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ABSTRACT: We address the nonperturbative calculation of the inclusive decay rate of
semileptonic B(,)-meson decays from lattice QCD. Precise Standard-Model predictions are
key ingredients in searches for new physics, and this type of computation may eventually
provide new insight into the long-standing tension between the inclusive and exclusive de-
terminations of the Cabibbo-Kobayashi-Maskawa (CKM) matrix elements |V| and |Vl
We present results from a pilot lattice computation for By — X.lv;, where the initial b
quark described by the relativistic-heavy-quark (RHQ) formalism on the lattice and the
other valence quarks discretised with domain-wall fermions are simulated approximately at
their physical quark masses. We compare two different methods for computing the decay
rate from lattice data of Kuclidean n-point functions, namely Chebyshev and Backus-
Gilbert approaches. We further study how much the ground-state meson dominates the
inclusive decay rate and indicate our strategy towards a computation with a more compre-
hensive systematic error budget.
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1 Introduction

The study of the b-quark sector of particle physics remains an exciting arena of preci-
sion physics, in which intriguing tensions between observations and Standard-Model (SM)
predictions have been found [1-6]. Scrutinising these findings and better controlling and
reducing experimental and theoretical error budgets therefore remain a crucial task. Any
such anomaly could be an indicator of new effects: while new particles may be too heavy
to be produced with energies achievable by current experimental facilities, quantum ef-
fects could leave detectable traces in flavour-physics processes. One of these long-standing
tensions involves the measured values of the CKM matrix elements |Vy| and |[V,p| be-
tween exclusive and inclusive decays. Apart from leptonic decays, these can be determined
through the exclusive semileptonic decay of a B into a D) (or «), or through the mea-
surement of the inclusive decay rate, respectively. For example, one of the most recent
determination of |V finds

V| = (42.1940.78) x 10~ inclusive [7, 8],
V| = (39.36 4+ 0.68) x 107 exclusive [9-13].

Lattice computations provide crucial nonperturbative input to the exclusive determination
and the required techniques in this case are well established (see reviews [13, 14]). The ex-
isting results for the inclusive decay are based on perturbative QCD. First viable theoretical
proposals for how to accomplish the computation of the inclusive decay rate on the lattice
have appeared only recently [15]. The idea relies on the extraction of a forward-scattering
matrix element through analytic continuation of lattice results obtained in an unphysical
kinematical region. In [16] it was then proposed to address decay and transition rates of
multi-hadron processes through finite-volume Euclidean four-point functions provided that
a method to extract the associated spectral function exists.

In this paper, we present work towards an improved understanding of the calculation of
the inclusive decay rate by means of a pilot study of semileptonic decays of Bs mesons into
charmed particles, namely Bs — Xy, following [17], where the extraction of the spectral
function is bypassed and the decay rate is evaluated directly. Preliminary work has been
presented in [18, 19]. In particular, we improve and compare two existing methods, namely
Chebyshev [17, 20, 21] and Backus-Gilbert [22, 23] reconstructions. Our work uses the
relativistic-heavy-quark action (RHQ) [24-26] to simulate the bottom-valence quark at its
physical mass, while the strange- and charm-valence quarks are treated with a domain-
wall fermion action [27-30], and their masses are tuned to values close to the ones found
in nature.

The structure of this paper is as follows: in section 2 we describe the theoretical
framework, extending the formalism introduced in [17]. We also address the ground-state
limit and its connection with the corresponding exclusive processes. In section 2.3 we
describe some details of the lattice implementation. In section 2.4 we report on our analysis
strategies; to keep the discussion fluent we refer to appendix A, B and C for technical
details. Finally, we discuss the details of the simulation in section 3 and present our results
in section 4. We summarise our findings and discuss future prospects in section 5.
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Figure 1. Feynman diagram for B, — X, lv;.

2 Theoretical framework

2.1 The inclusive decay rate

We start by reviewing the formalism to calculate the decay rate of inclusive semileptonic
processes [31, 32]. Here, we focus on the decay Bs — X.lv; illustrated in figure 1, but
the formalism is more generally applicable to other channels such as, e.g., B — Xly; or
D5y — Xlv,. The final state X represents all possible charmed-meson final states allowed
by flavour, spin and parity quantum numbers. The ground-state contribution to X, in the
vector channel is given by the Dg meson. The leading order weak Hamiltonian for the
b — € process is given by

CAGr a1
= chb [bL’Y CL} WL vule] (2.1)

Hy
where G is the Fermi constant and V, is the CKM matrix element for the charged-current
flavour-changing quark transition. The electroweak quark current for this process is then
Ju = bryter, = E’yu(l — 75)c, which we can also write as J, =V, — A, with V,, = B'yuc and
Ay = 67#750.

The differential decay rate for the inclusive process depends on three kinematical vari-
ables, i.e. one more than the corresponding exclusive decay due to the freedom in the mass
of the outgoing hadrons. Neglecting QED corrections it reads

ar  GilVal
dg?dqodE;  8n3

L, WH . (2.2)
The lepton contribution is given in terms of the leptonic tensor

L™ = pl'py, + pi vl — 9" pu Py, — 1€ py by (2.3)

where p; and p,, are the four-momenta of the lepton and the neutrino, respectively. The
hadronic tensor W# is defined as

W (o a) = 5o [ b e (By(p)| 17 )7(0) | Bu(pi,)

_ 854)(, o 2.4
—QEBSX(%N (pB, — 4 —Px.) (2.4)

x (Bs(pp,)| 7"1(0) [Xe(px.)) (Xe(px,)| J¥(0) | Bs(ps.)) -



where in the second line we have inserted the sum Y~y | X (px.)) (Xc(px.)| over a complete
set of states, which is understood to include an integration over all possible momenta
px,. under a Lorentz invariant phase-space integral, and ¢ = pp, — px. = p; + p,, is the
transferred momentum between the initial and final hadronic states. Note that we will
consider only the case of the Bs; meson at rest, i.e. pg, = (0,0,0), and will henceforth
suppress the corresponding momentum label. The hadronic tensor can be decomposed
into five scalar structure functions W; = W;(¢?,v - q) as

WH = — g™ W1 + vfo" Wy — ie“”aﬁva%Wg +q" "Wy + (vHg” + vV )Ws, (2.5)

where v = pp,/Mp, = (1,0,0,0) is the velocity of the initial Bs meson at rest, and
q=(q0,q) = (MB, —w, —px,). From now on, we will indicate with w = Fx, the energy of
the final-state hadron. The individual components of the hadronic tensor can be expressed
conveniently in terms of the structure functions,

Woo = —W1 + Wy + Q(Q]Wz; + 2qoWs , (2,6)
Wij = 0 Wh + qiq;Wa — ieijord" Wi,
Woi = Wio = ¢i(q@oWa + W),

where i, j, k refers to the spatial indices 1,2, 3. We note that contracting the spatial indices
with the three-momentum components ¢;, we can invert these relations and find expressions
for the structure functions in terms of the hadronic tensor and q.

Integrating over the lepton energy F; = p;o and assuming m; = 0 we obtain the
expression for the decay rate

GLIVip|2 [Ghax _
I = gA‘mg'/o dg® \/¢>X (q%), (2.9)

where the integration over w is contained in

2

K@) =Y X0(g?), XO(g)= / dwx®(g?), (2.10)
=0

and where we defined
XO(g?) = @*Woo + > (62 — Wi + > ¢ Wii¢’
i i%
XW(g?) = —q0 > q'(Woi + Wio) , (2.11)

X @) =q5 > Wi

Recalling that the D, meson is the lightest final state in this inclusive decay process,
and imposing four-momentum conservation we obtain qfnax = (M%S — M]%S>2 / (4M1235)7
Winin = ,/Z\/[,%S + @2 and wpax = Mp, — /g2 for the integral limits. X® and X® depend
only on g? and not on individual components of g, as can be seen after substituting
egs. (2.6), (2.7) and (2.8) into the expressions (2.11).



Starting from the decomposition of the hadronic tensor WH" = Wi, + Wi — W, —
WY, the X () can also be rewritten in a way that exposes the V — A nature of the charged

current, namely
! ! ! !
X0 = X\(/%/ + X5y - X\(/)A - 51%/ , (2.12)

and similarly for X,

2.2 Ground-state limit

In this section we consider a hypothetical world in which only the lowest-mass final state
D; contributes to the inclusive decay, i.e.,

W — 0(w = Ep,) . > (Bs(pp,)| V! [Ds(pp.)) (Ds(pp,)| Vi | Bs(ps,)) - (2:13)

4Ep Ep,
In this limit we can reconstruct the inclusive decay rate from lattice simulations of the
exclusive decay, allowing us to compute the ground-state contribution. We will also use
results in this limit to devise consistency checks of the inclusive-decay setup. The required
hadronic form factors fi(¢?) and f_(q?) parametrising the corresponding matrix element

(Ds(pp,)| Vyu |Bs(pB,)) = f+(@*) (0B, +PD)p+ f-(@*) (0B, —PD )y (2.14)

of the exclusive decay Bs — D lv; can be computed separately on the lattice using more
conventional methods [33-35].

In order to compute the inclusive decay rate in this limit we now establish the rela-
tion between the vector form factor fi(¢%) and Xyv = Y7 X‘(/l%/ defined in egs. (2.10)
and (2.11) using the decomposition in eq. (2.12). Let us first decompose Xy = X‘”/V—l—X‘J;V
into longitudinal and transverse components in terms of the projectors th = g" —q"q” /¢*

and Hl'w = q"q"/q?, where

X{y = Wi+ ¢*Wa,

(2.15)
which, inverting eq. (2.6)—(2.8) and considering g* # 0, can be expanded as
2
. . q ..
Xty =W — a0 Y a(Wl, + Wis)) + q—% > aWiva; (2.16)
i i
2
X‘J;V = (q% —q?) ZW\Z}V + Z (1 - qg) Wiy g (2.17)
i i
0 2 _ 2 ji a4 /j
— (4 . v] .
—Z( _q2> (%’ -q )WVV+Z<1_q2> Wy g -
i 7]
Inserting the expression eq. (2.13) into eq. (2.16), we obtain
_ MBS
Xy = 5@l (@)P (2.18)
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Figure 2. Diagram of the four-point correlator. Two propagators used for the contraction are
depicted in the picture. The black one, Gp(zsc, z1), is a propagator for the b quark from z1 to Zge.
The green one, Y.ps(21, Zsre), is a sequential propagator that propagates the s quark from xg. to
Tsnk, the b quark from zg, to x2 and the ¢ quark from x5 to x7.

In section 4.4 we will use this relation to devise a cross-check of our method for the com-
putation of the inclusive decay rate by comparing with the exclusive decay to the ground
state. Note that because of the Dirac delta in (2.13) the integral over w just selects the
ground-state energy for the Dg meson with a given momentum. This then implies that
X® = XO up to §(w — Ep,). Further details on the ground-state limit can also be found
in the appendix of [36].

2.3 Inclusive decays on an Euclidean space-time lattice

We now address the strategy for the computation of the inclusive decay rate on the lattice,
which follows [15, 17, 36]. The key quantity is the hadronic tensor in (2.4)

W (q) =

= 20, /d4a: el <BS| J“T(:C)J”(()) |Bs> ' (2.19)

The matrix element in eq. (2.19) can be extracted from the time dependence of the Eu-
clidean four-point function

>t =z =
CE;;]JS (q; lsnk, L2, t1, tsrc) tQE ' Z <O}_933 (xsnk) J;E (Q) t2) Jy (q’ tl) Ogi (xsrc)> ) (220)

Lsnk;Lsrc

where O%S is an interpolating operator with quantum numbers of the Bs meson and the
currents are projected onto three-momentum by a discrete Fourier transform jl,(q,t) =
S, €9% ], (x,t). In this setup the By meson is created with zero momentum at source
position xg. and annihilated at sink position xg,. In figure 2 we show the corresponding
quark-flow diagram: the black line, Gp(2gc, 1), is a propagator for the b quark from z; to
Tsre Whereas the green one, ¥.ps(21, Zgre), 1S a sequential propagator that propagates the s
quark from xg. to xgnk, the b quark from xg, to x2 and the ¢ quark from xo to 7.

The matrix element in eq. (2.19) can be extracted in the window tgx — t2 > 0,
t1 — tsre > 0 and to > t1, where excited states of the Bs; meson have decayed sufficiently.
By increasing the overlap of the operator (’)1535 with the ground-state Bj state the size of
this window can be enlarged. This can be achieved by means of operator smearing, to be
detailed later. We use a superscript S in case of smearing and L in case of no smearing.



Within the window we expect

1 ~ ~
CE,;IJS (q,tsnkat%tlatsrc) 4M2 (0‘035’3 ><BS‘JZ (Q7t2) Ju (‘Ltl) ’Bs><BS‘O§Z‘O> : (2'21)

In order to extract the By forward-scattering matrix element in eq. (2.19) we cancel the
smeared Bs wave function factors <BS\(’)§Z\O> and (0|03 |Bs) by constructing suitable
ratios with B meson two-point functions with zero momentum

O (ta, t1) = S (O3 (22)OF (1))

. ;Z’mll (2.22)
2—t1 S Lt —(t2—t1)Mp
=" — By) (B 27 s,
siry (0105 18:) (B O 10) ¢
Our choice of ratio is
ngJs(qatsnkyt%tl,tsrc) 2MB <B ‘ J (qth)Ju((Ltl) ’Bs> (2 23)

CSL (tsnka t2)CLS (tl 5 tsrc)

ot | (01 O, |Bs) [ ’

where we cancel the residual factor | (0] OF_|Bs) |>/2Mp, with its value obtained from fits
to the time-dependence of, e.g., the CY two-point function. This leads us to define the
key observable

Cuna.t) = 5 (Bal Ji(a.0)e A1 ],(q,0)|Bs) , (2.24)

2M

where we have used time-translation invariance t = to — t1. It is related to the hadronic
tensor defined in eq. (2.19) through a Laplace transform

Cu(q,t) / dw

:/ dcuT/T/'M,,(q,w)e*“”‘/7
0

(Bu| J}(a,0)3(H — w)J,(g,0)|Bs) e
(2.25)

where

1
2Mp, 5

Wp,l/(q’ w) = 5(&) - EXC) <Bs‘ jl(qv 0) |Xc> <Xc| jl/(q7 0) |Bs> (2'26)

corresponds to the spectral representation of C),(q,t). By means of eq. (2.23) we can
compute C,, on the lattice from a combination of meson two- and four-point functions for
a finite and discrete set of Euclidean times ¢t. The determination of the hadronic tensor
by means of inversion of the integral equation eq. (2.25) therefore constitutes an ill-posed
inverse problem, similar to the extraction of hadronic spectral densities from Euclidean
correlators: while the reconstruction of Cy, from W, is straightforward, the other way
around is a very difficult task.

Fortunately, in order to compute the inclusive decay rate eq. (2.9), we do not have
to compute the hadronic tensor itself, but only integrals X (g?), where the hadronic



tensor is smeared with the leptonic tensor integrated over the lepton energy, as defined in
egs. (2.9)—(2.11). In general, we can write

X0(g) = [ dowr (g )kD(g.) (227)

Wmin

where k,(fg(q,w) is a known kinematic factor that depends only on the energy and three-

momentum. Introducing a step function 6(wpax —w) and extending the limit of integration
as Wmax — 00 and wmin — wg, with wy < wmin We can rewrite
o0
XO(g*) = | dw W™ (q,w)k)(q,w)0(wmax — )
e (2.28)
= [ dwWH(qw)K(g,w),

wo

defining the kernel function Kffg(q, w) = kffl),(q, w)O(wmax —w). Note that wy can be chosen

freely in 0 < wp < wmin as there are no states below the ground state energy wmin, as seen
from (2.26). For instance, for Bs — X Iy, we expect wmin = Mp, for the contribution
from the vector channel at vanishing transferred momentum q. We will later exploit this
freedom in the choice of wy.

Let us now discuss how to obtain X ) from lattice data for C,v(q,t). First we introduce

a smoothing of the kernel K ,(f,z by replacing the step function by a sigmoid of the form

1

While we eventually have to take the limit 0 — 0 in order to obtain the physical decay rate,
smoothing is useful to control and understand the systematic effects involved in the strategy

(D)

to compute the decay rate. Following [17], we now expand the smoothed kernel K5 (g, w)

—aw

as a polynomial of e (we will set a = 1 for simplicity) up to some order N, i.e.,

KD, (q.w) =l o(g0) + el (@o)e ™+ +cl) W(gro)e™™,  (2.30)

O]
nv,k

depends on the smearing parameter o, can be computed as

@)

with N coefficients ¢, , (q;0). In this way, the target quantity X,’(q?), which now also

Xg@®) = | doW™(q,w)e > K, (q,w;t0)

a
wo

@ > n —2wto U] > nv —2wty —w
= Cuv,0 dw W (q,w)e +Cun dw WH”(q,w)e e+ ...
Wi w
0} e 0
+ CW,N/ dw WH(q, w)e_QWtOe_"JN . (2.31)
wo

)

The factor e ?¥% has been introduced, and compensated for in K((le, (q,w;ty) =
62“t0Ko(—l,Ll,(q,w), in order to avoid the equal-time matrix element ¢; = t3, see eq. (2.20),
which contains contributions from the opposite time ordering corresponding to unphysical
bsch final states. We will discuss suitable choices for the free parameter ty together with



the discussion of the analysis of actual simulation data. Inserting now eq. (2.25) we arrive
at the compact expression

N
X0(g®) =" cl) 0" (q.k + 2to) | (2.32)

k=0

which relates C*(q,t), which can be computed on the lattice, to )_((S‘) (g?). The expression
is understood to be an approximation of X'(gl)(qQ) due the truncation to a finite value
N; we use the same convention for all similar quantities that we address in the following
sections. Note that the order N of the polynomial approximation is now directly related
to the separation in Euclidean time of the two charged currents in the four-point function
in eq. (2.20). What remains to be done towards the computation of the decay rate for a
given value of o, is to carry out the phase-space integration in eq. (2.9).

0

Before we close this section, let us list the explicit expressions for the kernels Ks . :

aoo(‘Lw:tO) g% 5 (wmax — w) (2.33)
K (g, wit0) = (g} — ¢%) Oy (Wmax — ) | (2.34)
m](q,w,to) L 2100,0; 0 (Wrnax — @) (2.35)
Kffl&(q,w, to) = Q“toq 0 0o (Wmax — w) (2.36)
K2 (q,w;to) = €263 0, (winax — ) - (2.37)

For the parallel and perpendicular components at g2 # 0, as defined in section 2.2, we have

K” O[)(qa ws tO) QWth ‘90' (wmax - W) s (238)
Kz! Oz(q7 W to) = - 2Wt0qo%' 05 (wmax - w) ) (2.39)
K(|7|' 74,7 (q7 w3 tO) 2Wt0 Zg q’qu 0 (Wmax - W) 9 (240)
2
q
K ii(g,wito) = (7 — %) < - qg) 0 (Wmax — W) (2.41)
1L Gl ) q%
Kyii(q,wito) Z e*gq; (1 - q2> 05 (Wmax — W) - (2.42)

All other index combinations vanish.

2.4 Data analysis

In the previous section we reduced the problem of computing the inclusive decay rate to
that of finding a suitable polynomial approximation for the kernel K((,%,(q,w;to). Here
we describe two separate methods that we follow (and later compare in section 4), for
determining the expansion coefficients C;(Qk given lattice data for the ratio of correlation
functions in eq. (2.23).

The analysis has to deal with the statistical noise from the data and also systematic

errors, e.g. those associated with the polynomial approximation. Here we consider data for



a single lattice spacing and lattice volume, leaving discretisation and finite-volume errors
for future studies.

In principle, Xc(,l)(qQ) as defined in eq. (2.32), could be computed straightforwardly

from lattice data for C,(q,t). For a given order N, the coefficients cﬁzk

series for the analytically known kernel Kgl,zw(q,w) could, for instance, be determined via

in the power

linear regression, allowing to construct Xgl)(q2) from the data for C),,(q,t). The order of
the expansion is limited by the number of time slices in the window where C},,(q,t) can be
extracted from the lattice data. Unfortunately, the exponential deterioration of the signal-
to-noise ratio with increasing Euclidean time separation ¢ makes a meaningful signal for
the decay rate difficult to extract. What is needed is some form of regulator that provides
balance between statistical noise and systematic error due to the truncation. We proceed
with outlining two methods that achieve this: one based on Chebyshev polynomials and
the other based on the modified Backus-Gilbert method.
For the sake of readability we introduce the following notation

XD(q®) = | dwW(q,w)e "KW (q,w;t0)

[

wo

_ 1 dw KO (q,w;to) (Bs| J*1(q,0)e 0 8(H — w)e "] (q,0) | Bs)
2]\4}3S wo i

= (W*(q)| K, (q. Hito) [4" (q)) (2.43)

where we made use of eq. (2.26) and defined [¢¥(q)) = e*m(’jl’(q, 0) |Bs) /+/2Mp,. Note
that the kernel has been promoted to an operator, Kc(,l,L,,(q, H i t0).

2.4.1 Chebyshev-polynomial approximation

Chebyshev polynomials T} (w) defined on —1 < w < 1 provide an optimal approximation of
functions under the Ly,-norm. We provide a summary of basic properties in appendix A.
For the case at hand we define shifted Chebyshev polynomials T}, (w), which are defined
in the interval wy < w < oo. Here, Tj(w) = Ti(h(w)), and h(w) = Ae ™™ + B is a
map h : [wp,00) — [—1,1], where expressions for the coefficients A and B can be found
in eq. (A.23). The kernel function from the previous section can then be expanded up to
order N as

1) - Y0 o
K (@,wit0) = 580,0To(w) + 3 &0, Trlw)., (2.44)
where Ty(w) = 1 by definition, and

k
Ti(w) = Y i, (2.45)

with coefficients #jk) defined and discussed in appendix A.2. Making use of the Chebyshev

@

vk Are defined by projection as

polynomials’ orthogonality properties, the coefficients é
in eq. (A.21),

A= | dw kS (@.wito)Ti@) ). (2.46)

v,k T
wo

~10 -



where the weight function Qp(z) is defined in appendix A. In this way, the expectation
value of the kernel operator is

=

WK B10) 07) = G20 (01 Do) 1)+ 32 0 ) 07) - 24

By construction, in particular thanks to the condition of eq. (A.9), shifted Chebyshev
polynomials are bounded, |T}(w)| < 1. As we will discuss later, this a crucial ingredient in
the data analysis: in order to make use of this property, we divide the terms (¢*| Ty (H) |[)*)
by a normalisation factor (¢*|y") = CH*(2ty). For a more compact notation we define

O (o f -
K(l) L= <¢,u‘ Ka,/w(q, H; tO) ‘wu> T L= <w,u’ Tk(H) \%) 4
< o >,U« <wﬂ‘wy> ’ < k>,u <wu|¢y> 9 (2 8)
such that
N
(KO = 520 o(T0) ,;1 (2.49)

where in this case there is no summation on p,v. We refer to (1}) wv as the Chebyshev
matriz elements, for which, thanks to the normalisation, |(Tj),,| < 1. In terms of the

Chebyshev expansion the expression for X}S” (g?) now reads

XP(@®) = 3 Wult) (KP) (2.50)
{m.v}
and explicitly
X0 = Coo(2t0) (Koo + D Cia(2t0)(K)ii + > Cij(2t0) (KM, (2.51)
i i#j
X(l) = Z (COi(2t0)<K(l)>0i + Ci0(2t0)<K((71)>i0) , (252)
ZCM 20) (K ?)); (2.53)

The Chebyshev matrix elements can be constructed directly from the lattice data using

(Wule M |y)  Clu(t+2t0) _ ~
W) Gty Cml): (2.54)

Using the properties of shifted Chebyshev polynomials as detailed in appendix A.2, we can

directly relate the matrix element <Tk) » to the correlator C_'W. In particular,

_ Wl T ) _ 5 (al Tl 1Xo) (Kol
) (Dult)

(W
3 0 e-iBx, (ulXe) (Xl

(Te) o

e

;Cj:() <¢u|¢u>
k
2

() (2:55)
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where we have inserted the identity I = 3"y [|X.) (X.| and #jk) are defined in (A.15).
Overall the full Chebyshev expansion of the kernel reads

N N (2.56)
~ (1
=Y Cuk) Y <1 25[)]) i),
k=0 j=k
where we emphasise once more that the analytical expressions for the coefficients E/(f,)j j and

éj ) are known and can be evaluated. Collecting the coefficients into

1
/J,Vk = Z ngjt 7) (1 — 26()]') , (257)

we arrive at the compact expression
N
() A
(B = 3 ) 1 G (k). (2:58)

While c( ) ,.x is known in terms of solvable analytical expressions, Cyuw (k) needs to be com-
puted on the lattice using Monte-Carlo methods. The resulting statistical error on C_’W(k:)
can lead to violations of the bound |(T),,| < 1 when solving the linear system in eq. (2.55).
This can however be avoided in a Bayesian analysis of the correlator data, imposing the
bound in terms of priors. One way to impose the constraint is to use a Gaussian prior
on some internal parameters (7)., ~ N(0,1) and convert it to a flat prior on the in-
terval [—1,1] using the map f(z) = erf(z/v/2) such that (Ty)u = f({(Fx)uw). We refer
to appendix C for a thorough discussion on the fitting procedure that we adopt.

2.4.2 Backus-Gilbert

A different approach to determine the polynomial approximation of the kernel is given by
a variant of the Backus-Gilbert method [37] proposed in [22, 38]. In this work, we consider
a more general scenario to allow the use of different polynomial bases following [39]. Note
that, although what we propose is mathematically equivalent to the approach in [39],
our formulation may have the advantage of avoiding some of the numerical technicalities
that arise in the original version. Indeed, while the latter requires the inversion of an ill-
conditioned matrix with the help of arbitrary precision arithmetic, our approach relies on
the inversion of an equivalent diagonal matrix in the case where an orthogonal polynomial
basis is chosen, at least as far as the systematics are concerned. We briefly present the
idea below and refer to appendix B for a more detailed discussion. Note that we adopt a
different notation with respect to the original works (we use F' instead of W for the final
functional to avoid confusion with the hadronic tensor).

The central idea is to address the reconstruction of the (smeared) kernel K(SZL,, of
the form

KD (q,w;to) = Zgﬂykpk (2.59)
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where Py(w) = ;?Zoﬁ(k)

J
gl(fg #(@,0:t0) is a set of coefficients to be determined. In order to compute them, the

e /% are a basis of functions defined on [wp,00), and ggg =

strategy is to minimise the functional

{
Ja0) Ajw[g] 0
1//\[ ] = (17)‘) 1 +)‘B,u,u[g]7 (260)
g Aji]0]
where
2
A/(ilrl[g] :/ dw Q(w) [thluu (q,w;to) — Zguuk e (W (2.61)
wo

is the Lo-norm of the difference between the target kernel function and its reconstruction,
weighted with a smooth function Q(w), and

B,})ld] Z Ghn;COV[C (), Ch ()] g (2.62)
7,k=0

is the variance of the corresponding channel Xﬁ,}, with C’fy(k) Z] Op] w(j). The
0

functional F LA encodes the information about both systematic and statistical error, whose
interplay is controlled by the parameter A € [0, 1), which in principle can be chosen by hand.

The values of the coefficients gJ;k()\) for each A are given by the variational principle, i.e.

oFY)

l VA

guL) e A =0, (2.63)
aguu,k

We can now devise a method to find the optimal \*. Following [38], we can simply evaluate
the functional Flgly) y at its minimum i.e. F,SQ()\) = rY [9(N)], which then becomes a

nv, A9
. . . - (1) aFO | . .
function of A, and require that \* maximises Fjiy (), —4 = 0. It is clear that this
)\*
choice corresponds to A [ ] /AW[ | = B,(f,z [g%], i.e. an optimal balance between statistical

and systematic errors. This is the prescription we follow and take g:(yl)k, = gl(fy) w(AF).

Following the steps for the Chebyshev approach we get for the kernel

x(1)
Kal ;w = Zgﬂg,k ,LLVa (2.64)

_ (Wl Pu(A) [4) i Ky (W] €7 [3,)
Wulthv) = (Wulthw)

In particular, considering the domain [wg, c0), we focus on two choices:

(Pe) = C’fy(k) . (2.65)

o exponential Backus-Gilbert: Py(w) = e " and Q(w) = 1 (and set 9,(2,0 = 0 by hand,

as in the original proposal [22]);

o Chebyshev Backus-Gilbert: Pj(w) = Ty(w), i.e. the shifted Chebyshev polynomials
with Q(w) = 1/v/e*w—w0) — 1 being the weight that enters in the definition of the
scalar product as in (A.13).
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3 Numerical setup

We perform a pilot study using a 243 x 64 lattice with 2+1-flavour domain-wall fermion
(DWF) [40, 41] gauge-field ensembles with the Iwasaki gauge action [42] taken from the
RBC/UKQCD Collaboration [43] at lattice spacing a ~ 0.11fm and pion mass M, ~
330 MeV. The correlation functions analysed in this paper have been generated with the
Grid [44-46] and Hadrons [47] software packages. Part of the fits in the analysis have been
performed using lsqfit [48, 49].

We use the same simulation parameter RBC/UKQCD is using in the heavy-light meson
projects on exclusive semileptonic B(,) meson decays [35, 50-52]. In particular, the valence-
strange quark is simulated using DWF, whereas the valence-charm quark is simulated by
using the Mobius DWF action [29, 30]. Their masses are tuned such that mesons containing
bottom, charm and strange valence quarks have masses close to the physical ones. The
bottom quark has been simulated at its physical mass using the Columbia formulation of
the relativistic-heavy-quark (RHQ) action [25, 26], which is based on the Fermilab heavy
quark action [24]. In particular, this formulation allows to reduce the b-quark discretisation
effects of order O((mpa)™), O(pa) and O((pa)(mpa)™) by tuning three nonperturbative
parameters, one of them being the bare mass my.

For the computation we average over 120 statistically independent gauge configura-
tions, and on each configuration the measurements are performed on 8 different linearly
spaced source time planes. We use Zg wall sources [53-55] to improve the signal. We in-
duce 10 different momenta in the four-point functions in eq. (2.20) using twisted boundary
conditions [56, 57] with the same momentum in all three spatial directions. Considering
g = 270/ L in lattice units we have 8 = (60,0, 6), where 6 indicates the twist. We choose
them such that all the momenta are linearly spaced in g?: 65 = 1.90 \/g fork=0,1,...,7,
where the factor 1.90 is determined by the value of g2, = 1.83 in lattice units. We also

take 8 = 1.90 \/g and 6 = 1.90 \/% to increase the resolution in g2 for small momenta.

We compute two-point functions for both By and D,. As discussed in section 2.3,
for Bs we consider three cases at zero momentum Céf (t, tsre), C’gf(t, tsrc) and C’gf (t,tsrc)
with different smearing combinations, as indicated by the superscripts “L” (local) and “S”
(smeared). The smeared-smeared C’gf (t,tsrc) is also used to determine the renormalisa-
tion constant together with the three-point functions. The sources are smeared gauge-
invariantly using Jacobi iteration [58, 59] using the same parameters as in RBC/UKQCD’s
study of exclusive semileptonic decays in [52, 60, 61].

The D, correlators are relevant mainly for the analysis of the ground-state limit in
section 4.4. We consider again three different combinations of smearing at source and sink
and we induce momenta for the ¢ quark with the available twists. We show the speed
of light from the fitted masses of the Dy for the smallest momenta, comparing with the
continuum dispersion relation and the lattice dispersion relation in figure 3. The latter
shows excellent agreement with the fitted energies.
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Figure 3. Speed-of-light plot for the D meson. The numerator is the energy of the ground state
mass for a given momentum as extracted from a fit to the data. The denominator is given by either
the lattice dispersion relation or the continuum one, where the D, mass has been determined from
a fit to the data.

Viu(z, 1)

Tsrc Tsnk

S

Figure 4. Three-point correlator diagram for the exclusive channel B; — Dy ly;.

We also compute three-point correlators for the B; — Dg Iy process

CSEDS,“(q7 Lsnk, T, tsrc) = Z <(9§9 (xsnk)v,u(mv t)ogt (xsrc» . (31)

Lsnk,L

Following the analysis of [35, 50, 51], we extract its form factors and compare with our
inclusive results. The momentum is carried by the charm quark through twisted boundary
conditions, g = 276/L. We use a source-sink separation of tg, — tse = 20 in lattice units.
The corresponding quark-flow diagram is depicted in figure 4.

We now move to the four-point correlators defined in eq. (2.20), which are the building
blocks in the computation of inclusive processes. We use the same source-sink separation
as for the three-point functions, i.e., tgnk — tsre = 20 in lattice units. The current J, /‘; is fixed
at the time slice to = tgc+ 14, such that the time dependence is enclosed in 0 < ¢ < 14 with
t = to — t1. For this choice we find ground state saturation at the points where we insert
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Figure 5. Determination of renormalisation Z% (left) and Z¢¢ (right) from the ratio of two- and
three-point functions defined in eq. (3.3).

the currents. In practice, referring to figure 2, the contractions are performed between a
b-quark propagator Gy(x1, zsc) and a sequential propagator X ps(x1, Zsc). For the latter,
we first propagate the s quark to point xg,, starting from a Zo wall source at tg.; we then
use it as a sequential source at fixed tg, with zero momentum to propagate the b quark.
The b quark is propagated to point x2, and it is then used again as a source with a specific
choice of gamma matrix corresponding to the current J;ﬂ(:vg) and the momentum insertion
to propagate the ¢ quark.

As before, the momentum g induced through twisted boundary conditions is carried
by the ¢ quark. Given that we are dealing with (V' — A) currents, we consider all possible
combinations of J;L(xg) and J,(x1), i.e. VJVV, VJAV, ALVV, ALAV. However, in the limit of
massless leptons the combinations ALVV and VJ A, do no contribute to the total decay rate.
Indeed, these terms are related to the structure function Wj as VVZ-‘?V + W};A = ieijoquW;;,
as can be seen analysing parity in eq. (2.7), which does not contribute to the total decay
rate for m; = 0.

The local vector and axial-vector currents used in our lattice calculation receive a finite
renormalisation. We use the almost nonperturbative prescription of [62], whereby

VH = pl‘]/[; V Z‘C/CZeb (Vﬂ)bare and AH = p?‘f V Z‘C/CZeb (Aﬂ)bare : (32)

The subscript “bare” indicates the bare, unrenormalised heavy-light vector or axial-vector
current. Zff is the vector-current renormalisation constant for domain-wall fermions. Due
to the approximate chiral symmetry of domain-wall fermions, Zj¥ = Z§° up to residual
chiral-symmetry-breaking effects. The renormalisation constants Z%’,b and Zj7 are computed
from the charge of the heavy-light mesons, and are defined as

Cgf (tsnky tsrc)
Cngs7()(tsnka t, tsrc) ’

C35 (tenk, t
Z{,}) _ SSBS ( snk src) and Z‘C/C _
CBSBS7()(tsnk, tu tsrc)

(3.3)

where both the two- and three-point functions are zero-momentum projected. The results
for Z% = 9.085(50) and Z{¢ = 0.80099(21) are reported in figure 5. The coefficient pi’f/A
is expected to be close to unity and can be computed in perturbation theory. Here we set
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it to its tree-level value, i.e. pl"f/ 4 = 1. This is sufficient for the qualitative study aimed at
here, where no attempt is made at taking the continuum limit.

For all the three-point and four-point functions we always average over the spatial
directions given that the momentum is the same in all three directions. Note in particular
that for the four-point correlators we have to average separately over J;r J; and JiT Ji, with
i # k, which can be seen from eq. (2.7).

4 Results

In this section we present and discuss the main results of our work. We first discuss
how well the kernels Kf}ﬁ,o are approximated by the polynomials and then discuss the
reconstruction via Chebyshev and Backus-Gilbert methods. Eventually we combine various
analysis steps for a prediction of the inclusive decay rate. Towards the end of this section
we compare our results with the ground-state contribution. We emphasise that the work
presented here focuses on a qualitative understanding of the methods aiming at developing
reliable techniques, which in future work can be used to make phenomenologically relevant
predictions.

4.1 Polynomial approximation of the kernel

In this section we discuss the key aspects of the polynomial approximation. The two
ingredients to optimise the approximation are the choice of the starting point of the ap-
proximation wp, and the value of g in (2.54). In particular, we choose ¢ty = 1/2 in lattice
units, such that the exponential growth of the term e?#% in the kernels (2.33)—(2.37) is
minimal, and the number of data points we can use is maximised. We study two val-
ues of wp, i.e. wop = 0 and wy = 0.9 wmin for each momentum g>. Note that this section
deals purely with the approximation of the kernel with no connection to the data; for the
Backus-Gilbert method this means that we set A = 0.

In figure 6 we highlight some of the key features of our approach and in figure 7 we
show the approximation for different kernels K ,(}V)U with [ = 0,1,2. The plots are for the
smallest and one of the largest g? computed, respectively. Here we illustrate the case of
o = 0.02, which smoothes the step function only mildly. Later we will also discuss the case
of larger values of o.

Some comments are in order. First of all, we point out that with the current data set,
the polynomial order N = 9 is the maximum value available. This depends on the size
of the lattice and the choice of tg., to and tgyk in the four-point correlator. In particular,
setting a = 1, the available time slices are 2ty <t < t9 — tgc, which in our case correspond
to 1 <t < 14. On top of that, we need to make sure that ¢t < to — g, i.€. t1 — tge > 0:
the choice N = 9 corresponds to a separation t; — tg,c = 4. Of course, with an improved
data set N could be chosen larger and the differences between the two approaches would
reduce further.

We also notice that the kernel with [ = 0 is the most delicate to treat, as it is the one
that shows the sharpest drop to zero at the threshold. Note also that for the case [ = 0 we
plotted only Kég) as all the other kernels are the same up to a constant factor. Secondly,
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Kernel approximation N = 9, q° =4.77 GeV? Kernel approximation N =9, ¢° =4.77 GeV?
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Figure 6. Comparison between Chebyshev and Backus-Gilbert (with exponential basis) approach
with N =9 at wp = 0 (left) and comparison between Chebyshev approach with different values of
wo (right) for kernel K(()g) at g2 = 4.77GeV2. The solid blue line shows the target kernel function
with a smearing o = 0.02.

as shown in figure 6 (left) the results for Chebyshev and Backus-Gilbert agree very well
and the quality of the approximation seems comparable.

The quality of the approximation varies with wp: as shown in figure 6 (right), starting
the approximation as close as possible to wpi, gives the best result, as the nodes of the
interpolation (the points where the target function and its polynomial reconstruction meet)
are denser in the allowed phase space in energy (the grey shaded area). This is most evident
in the case of large g2, as Wiy is moved further away from 0. This is then the region where
we expect larger deviations for the values of X(?)(g?) between the two choices of wy. Note
also that a value slightly below wpin (e.g. 0.9wnin) safeguards against statistical fluctuations
in the Ds;-meson mass.

4.2 Chebyshev polynomials and Backus-Gilbert in practice

We now discuss the quality of the data analysis as outlined in section 2.4. Focusing first
on the Chebyshev-polynomial approach, the correlator data are traded with the fitted
Chebyshev matrix elements as

k
Cﬂi(k) = Z @ﬁk) <Tj>;w ) (4.1)

(%)

where the coefficients a;” are given by the power representation of the Chebyshev polyno-
mials, see appendix A. Following (2.58), the kernel with fitted Chebyshev matrix elements
can be written as

~() N N
Cuv,0 (1 ~ () A
(Ko = L5 Do + 3 G T = 3 S Ol (). (42)
k=1 k=0

An example of the Chebyshev matrix elements obtained from the fits can be seen in fig-
ure 8, where we compare two different extractions according to the starting point of the
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Figure 7. Polynomial approximation at order N = 9 of the kernel Kﬁ(fy),o(q,w;%o), for il =0
(first row), | = 1 (second row) and [ = 2 (third row) with t; = 1/2 and ¢ = 0.02. The left
column shows the case of the smallest g2 = 0.26 GeV?2, whereas the right column shows one of the
largest momentum q? = 4.77 GeVZ. The grey area corresponds to the kinematically allowed range
Wimin < w < Wmax for the given g2. The solid lines show the target function; the dashed lines show
the approximation with the Chebyshev approach, whereas the dotted ones show the approximation
with Backus-Gilbert with an exponential base and A = 0.

approximation wg. The plots show the distribution of each order of the Chebyshev ma-
trix elements obtained through the fitting procedure described in C: each histogram plots
values obtained for all the 1000 bootstrap bins. We show the axial channel A;A;, as its
signal turns out to be particularly clean. In figure 9 we show results for the 4;A; chan-
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Figure 8. Histogram of the Chebyshev matrix elements (T}) 4,4, for k = 1,2,..., N with N =9
for two values wp = 0 (blue) and wy = 0.9wni, (orange) at g> = 0.26 GeV®. The matrix element
(To) 4,4, = 1 by definition and is therefore not shown. This channel is one of the most precise: we
find that in both cases the fitting procedure is able to determine the matrix elements up to order
N ~ 7, after which the distribution of the bootstrap bins remains flat.

nel, with ¢ # j, which is found to be the noisiest channel. Here, only few terms can be
determined meaningfully by the lattice data. Higher-order terms just follow the flat prior
distribution in [—1,1].

In both cases we observe that a larger number of Chebyshev matrix elements can be
determined meaningfully for wy = 0 than for wy = 0.9 wmin. For example, in the A; A; chan-
nel the distribution of the former is close to the prior distribution, which is flat between —1
and +1, for N = 9, whereas the latter start flattening at N 2 7. A possible explanation is
as follows: as can be seen from (A.27), dg.k) lwo=0 = e‘ogwmiﬂkdg.k) |wo=0.9wm, - The additional
exponential factor largely cancels the ground-state exponential decay in the correlation
function in eq. (4.1). Hence, the polynomial approximation has less structure to describe
and higher-order terms become less relevant. Nevertheless, in both cases the x? of the fits
are acceptable and the reconstruction of the data as in eq. (4.1) gives comparable results.

We now move to the Backus-Gilbert case, for which we have so far only considered the
limit A = 0. In this limit the coefficients of the polynomial approximation are determined
without reference to the data. We then consider the case A # 0 and, by visual inspection
of figure 10, find that the polynomial approximation of the kernel function gets worse.
The effect of non-zero A can be understood as a correction to the optimal coefficients, as
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Figure 9. Histogram of the Chebyshev matrix elements (T}) A;A; With @ # j for k =1,2,...,N
with N = 9 for two values wy = 0 (blue) and wp = 0.9wmin (orange) at g> = 0.26 GeV2. The results
for <Tk> A;4; are less well constrained than the ones for A;A; shown in figure 8. The minimum of
the x? is determined almost entirely by the uniform priors.

o _ .0

outlined in section B.2. In particular, if we rewrite the coefficients as 9:1/ k= Yuok T O

wv,k
we have

N N
*(1) = * l
k=0 k=0

where 733 are the coefficients for A = 0 and Ez(ul)k is a correction which takes care of reducing

the noise coming from the statistical error.

4.3 The inclusive decay rate

In this section we present the main results of our work. In figure 11 we show the results
of X(g?) for all the simulated values of g2. For each simulation point we show the results
of three studied approaches, i.e., Chebyshev polynomials, exponential Backus-Gilbert and
Chebyshev Backus-Gilbert, all of them for both wy = 0 and wg = 0.9 Wiy We find that all
sets of three points for a given value of wg agree very well. However, sets with different wy
start deviating as we increase the value of g2. As discussed in the previous section, this can

be understood in terms of the polynomial approximation of the kernel: as g

increases, the
phase space in w shrinks, and the two approximations start differing increasingly. Our data

indicates that the approximation improves as wy — wmin. In order for the approximations
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Figure 10. Polynomial approximation of the kernel K ,(jy),g (q,w;2ty), for I = 0 (first row), I = 1
(second row) and [ = 2 (third row) with ¢y = 1/2 and o = 0.02 in the case of Backus-Gilbert with

exponential basis and A # 0. The value of A has been chosen to be A* for each plot, which gives
equal weight to the statistical and systematic errors.

for different wg to be comparable the order of the polynomial needs to be increased for lower
wp. It is also conceivable that other systematics like finite-volume or cutoff effects play a

role here. These effects are beyond the scope of this work but will have to be addressed in
future work.

In the previous section we have seen that the shape of the kernel, and hence, the
quality of approximation, varies substantially for different I and g®. The degree to which
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Figure 11. Estimate of X (g?) with the two different strategies for 10 different g2 with N = 9 and
Q.. = 5.86 GeV2.

301 =4 = } X0,

Figure 12. Contributions to X (q) from the Chebyshev-polynomial approach at N = 9 and wy =
0.9wmin, with associated error bars. The black triangles correspond to the final value X (q2) =
212:0 Z{Wl} X',(f,z(qz). The solid black lines separate the contributions from [ = 0 (bottom), [ =1
(middle) and = 2 (top).

this impacts the combined result X (g?) depends on the magnitude of each contribution, as
illustrated in figure 12. The plots indicate that the largest contribution originates from the
channel with = 2. The underlying kernel is, at least for smaller values of g2, relatively
smooth (figure 7). We therefore expect less sensitivity to the systematics of the polynomial
approximation in this kinematical region but more care is needed for larger q>.

We now address the stability against the order of the polynomial N. Starting from
the Chebyshev approach, we study the saturation in figure 13. We start from the fit
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Figure 13. Saturation of Chebyshev polynomial approach for different g% and wy = 0.9wmi, (left)
and for case g2 = 0 for both values of wy as a function of k (right), where k is the number of
Chebyshev matrix elements taken from the fit.

with N = 9. The plot shows the result where the first k& Chebyshev matrix elements (cf.
legend) are taken from the fit, and the remaining N — k are replaced by a flat distribution
-1< <1~})W <1lwith j=k+1,...,N. We can see that the signal is dominated by small
orders; for wyg = 0, the signal is saturated at around N =~ 5, whereas for wg = 0.9 Wnin
saturation starts at N ~ 3. This is also compatible with the previous discussion on the fit
of the Chebyshev matrix elements, cf. with figure 8 and figure 9.

In order to estimate higher-order contributions, which are not constrained by our data,
we study how the results change after adding more terms in the Chebyshev distributions
on top of the N = 9 available. In this way we obtain an estimate of the approximation
up to N = 50, as in figure 14. We show in particular the case of distributions with ran-
dom values in Zs = {—1,1} for (T}),, beyond k = 9; the case with uniform distribution
with values in [—1, +1] gives similar results with slightly smaller errors. In both cases, the
extra terms contribute to the final error only mildly: these observations suggest that the
results obtained do not suffer from huge systematic error from the polynomial approxima-
tion. A more complete study is however required for a reliable estimate of the underlying
systematic effects.

Concerning the Backus-Gilbert method, we investigate the stability around the chosen
value of \*, obtained with the prescription of section 2.4.2. We focus in particular on the
channel X.Ei)Ai as it is the one responsible for the largest contribution. The plot is shown
in figure 15. We can see that for small g2 the value of X(q) is stable, which implies that
statistical and systematic errors are well balanced. For larger g the situation is more
delicate: this can be understood in terms of the reduced phase space in w, as shown for
example in figure 10. A first attempt at mitigating the induced systematic effect could
be to identify the region where the two Backus-Gilbert approaches with different bases
are consistent, to identify (where possible) a plateau, and to estimate a value inside such
region. In the r.h.s. plot of figure 15 we see, however, that this is not always the case:
there is no clear plateau region for A. Interestingly, the statistical error of the Chebyshev
approach turns out more conservative in this case, and compatible with the result one
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Figure 14. Saturation of Chebyshev polynomial approach, where N = 9 is the reference case, and
for N = 50 higher-order terms are sampled from a Z, distribution.
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Figure 15. Scan over \ for g% = 0.26 GeV? (left) and g® = 4.77 GeV? (right) for the Backus-Gilbert

method with exponential and Chebyshev basis for )_(X,)Ai with wg = 0.9 wmin. The green shaded

line is the reference from the Chebyshev; the magenta points correspond to the choice of \*. Note
that the points A = 0 and A = 1 (vertical grey dashed lines) are not included in this plot.

would obtain from Backus-Gilbert. More generally, apart from the absence of a plateau
region in some cases, both choices of polynomial basis are consistent between themselves
and with the Chebyshev-polynomial approach.

Coming back to the decay rate, to extract the final result we perform a polynomial
fit of degree two on X (q?)/(1/q?)?>!. The final result is then obtained integrating these
results in the physical range in q. Since this is a qualitative study, we don’t report any final
number; however, the result obtained here seems to be in the right ballpark if compared
with the Bs meson decay rate. Furthermore, all the approaches give compatible results,
and the final statistical error is of order 5%.

We now address similarities and differences between the two approaches. The calcula-
tion of X (g?) aims to improve accuracy by combining the naive polynomial approximation
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Figure 16. Effect of the variance reduction to Xpaive(g?) from the correction §X (g2) as in eq. (4.4)

for wp = 0.9wmin and N = 9. The y axis shows the standard deviation o for Xyaive(q?) (empty
symbols) and X (g?) = Xpaive(q?) + X (g?) (filled symbols).

with a correction term X (q?) that accounts for variance reduction, i.e.,

X(q%) = X"(q”) + X (q%) (4.4)

where X%V¢(g2) would correspond to (2.32). The correction term is specific to the adopted
strategy and is given by:

o SXCHEB(g2) = €, (2t0) S0 0 Cuwk0C,u(k), for the Chebyshev polynomials tech-
nique, where 6C,,,, (k) = C,, (k) — C_’Ef,(k),

o 5XBG(g?) = O (2t0) Sy ezy,kC_'W(k:), for the Backus-Gilbert method, which cor-
rects the coefficients of the polynomial approximation as in (4.3).

In both cases, §X(g?) can be interpreted as a noisy zero that does not impact the naive
calculation but helps with variance reduction. This is represented in figure 16, which shows
the statistical error on X with and without the correction term. The reduction in statistical
error is substantial. Additionally, the magnitude of the correction varies depending on wy,

2 increases.

where larger values result in a greater increase in |6X (g?)| as q

To conclude this section we discuss some of the aspects we neglected for the purpose
of this study. In particular, all the results presented here have been obtained with kernels
smeared by a sigmoid with a fixed 0 = 0.02. Eventually however, one will first have
to first take the infinite-volume and continuum limits, followed by an extrapolation to
o — 0. Exemplarily though, we show the ¢ dependence at finite lattice spacing and volume
in figure 17. There, one sees that for our setup and statistical precision the dependence
on o is mild. There is an indication that it might be more pronounced for larger g?.We
argue that here the extrapolation in ¢ is quite delicate and could lead to misleading results.
Indeed, increasing values of sigma would result in kernel functions quite different from the

target ones; on the other side, differences in small values of o will not be captured by a
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Figure 17. Dependence on the smearing parameter o of X (q?) for all the approaches at N = 9
in the case ¢ = 0.26 GeV? (top) and q> = 4.77GeV? (bottom). The horizontal dashed lines
correspond to the central values for the choice o = 0.02 with wg = 0.9wmin-

polynomial approximation with small value of N, as small deviations would be noticeable
only for higher degrees of approximations.

4.4 The inclusive decay rate in the ground-state limit

We now study the ground-state limit of the inclusive approach as discussed in section 2.2,
which provides for a cross-check of the inclusive-decay analysis strategies. The four-point
function representing the ground state can be constructed with input from lattice data
for the exclusive decay Bs — Dgly;. In particular, restricting the discussion to the vector
channel V'V, the ground-state correlator

oS (t) (Bs|V,] |1 D) (Dy|V, | By)e Fost | (4.5)

" 4Mp. Ep.

can be constructed from lattice data for the ratio of three-point and two-point functions

CESD (q7 tsnka t> tSTC)Cl%SB ((L tsnka t) tsrc)
Rp,p,u(t:q) = \[AMp,Ep, || ——2 P : 4.6
M( ) \/7 Clgf (tsnk7 tSI‘C)CJS)f (qa tSIlk) tsrc) ( )

which converges to M, = (D;|V,|Bs) for t > tg. and ¢t < tgk. The matrix element can
be decomposed into form factors

My = [+(a*)(pB, +pD,)u + [-(4*)(PB, = PD, )i - (4.7)
Recalling that we assume pp, = 0, we then extract f,(¢?) from a constant fit to the
combination
0 1 Y0 Rp,p,.i(t;q)
Ry, (t:q) & Rp,p,o(t;q) + (Mp, — Ep,)=" = : (4.8)
T 2Mp, Y1

which converges to fi(q?) as Rp,p, u(t;q) — M,. We consider only the three smaller
momenta to test the approach, as the signal-to-noise deteriorates rapidly with larger g>.
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Figure 18. Ground-state limit. The “exclusive” labels refer to the data built from the three-point
correlators as in eq. (4.5), whereas the “inclusive” label refers to the full inclusive data analysis
starting from the four-point correlation functions. The analysis has been performed using the
Chebyshev approach.

The result of the inclusive analysis for the channel X\”/V is reported in figure 18. In
particular, we compare the expected value (2.18) from the extracted values of f (¢?) with
the inclusive analysis performed using the mock data C’Ey and the real data C,,. Note
that for the mock data the normalised correlator corresponds simply to C'Ey(t) = e Pt
by construction.

We find excellent agreement between the results from the conventional analysis for
exclusive decay on the one side, and the one based on ground-state saturation, but using
the full analysis chain adopted for the inclusive decay, on the other side. This provides a
strong test of the analysis method for inclusive decay discussed in this paper. The results
for the full inclusive decay on the other hand differ significantly from the exclusive case:
while future studies will have to establish to which extend this could be down to systematics
like finite-volume or cutoff effects, the magnitude of the effect makes appear likely to be to
a large part due to contributions from the tower of finite states contributing to the inclusive
decay. In particular, the deviation is expected to be larger for smaller g2, as the available
phase space in w is larger and may include more excited states.

5 Conclusions and outlook

In this work, we have presented a full and flexible setup for studying inclusive semileptonic
decays in lattice QCD, focusing in particular on B,y mesons. We incorporate and compare
Chebyshev polynomials and the Backus-Gilbert method, both of which enable efficient and
accurate calculations of the total decay rate. In particular, we improved the Chebyshev

“ and we

polynomial technique through the use of a generic set of shifted polynomials in e~
refined the statistical analysis with a bootstrap method, fully accounting for the bounds

[—1,1]. We also showed how the result depends on the number of Chebyshev matrix
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elements and presented a possible way to take the limit N — oo to address the systematics
associated with the polynomial approximation. On the Backus-Gilbert side, we introduced
a generalisation of the method of [22] to allow for the use of arbitrary bases of polynomials.

The two methods have been shown to be compatible, and the final results for the
decay rate are in agreement. We compared how the two techniques deal with the variance
reduction of the final observable: the Chebyshev polynomials’ approach relies on trading
the data with Chebyshev matrix elements that fully account for the bounds, whereas
the Backus-Gilbert method achieves the same goal by modifying the coefficients of the
polynomial approximation to reduce the statistical error. We also studied the ground-state
limit, which offered a cross-check of the inclusive analysis technique and outlined the effect
of excited states in the inclusive decay with respect the corresponding exclusive process
BS — Ds ll/l.

Overall, our work provides a solid foundation for future studies with these techniques.
However, there are still several areas that require further investigation, including systematic
errors associated with the polynomial approximation, finite-volume effects, discretisation
errors, and the continuum limit. We intend to address these issues in future works, repeat-
ing the computations on more ensembles and also addressing similar processes involving
D, mesons, which offer a more controlled environment. Additionally, we plan to explore
alternative observables such as hadronic and lepton moments to compare with experimen-
tal data and to gain a deeper understanding of the ground state limit, which may provide
useful insight on the physics contributing in such processes.
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A Chebyshev polynomials
We summarise here important properties of the standard Chebyshev polynomials relevant

for this work and in particular the generalisation for the shifted version extensively used
in the analysis. We refer to other sources [63] for more details.
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A.1 Standard polynomials

The standard Chebyshev polynomials of the first kind are defined as
Ty:[-1,1] > [-1,1], Ti(x) = cos (keos™(z)) , keN, (A1)

They are orthogonal with respect the scalar product

/'T 7)0) dr = 3o, (14 6r0) (A2)

where Q(z) = 1/v/1 — 22 is a weight function. Their polynomial expansion in x* is given by

gk (A.3)
k=0
with
t(()n) = (=1)"/? if n even
7fl(gn) -0 if n — k odd (A.4)

n+k —k

2

n+k
t,g"):( 1)(" k)/2 gk—1_" ( 2 ) if k40 and n — k even
)

A useful property involves the representation of ™ in terms of the standard Chebyshev
polynomial

po(x) =2 =2 3 (nnk>Tk(a:), (A.5)

where the prime indicates that the first term is halved.

A.1.1 Expansion in Chebyshev polynomials

Chebyshev polynomials provide the best approximation of the function f:[-1,1] — R to
any given order N in terms of the Lo,-norm. In other words, the minmax error, i.e. the
maximum difference between the target function and the reconstructed one, is minimised.
In particular, for the functions considered in this work, it is guaranteed that the Chebyshev
approximation converges when N — co. The polynomial approximation reads

2 1
) ~ fcoTo )+ Z aTi(z), ok == [ o f(@)T()2a) (A.6)

where we recall that To(z) = 1 by definition. The coefficients are given by the projection
of the target function f on the basis of Chebyshev polynomials.
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A.2 Shifted Chebyshev polynomials

In general, for the purpose of this work we consider generic functions f(x) defined in an
interval [a, b], which we want to approximate with Chebyshev polynomials in e~*. To this
end we can define shifted polynomials T},(z) with = € [a, b], such that their domain matches
the one of the target function. The relation to the standard polynomials is given by

Tii(x) = Ti(h(z)), (A7)

where h : [a,b] — [—1,1] is an invertible function that maps the new domain into the
domain of the standard Chebyshev polynomials,

h(z) = Ae™ + B. (A.8)
The coefficients A and B can be determined by imposing h(a) = —1 and h(b) = +1, for

which one obtains

2 e 4 —eb
A=-—=— = B= == (A-9)

The orthogonality relation for the shifted polynomials reads

/de / dz T, (h(x)) Ty (h(2))n (z) (A.10)

where Q(x) is the new weight for the shifted T}, which depends on the map h. To show
that this recover the original integral in eq. (A.2), we set = h~!(y) and dz = Wdy

and get
h(®) (h~'(y)) |
JLy WTT0) G (A1)
choosing then
Qu(z) = Q(h(z)) W (2)], (A.12)

we finally obtain

/de / dy T () T () 2Uy) - (A.13)

We can also generalise the polynomial expressions and their properties. The polynomial
representation reads

n

= n i n . ' J j—k ,—kx

= Zt§ )h(x)J = Ztg )(Ae Z Z (k:) AFBi=ke=ke (A 14)
§=0 j=0 §=0 k=0

We can expand this sum explicitly and re-sum it in order to isolate the coefficients of e ~*2.

We obtain

x) = Zf,gn)e_kx, f,gn) = AF Z <z> t§-n)Bj_k = ( ) Z ( ) 1M pi . (A.15)
k=0 =k

j=k
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In a similar way we can generalise the power representation as

Pu(z) = h(z)" =217 Z/ (TZT_l])T](:L’) , x € la,b]. (A.16)

Jj=0 2
n—jeven
Using
" In
Pn(z) = (Ae™™ +B)" = <k> Akprke=ke (A.17)
k=0
and starting from py = 1 we can work out iteratively the general expression for e~ as
—nx 1 ~ = n k pn—k _—kx
e = Pn(x) — Z i A"B" e . (A.18)
k=0

We can finally collect the numerical coefficients and rewrite everything in terms of the
shifted Chebyshev polynomials as

e =3 a"Ty(x). (A.19)
§=0
The set of coefficients {d(()n), &gn), cen, &%n)} can be easily found numerically for each value

of n.

A.2.1 Expansion in Chebyshev polynomials with exponential map

We have now all the elements necessary to proceed with the polynomial approximation of

x

a generic function in e™*. For the purpose of this work we will restrict ourselves to the

case f : [xp,00) — R. In particular, the approximation is now

N ~ )
fla) = yaTo() + Y. GTele), =" [ def(@)T(o)(). (A.20)
k=1 “o

The coefficients can be rewritten more explicitly as

™

Gk = 72r/0ﬂ df f(h~*(cos 0))(cos kf) = 2 /07T dé f (— In <COS€A_B>) cos(kf). (A.21)

The last equality follows from setting y = h(z) and inverting

z=h"Y(y) = —log (y—AB) . (A.22)

In this case, the coeffients A and B are given by

A=-2¢", B=1. (A.23)
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A.2.2 Matrix relations

In this subsection we illustrate some useful properties that arise when setting zo # 0,
assuming the domain of the target function in [xg, 00). We then explicitly consider B = 1
and A = —2e7"° to simplify the treatment, but the following discussion can be generalized
trivially. We start expressing (A.15) in matrix notation

To(x) igO) O ...... 0 1
L@ | %787 0 0 e
: 0
To(e)) g7 - i) e
and (A.19) as
1 &(()O) 0O -+ +-- 0 To(l')
o 61) iV 0 ... 0 Ti(z)
I | (A.25)
: 2 0 :
e~ T EL(()“) =) N%n) Tn(x)

It is clear that these (n + 1) x (n + 1) matrices t with (£);; = igi) and a with (a);; = &g-i)
are one the inverse of the other, i.e. @ = (£)~! and vice versa. From (A.15) we can further

decompose £ as
t=APt, (A.26)

where Ay, = AF = (—2¢%0)F is a diagonal matrix, Py, = (i) is the lower triangular Pascal
matrix and the matrix ¢ follows from (A.4). This expression makes it easy to see the effect

of xg: considering Agp = ek A, it follows that
zo#0 zo=0
O] =87 =i @a| =4 =era?] L (A27)
x07#0 x07#0 zo=0 x0#0 20#0 xo=0

B Generalised Backus-Gilbert

In this appendix we reformulate and generalise the modified Backus-Gilbert approach pro-
posed in [22, 38, 39]. The idea is to provide a more general framework which allows for
the use of an arbitrary basis and to explore the properties and numerical advantages of
different choices.

B.1 The method

The problem we want to address is the evaluation of a generic observable O of the form

b
O:/a dw p(w) K () , (B.1)
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where K (w) is a function we will refer to as kernel and p(w) is the spectral function related
to a given correlation function

b
O(t) = /a dw p(w)e" (B.2)

While typically the range of integration is a = 0 and b = oo, here we chose to leave it generic
to keep the discussion general. The idea to address the computation is to approximate the
kernel in polynomial up to some degree N, i.e. K(w) = Zé-v:o gje"“?, such that the target
observable can be estimated as

N b ) N
0=3"g; [ dwplw)e™ =3 g;C (). (B.3)
j=0 7@ =0

For example, a typical problem consists in the extraction of the spectral density of a
correlator, in which case one would consider the kernel to be a smoothed Dirac delta
K(w) = 65(w) with a finite width o, as for example a Gaussian.

The approach consists of weighting the two functionals A[g] and B[g| against each
other, where the first one provides a measure for the systematic effects coming from the
polynomial approximation, and the second one provides a measure for the variance 0(2) of the
observable O, in particular, B[g] = 02 = g;0i;9;, where we defined o;; = Cov[C(i), C(5)].
This is equivalent to solving a minimisation problem with constraints. We can then define
a new functional Fy as

Fylg] = Alg] + 6*Blg] , (B.4)

and determine the coefficients by variational principle agggg} = 0 at different values of 2.
The value #? = 0 corresponds to addressing exclusively the polynomial approximation, as
prescribed by the choice of A[g], whereas the choices §2 — oo would correspond to dealing
purely with the variance minimisation and would result in g; = 0. Note that we can
map 6% = ﬁ for simplicity, such that A € [0,1) and 6% — oo for A — 1. Furthermore,
any relative normalisation term between the two functionals can be reabsorbed into 62.
Depending on the choice of the basis, the coefficients g; may grow over different orders of
magnitude and numerical instabilities may appear. This can be addressed in practice by
using arbitrary precision arithmetic.

We now discuss in detail how to generalise the modified Backus-Gilbert [22] for a
generic basis of functions, starting from the construction of A[g]. Following the original

paper we can generalise the Lo-norm of the difference between the target function and the
(k)
J

defined in an interval = € [p_,p;]. As for the Chebyshev, we will deal in general with a

polynomial reconstruction using an arbitrary family of basis function Py(z) = k:o pxd

shifted version of this family of polynomials in e~ defined in a generic interval [a, b]

k
Puw) =Y p{Pe ", welad], (B.5)
j=0
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where Py (z) = Py(h(x)) and h(z) = Ae~® + B is an invertible map that satisfies h(a) = p_
and h(b) = p4. The interval [a,b] has to match the range of integration of the observable
O in (B.1). The functional A[g] now reads

b N
Al = [ dw o) [K«u) S giBw) (B.6)

Jj=0

With respect to the original version we now have introduced a generic weight Q(w); note
that we start the approximation at Py(w) (as long as Q(w) can be integrated in [a, b]).
If we consider only the A[g] term, the solution of the system by variational principle

is given by
Ag=K +— g=A'1K (B.7)
where
A= [ @O Pi), (B3)
Ki= [ w0 BwK), (1.9)

and g is a vector of parameters.
With this setup, the convenient choice consists in picking a set of (shifted) orthogonal
polynomials

~ b ~
(P, By) = | dzQ(x)Pi(w)F(z) o< 05, (B.10)

with Q being the actual weight that defines the scalar product. The advantage is immedi-
ately clear, as the matrix A becomes

Aij = (P, Pj) (B.11)

and the coefficients are given by
1 b ~

Since the matrix A is now diagonal, the inverse required to compute eq. (B.7) is ana-
lytically known. Furthermore, the solution is now equivalent to the projection on the
polynomial basis.

We can now include the B term, i.e. the covariance matrix of the data. Note that in
general we now need to consider a linear combination of the correlator at different time
slices according to the polynomial basis, i.e.

k k
(k) = [ )Pl = [ dwpte) Y ie =Y p0eG),  (Bs)
a @ §=0 j=0
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such that

Blg] = Zgi oij 97, o1 = CovlCT (1), CT(j)]. (B.14)

The full functional is then

Fylg) = Alg] + 6*Blg] (B.15)
and the final solution is
g=F, 'K (B.16)
with
F,=A+6°B, (B.17)

where B;; = of; . If A is diagonal (and possibly proportional to the identity), the inversion
of the matrix Fy may be better conditioned and possible numerical instabilities arising
from an ill-conditioned matrix A may be avoided.

On top of that we could also implement some constraints that our approximation has
to fulfil. In particular, following what was done for the spectral function in [22, 38], we
can require that the polynomial approximation preserves the (weighted) area of the target
function, i.e.

b N R b
/ dw Q(w) Z 9k Pr(w) = / dw Q(w) K (w) . (B.18)
a k=0 a
This can be expressed as
R" .gg=r, (B.19)
where
b . b
Ry = / dw Q(w) Py (w) , r= / dw Q(w)K (w) . (B.20)

Taking into account these constraints, the solution becomes

r—R' - F,' K

=F, ' 'K+F,''R B.21
gdo 0 0 RT. Fe_l ‘R ( )
The final observable then reads
N
Os ~ > 90,07 (j), (B.22)
=0

for a given value of 6. The choice of # is in principle arbitrary. A common choice is to
take the value * that gives equal weight to the A and B functional, A[gg~] = Bl[gs+], i.e.
an equal weight to statistical and systematic error. For a given choice of 4, it is important
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to make sure that the value of the final observable is stable for small changes in 6, in order
to make sure that the procedure did not introduce any bias.
To conclude, note that this recovers the method first proposed in [22] if we consider

the following substitutions

Pj(w) — e U,

Qw) — 1,

62 — A/(1-N),

Flg] = (1= A\)F[g].

B.2 A different perspective

The previous reformulation in section B.1 allows us to rely on arbitrary polynomials for
the approximation. In this general picture it is useful to consider a different perspective
to the method: we can reduce the problem to finding a suitable correction to the optimal
coefficients, i.e.
95 =7 T €

where 7; are the coefficients of the polynomial approximation coming purely from the
functional A[4], i.e. v = A7'K asin eq. (B.7), and ¢; a correction that takes into account
the data. We can then rewrite the functional as

Fylg] = Fyly + €] = Fo[y] + 6Fple] , (B.23)

and explicitly
2

dFyle] / dw Q(w [Z enPr(w)| + 62 (2%0 €5+ ezapej) ) (B.24)
The minimisation of § Fy[e] gives
-1
€9 = —0° (A + 920'P> of~, (B.25)

which is equivalent to the previous approach. It is then clear that €; are by construction
coefficients that should not modify the quality of the polynomial approximations but take
care of the reduction of the statistical noise. In practice, this will of course depend on the
choice of 6.

C Fit strategy

We discuss the general strategy for the Bayesian fit used in the analysis. We consider only
linear fits, as these are the ones directly relevant for this work. To keep the discussion very
general we consider a linear model in the form

M
T) = ZPQXQ(CC), p=(p1,p2, " ,PM) (C.1)

where X, (z) are known coefficients (which in principle can depend on z) and p, are M
parameters we want to determine.
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C.1 MAP with bounds

We address the fits using Bayesian statistics, in particular using a mazimum a posteriori
(MAP) probability estimate, which relies on an augmented x? with Gaussian priors. On
top of that, we implement generic bounds on the parameters. The way we address this is
by “wrapping” the parameters in a function p, = f(m,) which encodes the desired bounds.
In this case, the fit is performed on the new parameters m,, and the prior is introduced
accordingly. The augmented x? reads

N M M (o — )2
qug = Z (3/2’ - Z f(ﬂa)Xa(xz)) COVi_jl (yj - Z f(”a)Xa(:Bj)) + %'
3,j=1 a=1 a=1 a=1 «

(C.2)

Note that the prior distributions refer to the internal parameters m, and are assumed to
be Gaussians. This allows to deal with a more generic distribution for the parameters p,,
depending on the shape of the wrapping function f. The parameters are found as usual
by imposing %XTZ;@ = 0; note that in this case the problem is no more linear due to the

presence of f.

C.2 MAP with bootstrap

As outlined in the sections above, the presence of a “wrapping” function on the parameters
Po implies that their distribution is in general non Gaussian. This is obvious from the
fact that we assume the internal parameters m, to be Gaussian and that the wrapping
function implements some bounds, therefore limiting the domain of p,. Instead of fitting
the central value of the data and estimating their error from the inverse of the curvature
matrix (the Hessian of the y? with respect to the parameters), it is then more convenient
to adopt a bootstrap approach, such that the procedure automatically takes into account
any deviation from Gaussianity. In practice, one would then fit all the bootstrap bins and

reconstruct the distribution of the parameters, treating the error accordingly.

The approach we adopt consists in assuming a normal distribution for the internal pa-
rameters m ~ N (i, o) such that p, = f(74) is distributed according to our prior knowledge
of the parameters. In practice, considering a set of N bootstrap bins with corresponding

data yf, we perform N, fits to the data where each time we use a different prior value
b

o, sampled from the normal distribution N (u,0). This ensures that the correct prior is

T
assumed for p,. For example, in the case where the data contain little information and
min(Xgug) ~ min(xgrior), the fit gives back the prior information we encoded by hand.
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