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We consider Drell–Yan lepton pairs produced in hadronic collisions. We present high-accuracy QCD 
predictions for the transverse-momentum (qT ) distribution and fiducial cross sections in the small 
qT region. We resum to all perturbative orders the logarithmically enhanced contributions up to the 
next-to-next-to-next-to-next-to-leading logarithmic (N4LL) accuracy and we include the hard-virtual 
coefficient at the next-to-next-to-next-to-leading order (N3LO) (i.e. O(α3

S )) with an approximation of 
the N4LO coefficients. The massive axial-vector and vector contributions up to three loops have also 
been consistently included. The resummed partonic cross section is convoluted with approximate N3LO 
parton distribution functions. We show numerical results at LHC energies of resummed qT distributions 
for Z/γ ∗, W ± production and decay, including the W ± and Z/γ ∗ ratio, estimating the corresponding 
uncertainties from missing higher orders corrections and from incomplete or missing perturbative 
information coefficients at N4LL and N4LO. Our resummed calculation has been encoded in the public 
numerical program DYTurbo.

© 2023 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons .org /licenses /by /4 .0/). Funded by SCOAP3.

The production of high invariant mass (M) lepton pairs in hadronic collision, through the Drell–Yan (DY) mechanism [1,2], is extremely 
important for physics studies at hadron colliders and attracted a great deal of attention from the experimental and theory communities. 
Since the early days of QCD remarkable efforts have been devoted to detailed calculations of the dominant QCD higher-order radiative 
corrections of fiducial cross sections and kinematical distributions.

A sufficiently inclusive cross section can be perturbatively computable as an expansion in the QCD coupling αS = αS(μ
2
R) where 

the renormalization scale μR is of the order of the invariant mass M . However the bulk of experimental data lies in the small trans-
verse momentum (qT ) region qT � M where the fixed-order expansion is spoiled by the presence of enhanced logarithmic corrections, 
αn

S lnm(M2/q2
T ) of soft and collinear origin. In order to obtain reliable predictions, these logarithmic terms have to be systematically re-

summed to all orders in perturbation theory [3–5] (resummed calculation and studies applying different formalism and various levels of 
theoretical accuracy have been performed in Refs. [6–33].

In this paper we consider the Drell–Yan lepton pair production in the small qT region and we apply the QCD transverse-momentum 
resummation formalism developed in Refs. [6,8,17]. We resum all the logarithmically enhanced contributions up to the next-to-next-
to-next-to-next-to-leading logarithmic (N4LL) accuracy and we include the hard-virtual coefficient at the next-to-next-to-next-to-leading 
order (N3LO) (i.e. O(α3

S)) with an estimate of the N4LO effects.
In the Z boson case, because of the axial coupling, Feynman diagrams with quark loops contribute to the cross-section at O(α2

S )

and O(α3
S ). These contributions, also known as singlet contributions, cancel out for each isospin multiplet when massless quarks are 

considered. The effect of a finite top-quark mass in the third generation has been considered at O(α2
S ) in Refs. [34,35] and has been found 

extremely small compared to the NNLO corrections. However these effects are not completely negligible when compared to the N3LO 
corrections [30]. We have considered the effect of a finite top-quark mass including in our calculation the singlet contributions up to 
O(α3

S ) by using the calculation of the quark axial form factor in QCD up to three loops [36]. We consistently included also the quark-loop 
mediated three-loop singlet corrections which contribute, via vector coupling, both to Z and γ ∗ production at O(α3

S ) [37,38]
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At large value of qT (qT ∼ M) fixed-order perturbative expansion is fully justified. In this region, the QCD radiative corrections are 
known up to O(α3

S ) numerically through the fully exclusive NNLO calculation of vector boson production in association with jets [31,
39–46]. In particular the calculation of Z + jet production at NNLO has been encoded in the public code MCFM [31]. Resummed and 
fixed-order calculation have to be consistently (i.e. avoiding double counting) matched at intermediate values of qT in order to obtain 
theoretical predictions with uniform accuracy over the entire range of qT .

Our resummed calculation for Z/γ ∗ and W ± production and decay up to approximated N4LL+N4LO accuracy, together with the 
asymptotic expansion up to O(α3

S ), has been implemented in the public numerical program DYTurbo [47,48] which provides fast and 
numerically precise predictions including the full kinematical dependence of the decaying lepton pair with the corresponding spin corre-
lations and the finite value of the Z boson width.

In this paper we are focusing on the impact of the N4LL resummed logarithmic terms. We thus consider only the small qT region and 
we not include the matching with fixed-order predictions which can be implemented starting from the results of Refs. [31,39–46] and 
subtracting the asymptotic expansion of the resummed calculation at the same perturbative order as encoded in DYTurbo. Resummed 
results at N3LL +N3LO matched with the NNLO calculation at large qT have been presented in Refs. [49]. Here we improve the results of 
Ref. [49] by extending the resummation accuracy at approximated N4LL+N4LO1 and by presenting results for W ± boson production and 
decay.

We consider the process

h1 + h2 → V + X → l3 + l4 + X, (1)

where V denotes the vector boson produced by the colliding hadrons h1 and h2 with a centre–of–mass energy s, while l3 and l4 are 
the final state leptons produced by the V decay. The lepton kinematics is completely specified in terms of the transverse-momentum qT

(with qT = √
qT

2), the rapidity y and the invariant mass M of the lepton pair, and by two additional variables � that specify the angular 
distribution of the leptons with respect to the vector boson momentum.

We consider the Drell–Yan cross section fully differential in the leptonic final state. According to the factorization theorem we can 
write

dσh1h2→l3l4

d2qTdM2dyd�
(qT, M2, y, s,�) =

∑
a1,a2

1∫
0

dx1

1∫
0

dx2 fa1/h1(x1,μ
2
F ) fa2/h2(x2,μ

2
F )

× dσ̂a1a2→l3l4

d2qT dM2 dŷ d�
(qT, M, ŷ, ŝ,�;αS ,μ

2
R ,μ2

F ) , (2)

where fa/h(x, μ2
F ) (a = q f , ̄q f , g) are the parton distribution functions of the hadron h, ŝ = x1x2s is the partonic centre–of–mass energy 

squared, ŷ = y − ln
√

x1/x2 is the vector boson rapidity with respect to the colliding partons while μR and μF are the renormalization 
and factorization scales. The last factor in the right-hand side of Eq. (2) is multi-differential partonic cross sections, computable in pertur-
bative QCD as a series expansion in the strong coupling αS = αS (μR), which will be denoted in the following by the shorthand notation 
[dσ̂a1a2→l3l4 ].

The partonic cross section can be decomposed as

[dσ̂a1a2→l3l4 ] = [dσ̂
(res.)
a1a2→l3l4

] + [dσ̂
(fin.)

a1a2→l3l4
] (3)

where the first term on the right-hand side of Eq. (3) is the resummed component which dominates in the small qT region while the 
second term is the finite component which is needed at large qT .

A brief review of the resummation formalism of Refs. [6,8,17] is given in Appendix A together with a collection of the numerical 
coefficients needed at N4LL+N4LO accuracy.

In the following we consider Z/γ ∗, W ± production and leptonic decay at the Large Hadron Collider (LHC). We present resummed 
predictions up to N4LL accuracy including the hard-virtual coefficient up to N3LO together with an approximation of the N4LO ones. The 
hadronic cross section is obtained by convoluting the partonic cross section in Eq. (3) with the parton densities functions (PDFs) from 
MSHT20aN3LO set [50] at the approximate N3LO with αS(m2

Z ) = 0.118 where we have evaluated αS (μ
2
R) at (n +1)-loop order at NnLL 

accuracy. We use the so-called Gμ scheme for EW couplings with input parameters G F = 1.1663787 × 10−5 GeV−2, mZ = 91.1876 GeV, 
�Z = 2.4952 GeV, mW = 80.379 GeV, �W = 2.091 GeV. In the case of W production, we use the following CKM matrix elements: V ud =
0.97427, V us = 0.2253, V ub = 0.00351, V cd = 0.2252, V cs = 0.97344, V cb = 0.0412. We work with N f = 5 massless quarks and we use 
mtop = 173 GeV for the top-loop mediated singlet contributions. Our calculation implements the leptonic decays Z/γ ∗ → l+l− , W ± →
lν and we include the effects of the Z/γ ∗ interference and of the finite widths of the W and Z boson with the corresponding spin 
correlations and the full dependence on the kinematical variables of final state leptons. This allows us to take into account the typical 
kinematical cuts on final state leptons that are considered in the experimental analysis. The resummed calculation at fixed lepton momenta 
requires a qT -recoil procedure. We implement the general procedure described in Ref. [17] which is equivalent to compute the Born level 
distribution dσ (0) of Eq. (8) in the Collins–Soper rest frame [51].

As for the non-perturbative (NP) effects at very small transverse momenta we introduced, in the conjugated b-space, a NP form factor 
of the form [16]

SN P (b) = exp{−g1b2 − gK (b) ln(M2/Q 2
0 )} (4)

1 We note that we are using the definition of labels introduced in Ref. [17]. In particular the fixed-order labels NLO, NNLO, N3LO and (approximated) N4LO refer to the 
perturbative accuracy in the small-qT region and not to the perturbative accuracy in the large-qT region.
2
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Fig. 1. The qT spectrum of Z/γ ∗ bosons with lepton selection cuts at the LHC (
√

s = 13 TeV) at various perturbative orders. Resummed component (see Eq. (3)) of the 
hadronic cross-section with scale variation bands as defined in the text. The order of the parton density evolution is set consistently with the order of the resummation (left) 
or with the order of the PDFs (right).

where

gK (b) = g0

(
1 − exp

[
− C F αS((b0/b�)

2)b2

π g0b2
lim

])
, (5)

with g1 = 0.5 GeV2, Q 0 = 1 GeV, g0 = 0.3, blim = 1.5 GeV−1 and

b2
� = b2b2

lim/(b2 + b2
lim) . (6)

The g1 parameter controls the quadratic NP power corrections which are dominant in the region of moderate qT of 4–10 GeV while g0
controls the asymptotic behaviour of the NP form factor at very small qT . The parameter blim set the scale at which the running of αS

in Eq. (5) is frozen while Q 0 represent the initial scale at which the NP form factor is parameterised. The variable b� is also used to 
regularize the perturbative form factor at very large value of b (b � 1/	Q C D , where 	Q C D is the scale of the Landau pole of the running 
coupling αS (q2)) which correspond to very small values of qT (qT � 	Q C D ) through the so-called ‘b� prescription’ [5,52] which consist in 
the freezing of the integration over b below the upper limit blim through the replacement b → b� . An alternative regularization procedure 
of the Landau singularity, which have also been implemented in the DYTurbo numerical program, is the so-called Minimal Prescription 
[53–55] which avoid the Landau singularity by deforming the integration contour in the complex b space. The Minimal Prescription does 
not require any infrared cut-off, it leaves unchanged the perturbative result to any fixed order in αS and it can be implemented within a 
purely perturbative framework without introducing an explicit model of NP effects.

We have thus considered the production of l+l− pairs from Z/γ ∗ decay at the LHC (
√

s = 13 TeV) with the following fiducial cuts: the 
leptons are required to have transverse momentum pT > 25 GeV, pseudo-rapidity |η| < 2.5 while the lepton pair system is required to 
have an invariant mass of 80 < Ml+l− < 100 GeV with transverse momentum qT < 30 GeV.

In order to estimate the size of yet uncalculated higher-order terms and the ensuing perturbative uncertainties we consider the depen-
dence of the results from the auxiliary scales μF , μR and Q . We thus perform an independent variation of μF , μR and Q in the range 
M/2 ≤ {μF , μR , Q } ≤ 2M with the constraints 0.5 ≤ {μF /μR , Q /μR , Q /μF } ≤ 2.

In Fig. 1 we consider Z/γ ∗ production and decay and we show the resummed component (see Eq. (3)) of the transverse-momentum 
distribution in the small-qT region. The label NnLL+NnLO (n = 1, 2, 3) indicates that we perform the resummation of logarithmic enhanced 
contribution at NnLL accuracy including the hard-virtual coefficient at NnLO while the label N4LL+N4LOa indicates that we perform the 
resummation at N4LL accuracy with the hard-virtual coefficient at N4LO and an estimate of yet not known N4LO corrections.2

In the left panel of Fig. 1 we show the resummed predictions following the original formalism of Refs. [6,8,17]. The lower panel shows 
the ratio of the distribution with respect to the N4LLa prediction at the central value of the scales μF = μR = Q = M . We observe that 
the NLL+NLO and NNLL+NNLO scale dependence bands do not overlap thus showing that the NLL+NLO scale variation underestimates the 
true perturbative uncertainty. This feature was already observed and discussed in Refs. [17,49]. In the present case the lack of overlap can 
be ascribed to the fact that we are using the same N3LO parton densities set at NLL, NNLL, N3LL and N4LL accuracy. This choice introduces 
a formal mismatch between the N3LO Altarelli-Parisi evolution as encoded in the N3LO parton densities functions and the corresponding 
NkLO evolution included in the Nk+1LL partonic resummed formula.

In order to show that this is indeed the case, in the right panel of Fig. 1 we show the resummed predictions in which we set the 
order of Altarelli-Parisi evolution in the resummed prediction to be equal to the order of the parton densities (i.e. both at approximated 
N3LO). In practice, with this choice, we are modifying the NLL, NNLL and N3LL predictions by including formally subleading logarithmic 
corrections.3 We observe that with this choice the scale dependence bands show a nice overlap at subsequent orders thus indicating that 

2 Incidentally we observe that our prediction at N4LL+N4LOa includes the full perturbative information contained in the so-called N4LL accuracy and also a reliable 
approximation of the N4LL’ accuracy as sometimes defined in the literature.

3 We note that this inclusion of formally subleading terms is similar to what happen in the Collins, Soper and Sterman resummation formalism [5] where the parton 
densities are evaluated at the scale b0/b [4].
3
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Fig. 2. The qT spectrum of W + and W − bosons with inclusive leptonic decay at the LHC (√s = 13 TeV) at various perturbative orders. Resummed component (see Eq. (3)) 
of the hadronic cross-section with scale variation bands as defined in the text.

the lack of overlap of the previous case is indeed related to the mismatch in the order of the evolution of parton densities. However we 
also note that by keeping fixed the evolution of the parton densities at subsequent orders inevitably underestimates the impact of higher 
order corrections included in the PDFs.

Finally, we observe that the choice of the order in the evolution of parton densities only affects the NLL+NLO and, with a minor extent, 
NNLO+NNLO theoretical predictions and corresponding uncertainties. Its impact is negligible at N3LL+N3LO (the N4LL+N4LOa prediction 
is independent by the choice). Since we are mainly interested on the impact of N4LL+N4LOa corrections with respect to the N3LL+N3LO 
results in the following we show numerical results only for the case in which the order of evolution of parton densities is set consistently 
with the order of the PDF set.

In both the left and right panel of Fig. 1 the scale dependence is consistently reduced increasing the perturbative order, in particular it 
is roughly reduced by a factor of 2 going from N3LL to N4LLa. The scale variation at N4LLa accuracy is around ±1.5% at qT ∼ 1 GeV, then 
it reduces at ±1% level at the peak (qT ∼ 4 GeV) and remains roughly constant up to qT ∼ 30 GeV.

In the results of Fig. 1 we considered the effect of a finite top-quark mass including the singlet contributions mediated by heavy-quark 
loops at NNLO and N3LO. As already found in the literature [34,35] the impact of these contributions is extremely small, the effect is of 
−0.04% at NNLO and less than +0.001% at N3LO. Given the negligible effect of the singlet contributions at N3LO, we have not estimated 
the impact of singlet contributions at N4LO.

In Fig. 2 we consider W boson production and decay into a lνl pair showing the resummed component of the transverse-momentum 
distribution in the small-qT region at different perturbative orders. In this case we do not consider kinematical selection cuts apart a lower 
limit of 50 GeV on the invariant mass of the vector boson (lepton pair) which is necessary in order to fix a hard scale for the process. 
Also in this case we observe that the scale dependence is consistently reduced increasing the perturbative order. The scale variation at 
N4LLa accuracy is around ±2% at qT ∼ 1 GeV, then it reduces at ±1% level at the peak (qT ∼ 4 GeV), decreases to ±0.5% for qT ∼ 7 GeV 
and remains below ±1% level up to qT ∼ 30 GeV.

The knowledge of the shape of the W boson qT distribution and its uncertainty is particularly important since it affects the measure-
ment of the W mass. However the W boson qT spectrum is not directly experimental accessible with good resolution due to the neutrino 
in final state of the leptonic W decay. Conversely, the qT spectrum of the Z boson has been measured with great precision. Therefore a 
precise theoretical prediction of the ratio of W and Z qT distributions, together with the measurement of the Z boson qT spectrum, gives 
stringent information on the W spectrum.

In Fig. 3 we consider the ratio of qT distributions for Z/γ ∗ and W ± production and decay. We consider the quantity

R(qT ) = σZ

σW

dσW

dqT

/dσZ

dqT
, (7)

where 1
σV

dσV
dqT

with V = W , Z is the normalized qT distribution for W and Z/γ ∗ production and decay inclusive over the leptonic final 
state kinematics, apart for a selection cut on the invariant mass of the lepton pair: 80 < Ml+l− < 100 GeV and Mlν > 50 GeV.

In Fig. 3 we show the resummed component of the transverse-momentum distribution of Eq. (7) for the ratio W +/Z (left panel) 
and W −/Z (right panel) in the small-qT region. From the results of Fig. 3 (left and right panels) we observe that the scale dependence 
is greatly reduced (roughly by one order of magnitude) with respect to the distributions shown in Figs. 1, 2. The scale variation at 
N4LL+N4LOa accuracy is around ±0.3% − 0.4% at qT ∼ 1 GeV, then it reduces at ±0.1% level at the peak (qT ∼ 4 GeV), it further decrease 
below 0.05% level for qT ∼ 7 GeV and then it slightly increases up to ±0.2% for qT ∼ 30 GeV. This reduction of scale uncertainty is not 
unexpected because in the ratio correlated uncertainties on W and Z distributions cancel. In particular higher order QCD predictions for 
the resummed component of the cross section has a high degree of universality and the process dependence is mainly due to the different 
flavour content of the partonic subprocesses for W and Z production.

One may wonder if correlated scale variation for the ratio of W and Z distribution can underestimate the true perturbative uncertainty. 
A way to assess the consistency of the use of perturbative scale variation in estimating the perturbative uncertainty from missing higher 
orders is to check it by explicit calculation i.e. verifying if the next-order calculation lies within the scale variation bands at a given order. 
If this is the case it means that scale variation, at that order, correctly estimates the size of next-order corrections. Of course this procedure 
4
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Fig. 3. The normalized ratio of qT spectra of W and Z/γ ∗ bosons at the LHC (√s = 13 TeV) at various perturbative orders for W +/Z (left) and W −/Z (right). Resummed 
component (see Eq. (3)) of the hadronic cross-section with scale variation bands as defined in the text.

Fig. 4. The normalized ratio of qT spectra of W and Z/γ ∗ bosons at the LHC (
√

s = 13 TeV) at N4LL+N4LOa accuracy for W +/Z (left) and W −/Z (right). Resummed 
component (see Eq. (3)) of the hadronic cross-section with scale variation band as defined in the text and PDF uncertainty from MSHT20aN3LO set.

can only be applied a posteriori leaving the scale uncertainty band at the last known order as a reasonable estimate of the true perturbative 
uncertainty. In the present case the overlap of the scale uncertainty band indicates that correlated scale variation at NLL+NLO, NNLL+NNLO 
and N3LL+N3LO correctly estimate the size of higher-order corrections thus leaving us confident on the reliability of the N4LL+N4LO scale 
variation band.4 An alternative, and more robust, perturbative uncertainty can be obtained considering the size of the difference between 
the prediction at a given order with respect to the prediction at the previous order. In this way we obtain an uncertainty which is even 
smaller than the one obtained through the perturbative scale variation method.

However we stress that the predictions presented in Fig. 3 are far from being complete since at such level of theoretical precision 
several effects cannot be neglected. In particular also very small effects which however are different in the W and Z case can give not 
negligible effects on the W /Z ratio. For instance the impact of the process dependent finite component of the cross section, the (flavour 
dependent) non-perturbative intrinsic kT effects [56], the QED and electroweak effects [57–61], the heavy-quark mass effects [62–65]. 
Another important source of uncertainty is the one arising from the determination of PDFs. An estimate of such uncertainty is typically 
provided in global PDF fits. In Fig. 4 we show the impact of the PDFs uncertainty from MSHT20aN3LO set [50] on the prediction for the 
W +/Z (left panel) and W −/Z (right panel) ratio. We observe that the PDF uncertainty dominates over the scale variation band being 
larger by roughly a factor of 4.

In conclusion, in this paper we have presented the implementation of the qT resummation formalism of Refs. [6,8,17] for Drell–Yan 
processes up to N4LL+N4LO approximated accuracy in the DYTurbo numerical program [47,48]. We have illustrated explicit numerical 
results for the resummed component of the transverse-momentum distribution for the case of Z/γ ∗, W ± production and leptonic decay 

4 We have also checked that adopting a more conservative uncorrelated scale variation prescription would produce a scale uncertainty band which largely overestimate the 
size of higher-order corrections (see also the results of Ref. [22]).
5
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at LHC energies. We also considered theoretical predictions for the ratio of W ± and Z/γ ∗ qT distributions. Perturbative uncertainties have 
been estimated through a study of the scale variation band.

In Appendix A we provide an estimate of the uncertainties arising from the numerical approximations of the N4LL coefficients, and from 
the incomplete knowledge of the N4LO perturbative coefficients. The size of the unknown N4LO coefficients and its associated uncertainty 
is estimated through a Levin transform of the corresponding perturbative series [66,67]. The dominant uncertainties are the numerical 
approximations of the 4-loop singlet splitting functions [68,69] and the incomplete knowledge of the hard-collinear coefficients [70] at 4 
loops which amount, in both cases, to 1–3 · 10−3 relative uncertainty. These uncertainties turn out to be 5 to 10 times smaller compared 
to the perturbative uncertainties estimated through scale variations.

The DYTurbo numerical code allows the user to apply arbitrary kinematical cuts on the vector boson and the final-state leptons, 
and to compute the corresponding relevant distributions in the form of bin histograms. These features make DYTurbo a useful tool for 
Drell–Yan studies at hadron colliders such as the Tevatron and the LHC.
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Appendix A. Transverse-momentum resummation up to N4LL+N4LO accuracy

We briefly review the impact-parameter space b [4] resummation formalism of Refs. [6,8,17]. The resummed component in the r.h.s. of 
Eq. (3) can then be written as

[
dσ̂

(res.)
a1a2→l3l4

]
=

∑
b1,b2=q,q̄

dσ̂
(0)

b1b2→l3l4

d�

1

ŝ

∞∫
0

db

2π
b J0(bqT ) Wa1a2,b1b2→V (b, M, ŷ, ŝ;αS ,μ

2
R ,μ2

F ) , (8)

where J0(x) is the 0th-order Bessel function and the factor dσ̂
(0)

b1b2→l3l4
is the Born level differential cross section for the partonic subpro-

cess qq̄ → V → l3l4.
The function WV (b, M, ŷ, ̂s) can be expressed in an exponential form by considering the ‘double’ (N1, N2) Mellin moments with respect 

to the variables z1 = e+ ŷ M/
√

ŝ and z2 = e− ŷ M/
√

ŝ at fixed M5 [6,71]

WV (b, M;αS ,μ
2
R ,μ2

F ) = HV (αS ; M/μR , M/μF , M/Q ) × exp{G(αS , L; M/μR , M/Q )} , (9)

where we have introduced the logarithmic expansion parameter

L ≡ ln(Q 2b2/b2
0) (10)

with b0 = 2e−γE (γE = 0.5772... is the Euler number). The scale Q ∼ M is the resummation scale [72], which parameterizes the arbitrari-
ness in the resummation procedure.

The process dependent function HV (αS) [73,74] includes the hard-collinear contributions and it can be written in term of a process 
dependent hard factor H V (αS) and two process independent functions C(αS ) associated to collinear emissions from the initial state 
colliding partons6

HV (αS) = H V (αS) C(αS) C(αS) . (11)

The functions in Eq. (11) have a standard perturbative expansion

HV (αS) = 1 +
∞∑

n=1

(αS

π

)n
H(n)

V , (12)

H V (αS) = 1 +
∞∑

n=1

(αS

π

)n
H (n)

V , (13)

5 For the sake of simplicity in our symbolic notation the explicit dependence on parton indices (which are relevant for the exponentiation in the multiflavour space) and 
the double Mellin indices are understood. The interested reader can find the details in Ref. [6] (in particular Appendix A) and Ref. [71].

6 A simple specification of a resummation scheme customarily used in the literature on qT resummation for vector boson is: H V (αS ) ≡ 1 (i.e. H(n)
V = 0 for n > 0).
6
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C(αS) = 1 +
∞∑

n=1

(αS

π

)n
C (n) , (14)

therefore up to the fourth order we have the following relations

H(1)
V = H (1)

V + C (1) + C (1), (15)

H(2)
V = H (2)

V + C (2) + C (2) + H (1)
V (C (1) + C (1)) + C (1)C (1), (16)

H(3)
V = H (3)

V + C (3) + C (3) + H (2)
V (C (1) + C (1)) + H (1)

V (C (2) + C (2) + C (1)C (1))

+ C (2)C (1) + C (2)C (1), (17)

H(4)
V = H (4)

V + C (4) + C (4) + H (3)
V (C (1) + C (1)) + H (2)

V (C (2) + C (2) + C (1)C (1))

+ H (1)
V (C (3) + C (3) + C (2)C (1) + C (2)C (1)) + C (3)C (1) + C (3)C (1) + C (2)C (2) . (18)

The universal (process independent) form factor exp{G} in the right-hand side of Eq. (9) contains all the terms that order-by-order in 
αS are logarithmically divergent as b → ∞ (i.e. qT → 0). The resummed logarithmic expansion of G reads [6]

G(αS , L) = −
Q 2∫

b2
0/b2

dq2

q2

[
A(αS(q

2)) ln
M2

q2
+ B̃(αS(q

2))

]

= L g(1)(αS L) + g(2)(αS L) +
∞∑

n=1

(αS

π

)n
g(n+2)(αS L) , (19)

where the functions g(n) control and resum the αk
S Lk (with k ≥ 1) logarithmic terms in the exponent of Eq. (9) due to soft and collinear 

radiation. The perturbative functions A(αS ) and B̃(αS ) can be expanded as

A(αS) =
∞∑

n=1

(αS

π

)n
A(n) , (20)

B̃(αS) =
∞∑

n=1

(αS

π

)n
B̃(n) . (21)

The function B̃(αS ) can be written as follows

B̃(αS) = B(αS) + 2β(αS)
d ln C(αS)

d lnαS
+ 2γ (αS) , (22)

in terms of the resummation coefficient B(αS ), the collinear functions C(αS ) (see Eq. (14)), the functions γ (αS ) (the Mellin moments of 
the Altarelli–Parisi splitting functions7) and the QCD β function

d lnαS(μ
2)

d lnμ2
= β(αS) = −

+∞∑
n=0

βn

(αS

π

)n+1
. (23)

By explicit integration of Eq. (19) we obtain the following g(i) for 1 ≤ i ≤ 5

g(1)(αS L) = A(1)

β0

λ + ln(1 − λ)

λ
, (24)

g(2)(αS L) = B
(1)

β0
ln(1 − λ) − A(2)

β2
0

(
λ

1 − λ
+ ln(1 − λ)

)

+ A(1)

β0

(
λ

1 − λ
+ ln(1 − λ)

)
ln

Q 2

μ2
R

+ A(1)β1

β3
0

(
1

2
ln2(1 − λ) + ln(1 − λ)

1 − λ
+ λ

1 − λ

)
, (25)

7 In order to match the effect of the charm and bottom-mass threshold included in the evolution of PDFs in Eq. (2), the resummation (evolution) effects due to the 
γ (αS ) term in Eq. (19) are asymptotically switched off when approaching their corresponding quark-mass thresholds through a b� prescription (see Eq. (6)) with values of 
blim = 1/mq [75].
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g(3)(αS L) = − A(3)

2β2
0

λ2

(1 − λ)2
− B

(2)

β0

λ

1 − λ
+ A(2)β1

β3
0

(
λ(3λ − 2)

2(1 − λ)2
− (1 − 2λ) ln(1 − λ)

(1 − λ)2

)

+ B
(1)

β1

β2
0

(
λ

1 − λ
+ ln(1 − λ)

1 − λ

)
− A(1)

2

λ2

(1 − λ)2
ln2 Q 2

μ2
R

+ ln
Q 2

μ2
R

(
B

(1) λ

1 − λ
+ A(2)

β0

λ2

(1 − λ)2
+ A(1) β1

β2
0

(
λ

1 − λ
+ 1 − 2λ

(1 − λ)2
ln(1 − λ)

))

+ A(1)

(
β2

1

2β4
0

1 − 2λ

(1 − λ)2
ln2(1 − λ) + ln(1 − λ)

[
β0β2 − β2

1

β4
0

+ β2
1

β4
0 (1 − λ)

]

+ λ

2β4
0 (1 − λ)2

(β0β2(2 − 3λ) + β2
1λ)

)
, (26)

g(4)(αS L) = − A(4)

6β2
0

(3 − λ)λ2

(1 − λ)3
− B

(3)

2β0

(2 − λ)λ

(1 − λ)2
− A(3)

2β0

(
β1

β2
0

[
(6 − 15λ + 5λ2)λ

6(1 − λ)3

+ (1 − 3λ)

(1 − λ)3
ln(1 − λ)

]
− (3 − λ)λ2

(1 − λ)3
ln

Q 2

μ2
R

)
+ B

(2)

(
β1

β2
0

[
(2 − λ)λ

2(1 − λ)2
+ ln(1 − λ)

(1 − λ)2

]

+ (2 − λ)λ

(1 − λ)2
ln

Q 2

μ2
R

)
+ A(2)

(
− 2β2

3β3
0

λ3

(1 − λ)3
+ β2

1

2β4
0

(
λ(6 − 9λ + 11λ2)

6(1 − λ)3
+ ln(1 − λ)

(1 − λ)2

+ 1 − 3λ

(1 − λ)3
ln2(1 − λ)

)
+

[
β1

2β2
0

(2 − λ)λ

(1 − λ)2
+ β1

β2
0

1 − 3λ

(1 − λ)3
ln(1 − λ)

]
ln

Q 2

μ2
R

− (3 − λ)λ2

2(1 − λ)3
ln2 Q 2

μ2
R

)
+ B

(1)

(
β2

1

2β3
0

[
λ2

(1 − λ)2
− ln2(1 − λ)

(1 − λ)2

]
− β2

2β2
0

λ2

(1 − λ)2

− β1

β0

ln(1 − λ)

(1 − λ)2
ln

Q 2

μ2
R

− β0

2

(2 − λ)λ

(1 − λ)2
ln2 Q 2

μ2
R

)
+ A(1)

(
− β3

1

β5
0

(
λ3

6(1 − λ)3

+ (1 + λ)λ2

2(1 − λ)3
ln(1 − λ) + λ

2(1 − λ)3
ln2(1 − λ) + (1 − 3λ)

6(1 − λ)3
ln3(1 − λ)

)
− β1β2

2β4
0

(
λ(6 − 15λ + 5λ2)

6(1 − λ)3
+ (1 − 3λ + 2λ2 − 2λ3)

(1 − λ)3
ln(1 − λ)

)

+ β3

2β3
0

(
λ(6 − 15λ + 7λ2)

6(1 − λ)3
+ ln(1 − λ)

)
+

[
− β2

1

β3
0

(
λ2(1 + λ)

2(1 − λ)3
+ λ

(1 − λ)3
ln(1 − λ)

+ 1 − 3λ

2(1 − λ)3
ln2(1 − λ)

)
+ β2

2β2
0

λ2(1 + λ)

(1 − λ)3

]
ln

Q 2

μ2
R

− β1

2β0

[
λ

(1 − λ)3

+ 1 − 3λ

(1 − λ)3
ln(1 − λ)

]
ln2 Q 2

μ2
R

+ β0

6

(3 − λ)λ2

(1 − λ)3
ln3 Q 2

μ2
R

)
, (27)

g(5)(αS L) = − A(5)

12β2
0

λ2(6 − 4λ + λ2)

(1 − λ)4
− B

(4)

3β0

λ(3 − 3λ + λ2)

(1 − λ)3

+ A(4)

3β0

(
β1

β2
0

[
λ(−12 + 42λ − 28λ2 + 7λ3)

12(1 − λ)4
− 1 − 4λ

(1 − λ)4
ln(1 − λ)

]

+ λ2(6 − 4λ + λ2)

(1 − λ)4
ln

Q 2

μ2
R

)
+ B

(3)

(
β1

β2
0

[
λ(3 − 3λ + λ2)

3(1 − λ)3
+ ln(1 − λ)

(1 − λ)3

]

+ λ(3 − 3λ + λ2)

(1 − λ)3
ln

Q 2

μ2
R

)
+ A(3)

(
− β2

4β3
0

λ3(4 − λ)

(1 − λ)4

+ β2
1

β4
0

[
λ(12 − 24λ + 52λ2 − 13λ3)

36(1 − λ)4
+ ln(1 − λ)

3(1 − λ)3
+ 1 − 4λ

2(1 − λ)4
ln2(1 − λ)

]

+ β1

β2

[
λ(3 − 3λ + λ2)

3(1 − λ)3
+ 1 − 4λ

(1 − λ)4
ln(1 − λ)

]
ln

Q 2

μ2

0 R

8
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− λ2(6 − 4λ + λ2)

2(1 − λ)4
ln2 Q 2

μ2
R

)
+ B

(2)

(
− β2

3β2
0

(3 − λ)λ2

(1 − λ)3
+ β2

1

β3
0

(
(3 − λ)λ2

3(1 − λ)3

− ln2(1 − λ)

(1 − λ)3

)
− 2β1

β0

ln(1 − λ)

(1 − λ)3
ln

Q 2

μ2
R

− β0
λ(3 − 3λ + λ2)

(1 − λ)3
ln2 Q 2

μ2
R

)

+ A(2)

(
− β3

12β3
0

λ3(8 − 5λ)

(1 − λ)4
+ β1β2

3β4
0

(
λ(6 − 21λ + 44λ2 − 20λ3)

6(1 − λ)4

+ 1 − 4λ + 9λ2

(1 − λ)4
ln(1 − λ)

)
+ β3

1

β5
0

(
λ(−12 + 42λ − 64λ2 + 25λ3)

36(1 − λ)4

− (1 − 4λ + 9λ2)

3(1 − λ)4
ln(1 − λ) − λ

(1 − λ)4
ln2(1 − λ) − 1 − 4λ

3(1 − λ)4
ln3(1 − λ)

)
+

[
β2

3β2
0

(3 + 4λ − λ2)λ2

(1 − λ)4
+ β2

1

β3
0

(
− (3 + 4λ − λ2)λ2

3(1 − λ)4
− 2λ

(1 − λ)4
ln(1 − λ)

− 1 − 4λ

(1 − λ)4
ln2(1 − λ)

)]
ln

Q 2

μ2
R

+ β1

β0

[
− λ

(1 − λ)4
− 1 − 4λ

(1 − λ)4
ln(1 − λ)

]
ln2 Q 2

μ2
R

+ β0

3

λ2(6 − 4λ + λ2)

(1 − λ)4
ln3 Q 2

μ2
R

)
+ B

(1)

(
− β3

6β2
0

(3 − 2λ)λ2

(1 − λ)3
+ β1β2

β3
0

(
(3 − 2λ)λ2

3(1 − λ)3

+ λ

(1 − λ)3
ln(1 − λ)

)
+ β3

1

β4
0

(
− (3 − 2λ)λ2

6(1 − λ)3
− λ

(1 − λ)3
ln(1 − λ) − ln2(1 − λ)

2(1 − λ)3

+ ln3(1 − λ)

3(1 − λ)3

)
+

[
β2

β0

λ

(1 − λ)3
+ β2

1

β2
0

(
− λ

(1 − λ)3
− ln(1 − λ)

(1 − λ)3
+ ln2(1 − λ)

(1 − λ)3

)]
ln

Q 2

μ2
R

+ β1

[
− λ(3 − 3λ + λ2)

2(1 − λ)3
+ ln(1 − λ)

(1 − λ)3

]
ln2 Q 2

μ2
R

+ β2
0
λ(3 − 3λ + λ2)

3(1 − λ)3
ln3 Q 2

μ2
R

)

+ A(1)

(
β2

2

3β4
0

(
λ(−12 + 42λ − 52λ2 + 7λ3)

12(1 − λ)4
− ln(1 − λ)

)

+ β4

3β3
0

(
λ(12 − 42λ + 40λ2 − 13λ3)

12(1 − λ)4
+ ln(1 − λ)

)
+ β1β3

6β4
0

(
− λ(2 − 5λ)

3

(3 − 3λ + λ2)

(1 − λ)4

− 2 − 8λ + 9λ2 − 10λ3 + 4λ4

(1 − λ)4
ln(1 − λ)

)
+ β2

1β2

β5
0

(
λ(12 − 42λ + 52λ2 + 5λ3)

36(1 − λ)4

− (−1 + 3λ − 3λ2 + 3λ3)

3(1 − λ)3
ln(1 − λ) − 3λ2

2(1 − λ)4
ln2(1 − λ)

)
+ β4

1

2β6
0

(
− λ3(2 + 3λ)

6(1 − λ)4

+ λ2(−3 + 2λ − 2λ2)

3(1 − λ)4
ln(1 − λ) − (1 − 3λ)λ

(1 − λ)4
ln2(1 − λ) − 1 − 6λ

3(1 − λ)4
ln3(1 − λ)

+ 1 − 4λ

6(1 − λ)4
ln4(1 − λ)

)
+

[
− β3

6β2
0

λ2(−3 − 2λ + 2λ2)

(1 − λ)4
− β1β2

β3
0

(
2λ3

3(1 − λ)3
+ 3λ2

(1 − λ)4
ln(1 − λ)

)

+ β3
1

β4
0

(
− λ2(3 − 2λ + 2λ2)

6(1 − λ)4
− (1 − 3λ)λ

(1 − λ)4
ln(1 − λ) − 1 − 6λ

2(1 − λ)4
ln2(1 − λ)

+ 1 − 4λ

3(1 − λ)4
ln3(1 − λ)

)]
ln

Q 2

μ2
R

+
[

− 3β2

2β0

λ2

(1 − λ)4
+ β2

1

2β2
0

(
− (1 − 3λ)λ

(1 − λ)4
− (1 − 6λ)

(1 − λ)4
ln(1 − λ)

+ (1 − 4λ)

(1 − λ)4
ln2(1 − λ)

)]
ln2 Q 2

μ2
R

+ β1

3

[
λ(2 + 6λ − 4λ2 + λ3)

2(1 − λ)4
+ 1 − 4λ

(1 − λ)4
ln(1 − λ)

]
ln3 Q 2

μ2
R

− β2
0

12

(6 − 4λ + λ2)λ2

(1 − λ)4
ln4 Q 2

μ2
R

)
, (28)

where

λ = 1
β0 αS(μ

2
R) L , (29)
π
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Fig. 5. Uncertainties arising from numerical approximations or incomplete knowledge of the perturbative coefficients at N4LL+N4LOa, compared to missing higher order 
uncertainties estimated with scale variations at this order.

B
(n) = B̃(n) + A(n) ln

M2

Q 2
. (30)

The g(1) , g(2) and g(3) resummation functions can be found in Ref. [6]. The g(4) function can be found in Ref. [76] for the related case of 
direct transverse momentum space resummation. The explicit expression of the first five coefficients of the β function, can be found in 
the following references: β0, β1 and β2 in Refs. [77,78], β3 in Ref. [79] and β4 in [80].

At NLL+NLO we include the functions g(1) , g(2) and H(1)
V , at NNLL+NNLO we also include the functions g(3) and H(2)

V [70,81], at 
N3LL+N3LO the functions g(4) and H(3)

V [82,83] and finally at N4LL+N3LO the function g(5) and H(4)
V .

In Fig. 5 we consider uncertainties in the numerical approximations of the N4LL coefficients and arising from the incomplete knowledge 
of the N4LO perturbative coefficients. The B(4) coefficient and the non-singlet four-loop splitting functions are known with good numerical 
approximation [84–88], the corresponding relative uncertainties on the qT distribution are at the level of 10−6 or smaller, and considered 
negligible. The relative uncertainty due to the numerical approximations of A(5) [89–95] is also negligible for qT � 4 GeV and at the 10−3

level for qT � 4 GeV. The numerical approximations the 4-loop singlet splitting functions [68,69] are the dominant uncertainties in the 
N4LL approximation, and they amount to 1–3 · 10−3 relative uncertainty. In order to estimate the size of the unknown C (4) coefficients 
[96] we perform a Levin transform of the corresponding perturbative series [66,67] to guess the value of the fourth term in these series, 
and assign to it a 100% uncertainty. This is equivalent to assuming that the Levin transform is able to estimate the sign and the order 
of magnitude of these unknown coefficients. The corresponding uncertainty is at the level of 1–2 · 10−3, and affects mostly the overall 
normalization. The uncertainties in the N4LL+N4LO approximation are shown in Fig. 5, and found to be 5 to 10 times smaller compared 
to the missing higher order uncertainties estimated through scale variations.
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