-
Minkowskian solution of Westpfahl [6] was easily reproduced by amplitude methods [3] but
already the first solution to third Post-Minkowskian order [7, 8] displayed an unphysical
divergence in the scattering angle that could not be understood within the conservative
framework used. The resolution was to be found when including radiation reaction of the
gravitational field [9–13]. Remarkably, soft gravitons cancelled the unwanted divergence
in the scattering angle, thereby reproducing the classic result of Amati, Ciafaloni, and
Veneziano [14]. Moreover, to this third Post-Minkowskian order a standard quantum field
theoretic evaluation of the full classical part of the gravitational two-to-two scattering
amplitude precisely yields the correct scattering angle [15, 16], the simple resolution being
found in the need to include all classical pieces from the two-loop scattering amplitude. As
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explained in the latter two references, those classical parts can be systematically identified
through the so-called velocity cuts of the scattering amplitude: delta-function contributions
that emerge from combinations of propagators with the Feynman iϵ-prescription. For
reviews of these ideas see, e.g., refs. [17, 18].

Among the many lessons learned at that third Post-Minkowskian order has been the
need to understand how to subtract terms that diverge in the classical limit in order to
yield unambiguously those parts of the scattering amplitude that remain finite when ℏ → 0.
These delicate cancellations have their root in the conventional use of the Born expansion
of quantum field theory. Parametrizing the S-matrix as Ŝ = 1+ iT̂ /ℏ, unitarity of Ŝ leads
to the optical theorem through

T̂ − T̂ † = i

ℏ
T̂ T̂ † . (1.1)

This relation shows how the perturbative expansion of the T -matrix to any given order
in the coupling constant cross-talks with lower-order terms and parts of those will have
increasingly higher inverse powers of ℏ. This is the origin of the eikonal exponentiation in
impact parameter space [19]. It is also the origin of the need to introduce the well-known
Born subtractions, whether implemented by effective field theory methods [4] or, equiv-
alently, by solving the Lippmann-Schwinger equation associated with the corresponding
relativistic Hamiltonian [20].

Inspired by the different subtraction scheme behind the calculation of the conservative
part to fourth Post-Minkowskian order of ref. [21], an alternative representation of the
S-matrix was suggested in ref. [22]. In this representation, an Hermitian scattering matrix,
denoted N , is introduced through the operator identification

Ŝ = exp[iN̂/ℏ] . (1.2)

It was conjectured in ref. [22] that two-to-two matrix elements of the operator N̂ , after a
transform to impact-parameter space, yields the radial action and hence, by simple differ-
entiation, also the scattering angle. This was verified explicitly to third Post-Minkowskian
order [22] and later checked, in the probe limit, up to fifth Post-Minkowskian order [23].
More recently, the exponential representation has also been checked against the fourth Post-
Minkowskian order calculation of refs. [21, 24] for arbitrary masses [18] but not including
all radiation effects. There is thus substantial evidence that the exponential representation
of the gravitational S-matrix captures the classical dynamics of the conservative sector
(and even parts of radiative effects) but a proof has so far still been lacking. One purpose
of this paper is to provide such a proof.

Matrix elements of the exponential representation of the S-matrix resemble, after trans-
forming to impact parameter space, the quantum field theoretic eikonal [25–33]. We stress,
however, that these two representations are quite distinct beyond leading order. The
N̂ -operator encapsulates by construction the semi-classical limit of the S-matrix and its
two-to-two matrix element is therefore expected to yield the corresponding radial action.
Because N̂ is already in the exponent there are no superclassical contributions to it and
all corrections to the radial action will be of quantum mechanical origin (and therefore not
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of interest here). The N̂ -operator is thus more closely related to the WKB approximation
than to the eikonal.1

Two other formalisms will be central to the understanding of gravitational two-body
scattering in the Post-Minkowskian expansion. One is the KMOC formalism [35–40], the
other is the Post-Minkowskian worldline formalism [41–57]. The KMOC framework is,
after appropriate reductions to the point-particle limit, intimately related to the amplitude
approach to gravitational scattering. Indeed some of the first resolutions of the puzzles
at third Post-Minkowskian order came from expressing KMOC observable in the form of
cut amplitudes by reverse unitarity [39, 40]. The worldline approach differs conceptually
in that the classical limit ℏ → 0 can be taken from the outset, thus eliminating the need
for subtractions altogether. In the end, the resulting integrals that must be evaluated are
nevertheless very similar and they are, not surprisingly, very closely related to the integrals
that need to evaluated in the amplitude-based approach. It becomes particularly clear in
terms of the velocity cut method where the correspondence up to third Post-Minkowskian
order has been shown to be one-to-one [16]. This is not surprising in view of the fact that
both formalisms amount to solving the classical Einstein field equations by Green function
methods.

New issues have appeared at fourth Post-Minkowskian order of the gravitational ex-
pansion. These are related to both angular momentum loss and energy loss during the
scattering process, losses which are due to the gravitationally radiated angular momentum
and energy [58]. There has been much progress on how to incorporate these effects in the
eikonal formalism [31–33] but so far a complete computation has only been reported in
work using the worldline formalism [54, 55]. In order to tackle dissipation at this order,
the worldline calculations have been rephrased in terms of the closed time paths of the
Schwinger-Keldysh kind [52, 53]. This leads to a doubling of degrees of freedom, the use of
retarded (or advanced) propagators, and in general a much larger set of master integrals
due to less symmetry of the integrands. It is interesting to contrast this with the KMOC
formalism which provides S-matrix expressions for the same quantities but based on stan-
dard amplitudes with Feynman propagators. In a recent paper [59] we have demonstrated
the equivalence between the KMOC and worldline formulations in the classical limit. While
this non-trivial relationship has been established on general grounds, it is interesting that
dissipative effects are accounted for quite differently in the two formulations due to the
difference between Feynman and retarded/advanced propagators.

In this paper we combine the KMOC-formalism with the exponential representation
of the S-matrix. We shall argue that such a combination is more economical than the
conventional one based on the linear T -matrix representation of the S-matrix. It leads
to very compact formulas for classical observables in gravity based on amplitudes and it
clarifies the inclusion of radiative effects in a simple diagrammatic fashion. Importantly,
because the KMOC formalism makes no distinction between conservative and dissipative
contributions, classical observables are extracted in a universal manner from the matrix
elements of the N̂ -operator by retaining all classical pieces. As in the full amplitude

1For a recent comprehensive review of the eikonal formalism, see ref. [34].
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computation at third Post-Minkowskian order [16] there is no need to separate different
contributions. At any order in the expansion one only has to extract all classical terms of
the matrix elements of N̂ and derived quantities thereof.

While equivalent to the worldline formulation in the Keldysh-Schwinger path integral,
the formulas we shall present here have a structure that is straightforward to implement
in terms of modern amplitude methods. Having different consistent formulations available
is clearly an advantage and there is now a variety of approaches available for the Post-
Minkowskian expansion (see also refs. [60–68]). This is particularly important when the
Post-Minkowskian expansion enters the new uncharted territory of higher orders.

We shall illustrate the simplicity of the combination of the N̂ -operator with the KMOC
formalism by computing the full momentum kick (and hence scattering angle) to fourth
Post-Minkowskian order. As we shall show, the required basis of master integrals is sig-
nificantly smaller than that used in refs. [54, 55] due to the fact that we need only use
Feynman propagators. Nevertheless, our results agree.

2 The exponential representation of the gravitational S-matrix

In this section we briefly review the exponential operator representation of the S-matrix.
We first fix conventions. We consider the Einstein-Hilbert action of two massive scalars (of
masses m1 and m2) coupled to gravity,

SEH =
∫

d4x
√
−g

[
R

16πG
+ 1

2∂µϕ1∂µϕ1 +
1
2∂µϕ2∂µϕ2 −

m2
1
2 ϕ2

1 −
m2

2
2 ϕ2

2

]
. (2.1)

Newton’s constant is denoted by G and R is the Ricci scalar. We use a mostly-minus
metric with flat Minkowski space at infinity, diag ηµν ≡ (1,−1,−1,−1), and expand the
full metric as gµν(x) ≡ ηµν +

√
32πGhµν(x).

p1, m1 p′1, m1

p2, m2 p′2, m2

In this section we write everything in the standard language of in-out states and
consider the two-to-two scattering with p1 and p2 denoting incoming momenta and p′1 and
p′2 outgoing momenta with p2

1 = p′1
2 = m2

1 and p2
2 = p′2

2 = m2
2. In the center of mass frame

with
p1 = (E1(p), p⃗), p2 = (E2(p),−p⃗) (2.2)

we have

(p1 + p2)2 = (p′1 + p′2)2 = m2
1 + m2

2 + 2m1m2γ, γ ≡ p1 · p2
m1m2

, (2.3)

(p1 − p′1)2 = (p′2 − p2)2 ≡ q2 = −q⃗ 2 , (2.4)
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In ordinary scattering theory we wish to compute S-matrix elements. Here, instead,
we shall focus on matrix elements of the Hermitian operator N̂ defined by eq. (1.2), in
particular, for two-to-two scattering,

N(γ, q2) = ⟨p′1, p′2|N̂ |p1, p2⟩ . (2.5)

This should be contrasted with the standard Born expansion of the S-matrix based on

Ŝ = 1 + i

ℏ
T̂ (2.6)

and the usual scattering amplitude M(p1, p2, p′1, p′2) defined by

⟨p′1, p′2|T̂ |p1, p2⟩ = (2πℏ)Dδ(D)(p1 + p2 − p′1 − p′2)M(p1, p2, p′1, p′2) , (2.7)

in dimensions D = 4 − 2ϵ. As detailed in ref. [22] it is straightforward to expand the
exponential representation and derive the infinite sequence of relations between operators
N̂ and T̂ in perturbation theory. In the two-to-two sector the operators have perturbative
expansions that we can write compactly as

T̂ = GT̂0 + G3/2T̂ rad
0 + G2T̂1 + G5/2T̂ rad

1 + G3T̂2 + · · ·
N̂ = GN̂0 + G3/2N̂ rad

0 + G2N̂1 + G5/2N̂ rad
1 + G3N̂2 + · · · (2.8)

from which we straightforwardly can solve for G’s in terms of T ’s by expanding the expo-
nential. Integer powers of G describe interactions with an even number of graviton vertices
while half-integer powers describe interactions with an odd number of gravitons. The sep-
aration of operators with superscript rad refers only to the associated half-integer power of
G. We find it useful diagrammatically to make this distinction (see also below) but it has
no further meaning beyond this. There are clearly also radiative terms in the even powers.

At order G4 the relation reads

N̂3 = T̂3 −
i

2ℏ(N̂
rad
1 N̂ rad

0 + N̂ rad
0 N̂ rad

1 )− i

2ℏ T̂ 2
1 − i

2ℏ(T̂0T̂2 + T̂2T̂0)

− 1
12ℏ2 [N̂

rad
0 , [N̂ rad

0 , N̂0]]−
1
3ℏ2 (T̂

2
0 T̂1 + T̂0T̂1T̂0 + T̂1T̂ 2

0 ) +
i

4ℏ3 T̂ 4
0 . (2.9)

and it is elementary to generalize this to higher orders. Note that we have combined some of
the T -matrices into N -matrices on the right hand side, thus making the cancellation among
superclassical pieces associated with those manifest. This also aids in understanding the
separation into real and imaginary parts. We remind that N̂ is Hermitian so that two-to-
two scalar matrix elements of that operator are real.

The obvious way to evaluate matrix elements of the N̂ operator by conventional field
theory methods is to insert a complete set of momentum eigenstates between all products of
T -matrices and truncate to the desired order in G. Then matrix elements can be evaluated
by standard Feynman rules of scattering theory. Here the complete set of states is spanned
by two massive scalar particles: one of momentum k1 and mass m1, the other of momentum
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k2 and mass m2, together with any number n of massless gravitons. We denote such states
by |k1, k2; ℓ1, . . . , ℓn⟩. These states are normalized relativistically according to

⟨k1, k2; ℓ1, . . . , ℓn|k′
1, k′

2; ℓ′1, . . . , ℓ′m⟩ = δn,m

2∏
i=1

2Eki
(2πℏ)D−1δ(D−1)(ki − k′

i)

×
n∏

i=1
2Eℓi

(2πℏ)D−1δ(D−1)(ℓi − ℓ′i), (2.10)

and the completeness relation is given by

1 =
∞∑

n=0

1
n!

∫ 2∏
i=1

dΠki

n∏
r=1

dΠℓr |k1, k2; ℓ1, . . . , ℓn⟩⟨k1, k2; ℓ1, . . . ℓn|. (2.11)

including a sum over graviton helicities. Here dΠ is the standard Lorentz invariant phase
space measure, i.e.,

dΠki
= dDki

(2πℏ)D−1 δ+((ki)2−m2
i ) =

dDki

(2πℏ)D−1 θ(k0
i )δ((ki)2−m2

i ) for i = 1, 2 (2.12)

for the massive states, and similarly for the massless gravitons.
We now insert the completeness relation between all operator products to get the

three-loop relation between matrix elements of the N̂ and the T̂ operators

⟨p′1, p′2|N̂3|p1, p2⟩ = ⟨p′1, p′2|T̂3|p1, p2⟩+ L0 + L1 + L2 (2.13)

which we then expand in powers of G. Keeping track of this overall power of G, we can
view it as an expansion in the number of gravitons connecting the operators. First, with
just the massive states inserted,

L0 = − i

2
T0 T2 − i

2
T2 T0 − i

2
T1 T1

+ i

4
T0 T0 T0 T0 − 1

3
T0 T0 T1

− 1
3

T0 T1 T0 − 1
3

T1 T0 T0

(2.14)

Next, with the inclusion of one graviton,

L1 = − i

2
N rad

0 N rad
1 − i

2
N rad

1 N rad
0

− 1
12

N rad
0 N rad

0 N0 + 1
6

N rad
0 N0 N rad

0

− 1
12

N0 N rad
0 N rad

0 (2.15)
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as well as one graviton inserted twice:

L2 = 1
6

N rad
0 N0 N rad

0 + 1
6 N rad

0 N0 N rad
0

(2.16)
Note that the completeness relation enforces the inclusion of graph topologies that are
partly disconnected, such as the graviton line skipping one internal operator as well as
the Compton-type contributions in the last line where scalars skip an internal operator.
Such intermediate states begin to contribute for the first time at fourth Post-Minkowskian
order because up to and including third Post-Minkowskian order they have no support
on physical kinematics. To fourth order in G no further insertions of graviton states are
possible when evaluating N -matrix elements through use of eq. (2.9).

Although written as an apparent expansion in 1/ℏ one must keep in mind that ad-
ditional factors of ℏ (of both positive and negative powers) arise when computing matrix
elements. Since matrix elements of the N̂ are manifestly free of superclassical contributions,
the subtractions on the right hand side of eq. (2.9) ensure cancellations among all super-
classical terms arising from the T̂ -matrix, here including order 1/ℏ3-terms. We shall show
in section 3 how this implies the cancellation of the superclassical terms when evaluating
observables in the KMOC formalism.

One advantage of the exponential representation is that we can ignore these super-
classical cancellations that are guaranteed to occur anyway and thus focus exclusively on
the pieces that have a well-defined ℏ → 0 limit. The systematic way to extract this classi-
cal limit of matrix elements of the N̂ -operator is by means of velocity cuts. This will be
described next.

2.1 The classical limit and velocity cuts

The notion of velocity cuts [15, 16, 23] is computationally useful for extracting the classical
limit. The basic idea is to combine massive propagator lines in pairs, each having denom-
inators that are linear in the external momenta but with opposite signs, thus effectively
reducing to delta-function constraints that are linear in momenta. Ignoring soft momentum
corrections, this puts the massive lines on-shell and removes one momentum integration,
thus enforcing the first link to the classical worldline formalism.

The classical limit ℏ → 0 of the massive amplitude is obtained by scaling the momen-
tum transfer q = ℏq with q fixed, and scaling the loop integration momenta ℓi = ℏ|q| ℓ̄i.
The amplitude will involve two massive propagators,

1
(ℓ + pr)2 − m2

r + iε
= 1

2ℓ · pr + ℓ2 + iε
r = 1, 2 (2.17)

where ℓ is a generic loop momentum. In the classical limit we have

1
2ℏ|q|ℓ · pr + ℏ2|q|2ℓ2 + iε

≃ 1
2ℏ|q|

1
ℓ · pr + iε

, (2.18)
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so that the ℓ2 part is subleading and the massive propagators effectively become linear.
Combinations of such linear propagators using

lim
ε→0

( 1
2ℓ · pr + ℓ2 + iε

+ 1
2ℓ · pr − ℓ2 + iε

)
= −2iπδ(2ℓ · pr) (2.19)

lead to delta-function insertions in the loops. The higher order O(ℏ2q2) pieces do not
contribute to the classical result, thus eventually making the link to the classical worldline
formalism, as we shall discuss below. The classical part of the massive two-to-two amplitude
at L-loop order has exactly L velocity cuts [23]. Therefore the classical amplitude can be
reduced on a special class of Post-Minkowskian master integrals with L such delta-function
insertions.

This set of master integrals also arises from the worldline formalism [42, 50] as explained
at two-loop order in ref. [16]. An alternative approach is based on the heavy-mass expansion
of scattering amplitudes [69, 70]. The classical terms can be re-organized in terms of a heavy
mass expansion rather than as the ℏ → 0 viewpoint taken here. The result is an effective
field theory of linearized massive propagators and, in loops, precisely corresponding to the
velocity cuts [71–73].

3 The KMOC formalism and the exponential representation

The KMOC formalism as originally defined in [35] considers an initial in-state of two
massive scalars at time t = −∞,

|in⟩ =
∫

dΠp1dΠp2Φ̃1(p1)Φ̃2(p2)e
i
ℏ bp1 |p1, p2; 0⟩ (3.1)

where the state |p1, p2; 0⟩ is a momentum eigenstate of two massive scalars and the “0”
indicates that there is no radiation present at t = −∞. In the classical limit the wave-
functions Φ̃(pi) are chosen so as to represent two localized scalars separated by impact
parameter bµ. A complete set of states containing an arbitrary number of gravitons is as
described in eq. (2.11) but the initial state at t = −∞ is taken to be free of gravitons, as
shown.

A change in an observable corresponding to an operator Ô from t = −∞ to t = +∞
is then [35],

⟨∆Ô⟩ = ⟨in| Ŝ†ÔŜ |in⟩ − ⟨in| Ô |in⟩ = ⟨in| Ŝ†[Ô, Ŝ] |in⟩ . (3.2)

Using the linear Born representation of the S-matrix (2.6) leads to the KMOC formula

⟨∆Ô⟩ = i

ℏ
⟨in| [Ô, T̂ ] |in⟩+ 1

ℏ2 ⟨in| T̂ †[Ô, T̂ ] |in⟩ (3.3)

In the small ℏ limit this expression leads to the evaluation of the change in a classical
observable after the delicate cancellations of superclassical terms.

Here we instead explore consequences of using the exponential representation of the
S-matrix. This will lead to a simple and efficient way to extract the change in a classical
observable, including dissipative effects.
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In an alternative viewpoint we consider the change ∆Ô of an operator Ô from t = −∞
to t = +∞ as

∆Ô = Ŝ†ÔŜ − Ô . (3.4)

which then has to be evaluated between in-states of t = −∞. Inserting the exponential rep-
resentation of the Ŝ operator of eq. (1.2) together with the crucial property of Hermiticity
of N̂ ,

∆Ô = e−
iN̂
ℏ Ôe

iN̂
ℏ − Ô . (3.5)

allows us to rewrite eq. (3.5) by means of the Campbell identity that expands the two
exponentials as an infinite sum of nested commutators,

∆Ô =
∑
n≥1

(−i)n

ℏnn! [N̂ , [N̂ , . . . , [N̂ , Ô]]]︸ ︷︷ ︸
n times

. (3.6)

This rewriting, which is where we use unitarity of the S-matrix, will play a crucial role
in our all-order proofs because it displays the iterative structure of the KMOC formalism
when combined with the exponential representation. It is convenient to define

ÂÔ
n ≡ 1

ℏn
[N̂ , [N̂ , . . . , [N̂ , Ô]]]︸ ︷︷ ︸

n times

. (3.7)

The nested commutator structure implies the operator relation

ÂÔ
n = Â

ÂÔ
n−1

1 = Â
Â··

·Â
Ô
1

1
1 . (3.8)

Importantly, when we evaluate matrix elements by means of insertions of complete sets of
states, this iterative structure is preserved (since all we do is to insert factors of unity).

Repeating the steps described in ref. [35], we can insert the above expression in the
KMOC-expression and take the limit of localized massive states. The result is

⟨∆Ô⟩(p1, p2, b) =
∫

dDq

(2π)D−2 δ(2p1 · q − q2)δ(2p2 · q + q2)ei b·q
ℏ ⟨p′1p′2|∆O|p1p2⟩ (3.9)

where p′1 = p1 − q and p′2 = p2 + q. In this form it is clear that a first step is the evaluation
of the matrix element ⟨p′1p′2|∆O|p1p2⟩, followed by the shown Fourier transform to b-space.

One noticeable feature of the KMOC-formalism for (non-spinning) black-hole scatter-
ing is that it always entails the evaluation of matrix elements of an operator (3.4) between
two-particle scalar states. For an observable corresponding to an Hermitian operator Ô the
corresponding ∆O is clearly Hermitian as well. Two-particle scalar matrix elements of this
∆O are then real, as follows from time-reversal symmetry. The reality of the expectation
value is preserved by the insertion of the completeness relation since it just amounts to the
insertion of factors of unity.
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3.1 Cancellation of superclassical terms: the conservative sector

In this section we first show how the N -operator formalism provides a simple way to
demonstrate the cancellation of the superclassical pieces when restricted to the conservative
sector. We next give a general formula valid to all orders in G for a general operator in
section 3.1.1 and a vector operator in section 3.1.2. The application to the momentum kick
∆P1 is pursued in section 3.1.3.

3.1.1 The classical limit

We start with a general operator Ô and consider the term with n = 1 in (3.6)

AO
1 (p1, p2, q) = 1

ℏ
⟨p′1, p′2|[N̂ , Ô]|p1, p2⟩ (3.10)

and we first analyze the conservative case where gravitons are not included in the set of
inserted on-shell states. This is graphically represented as

AO
1 (p1, p2, q)|cons. = N O − O N

where the red line indicates where we insert the intermediate two-particle state, corre-
sponding to

AO
1 (p1, p2, q) = 1

ℏ

∫
dΠq1dΠq2

(
⟨p′1, p′2|N̂ |q1, q2⟩⟨q1, q2|Ô|p1, p2⟩

− ⟨p′1, p′2|Ô|q1, q2⟩⟨q1, q2|N̂ |p1, p2⟩
)
.

(3.11)

It is convenient to factor out overall energy-momentum conservation and write

⟨p′1, p′2|N̂ |p1, p2⟩ = N(γ, q2)(2πℏ)Dδ(p′1 + p′2 − p1 − p2) (3.12)

and
⟨p′1, p′2|Ô|p1, p2⟩ = O(p1, p2, q)(2πℏ)Dδ(p′1 + p′2 − p1 − p2). (3.13)

We can use one of the energy-momentum conservation delta-functions to remove integration
variable q2 After defining k1 = q1 − p1 and using the scaled momenta q and k1 such that
p′1 = p1 − q = p1 − ℏq, p′2 = p2 + q = p2 + ℏq we change variables to get

AO
1 (p1, p2, q) = ℏ

∫
dDk1

(2π)D−2 δ+((p1 + ℏk1)2 − m2
1)δ+((p2 − ℏk1)2 − m2

2)

×
(
N(γ, ℏ2(k1 + q)2)O(p1, p2,−ℏk1)− O(p1 + ℏk1, p2 − ℏk1, ℏ(q + k1))N(γ, ℏ2k2

1)
)

× (2πℏ)Dδ(p1 + p2 − p′1 − p′2). (3.14)

Setting
AO

1 (p1, p2, q) = AO
1 (p1, p2, q)(2πℏ)Dδ(p1 + p2 − p′1 − p′2). (3.15)
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Changing variables k1 → −k1 − q to the second term of the sum gives

AO
1 (p1, p2, q) = ℏ

∫
dDk1

(2π)D−2 O(p1, p2,−ℏk1)N(γ, ℏ2(k1 + q)2)

× δ+((p1 + ℏk1)2 − m2
1)δ+((p2 − ℏk1)2 − m2

2)

− ℏ
∫

dDk1
(2π)D−2 O(p1 − ℏ(k1 + q), p2 + ℏ(k1 + q),−ℏk1)N(γ, ℏ2(k1 + q)2)

× δ+((p1 − ℏ(k1 + q))2 − m2
1)δ+((p2 + ℏ(k1 + q))2 − m2

2). (3.16)

Doing the small ℏ expansion of the integrand leads to

O(p1,p2,−ℏk1)δ+((p1+ℏk1)2−m2
1)δ+((p2−ℏk1)2−m2

2)
−O(p1−ℏ(k1+q),p2+ℏ(k1+q),−ℏk1)δ+((p1−ℏ(k1+q))2−m2

1)δ+((p2+ℏ(k1+q))2−m2
2)

= 2
ℏ
((k1+q)·k1)O(p1,p2,−ℏk1)

(
(δ+)′(2p1 ·k1)δ+(−2p2 ·k1)+δ+(2p1 ·k1)(δ+)′(−2p2 ·k1)

)
+1
ℏ
(kµ

1 +qµ)(∇µO(p1,p2,−ℏk1))δ+(2p1 ·k1)δ+(−2p2 ·k1). (3.17)

where we have introduced the derivative

∇µ[F ] ≡ ∂F
∂pµ

1
− ∂F

∂pµ
2

. (3.18)

Consequently the ℏ expansion of AO
1 takes the form

AO
1 (p1, p2, q) =

∫
dDk1

(2π)D−2 N(γ, ℏ2(k1 + q)2)

× (kµ
1 + qµ)∇µ

(
O(p1, p2,−ℏk1))δ+(2p1 · k1)δ+(−2p2 · k1)

)
+O(ℏ)

(3.19)

Here, crucially, N(γ, ℏ2(k1 + q)2) by construction has only classical and quantum parts.
This means that for classical observables O the matrix element AO

1 will have a leading piece
which is classical, followed by quantum corrections. There are no superclassical pieces in
AO

1 . By recursion it follows that this holds for AO
n and any n as well.

Although the completeness relation has a positive energy constraint, this is automati-
cally satisfied in the classical limit for the massive scalars of positive energy,

δ+((p1 − ℏk1)2 − m2
1) = θ(p0

1 − ℏk0
1)δ((p1 − ℏk1)2 − m2

1) ≃ θ(p0
1)δ(−2ℏp1 · k1)2). (3.20)

To conclude, we have shown that the classical piece of AO
1 is given by

AO
1 (p1, p2, q) =

∫
dDk1

(2π)D−2 N(γ, (k1+q)2)(kµ
1 +qµ)∇µ[O(p1, p2,−k1))δ(2p1 ·k1)δ(−2p2 ·k1)]

(3.21)
after setting ℏ = 1. Not that this is an all-order statement in G. Iterating, it follows that
all higher commutators and hence also the full expectation value are free of superclassical
pieces when evaluated in the conservative sector.
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3.1.2 Vector operators

Let us now consider the application of the general iterative formula of eq. (3.21) to a
special class of four-vector operators Oµ(p1, p2, q) = ⟨p′1, p′2|Ôµ|p1, p2⟩ that decompose into
longitudinal O∥(γ, q2) and transverse O⊥(γ, q2) parts as follows:

Oν(p1, p2, q) = O∥((p1 + p2)2, q2)Lν + O⊥((p1 + p2)2, q2)qν . (3.22)

It is convenient to introduce the four-vector

Lµ ≡ (m2
2 + m1m2γ)pµ

1 − (m2
1 + m1m2γ)pµ

2
m2

1m2
2(γ2 − 1)

(3.23)

which satisfies nice relations,

L · p2 = 1 , L · p1 = −1 , b · L = 0 , ∇µLµ = 1
p2
∞

. (3.24)

where we used that impact parameter bµ lies in the plane of scattering and is orthogonal
to both pµ

1 and pµ
2 . Because L · q = O(q2), we also have L · q = 0 in q-space, before the

Fourier transform to b-space. Since −p1 · q = p2 · q = q2

2 , p1 and p2 are indeed orthogonal
to q in the classical limit. Here,

p∞ = m1m2
√

γ2 − 1√
m2

1 + m2
2 + 2m1m2γ

(3.25)

The decomposition in (3.22) is clearly not valid for an arbitrary four-vector but it is
satisfied by the momentum kick ⟨∆P µ

1 ⟩ when evaluated in the conservative sector as we
will do in section 3.1.3.

To evaluate the classical part of the first commutator AOν

1 = 1
ℏ⟨p

′
1, p′2|[N̂ , Ôν ]|p1, p2⟩

using the expression (3.21) we begin by acting with the derivative ∇µ in (3.18). It is useful
to note that ∇µ(p1 + p2)2 = 0 and ∇µkν

1 = 0 so that

∇µOr((p1 + p2)2,−k1) = 0 (3.26)

for both the longitudinal part r =∥ and the transverse part r =⊥. We then get

∇µ

(
Oν(p1,p2,−k1))δ(2p1 ·k1)δ(−2p2 ·k1)

)
= 1

p2
∞

O∥((p1+p2)2,k2
1)δν

µδ(2p1 ·k1)δ(−2p2 ·k1)

+2k1µ

(
O∥((p1+p2)2,k2

1)Lν−O⊥((p1+p2)2,k2
1)kν

1

)
×
(
δ′(2p1 ·k1)δ(−2p2 ·k1)+δ(2p1 ·k1)δ′(−2p2 ·k1)

)
. (3.27)
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which we can insert into eq. (3.21), keeping only the classical part:

AOν

1 (p1,p2, q)= 1
p2
∞

∫
dDk1

(2π)D−2 N(γ,(k1+q)2)(kν
1+qν)O∥((p1+p2)2,k2

1)δ(2p1 ·k1)δ(−2p2 ·k1)

+2
∫

dDk1
(2π)D−2 N(γ,(k1+q)2)(k1+q)·k1

(
O∥((p1+p2)2,k2

1)Lν
)

×
(
δ′(2p1 ·k1)δ(−2p2 ·k1)+δ(2p1 ·k1)δ′(−2p2 ·k1)

)
−2
∫

dDk1
(2π)D−2 N(γ,(k1+q)2)(k1+q)·k1

(
O⊥(γ,k2

1)kν
1

)
×
(
δ′(2p1 ·k1)δ(−2p2 ·k1)+δ(2p1 ·k1)δ′(−2p2 ·k1)

)
.

(3.28)

By symmetry the integral in the second line vanishes. We thus have

AOµ

1 (p1, p2, q) = 1
p2
∞

A
O∥µ

1 (γ, q2) + AO⊥µ
1 (γ, q2) (3.29)

with

A
O∥µ
1 (γ, q2) ≡

∫
dDk1

(2π)D−2 N(γ, (k1 + q)2)(kµ
1 + qµ)O∥((p1 + p2)2, k2

1)δ(2p1 · k1)δ(−2p2 · k1),

(3.30)
and

AO⊥µ
1 (γ, q2) ≡ − 2

∫
dDk1

(2π)D−2 N(γ, (k1 + q)2)(k1 + q) · k1
(
O⊥(γ, k2

1)k
µ
1

)
×
(
δ′(2p1 · k1)δ(−2p2 · k1) + δ(2p1 · k1)δ′(−2p2 · k1)

)
. (3.31)

By tensor reduction the latter takes the form

AO⊥µ
1 (γ, q2) = −Lµ

∫
dDk1

(2π)D−2 N(γ, (k1 + q)2)(k1 + q) · k1O⊥(γ, k2
1)δ(2p1 · k1)δ(−2p2 · k1).

(3.32)
We note an interesting swap between longitudinal and transverse parts in this first

iteration. Clearly, when we iterate further, this will generate alternating contributions
between the longitudinal and transverse parts.

To complete the evaluation of the observable according to the KMOC prescription we
now perform the Fourier transform to b-space according to eq. (3.9). Having already taken
the classical limit, it is clear that we can also ignore the q2-terms in the two delta-functions
and effectively the Fourier transform simply becomes

Õ(γ, b) =
∫

dDq

(2π)D−2 δ(−2p1 · q)δ(2p2 · q)O((p1 + p2)2, q2)eib·q. (3.33)

For the longitudinal part we have to evaluate the Fourier transform of A
O∥µ

1 (γ, q2) which
reads∫

dDq

(2π)D−2
dDk1

(2π)D−2 N(γ, (k1 + q)2)(qµ + kµ
1 )O∥((p1 + p2)2, k2

1)δ(2p1 · k1)δ(−2p2 · k1)

× δ(−2p1 · q)δ(2p2 · q)eib·q. (3.34)
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and by a change of variables q → q − k1 and k1 → −k1 the integral factorizes

(3.34) =
∫

dDq

(2π)D−2 qνN(γ, q2)δ(−2p1 · q)δ(2p2 · q)eib·q

×
∫

dDk1
(2π)D−2 O∥((p1 + p2)2, k2

1)δ(−2p1 · k1)δ(2p2 · k1) eib·k1 . (3.35)

Setting

Õ∥(γ, b) ≡
∫

dDk1
(2π)D−2 O∥((p1 + p2)2, k2

1)δ(−2p1 · k1)δ(2p2 · k1) eib·k1 (3.36)

and noticing that

−i
∂Ñ(γ, b)

∂bν
=
∫

dDq

(2π)D−2 qνN(γ, q2)δ(−2p1 · q)δ(2p2 · q)eib·q. (3.37)

with Ñ(γ, J) the Fourier transform of N(γ, q2) to b-space

Ñ(γ, b) ≡ FT[N(γ, q2)] ≡ 1
4m1m2

√
γ2 − 1

∫
d2q

(2π)2 N(γ, q2)eib·q. (3.38)

we find that the Fourier transform of A
O∥µ
1 (γ, q2) is given by

−i
∂Ñ(γ, b)

∂bν
Õ∥(γ, b) = i

bν

|b|
∂Ñ(γ, b)

∂|b|
Õ∥(γ, b). (3.39)

For the transverse part we have to evaluate

ÃO⊥µ
1 (γ, b) = − Lµ

∫
dDq

(2π)D−2
dDk1

(2π)D−2 N(γ, (k1 + q)2)(k1 + q) · k1O⊥(γ, k2
1)

× δ(2p1 · k1)δ(−2p2 · k1)δ(−2p1 · q)δ(2p2 · q)eib·q (3.40)

By the same change of variable as before we get

ÃO⊥µ
1 (γ, b) =Lµ

∫
dDq

(2π)D−2
dDk1

(2π)D−2 N(γ, q2)q · k1O⊥(γ, k2
1)

× δ(−2p1 · k1)δ(2p2 · k1)δ(−2p1 · q)δ(2p2 · q)eib·qeib·k1 (3.41)

This integral is product of a Fourier transform over q times a Fourier transform over
k1 leading to

ÃO⊥µ
1 (γ, b) = −Lµ ∂Ñ(γ, b)

∂bν

∂Õ⊥(γ, b)
∂bν

= Lµ ∂Ñ(γ, b)
∂|b|

∂Õ⊥(γ, b)
∂|b|

. (3.42)

Collecting these pieces, we get

ÃOµ

1 (γ, b) =
(

i

p2
∞

bν

|b|
Õ∥(γ, b) + Lν ∂Õ⊥(γ, b)

∂|b|

)
∂Ñ(γ, b)

∂|b|
. (3.43)
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In term of the angular momentum J = p∞|b|, we have

ÃOµ

1 (γ, b) =
(

i

p∞

bµ

|b|
Õ∥(γ, b) + p∞Lµ ∂Õ⊥(γ, b)

∂|b|

)
∂Ñ(γ, J)

∂|J |
. (3.44)

The factorization of the Fourier transforms separates the N operator from the operator O

in b-space. This remarkable fact implies that we can iterate the result above as dictated
by the commutator relation in eq. (3.8). It is convenient to introduce a matrix notation
so that

ÃOµ

1 (γ, b) =
(
Lµ i bµ

|b|

) 0 p∞
∂Ñ
∂|J |

1
p∞

∂Ñ
∂|J | 0

( Õ∥
∂Õ⊥
∂|b|

)
(3.45)

and

ÃOµ

n+1(γ, b) =
(
Lµ i bµ

|b|

) 0 p∞
∂Ñ
∂|J |

1
p∞

∂Ñ
∂|J | 0

n∂Õ⊥
∂|b|

∂Ñ
∂J

Õ∥
p∞

∂Ñ
∂J

 (3.46)

for summing the iteration to all orders according the recursion in eq. (3.8). Inserting it in
the expression (3.6), we get

∆Õµ(γ, b) =
(
Lµ i bµ

|b|

) ∞∑
n=1

(−i)n

n!

 0 p∞
∂Ñ
∂|J |

1
p∞

∂Ñ
∂|J | 0

n−1p∞
∂Õ⊥
∂|b|

∂Ñ
∂J

Õ∥
p∞

∂Ñ
∂J

 . (3.47)

which sums into

∆Õµ(γ, b) =
(
Lµ i bµ

|b|

)−
i sin
(

∂Ñ
∂J

)
∂Ñ
∂J

p∞(cos
(

∂Ñ
∂J

)
−1)

∂Ñ
∂J

cos
(

∂Ñ
∂J

)
−1

∂Ñ
∂J

p∞
− i sin

(
∂Ñ
∂J

)
∂Ñ
∂J


p∞

∂Õ⊥
∂|b|

∂Ñ
∂J

Õ∥
p∞

∂Ñ
∂J

 . (3.48)

This relation shows the intimate connection between the exponential representation of the
S-matrix and the KMOC formalism. It is an interesting fact that the N̂ -operator is here
sandwiched between the initial in-state and its conjugate rather than between in and out
states as in ref. [22]. This is a consequence of the fact that the KMOC formalism evaluates
observables as the difference between time evolved in-states whereas in [22] N(γ, b) was
viewed as an ordinary scattering matrix element from which to compute the scattering
angle through the radial action. It is also interesting to note how the iterative structure of
the exponential representation makes N̂ matrix elements the universal objects to compute
in the KMOC formalism, whereas all details of the actual observable Oµ only enter through
the initial vector determined by ÃOν

1 (γ, b) in (3.44).

3.1.3 Momentum kick: the conservative sector

We now finally apply the general considerations above to the case of the momentum kick
of, say, particle 1 with initial momentum p1 in the scattering. We then have that the initial
vector is

ÃP µ
1 (γ, b) = ip∞

bµ

|b|
∂Ñ(γ, J)

∂J
. (3.49)
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We apply the equation (3.48) with Õ∥(γ, b) = p2
∞ and Õ⊥(γ, b) = 0. We get

∆P̃1
ν(γ, b)|cons = p∞

bν

|b|
sin
(

∂Ñ(γ, J)
∂J

)
+ p2

∞Lν

(
cos

(
− ∂Ñ(γ, J)

∂J

)
− 1

)
. (3.50)

In the conservative case, the scattering angle can be extracted by the coefficient of the
transverse piece only. A comparison with the general relation between momentum kick
and scattering angle [40]2

∆P̃1
ν(γ, b)|cons = −p∞

bν

|b|
sin(χ) + p2

∞Lν (cos(χ)− 1) , (3.51)

demonstrates that
χ = − ∂Ñ(γ, J)

∂J
= − 1

p∞

∂Ñ(γ, b)
∂b

, (3.52)

thus proving the conjectured relation of ref. [22] between the scattering angle and the
matrix elements of the N -operator. This also shows that the Ñ(γ, J) is the radial action.

3.2 Including gravitational radiation

We now turn to the impact of gravitational radiation on the expectation value of an operator
Ô. We recall that in the KMOC formalism radiation is automatically taken into account
in perturbation theory by insertion of a complete set of states (including any number of
gravitons) in the pertinent in-in matrix elements. Conventionally done by means of the
Born expansion of the T̂ -matrix, we here adapt it to the exponential representation. In
particular, we use the insertion of the identity operator inside the nested commutators and
extract contributions order by order in the gravitational coupling G. To clarify: when going
from T̂ -matrix elements to N̂ -matrix elements we also include terms that are radiative, to
arbitrarily high order in the coupling G. What is missing in order to compute the full
expectation value of an operator Ô are the pieces that arise from inserting complete sets
of states (including gravitons) inside the nested commutators of eq. (3.6). The discussion
will clearly mimic closely the way we evaluated matrix elements of N̂ -operator itself. We
now consider these additional terms.

Since our aim is to derive a recursive relation for the classical limit of an observable,
we begin by analyzing the expectation value of ÂÔ

n+1 based on one iteration,

⟨p′1, p′2|ÂÔµ

n+1|p1, p2⟩ =
1
ℏ
⟨p′1, p′2|[N̂ , ÂÔµ

n ]|p1, p2⟩. (3.53)

Inserting a complete set of states, this has a graphical representation

AOµ

n+1(p1, p2, q) = N AOµ

n − AOµ

n N

+ N AOµ

n − AOµ

n N + · · · (3.54)

2The coefficient of sin(χ) is fixed by a quadratic condition. We choose the sign opposite to that of
ref. [40].

– 16 –



J
H
E
P
0
9
(
2
0
2
3
)
1
8
3

where the ellipsis represent pieces with insertion of more that one graviton. We stress
that this involves the full N̂ -operator and in perturbation theory we obviously need to
truncate to the given order in G (but for now we keep it general). Up to O(G4) we only
need to consider the n = 2 term and to compute the iteration of this term, i.e. the n = 3
contribution with one graviton insertion

[N̂ rad, [N̂ rad, [N̂ , Ô]]] + [N̂ rad, [N̂ , [N̂ rad, Ô]]] + [N̂ , [N̂ rad, [N̂ rad, Ô]]] . (3.55)

By simple manipulations this can be written

[[N̂ rad, [N̂ rad, N̂ ]], Ô] + 3[N̂ , [N̂ rad, [N̂ rad, Ô]]] + 3[[N̂ rad, N̂ ], [N̂ rad, Ô]] . (3.56)

Taking the classical limit, we find that the first and last terms vanish so that we are left
with

3[N̂ , [N̂ rad, [N̂ rad, Ô]]]

This term can be evaluated using the same tools we developed in the previous part for the
conservative pieces.

This concludes the analysis of single-graviton insertions from the complete set of states
up to O(G4). Actually, what we just shown can be generalized to any number of graviton
insertions. However, at three-loop level, and as noticed in ref. [38] in the context of the
eikonal, multiple graviton insertions such as

(3.57)

do not contribute classically. To fourth Post-Minkowskian order we thus only need to
consider successions of single gravitons insertions such as

(3.58)

When we include these radiative pieces we need to enlarge the basis for vector opera-
tors. We choose to introduce

uµ
1 ≡ p∞

m1γpµ
2 − m2pµ

1
m2

1m2(γ2 − 1)
, uµ

2 ≡ p∞
m2γpµ

1 − m1pµ
2

m1m2
2(γ2 − 1)

, (3.59)

which satisfy pi · uj = p∞δij . These two four-vectors are related to the ǔi’s of [40] by a
rescaling ui = ǔip∞/mi with i = 1, 2. The vector Lµ of eq. (3.23) which sufficed to describe
the basis in the conservative sector is simply a specific linear combination,

Lµ = (uµ
2 − uµ

1 )/p∞. (3.60)

We now need to consider a vector Xµ that can be decomposed according to

Xµ = p1.X

p∞
uµ

1 + p2.X

p∞
uµ

2 +
(
− b.X

|b|

)
bµ

|b|
≡ Xu1uµ

1 + Xu2uµ
2 + Xb bµ

|b|
(3.61)
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Manipulations similar to the ones of section 3.1 yield a compact matrix identity in b-space,
now taking into account the radiation effects with at most one graviton exchange. For the
conservative insertions we have

⟨p′1, p′2|ÂÔµ

n+1|p1, p2⟩ =
(
uµ

1 uµ
2

bµ

|b|

)
M


⟨p′1, p′2|ÂÔ

n |p1, p2⟩u1

⟨p′1, p′2|ÂÔ
n |p1, p2⟩u2

⟨p′1, p′2|ÂÔ
n |p1, p2⟩b

 (3.62)

where we have defined the matrix

M ≡


0 0 i∂Ñ

∂J

0 0 −i∂Ñ
∂J

−iE2
∂Ñ
∂J iE1

∂Ñ
∂J 0

 (3.63)

and we have introduced fractional parts E1 and E2 of the Mendelstam variable s by defini-
tions

E1 ≡ m2
1 + m1m2γ

m2
1 + m2

2 + 2m1m2γ
; E2 ≡ 1− E1 = m2

2 + m1m2γ

m2
1 + m2

2 + 2m1m2γ
. (3.64)

As we have shown, at fourth Post-Minkowskian order we can write the full result as

∆Õ(γ, b) = ∆Õcons(γ, b) +
∞∑

n=1
∆Õ

(n)
rad(γ, b) (3.65)

where ∆Õ
(n)
rad is the contribution coming from the succession of n single-graviton insertions.

The conservative part is given by

∆Õcons(γ, b) =
(
uµ

1 uµ
2

bµ

|b|

)∑
n≥1

(−i)n

n! Mn−1

Õu1
1

Õu2
1

Õb
1

 (3.66)

= i
(
uµ

1 uµ
2

bµ

|b|

)

− ( ∂Ñ

∂J
E1+E2 sin

(
∂Ñ
∂J

)
)

∂Ñ
∂J

−E1( ∂Ñ
∂J

−sin
(

∂Ñ
∂J

)
)

∂Ñ
∂J

−1+cos
(

∂Ñ
∂J

)
∂Ñ
∂J

−E2( ∂Ñ
∂J

−sin
(

∂Ñ
∂J

)
)

∂Ñ
∂J

− (E1 sin
(

∂Ñ
∂J

)
+ ∂Ñ

∂J
E2)

∂Ñ
∂J

1−cos
(

∂Ñ
∂J

)
∂Ñ
∂J

E2
(

1−cos
(

∂Ñ
∂J

))
∂Ñ
∂J

E1(cos
(

∂Ñ
∂J

)
−1)

∂Ñ
∂J

− sin
(

∂Ñ
∂J

)
∂Ñ
∂J


Õu1

1
Õu2

1
Õb

1

 ,

where we have introduced the operator Ô1 ≡ [N̂ , Ô]. This is just a different way of writing
the conservative result of eq. (3.48), as can be seen by use of the relations (3.60) and (3.64).

For the radiative sector we get a similar formula

∆Õ
(1)
rad(γ, b) =

(
uµ

1 uµ
2

bµ

|b|

)(
− 1

2 + iM

2

)Õu1
2

Õu2
2

Õb
2

+O(G5) (3.67)

where we defined
Ôk+1 = [N̂ , [N̂ , . . . , [N̂ , Ô]]]︸ ︷︷ ︸

k+1 times

|k graviton insertions (3.68)
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after restricting to k graviton insertions, as explained above. This is the complete expres-
sion to fourth Post-Minkowskian order and it is readily generalized to higher orders.

We emphasize again that the terminology of conservative and radiative pieces is com-
pletely artificial. There are also radiative modes in what we for historical reasons call
the conservative part. This was already obvious at two-loop level where it was shown
in refs. [22] that the two-to-two matrix element of N̂ -operator yields the full result, in-
cluding radiation reaction, to that order. We now understand why this phenomenon does
not generalize to higher orders, and we understand how to correct for it. There are still
many radiative modes and radiation-reaction parts in just the two-to-two matrix element
of N̂ -operator and therefore those matrix elements are far from being just conservative.

3.2.1 Full momentum kick at fourth Post-Minkowskian order

We now turn to the full explicit evaluation of the momentum kick ∆P µ
1 at fourth Post-

Minkowskian order. As a building block we will first need to compute Ñ(γ, b). This
was already done in ref. [18] up to 4PM order (except for one term which we take the
opportunity to correct here) so that what we label the conservative piece

∆P µ
1 |cons. =

(
uµ

1 uµ
2

bµ

|b|

)
p∞
(
1− cos(χcons)

)
p∞
(
cos(χcons)− 1

)
−p∞ sin(χcons)

 (3.69)

is known. Here it is convenient to introduce the following notation

χcons ≡ −∂Ñ

∂J
(3.70)

and define the PM-expanded quantities

χcons ≡
∞∑

n=0
Gn+1χ(n)

cons (3.71)

as well as

Ñ ≡
∞∑

n=0
Gn+1Ñ (n) (3.72)

so that at fourth Post-Minkowskian order we have

∆P µ,4P M
1 |cons. = p∞G4

(
uµ

1 uµ
2

bµ

|b|

)
− (χ(0)

cons)4

24 + (χ(1)
cons)2

2 + χ
(0)
consχ

(2)
cons

(χ(0)
cons)4

24 − (χ(1)
cons)2

2 − χ
(0)
consχ

(2)
cons

(χ(0)
cons)2χ

(1)
cons

2 − χ
(3)
cons

 (3.73)

Starting at third Post-Minkowskian order we need to also evaluate the first radiation
contribution to the momentum kick ∆P̃

µ(1)
1,rad. We thus need the building block

P̃ µ
1,1 = ⟨p′1, p′2|[N̂ , [N̂ , P̂ µ

1 ]]|p1, p2⟩ (3.74)

– 19 –



J
H
E
P
0
9
(
2
0
2
3
)
1
8
3

evaluated with one-graviton insertions. This reads

P̃ µ
1,1 =FT[

∫
dDq1dDq2
(2π)2D−4 ⟨p

′
1, p′2|N̂ |p1 + q1, p2 − q2, q2 − q1⟩(−qµ − 2qµ

1 )

× ⟨p1 + q1, p2 − q2, q2 − q1|N̂ |p1, p2⟩δ(2p1 · q1)δ(−2p2 · q2)δ((q2 − q1)2)]
(3.75)

Where again, for compactness of notation, we label the Fourier transform into b-space by
FT. Its precise definition is given in eq. (3.38). Note that this integral is orthogonal to
p1, i.e.

p1µ⟨p′1, p′2|[N̂ , [N̂ , P̂ µ
1 ]]|p1, p2⟩ = 0, (3.76)

so that it can be decomposed according to

P̃ µ
1,1 =

(
uµ

1 uµ
2

bµ

|b|

) 0
P̃ u2

1,1
P̃ b

1,1

 (3.77)

Based on the analysis of ref. [40] we know that the coefficients have the following
perturbative expansion

P̃ u2
1,1 = G3P̃

u2,(2)
1,1 + G4P̃

u2,(3)
1,1 +O(G5),

P̃ b
1,1 = G4P̃

b,(3)
1,1 +O(G5). (3.78)

so that

∆P̃
ν,(1)
1,rad = G3

(
uµ

1 uµ
2

bµ

|b|

)
0

− P̃
u2,(2)
1,1

2
0

+ G4
(
uµ

1 uµ
2

bµ

|b|

)
0

− P̃
u2,(3)
1,1

2
E1χ

(0)
consP̃

u2,(2)
1,1

2 − P̃
b,(3)
1,1
2

+O(G5)

(3.79)
Note in particular that P̃ b

1,1 only receives a contribution from order O(G4), the 4PM order.
As mentioned above, the 3PM case is therefore quite special in that all radiative effects are
entirely contained in the classical contribution from the N̂ -operator [22]. The momentum
kick due to radiation at 3PM order only shifts the longitudinal momenta.

Starting at fourth Post-Minkowskian order we need to also evaluate of the first radiative
contribution to the momentum kick ∆P̃

µ(2)
1,rad which, as indicated, involves the insertion of

two graviton lines. This contribution is more tricky and is diagrammatically represented by

(3.80)

which has two pieces at 4PM order:

N rad
0 N0 N rad

0 , N rad
0 N0 N rad

0 (3.81)
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giving rise to the elementary building block

P̃ µ
1,2 = ⟨p′1, p′2|[N̂ , [N̂ , [N̂ , P̂ µ

1 ]]]|p1, p2⟩ (3.82)

evaluated with two-graviton insertions. This is

P̃ µ
1,2 =G4FT[qµ⟨p′1, p′2|N̂ rad

0 N̂0N̂ rad
0 |p1, p2⟩]

+ G4FT
[ ∫ dDq1dDq2dDq3

(2π)3D−6 (−3qµ
1 + 3qµ

3 )⟨p′1, p′2|N̂ rad
0 |p1 + q3, p2 − q2, q2 − q3⟩

× ⟨p1 + q3, q2 − q3|N̂0|p1 + q1, q2 − q1⟩δ(2p1 · q3)δ(−2p2 · q2)δ(+)((q2 − q3)2)

× ⟨p1 + q1, p2 − q2, q2 − q1|N̂ rad
0 |p1, p2⟩δ(2p1 · q1)δ(+)((q2 − q1)2)

]
+ O(G5)

≡ 6G4FT[qµL2(γ, q2)] + G4P̃
µ,(3)
1,2 + O(G5)

= 6iG4p∞
bµ

|b|
∂L̃2(γ, J)

∂J
+ G4P̃

µ,(3)
1,2 + O(G5) (3.83)

so that its contribution to the momentum kick becomes

∆P̃
ν,(2)
1,rad = G4

(
uµ

1 uµ
2

bµ

|b|

)
0

i
6 P̃

u2,(3)
1,2

−p∞
∂L̃2(γ,J)

∂J + i
6 P̃

b,(3)
1,2

+O(G5) (3.84)

Combining all pieces, the full fourth-order momentum kick is thus given by

∆P̃ ν,4P M
1 =

G4
(
uµ

1 uµ
2

bµ

|b|

)


p∞
(
− (χ(0)

cons)4

24 + (χ(1)
cons)2

2 + χ
(0)
consχ

(2)
cons

)
p∞
( (χ(0)

cons)4

24 − (χ(1)
cons)2

2 − χ
(0)
consχ

(2)
cons

)
− P̃

u2,(3)
1,1

2 + i
6 P̃

u2,(3)
1,2

p∞
( (χ(0)

cons)2χ
(1)
cons

2 − χ
(3)
cons − ∂L̃2(γ,J)

∂J

)
+ E1χ

(0)
consP̃

u2,(2)
1,1

2 − P̃
b,(3)
1,1
2 + i

6 P̃
b,(3)
1,2


(3.85)

We note the partial recycling of lower-order terms here, a feature that generalizes to higher
orders as well.

4 Details on the 4PM calculation

4.1 The construction of the integrands

To perform the full explicit computation of the momentum, we need to compute only three
integrands giving Ñ (3), P̃

µ,(3)
1,1 and P̃

µ,(3)
1,2 . The three integrands can be represented as

N3 (4.1)

− (qµ + 2qµ
1 ) N rad

0 N rad
1 − (qµ + 2qµ

1 ) N rad
1 N rad

0 (4.2)

3(qµ
3 − qµ

1 ) N rad
0 N0 N rad

0 (4.3)
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(a) (b) (c)

Figure 1. Master integrals (4.6) in (a) and (4.4) in (b).

We compute these from generalized unitarity and velocity cuts, selecting topologies that
both have three velocity cuts and respect the conditions on the on-shell gravitons when
imposed by the topology.

4.2 The integration basis

At fourth Post-Minkowskian order the computation of the momentum kick is expanded on
two sets of master integrals. A first family of master integrals has delta-function constraints
on the massive legs and one graviton propagator as depicted in figure 1(a)

J ({nj},{±,±,±};γ,ϵ)=
∫

δ(2v1 ·ℓ1)δ(2v1 ·(ℓ1+ℓ2+ℓ3))δ(2v2 ·(ℓ1+ℓ2))δ(ℓ2
2)∏12

i=1 Dni
i

3∏
r=1

d4−2ϵℓi

(2π)3−2ϵ
.

(4.4)
where we have defined the propagators

D1 = ℓ2
1, D2 = ℓ2

2, D3 = ℓ2
3,

D4 = (ℓ1 + ℓ2)2, D5 = (ℓ2 + ℓ3)2, D6 = (ℓ1 + ℓ2 + ℓ3)2,

D7 = (ℓ1 + q̂)2, D8 = (ℓ1 + ℓ2 + q̂)2, D8 = (ℓ1 + ℓ2 + ℓ3 + q̂)2,

D±
9 = ±2v1 · (ℓ1 + ℓ2) + iε, D±

10 = ±2v2 · ℓ1 + iε, D±
11 = ±2v2 · (ℓ1 + ℓ2 + ℓ3) + iε,

(4.5)
with q̂2 = −1, and vi = pi/mi such that v2

i = 1 and vi · q = 0 for i = 1, 2, γ = v1 · v2.
Tensorial reductions are conveniently performed using LiteRed [74, 75] which has by default
the Feynman +iε prescription. We find that for the set of master integrals in (4.4) the basis
needed for longitudinal pieces has dimension 54, and the one for the transverse pieces has
the same dimension. These master integrals have a delta-function for one of the graviton
propagators as required in the one-graviton radiative sector analyzed in section 3.2. This
delta-function breaks the symmetry between l2 and l3 compared to the other basis.

In the conservative sector of section 3.1 it is enough to use the smaller set of master
integrals represented in figure 1(b) given by

I ({nj}, {±,±,±}; γ, ϵ) =
∫

δ(2v1 · ℓ1)δ(2v1 · (ℓ1 + ℓ2 + ℓ3))δ(2v2 · (ℓ1 + ℓ2))∏12
i=1 Dni

i

3∏
r=1

d4−2ϵℓi

(2π)3−2ϵ
.

(4.6)
The tensorial reduction gives a basis of dimension 40. This basis are also sufficient to
compute the second radiative term P̃

µ,(3)
1,2 , which differs only by the boundary conditions

we impose in the static γ = 1 limit.

– 22 –



J
H
E
P
0
9
(
2
0
2
3
)
1
8
3

The world-line computation of [55] uses master integrals with delta-function velocity
cuts on three massive propagators at fourth Post-Minkowskian order. But they have either
Feynman or retarded or advanced propagators and in the end use a total of 576 mas-
ter integrals. Converting the retarded (respectively advanced) propagator to a Feynman
propagator using

i

(ℓ0 ± iϵ)2 − ℓ⃗2
= i

ℓ2
0 − ℓ⃗2 + iϵ

∓ πδ(ℓ0)θ(∓ℓ0) (4.7)

allows to expand the master integrals used in [55] on the basis of master integrals in (4.4).
As in ref. [18] we compute the integrals by solving three differential systems of sizes

40× 40, 54× 54 and 54× 54 respectively. There are three regions of integration, potential-
potential (PP), potential-radiation (PR) and radiation-radiation (RR). We expand all mas-
ter integrals in each of these regions, which gives boundary data to solve and check the
solution of the differential systems. In the end, each master integral can be expanded on
9 independent static master integrals (6 for the transverse pieces, 3 for the longitudinal
contributions) as

I⊥(γ) =
3∑

j=1
cj

P P,⊥(γ)I
j
P P,⊥+(4(γ2−1))−ϵ

2∑
j=1

cj
P R,⊥(γ)I

j
P R,⊥+(4(γ2−1))−2ϵcRR,⊥(γ)IRR,⊥

(4.8)
and

I∥(γ) = (4(γ2 − 1))−ϵ
2∑

j=1
cj

P R,∥(γ)I
j
P R,∥ + (4(γ2 − 1))−2ϵcRR,∥(γ)IRR,∥ (4.9)

The final step is then to compute each static master integral with the correct constraint on
its graviton propagator (Feynman propagator or delta-function) according to the integrand
it contributes to.

4.3 The final result for the 4PM momentum kick

4.3.1 The N-matrix elements

For the so-called conservative part (the N -matrix elements), we first recall the results up
to 3PM order,

Ñ (0) = Gm1m2(2γ2 − 1)√
γ2 − 1

Γ(−ϵ)J2ϵ (4.10)

Ñ (1) = 3πG2m2
1m2

2(m1 + m2)(5γ2 − 1)
4
√

s

1
J

(4.11)

Ñ (2) = G3m3
1m3

2
√

γ2 − 1
s

(
s(64γ6 − 120γ4 + 60γ2 − 5)

3(γ2 − 1)2 − 4
3m1m2γ(14γ2 + 25)

+ 4m1m2(3 + 12γ2 − 4γ4) arccosh(γ)√
γ2 − 1

+ 2m1m2(2γ2 − 1)2√
γ2 − 1

( 8− 5γ2

3(γ2 − 1) +
γ(−3 + 2γ2) arccosh(γ)

(γ2 − 1)
3
2

)) 1
J2

(4.12)
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Almost all of the 4PM part of Ñ was already computed in ref. [18], except for one term
which we correct here. The velocity cuts automatically eliminate super-classical terms, so
that the generalized unitarity integrand arises directly from ⟨p′1, p′2|T̂3|p1, p2⟩+L0. To this
we must add L1 which precisely cancel the imaginary radiation pieces as at 3PM order.
Note also that the real piece from L1 is canceled by a similar computation as we did in
section 3.2. At the end we get

Ñ (3) = Ñ
(3)
P P +RR + Ñ

(3)
P R + L̃2 (4.13)

with

Ñ
(3)
P P +RR = −G4(m1 + m2)3m4

1m4
2π(γ2 − 1)

8s
3
2

×
(
Mp

4 + ν

(
4Mt

4 log
(√

γ2 − 1
2

)
+Mπ2

4 +Mrem
4

))
1

J3

(4.14)

Ñ
(3)
P R = G4(m1 + m2)3m4

1m4
2π(γ2 − 1)

8s
3
2

(
6ν(2γ2 − 1)(5γ2 − 1)I(γ)√

γ2 − 1

)
1

J3 (4.15)

and

I(γ) ≡ 16− 10γ2

3(γ2 − 1) + 2γ(−3 + 2γ2) arccosh(γ)
γ2 − 1 (4.16)

where for convenience of the reader we have separated the pieces in terms of regions of
integration (potential P and radiation R) and used the same notation as in ref. [18]. Note
that, as already observed in a different context in ref. [67], the L2 Compton-like term that
we have in the conservative piece will exactly cancel the one in the second radiative piece.

4.3.2 The first radiation piece

At 3PM order the value of the coefficient of the first radiation piece can be extracted from
ref. [40]

P̃
u2,(2)
1,1 = 2m2

1m3
2p2

∞
J3 E(γ) (4.17)

with

E(γ)
π

≡ 1151− 3336γ + 3148γ2 − 912γ3 + 339γ4 − 552γ5 + 210γ6

48(γ2 − 1)
3
2

+ γ(−3 + 2γ2)(11− 30γ2 + 35γ4)
16(γ2 − 1)2 arccosh(γ)

− −5 + 76γ − 150γ2 + 60γ3 + 35γ4

8
√

γ2 − 1
log

(1 + γ

2
)

(4.18)
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while at 4PM order we have performed the computation and find for the longitudinal part

P̃
u2,(3)
1,1 = 2m2

1m3
2p3

∞
J4

(
(m1g[1] + m2h[1])π2

192(γ2 − 1)2 + m1g[2] + m2h[2]
705600γ8(γ2 − 1)

5
2

+
(m1g[3] + m2h[3]
6720γ9(γ2 − 1)3 + (m1g[4] + m2h[4]) log(2)

8(γ2 − 1)2

)
arccosh(γ)

+
(m1g[5] + m2h[5]

(γ2 − 1)
7
2

+ m1g[6] + m2h[6]
(γ2 − 1)2

)
arccosh2(γ)

+ m1g[7] + m2h[7]
8(γ2 − 1)2 arccosh(γ) log(γ)

+ m1g[8] + m2h[8]
8(γ2 − 1)2

(
arccosh(γ) log(1 + γ

2 )− 2Li2
(
− γ +

√
γ2 − 1

))
+ m1g[9] + m2h[9]

32(γ2 − 1)2

(
Li2

(γ − 1
γ + 1

)
− 4Li2

(√γ − 1
γ + 1

))
− m1g[10] + m2h[10]

16(γ2 − 1)2 Li2
(
− (γ −

√
γ2 − 1)2

))
(4.19)

with

g[1] = γ(−1485 + 4993γ2 − 3195γ4 + 1575γ6)
g[2] = 385875− 1837500γ2 + 7188300γ4 − 21241500γ6 + 767410066γ8

+ 3966858415γ10 − 3429240286γ12 − 791542442γ14 + 393897472γ16

g[3] = 3675− 19950γ2 + 79800γ4 − 246540γ6 + 222810γ8 − 25426269γ10

− 37185456γ12 + 46406238γ14 + 2662204γ16 − 3592192γ18

g[4] = 1263− 3883γ2 + 1065γ4 − 525γ6

g[5] = 32γ2(60 + 35γ2 − 59γ4 + 4γ8)
g[6] = 8γ(−9 + 26γ2)
g[7] = γ(1041− 2773γ2 − 1065γ4 + 525γ6)
g[8] = 3(37γ − 185γ3 + 355γ5 − 175γ7)
g[9] = 6(6− 37γ − 66γ2 + 185γ3 + 210γ4 − 355γ5 − 150γ6 + 175γ7)

g[10] = γ(1041− 2773γ2 − 1065γ4 + 525γ6) (4.20)
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h[1] = 2(2075 + 17367γ2 + 5553γ4 − 6819γ6)
h[2] = 490γ(1575− 8250γ2 + 35710γ4 − 142640γ6 − 5560073γ8 − 417302γ10 + 4034092γ12

− 587336γ14 + 6144γ16)
h[3] = 14γ(525− 3100γ2 + 13690γ4 − 55260γ6 + 816595γ8 + 3752006γ10

− 1978290γ12 − 1029342γ14 + 213480γ16 + 24576γ18)
h[4] = −2(2057 + 15261γ2 + 3387γ4 − 4321γ6)
h[5] = −32γ(−3 + 2γ2)(−8− 51γ2 − 6γ4 + 8γ6)
h[6] = 16(16 + 111γ2 + 18γ4 − 24γ6)
h[7] = −2(2039 + 13155γ2 + 1221γ4 − 1823γ6)
h[8] = −2(9 + 1053γ2 + 1083γ4 − 1249γ6)
h[9] = 6(36− 1209γ + 4212γ2 − 6422γ3 + 4332γ4 + 1755γ5 − 4996γ6 + 2100γ7)

h[10] = −2(2039 + 13155γ2 + 1221γ4 − 1823γ6) (4.21)

For the transverse part we find

P̃
b,(3)
1,1 = −2m2

1m2
2p4

∞
J4

((
− 2γ2 − 1

γ2 − 1 C(γ) + γ(−3 + 2γ2)
(γ2 − 1)

3
2

E(γ)
)
(m1 + m2)

+ 2γ2 − 1
(γ + 1)

√
γ2 − 1

E(γ)m1

)
(4.22)

with

C(γ)
π

≡ −237 + 386γ + 111γ2 − 683γ3 + 537γ4 + 240γ5 − 411γ6 + 105γ7

24(γ2 − 1)2

− γ(−3 + 2γ2)(−12 + 19γ + 72γ2 − 70γ3 − 60γ4 + 35γ5)
8(γ2 − 1)

5
2

arccosh(γ)

+ −62 + 155γ + 16γ2 − 70γ3 − 90γ4 + 35γ5

4(γ2 − 1) log(1 + γ

2 ) (4.23)

4.3.3 The second radiation piece

The contributions from the second radiation piece matches exactly the result of ref. [54]
with

P̃
b,(3)
1,3 = −6ip4

∞
J4 c

(4)diss
1b,2rad (4.24)

and

P̃
u2,(3)
1,3 = −6im2p3

∞
J4 c

(4)diss
1ǔ2,2rad (4.25)

Finally, when inserting all integrals into the formula of eq. (3.85) we find complete agree-
ment with ref. [54]. This amplitude-based approach, which combines the exponential rep-
resentation of the gravitational S-matrix with the KMOC formalism, thus yields a result
for the momentum kick that is in full agreement with the worldline calculation of ref. [54].
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5 Conclusion

The exponential representation of the S-matrix [22] is a natural starting point for a semi-
classical analysis of quantum field theory. Matrix elements of the N̂ -operator in the expo-
nent of the S-matrix are by construction free of superclassical terms and they are, therefore,
at leading order providing the classical part, followed by quantum corrections. Using the
KMOC-formalism, we have shown how the exponential representation of the S-matrix
makes manifest the cancellation of superclassical contributions in the conservative sector.
One advantage of working with the N̂ -matrix rather than the conventional T̂ -matrix is
indeed that it bypasses the need to ensure the delicate cancellation between superclassi-
cal terms of the T̂ -matrix. Instead, by extracting the relevant pieces of the N̂ -matrix by
means of velocity cuts we automatically retrieve the classical terms. Pictorially speak-
ing, the velocity cuts introduced in [16] localize the massive scattering states on classical
on-shell trajectories. As shown in section 3.1 of the present paper, two-to-two massive
matrix elements of the N̂ -operator, Fourier-transformed to impact parameter space, is the
radial action of the conservative sector. This proves the conjectured relation put forward
in ref. [22].

Including gravitational radiation, the N̂ -operator is still a basic building block of the
KMOC-formalism and as an example we have shown how the momentum kick in the scat-
tering of two black holes can be compactly described by matrix elements of N̂ . We have
provided the explicit formulas up to and including fourth Post-Minkowskian order but
the framework is iterative and it is straightforward to derive corresponding expressions
to arbitrarily high order in Newton’s constant G. As an application we have explicitly
derived the momentum kick at fourth post-Minkowskian order. Our results are in agree-
ment with [54, 55]. As is well known, and somewhat disturbingly, it leads to a scattering
angle that diverges at high energy if one applies the scattering angle expression of ref. [11].
The solution for the integrals used here and in the references above is the one connecting
smoothly to the Post-Newtonian expansion. We cannot exclude that another solution exists
which is valid at high energy only and without a smooth connection to the Post-Newtonian
limit. This possibility seems to deserve attention. Alternatively, one could consider doing
a new fourth-order calculation from scratch with massless scalars.

The resulting relationship between the KMOC-formalism and the exponential repre-
sentation of the S-matrix is very simple and of a universal form involving trigonometric
functions together with iterated commutators. This trigonometric structure arises from N̂

being the exponential phase operator of the S-matrix and is thus closely linked to the Euler
formula. Beyond the conservative parts, the operator identities involved lead to additional
terms but the structure of nested commutators is responsible for the simple algebraic rela-
tions that iteratively build up observables to higher and higher orders in the gravitational
coupling constant.

In the end, the expression for classical observables including all dissipative effects be-
comes remarkably simple by combining the KMOC formalism with the exponential repre-
sentation of the S-matrix. The full calculation reduces to scattering amplitude evaluations
for which modern techniques have become highly developed. There is thus no need to
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distinguish between different pieces or to separate the amplitude calculation into different
types of contributions; one must only retain all classical terms, as this provides the full
classical answer.
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