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Abstract
Superconducting electromagnets commonly exhibit thin layers with high aspect ratio such as
insulation layers or turn-to-turn contacts. A finite element (FE) analysis of these devices can
lead to unfavorable meshes in these thin layers, either because of a high number of degrees of
freedom or mesh elements of poor quality which decrease the accuracy of the simulation results.
To mitigate these issues when conducting a thermal FE analysis solving the heat equation, this
work proposes to collapse thin volume layers into surfaces by using a thermal thin shell
approximation (TSA). The proposed method uses one-dimensional Lagrange elements across
the thickness of the thin layer and can handle a variety of interface conditions, multi-layered
structures, heat sources, nonlinear material behavior or coupling to physics other than heat
transfer. The efficiency of the proposed approximation is highlighted by comparison with a
reference model with a conventionally meshed insulation for a model problem exhibiting a brick
wall structure where a stationary heat equation is solved. The formulation is then verified
against reference models with meshed insulation solving a transient heat equation for an
insulated high-temperature superconductor pancake coil exhibiting a local defect which causes a
thermal runaway. The benefit of using the model with the TSA is studied by analyzing pancake
coils with different ratios of the insulation layer to the coated conductor thickness. It is shown
that the smaller the ratio, the shorter the solution time and the lower the number of unknowns of
the thin shell model when compared to the conventionally meshed insulation in order to reach
the same numerical accuracy. The method is implemented in an open-source FE framework and
a reference implementation for a simple model problem is shared alongside this paper.
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1. Introduction

In order to aid the development and analysis of quench detec-
tion and protection methods for superconducting devices,
appropriate numerical tools are needed (see, e.g. [1–3]). When
using the finite element (FE) method, the small ratio of thick-
ness of insulation or contact resistance layers to the thickness
of the conductor can lead to numerical difficulties [4] since
the accuracy of the method depends on the quality of the mesh
[5, section 5.3]. As a consequence, manual effort needs to be
spent in order to avoid the generation of mesh elements of poor
quality, e.g. by using different element types in the thin layered
regions. This commonly results in a high number of degrees of
freedom (DoF) and requires additional time to suitably design
and generate themesh. Furthermore, these solutions depend on
the considered geometry (see, e.g. [6] for canted cosine theta
magnet geometries) and can only partially be used for solving
other types of physics. As a consequence, in a typical simula-
tion workflow, up to 75% of the overall required time is used
for modeling geometry and its discretization [7].

Thus, it is desirable to find suitable methods to deal with
thin layers. To this end, various so-called thin shell approx-
imations (TSAs) have been proposed, e.g. for electromagnetic
[8–12] and thermal [4, 13] problems. These methods collapse
the volumetric thin layers into surfaces in the middle of the ori-
ginal layer, thus avoiding the need of a volumetric mesh rep-
resentation. Appropriate conditions are enforced on the (two
sides of the) surface in order to approximate the change of the
fields across the thickness of the original layer.

In this paper, a general TSA to solve thermal problems
related to quench phenomena in superconducting devices is
proposed. Similar to [11] for the computation of eddy currents
in thin superconducting sheets, one-dimensional (1D) Lag-
range elements are used across the thickness of the thin shell.
For temperature fields, this approach leads to a virtual discret-
ization of the temperature inside the thin insulation layer using
a three-dimensional (3D) tensor-product Lagrangian basis [14,
section 1.2.4.] by multiplying two-dimensional (2D) Lagrange
elements on the thin shell surface and 1D Lagrange elements
across its thickness. This procedure requires no further approx-
imations other than collapsing the volumetric insulation to a
surface3. In particular, both the tangential heat flux, which is
neglected by the so-called thermally-thick approximation (see,
e.g. [16, section 2]), as well as the normal temperature gradi-
ent, which is first neglected in [13] and afterwards corrected
for the specific case of yttrium barium copper oxide coated
conductors (CC), can be represented in a straightforward man-
ner. While COMSOL Multiphysics® [17] includes a propri-
etary mechanism to solve the problem, this paper proposes,
to the best of our knowledge, the first general, open-source
thermal TSA including a rigorous and detailed derivation.
Furthermore, it is the first time that the proposed method is

3 This is due to the fact that the tensor-product Lagrangian basis spans suitable
sub-spaces of the required gradient-conforming finite element spaces, see [14,
section 1.2.4.] or [15, section 4.6.].

applied to models involving high-temperature superconduct-
ors (HTS).

The formulation for the model thermal problem, intro-
duced in section 2, is derived and discussed in more detail in
section 3. A reference, open-source implementation of the for-
mulation is proposed in section 4 and can be found at [18].
Furthermore, in the same section, two model problems are
solved which exhibit thin insulation layers which are discret-
ized using the proposed TSA. First, a model consisting of four
high thermally conducting bare parts connected with thin insu-
lation highlights the decrease of the numerical accuracy with
low mesh quality, even for seemingly simple geometries. It
is shown that the proposed TSA is able to accurately solve the
problemwithout additional effort for mesh creation or an elev-
ated number of DoF.

Second, an insulated high-temperature superconducting
pancake is considered which exhibits a local defect causing a
thermal runaway. It is shown that the TSA correctly captures
the evolution of the hot spot temperature over time, for differ-
ent insulation thicknesses. Furthermore, the benefit of the pro-
posed TSA in terms of reduced computational time and num-
ber of DoF as a function of the ratio of the insulation thickness
to that of the bare conductor is discussed. It is shown that the
smaller this ratio is, the more efficient the TSA is compared to
conventionally meshed models if the same relative error in the
maximum temperature is not to be exceeded. This is especially
interesting for no-insulation (NI) HTS pancake coils where the
latter ratio tends to vanish and a conventionally meshed insu-
lation layer is not a practical alternative to a TSA.

Attention is paid to highlight the generality of the approach
which is not only applicable to thin insulation layers in HTS
applications, but also for other (potentially multi-layered)
materials, different boundary conditions (BC) or heat sources
in the thin layers, representing, e.g. quench heaters. The pro-
posed approach is not restricted to insulated HTS magnets and
can also be applied to other thermal problems (e.g. for electric
machines). In particular, due to the close nature of the electro-
magnetic thin shell developed in [11] and the thermal thin shell
presented in this work, a magneto-thermal coupled thin shell
can be considered as well. The proposed TSA also enables the
solution of problems where the thin layers cannot be practic-
ally resolved with a volumetric mesh, for example for the turn-
to-turn thermal contact resistance of NI coils.

2. Problem definition: heat equation

As a simple 3D model problem to derive the proposed thermal
thin shell formulation, a cuboidal domain consisting of a bare
part Ωb with thermal conductivity κb and an insulation layer
Ωi with thermal conductivity κi is considered. The geometry is
shown in figure 1 and is referred to as model A1 (see table 1).
The bare part is assumed to be a better thermal conductor than
the insulation, i.e. κb ≫ κi. The latter assumption is, however,
not a limitation of the proposed method which can also handle
tangential heat flux.
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Figure 1. Model A1; non-homogeneous boundary conditions are
applied on the left and right bounding surfaces while homogeneous
Neumann conditions impose zero heat flux on all other bounding
surfaces.

2.1. Strong formulation

In order to analyze the thermal behavior of the model prob-
lem, the heat balance equation is solved in the computational
domainΩ= Ωi ∪Ωb with boundary ∂Ω. It reads: find the tem-
perature T such that:

−∇ · (κ∇T)+CV ∂tT= Q in Ω, (1)

n⃗Ω · (κ∇T) = f on Γneu ⊂ ∂Ω, (2)

T= g on Γdir ⊂ ∂Ω. (3)

Herein, κ denotes the thermal conductivity, CV the volumetric
heat capacity, Q a heat source power density (e.g. Joule loss
density), t the time, g an imposed boundary temperature, f an
imposed boundary heat flux, n⃗Ω the unit vector normal to ∂Ω
and Γ denotes a surface.

2.2. Weak formulation

By multiplying the strong form (1) with a test function T ′,
integration over the computational domain and partial integ-
ration, the weak problem is found after inserting the BC (2)
and (3). It reads, find T ∈ H1

g(Ω) such that [14, section 6.1.3.]:

(κ∇T,∇T ′)Ω +(CV ∂tT,T
′)Ω −⟨ f,T ′⟩Γneu

= (Q,T ′)Ω ∀T ′ ∈ H1
0(Ω) ,

(4)

where H1
g(Ω) is the space of square integrable functions with

square integrable weak gradient in Ω which fulfill the Dirich-
let boundary condition (3). Furthermore, (·, ·)Ω denotes the
volume integral inΩ of the scalar product of the two arguments

while ⟨·, · ′⟩Γneu denotes the surface integral on Γneu of the two
arguments.

3. Thin shell formulation

In this section, the formulation of the proposed TSA is intro-
duced starting from the weak formulation (4).

3.1. Introduction of the internal problem

The insulation layer volume Ωi is collapsed into a surface Γi

in the middle of the original layer (see figure 2). This proced-
ure removes the need for a volumetric mesh representation of
Ωi. Since T is not constant inside Ωi, there is a temperature
jump across the insulation and the thin shell method must also
reproduce this temperature difference across Γi. To this end,
two different temperatures T− and T+ (as well as test func-
tions T+ ′ and T− ′) with support restricted to Ω−

b,i and Ω+
b,i as

shown in figure 2 are introduced, which represent the temper-
ature on both sides of the shell surface.

The discontinuity of the temperature field can be introduced
by either (i) using a duplication of mesh DoF to construct Γ+

i
and Γ−

i as two sides of Γi allowing independent DoF for T+

and T− [11] or (ii) using dedicated FE basis functions with
support restricted to one side of the shell surface [19]. While
all models are implemented and reference implementations are
provided for both approaches, only the second one is discussed
in the remainder of the paper.

An interface condition on Γi is enforced by considering an
additional surface contribution in the weak formulation (4),
i.e.

(κ∇T,∇T ′)Ωb, i
+(CV ∂tT,T

′)Ωb, i
−⟨ f,T ′⟩Γneu

+ ⟨⃗n ·κ∇T, [T ′]⟩Γi = (Q,T ′)Ωb, i
∀T ′ ∈ H1

0(Ω) . (5)

Herein, [T ′] := T+ ′|Γi −T− ′|Γi denotes the jump of T ′ across
Γi and n⃗=−n⃗+ = n⃗− is the unit vector normal to the thin
shell (as illustrated in the right hand side of figure 2). The
surface terms are now used for an internal discretization of
the heat equation in Ω̂i. The latter is the internal domain
representing the original insulation layer Ωi as shown in
figure 3.

Inside the virtual domain Ω̂i, the heat equation is solved to
find T̂ which approximates the temperature profile inside the
insulation volume layerΩi. The internal problem in Ω̂i and the
external problem in Ωb, i are linked by enforcing that the tem-
peratures T̂ and T on Γ+

i and Γ−
i are identical for both prob-

lems, i.e. T̂|Γ−
i
= T|Γ−

i
= T− and T̂|Γ+

i
= T|Γ+

i
= T+. Hence,

for the sake of a concise notation, the symbol T is used as the
unknown of both problems.

In summary, the internal weak problem in Ω̂i reads:

⟨⃗n ·κ∇T, [T ′]⟩Γi =−(Q,T ′)Ω̂i
+(κ∇T,∇T ′)Ω̂i

+(CV ∂tT,T
′)Ω̂i

. (6)

3



Supercond. Sci. Technol. 36 (2023) 044004 E Schnaubelt et al

Figure 2. Model A1; in which, following the proposed approach,
the thin insulation layer marked in green (left) is collapsed into a
surface (right). This increases the volume of the bare part Ωb by the
volume of Ωi creating Ωb,i.

Figure 3. Model A1; in the proposed approach, the thin insulation
layer is represented by a virtual domain Ω̂i in which the heat
equation is solved using 1D Lagrange elements along the thickness.

The first term is exactly the boundary term of the original weak
formulation (5) which will later be used to insert the internal
formulation into the external one.

3.2. FE discretization of the internal problem

The right hand side of the internal problem (6) is approx-
imated by using a tensor-product based FE method. To this
end, a local coordinate system (⃗u, v⃗, w⃗) is used in the follow-
ing with (⃗u, v⃗) oriented along the tangential and w⃗ oriented
along the normal direction of Γi as shown in figure 3. As a
first step, to build the mesh for the internal FE discretization,
Ω̂i is split into N auxiliary layers Ω̂(k)

i with Ω̂i =
∪N
k=1 Ω̂

(k)
i .

We have Ω̂
(k)
i := Γ

(k)
i × [wk−1,wk] for k= 1, . . .,N and Ω̂i =

Γi × [w0,wN]. Hence, the 3D domain Ω̂i is constructed as the
Cartesian product of the 2D domain Γi and the 1D domain
[w0,wN]. This enables us to approximate the temperature using
a tensor-product polynomial basis [14, section 1.2.4.] in the
following. Inserting all previous definitions in (6), we find:

−(Q,T ′)Ω̂i
+(κ∇T,∇T ′)Ω̂i

+(CV ∂tT,T
′)Ω̂i

=
N∑
k=1

{
− (Q,T ′)

Ω̂
(k)
i

+(κ∇T,∇T ′)
Ω̂

(k)
i

+(CV ∂tT,T
′)
Ω̂

(k)
i

}
.

(7)

The latter formulation is still comprised of volume integrals in
Ω̂

(k)
i . In order to decompose them into integrals over Γ(k)

i and

[wk−1,wk], a product discretization of T inside Ω̂(k)
i is assumed

as:

T|
Ω̂

(k)
i
(u,v,w, t) =

k∑
j=k−1

Tj(u,v, t)Ψj(w). (8)

Herein, Tj := T|
Γ
( j)
i

denotes the temperature on Γ( j)
i and enfor-

cing T0 = T− and TN = T+ links the internal and external
problem (see also figure 3). Furthermore, Ψj(w) denotes the
basis functions along w⃗ which can be chosen according to
the simulation needs. In this work, first-order Lagrange basis
functions:

Ψk−1(w) =
wk−w

wk−wk−1
and Ψk(w) =

w−wk−1

wk−wk−1
,

are used due to their generality and simplicity. This leads
to a tensor-product Lagrangian discretization of the internal
problem.

Using the same ansatz for the test function T ′ (Galerkin
scheme) subsequently leads to a decomposition of the right
hand side of the internal problem (7) into surface integrals over
Γ
(k)
i and 1D FE matrices in [wk−1,wk]. The detailed deriva-

tion can be found in appendix A while only the final result
is presented here. In summary, for l= k− 1,k, the internal
problem reads:

⟨⃗n ·κ∇T, [T ′]⟩Γi =
N∑
k=1

k∑
j=k−1

{⟨
S(k)lj,κTj,T

′
l

⟩
Γ
(k)
i

+
⟨
M(k)
lj,κ ∇Tj,∇T ′

l

⟩
Γ
(k)
i

+
⟨
M(k)
lj,CV

∂tTj,T
′
l

⟩
Γ
(k)
i

−
⟨
f(k)l,Q ,T

′
l

⟩
Γ
(k)
i

}
,

(9)

where the 1D FE matrices:

S(k)lj,κ :=

ˆ wk

wk−1

κ∂wNl ∂wNj dw,

M(k)
lj,κ :=

ˆ wk

wk−1

κNlNj dw,

M(k)
lj,CV

:=

ˆ wk

wk−1

CVNlNj dw,

f(k)l,Q :=

ˆ wk

wk−1

QNl dw,

(10)
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have been used. These integrals are computed either using
Gaussian quadrature or, if element-wise constant material
parameters and heat sources are assumed, are pre-computed
analogously to [20, section 2.8.1.]. In particular, they can be
evaluated without the need for a volumetric mesh representa-
tion of Ωi.

The internal problem (9) is then inserted into the external
problem (5) to yield the final formulation.

3.3. Final remarks and discretization

Since a FE discretization of the internal problem is used, clas-
sical BC, i.e. Dirichlet, Neumann or Robin conditions, can be
considered in a straightforward manner on Γ+

i or Γ−
i as well

as internal heat sources in the thin layers. Furthermore, multi-
layered domains Ωi can be considered by increasing the num-
ber of auxiliary layers N. Let us also note that the proposed
formulation can be used analogously for 2D models assuming
transversal or axisymmetric symmetry.

Lowest-order Lagrange basis functions are used to discret-
ize T as well as Tj and the corresponding test functions. In
order to integrate the problem in time, fixed time-step, implicit
Euler schemes or adaptive time-stepping using a second-order
backward differentiation formula [21] are used.

4. Numerical examples

In this section, three numerical model problems will be dis-
cussed, see table 1 for a comprehensive overview. The pro-
posed TSA is implemented in the open-source FE framework
GetDP 3.4 [22] relying on the open-source software Gmsh
4.10.5 [23] for mesh creation. In particular, the Python applic-
ation programming interface of Gmsh [24] is used to create
the pancake coil geometry which is discussed in section 4.3.
When themesh DoF ofΓi are duplicated rather than using one-
sided supported basis functions, the duplication is done using
the ‘Crack’ plugin [25], available in Gmsh.

4.1. Reference implementation

Model A1 is used to derive the proposed TSA in section 3.
In addition, three slightly adapted cases A2, A3 and A4 are
presented, each highlighting different features of the proposed
TSA (compare table 1 and [18]). An open-source reference
implementation of these four models is available at [18]. For
all cases, both thin shell and volumetrically meshed insula-
tion models are available, as well as an implementation using
the one-sided supported basis functions or duplicated mesh
surfaces.

Particular attention is paid to show the implementation
of heat sources in the internal problem which can be used
to model, e.g. quench protection heaters. Furthermore, it is
shown how to impose BC on a thin shell touching the external
model boundary. The documentation and code comments in
the repository [18] contain more details and instructions on
how to setup and solve the model problems. For all four mod-
els, the TSA and volumetrically meshed insulation reference

models show excellent agreement with the relative error of the
maximum temperature below 0.004% for all time steps. Due
to the simplicity of the models, the same number of DoF can
be used for both models to achieve accurate results. For con-
ciseness, the results are not discussed further in this paper.

4.2. Brick wall model problem

As stated before, the quality of the FE mesh directly influ-
ences the accuracy of the FE approximation [5, section 5.3].
In this subsection, we will show the implications of poor mesh
quality in thin volumetric layers for the accuracy of thermal
solutions by investigating simple model problem B. It fea-
tures four conductors arranged in a brick wall geometry as
shown in figure 4. In order to highlight that inaccurate solu-
tions are already obtained in these simple settings, transient
effects will be neglected and linear material properties are
assumed (table 2). To this end, pre-computed 1D matrices are
used as detailed in [20, section 2.8.1.]. Since a single-material
insulation layer is considered, the number of layers N= 1 is
used.

The stationary heat equation problem is solved using five
different meshes (compare figure 5); the first four with volu-
metric insulation layer. We consider (a) a very fine, structured
mesh used as a reference solution, (b) a coarse, structured
mesh, (c) a fine, unstructured mesh, (d) a coarse, unstruc-
tured mesh and (e) a mesh with the TSA. The shown meshes
are extruded along the third dimension with low aspect ratio
elements.

In order to create the structured meshes (a) and (b), the
meshing software Gmsh uses user-defined constraints. From
figure 5(d), it is apparent that the coarse unstructured mesh (d)
results in elements of poor quality, characteristic for the high
aspect ratio of the elements. The quality of the unstructured
mesh can be increased by refining the mesh insideΩi as shown
with mesh (c). However, since κb ≫ κi, the solution is expec-
ted to be approximately isothermal inside the bare partΩb with
most of the temperature difference across the insulation layer
Ωi. For this reason, it is desirable to keep the number of mesh
elements inside Ωb low in order to reduce the computational
effort with negligible effect on the accuracy of the solution
in Ωb.

The computed temperature map for the five meshes are
shown in figure 6 while maximum temperature, number of
DoF and relative error for maximum model temperature are
reported in table 3. Good agreement between the reference
solution (a) and the TSA (e) can be observed. The unstructured
coarse mesh (d) yields solutions with poor accuracy due to the
bad conditioning of the mesh elements. The solution could be
improved by (i) refining the mesh as in case (c) or (ii) using a
structured mesh as in case (b), both resulting in higher qual-
ity mesh elements. However, (i) results in an increased num-
ber of DoF and (ii) requires additional geometry-dependent
user-defined mesh constraints. This manual effort for the lat-
ter, to ensure a good mesh quality, is high for complex geo-
metries. The TSA alleviates the problem of finding a suit-
able mesh representation of the thin volumetric layer and
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Table 1. An overview of all model problems discussed in this paper or shared in [18].

Model name A1 A2 A3 A4 B C

Conductor arrangement Two, simply touching Four, in brick wall One, HTS pancake
coil

Visualization Figure 1 [18] [18] Figure 1 Figure 4 Figure 7
Purpose Derivation & implementation examples Avoiding poor mesh

quality using TSA
Solution time
decrease using TSA

Results discussed here No Yes Yes
Code available at [18] Yes No No
Non-linear materials No No No Yes No Yes
Time-dependency Yes No Yes
Quench heater No No Yes No No No
TSA with heat flux BC No Yes No
TSA with temperature BC No Yes Yes No No No

Figure 4. Model B; non-homogeneous BC are applied on the left
and right bounding surfaces while homogeneous Neumann
conditions impose zero heat flux on all other bounding surfaces. The
volumetric insulation is depicted as a green surface, i.e. the TSA
case.

Table 2. Model B; thermal conductivities in W m−1 K−1 for the
brick wall example.

κb κi

300 0.5

hence (i) significantly reduces the effort for meshing as well
as (ii) potentially allows to use fewer DoF while retain-
ing sufficient accuracy. The latter is demonstrated in the
next subsection on an insulated HTS pancake coil geometry
and mesh.

Figure 5. Parts of model B; the five different meshes investigated.
For the sake of compactness and clear visualization, only the left
part of the middle insulation layer is shown. Some edges of the
hexahedra are non-orthogonal to the insulation edges due to an
unstructured mesh (e).

4.3. Insulated HTS pancake coil

An insulated turns 3D HTS pancake coil is considered in this
section and illustrated in figure 7. The HTS CC is modeled
as a homogenized volume as detailed in B.1 with geometrical
and material properties listed in table 4. The insulation layer
is once volumetrically meshed as a reference as well as col-
lapsed to a surface using the proposed TSA. Homogeneous
Neumann conditions have been assumed everywhere on ∂Ω
since the pancake is modeled as adiabatic.

A transient thermal simulation is considered and the
pancake coil is heated in a defect region Ωdefect ⊂ Ωb

(or Ωdefect ⊂ Ωb, i) by a constant power density due to a local

6
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Figure 6. Model B; the computed 2D slice of temperatures for the brick wall geometry for the five meshes considered. The same scale
range is used for all maps.

Table 3. Model B; computed maximum temperature, relative error of the maximum temperature with respect to the solution for the
reference mesh and number of DoF for the five meshes.

Mesh (Figure 5) max(T) in K Rel. error max(T) in % # DoF per extrusion layer

(a) Ref 154.75 Reference solution 9301
(b) Struct 153.27 0.96 63
(c) Unst fine 154.44 0.2 9374
(d) Unst coarse 92.08 41 31
(d) TSA 154.14 0.39 31

Jc degradation with Jc, defect = 0Amm−2 (figure 8). Above the
current sharing temperature Tcs, power starts to be dissipated
and increase linearly up to the critical temperature Tc, i.e.

Q(⃗x,T) =


1

σb(T)
J2b, if x⃗ ∈ Ωdefect,

fq(T) 1
σb(T)

J2b, if x⃗ ∈ Ωb(,i) \Ωdefect,

0, otherwise,

(11)

with the position in space x⃗ and the transport current density
Jb. Furthermore, the fraction of Jb flowing in a resistive way
reads,

fq(T) =


0, if T< Tcs,
T−Tcs
Tc−Tcs

, if Tcs ⩽ T⩽ Tc,

1, otherwise,

(12)

and the effective electrical conductivity σb of the CC is defined
in B.1. Model parameters regarding excitation, background
field and the pancake coil design are given in table 5. The

simulation is stopped once the temperature Tstop = 250K is
reached.

First, the influence of the insulation thickness
between the turns thi will be studied for three values
thi ∈ {40,80,120} µm ≈ { 1

3 ,
2
3 , 1} thb at the bare CC

thickness thb. In order to account for the increased size of
Ωb, i compared to Ωb, the material parameters of the insulation
layer are modified as explained in B.2.

Figure 9 shows the temperature map computed for thi =
40µm. Due to the low thermal conductivity of the insulation,
only a small number of neighboring turns of the local defect
also heat up significantly. Furthermore, good qualitative and
quantitative agreement can be observed between the reference
volumetric and TSA results with the relative error εrel between
the reference and TSA model below 2 % in all coil regions for
the final time step as seen in figure 9(b).

The evolution of the maximum temperature inside the coil
is shown in figure 10(a), for the three investigated insulation
layer thicknesses thi. The TSA and the reference solutions are

7



Supercond. Sci. Technol. 36 (2023) 044004 E Schnaubelt et al

Figure 7. Model C; HTS pancake coil, the coated CC Ωb is shown
in grey whereas the insulation layer Ωi is depicted as green. Only
eight turns are shown for the sake of illustration and the current
leads to the exterior boundary required for electromagnetic
simulations are depicted as well, although not strictly needed for the
thermal problem.

Table 4. Model C; properties and parameters of the insulated CC.

Description Value

Conductor manufacturer Shanghai Creative
Superconductor Technology

Conductor type 2G HTS rare-earth barium
copper oxide (ReBCO) CC [26]

Bare conductor height 5mm
ReBCO thickness 1µm
Copper thickness 40µm [27]
Hastelloy®-C276TM thickness 80µm [28]
Silver thickness 1µm [29, 30]
Kapton insulation thickness
between turns thi

40µm or 80µm or 120µm [27]

Current sharing temperature at
Bext = 5T

25K [31]

Critical temperature at Bext =
5T

80K [31]

Critical current at Bext = 5T
and Tinit = 15K

368A [31]

in good agreement for all thi and show the typical temperature
evolution of a local hot spot of a HTS coil; a slow temperature
increase followed by fast thermal runaway [32]. Furthermore,
it can be observed that the thermal runaway occurs earlier if thi
is larger. For thicker insulation, less heat is conducted in the
radial direction across the insulation and thus, the local hot
spot temperature increases more quickly. Figure 10(b) shows
the relative difference between both models. Again, excellent
agreement is observed for all investigated insulation thick-
nesses with relative errors below 2% for all time steps.

With the last numerical experiments, we have verified the
TSA model against volumetric meshed FE simulations. As
a last experiment, the reduction in computational time and
number of DoF required for the same solution accuracy will

Figure 8. Model C; the local defect Ωdefect in turn 50 out of 100
turns is depicted in magenta and spans 3/80 of the full turn. For the
sake of a simple visualization, a top view is shown. Furthermore, a
zoom in the fine volumetric insulation reference mesh used for thi =
40µm is depicted.

Table 5. Model C; model parameters used for the simulation of the
insulated HTS pancake coil.

Description Value

Transport current, Ib 210A
External field, Bext 5T parallel to coil axis
Initial temperature, Tinit 15K
Cooling condition Adiabatic
Number of turns 101
Inner radius 5mm

Figure 9. Model C; (a) final temperature distribution caused by
thermal runaway of a local defect for the insulated HTS coil with
thi = 40µm, (b) relative temperature error between volumetric
insulation reference and TSA.

be highlighted. To this end, let us investigate the influence of
the ratio of insulation thickness to the thickness of the bare
CC, i.e.

8



Supercond. Sci. Technol. 36 (2023) 044004 E Schnaubelt et al

Figure 10. Model C; (a) time evolution of the maximum temperature and (b) relative maximum temperature difference, both for TSA and
volumetrically meshed reference for the insulated HTS pancake coil for different insulation thicknesses thi.

rth =
thi
thb

, (13)

with thb fixed to thb = 121µm.We then determine the number
of DoF nDoF, 5%, ref (nDoF, 5%, TSA) and solution time st5%, ref

(st5%, TSA) for the reference (TSA) model required to reach
a relative error of under 5% with respect to a fine reference
solution with volumetric insulation at Teval = 100 K.

In figure 11, the ratios between the latter:

rDoF, 5% =
nDoF, 5%, TSA

nDoF, 5%, ref
(14)

and

rst, 5% =
st5%, TSA

st5%, ref
(15)

are depicted as a function of rth. The benefit in terms of reduc-
tion of simulation timewhen using the TSAmodel increases as
rth decreases. No significant benefit is recorded for values of rth
close to one while for the lowest value of rth investigated, the
TSA reduces the required solution time and number of DoF
by about three times. This is caused by (i) the influence of
mesh elements of poor quality inside the volumetric insulation
layer on the numerical solution, as highlighted in section 4.2,
requiring a finer mesh to improve its quality and (ii) problems
in the automatic creation of suitable meshes which partially
prevent the creation of coarser meshes in the volumetric insu-
lation layer. Let us note that these problems, in particular the
latter, can be mitigated or even be avoided if appropriate user-
defined mesh constraints are imposed. As mentioned before,
however, this does not provide a general approach in particu-
lar requiring significant manual effort for each change of the
coil geometry.

The magnetic field also needs to be computed for a compre-
hensive quench simulation. If there are no eddy currents and
the model magnetic field depends linearly on the coil current,
a single magnetostatic solution could be used proportionally
with the current. However, for general non-linear magnetic
field dependence on the current (e.g. for NI coils or non-linear
B-H), the magnetoquasistatic subset of Maxwell’s equations
needs to be solved. If the latter equations are to be solved using

Figure 11. Model C; the computational benefit in terms of
decreased solution time and number of DoF when using the TSA as
a function of the ratio of the insulation to the conductor thickness.
The data points depict the number of DoF and solution time
required to reach a relative temperature error below 5% at
Teval = 100K with respect to a fine reference solution with
volumetric mesh of the insulation layer. A quadratic least-squares fit
of the data points is shown as well.

FE, the air region surrounding the coil needs to be meshed
as well and fine mesh sizes of the thin volume insulation lay-
ers will propagate to the latter region, increasing further the
observed mesh quality issues.

Furthermore, for NI HTS pancake coils, rth → 0, making
meshed insulation a non-practical alternative. This is high-
lighted in figure 12 which shows the absolute number of DoF
corresponding to the data points of figure 11, i.e. the number
of DoF required to reach a relative temperature error below
5%. While it only slightly increases for the TSA as rth is
decreasing, the reference volumetric mesh model shows a
strong dependence on the latter. An additional data point has
been added for the TSA, this time using a fine TSA model as
the reference as a volumetric insulation reference is not avail-
able due to the low rth. This is one of the the main benefits of
the proposed TSA which allows the FE solution of problems
with vanishing turn-to-turn distance such as NI coils, where
a classical FE approach requires a non-practical mesh for the

9
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Figure 12. Model C; the number of DoF required to reach an error
below 5% at Teval = 100K with respect to a fine reference solution
with volumetric insulation mesh. A quadratic least-squares fit of the
data points is shown. For the lowest value of rth depicted, no
reference solution is available and the corresponding data point for
the TSA marked in solid black has been computed with respect to a
TSA model with fine mesh.

distance between turns tending towards zero. For NI coils, the
thermal turn-to-turn contact resistance could bemodeled using
the thermal TSA as proposed in this work while the electric
contact resistance could be modeled using the magnetic TSA
as proposed in [11].

5. Conclusion

In this paper, a thermal TSA for 3D FE simulations has been
presented which uses a 1D FE discretization across the thick-
ness of the thin shell. The approximation avoids the need
for meshing thin volumetric layers by collapsing them into
surfaces thus significantly reducing the required effort for
geometry creation and meshing. Due to the use of a 3D tensor-
product FE discretization of the thin layer, the proposed for-
mulation is of general nature and not restricted to supercon-
ducting electromagnets.

The derived formulation has been implemented in an open-
source FE framework with Gmsh and GetDP. A reference
implementation of a simple example problem is distributed
alongside this paper showing all details of the implementation
of the formulation.

The influence of the mesh quality on the numerical accur-
acy of the computed solution has been highlighted for the brick
wall example. It is shown that effort needs to be put into the
creation of a high-quality mesh representation of the thin layer
in order to retain accurate results. The proposed TSA allevi-
ates this need and yields accurate results with reduced effort
for mesh creation.

The formulation has been verified against a reference solu-
tion with meshed insulation for an insulated HTS pancake coil
for different insulation thicknesses. The typical rapid thermal
runaway after slow temperature increase has been captured
accurately with the proposed TSA formulation. The influence

of the insulation thickness on the evolution of the thermal hot
spot temperature over time has been studied and is in agree-
ment with meshed insulation reference solutions.

Last, the required number of DoF and solution time has
been shown as a function of the ratio of insulation thickness to
conductor thickness. If the latter is small, the thin shell approx-
imation yields accurate results with significantly lower com-
putational effort. This makes the TSA especially interesting
for the simulation of NI HTS pancake coils for which the dis-
tance between the turns tends to zero.
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Appendix A. Derivation of decomposition of
internal problem

In this section, all terms of the internal FE discretization
are derived in detail. Using ∇(TjNj) = Tj∇Nj+Nj∇Tj, ∇Tj ·
∇Nl = 0 and setting l= k− 1,k, we find that:

(κ∇T,∇T ′)
Ω̂

(k)
i

=
k∑

j=k−1

(κ∇(TjNj) ,∇(T ′
lNl))Ω̂(k)

i

=
k∑

j=k−1

(κTj∇Nj,T ′
l ∇Nl)Ω̂(k)

i

+
k∑

j=k−1

(κNj∇Tj,Nl∇T ′
l )Ω̂(k)

i

=
k∑

j=k−1

⟨S(k)lj,κTj,T
′
l ⟩Γ(k)

i

+
k∑

j=k−1

⟨M(k)
lj,κ ∇Tj,∇T ′

l ⟩Γ(k)
i
.

10



Supercond. Sci. Technol. 36 (2023) 044004 E Schnaubelt et al

In the last step, the 1D FE stiffness and mass matrices:

S(k)lj,κ :=

ˆ wk

wk−1

κ∂wNl ∂wNj dw, (A.1)

M(k)
lj,κ :=

ˆ wk

wk−1

κNlNj dw, (A.2)

are introduced. Likewise, we find:

(CV ∂tT,T
′)
Ω̂

(k)
i

=
k∑

j=k−1

(CV ∂t (TjNj) ,T
′
lNl)Ω̂(k)

i

=
k∑

j=k−1

⟨M(k)
lj,CV

∂tTj,T
′
l ⟩Γ(k)

i
,

with the 1D matrix:

M(k)
lj,CV

:=

ˆ wk

wk−1

CVNlNj dw. (A.3)

Last, we have:

(Q,T ′)
Ω̂

(k)
i

= (Q,T ′
lNl)Ω̂(k)

i
= ⟨ f(k)l,Q ,T

′
l ⟩Γ(k)

i
,

with the 1D matrix:

f(k)l,Q :=

ˆ wk

wk−1

QNl dw. (A.4)

Appendix B. Insulated HTS pancake coil: effective
material properties and scaling

In this section, the effective material properties as well as scal-
ing used for the TSA are introduced for model C, the insulated
HTS pancake coil.

B.1. Effective material properties

For the homogenization of the CC Ωb and Ωb, i, the effective
material parameters are computed as [33]:

CV|Ωb = CV|Ωb, i =
∑
j

fjCV, j, (B.1)

κ|Ωb = κ|Ωb, i =
∑
j

fjκj, (B.2)

σb, i = σb =
∑
j

fjσj, (B.3)

with the volumetric fraction f j of layer j of the multi-layered
CC. Let us note that equation (B.2) computes the parallel
thermal conductivity in analogy with an electrical circuit. This
choice has been made since (i) the length of the CC is consid-
erably larger than its thickness and thus, the temperature gradi-
ent in thickness direction inside Ωb and Ωb, i can be assumed
to be negligible (as opposed to the non-zero temperature dif-
ference across the insulation Ωi, i.e. between two turns) and
(ii) in order to keep an isotropic material property. However,
the TSA formulation and implementation could handle aniso-
tropic materials inside Ωb, i as well.

B.2. Problem-dependent scaling of material parameters

In this section, the scaling of the material parameters of the
insulation layer of the HTS pancake coil is described. Using
the scaling factor:

p=
|Ωb|+ |Ωi|

|Ωb|
= 1+

|Ωi|
|Ωb|

, (B.4)

which represents the relative volume ratio of the conductor
including insulation compared to the bare conductor, the
material parameters of the insulation are scaled by:

κi, scaled = pκi and CV, i, scaled = pCV, i.

Obviously, if
|Ωi|
|Ωb|

→ 0 then p→ 1 which ensures the consist-

ency of the scaling.
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