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Abstract

We consider Drell-Yan lepton pairs produced in hadronic collisions. We present
high-accuracy QCD predictions for the transverse-momentum (gz) distribution and
fiducial cross sections in the small ¢r region. We resum to all perturbative orders
the logarithmically enhanced contributions up to the next-to-next-to-next-to-next-to-
leading logarithmic (N*LL) accuracy and we include the hard-virtual coefficient at the
next-to-next-to-next-to-leading order (N3LO) (i.e. O(a3)) with an approximation of
the N*LO coefficients. The massive axial-vector and vector contributions up to three
loops have also been consistently included. The resummed partonic cross section is
convoluted with approximate N3LO parton distribution functions. We show numerical
results at LHC energies of resummed ¢ distributions for Z/v*, W* production and
decay, including the W+ and Z/~* ratio, estimating the corresponding uncertainties
from missing higher orders corrections and from incomplete or missing perturbative
information coefficients at N*LL and N*LO. Our resummed calculation has been
encoded in the public numerical program DYTurbo.
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The production of high invariant mass (M) lepton pairs in hadronic collision, through the
Drell-Yan (DY) mechanism [1, 2], is extremely important for physics studies at hadron colliders
and attracted a great deal of attention from the experimental and theory communities. Since the
early days of QCD remarkable efforts have been devoted to detailed calculations of the dominant
QCD higher-order radiative corrections of fiducial cross sections and kinematical distributions.

A sufficiently inclusive cross section can be perturbatively computable as an expansion in the
QCD coupling s = ag(u%) where the normalization scale g is of the order of the invariant mass
M. However the bulk of experimental data lies in the small transverse momentum (gr) region
qr < M where the fixed-order expansion is spoiled by the presence of enhanced logarithmic
corrections, a4 In™(M?/q¢2) of soft and collinear origin. In order to obtain reliable predictions,
these logarithmic terms have to be systematically resummed to all orders in perturbation theory [3—
5] (resummed calculation and studies applying different formalism and various levels of theoretical
accuracy have been performed in Refs. [6-32].

In this paper we consider the Drell-Yan lepton pair production in the small ¢ region and we
apply the QCD transverse-momentum resummation formalism developed in Refs. [6, 8, 17]. We
resum all the logarithmically enhanced contributions up to the next-to-next-to-next-to-next-to-
leading logarithmic (N*LL) accuracy and we include the hard-virtual coefficient at the next-to-
next-to-next-to-leading order (N*LO) (i.e. O(a)) with an estimate of the N*LO effects.

In the Z boson case, because of the axial coupling, Feynman diagrams with quark loops
contribute to the cross-section at O(a%) and O(a3). These contributions, also known as singlet
contributions, cancel out for each isospin multiplet when massless quarks are considered. The effect
of a finite top-quark mass in the third generation has been considered at O(a%) in Refs. [33, 34]
and has been found extremely small compared to the NNLO corrections. However these effects
are not completely negligible when compared to the N3LO corrections [30]. We have considered
the effect of a finite top-quark mass including in our calculation the singlet contributions up to
O(a) by using the calculation of the quark axial form factor in QCD up to three loops [35]. We
consistently included also the quark-loop mediated three-loop singlet corrections which contribute,
via vector coupling, both to Z and v* production at O(a?) [36, 37]

At large value of gr (¢r ~ M) fixed-order perturbative expansion is fully justified. In this
region, the QCD radiative corrections are known up to O(a?) numerically through the fully
exclusive NNLO calculation of vector boson production in association with jets[31, 38-45]. In
particular the calculation of Z + jet production at NNLO has been encoded in the public code
MCFM [31]. Resummed and fixed-order calculation have to be consistently (i.e. avoiding double
counting) matched at intermediate values of ¢r in order to obtain theoretical predictions with
uniform accuracy over the entire range of gr.

Our resummed calculation for Z/v* and W# production and decay up to approximated
N4LL+N*LO accuracy, together with the asymptotic expansion up to O(a?), has been imple-
mented in the public numerical program DYTurbo [46, 47| which provides fast and numerically
precise predictions including the full kinematical dependence of the decaying lepton pair with the
corresponding spin correlations and the finite value of the Z boson width.

In this paper we are focusing on the impact of the N*LL resummed logarithmic terms. We
thus consider only the the small ¢r region and we not include the matching with fixed-order



predictions which can be implemented starting from the results of Refs. [31, 38-45] and subtracting
the asymptotic expansion of the resummed calculation at the same perturbative order as encoded
in DYTurbo. Resummed results at N3LL +N3LO matched with the NNLO calculation at large
gr have been presented in Refs. [48]. Here we extend the results of Ref. [48] by extending the
resummation accuracy at approximated N*LL+N*LO and by presenting results for W+ boson
production and decay. A brief review of the resummation formalism of Refs. [6, 8, 17] is given
in Appendix A together with a collection of the numerical coefficients needed at N*LL-+N*LO
accuracy.

In the following we consider Z/~*, W= production and leptonic decay at the Large Hadron Col-
lider (LHC). We present resummed predictions up to N*LL accuracy including the hard-virtual co-
efficient up to N3LO together with an approximation of the N*LO ones. The hadronic cross section
is obtained by convoluting the partonic cross section in Eq. (7) with the parton densities functions
(PDFs) from MSHT20aN3LO set [49] at the approximate N*LO with ag(m%) = 0.118 where we
have evaluated ag(u%) at (n+1)-loop order at N"LL accuracy. We use the so called G, scheme
for EW couplings with input parameters Gr = 1.1663787 x 107> GeV~2, m, = 91.1876 GeV,
'y = 24952 GeV, my = 80.379 GeV, I'yy = 2.091 GeV. In the case of W production, we use
the following CKM matrix elements: V,; = 0.97427, V,,, = 0.2253, V,,;, = 0.00351, V.4 = 0.2252,
Ves = 0.97344, Vi, = 0.0412. We work with Ny = 5 massless quarks and we use m,, = 173 GeV
for the top-loop mediated singlet contributions. Our calculation implements the leptonic decays
Z/y* — ITl~, W+ — lv and we include the effects of the Z/v* interference and of the finite
widths of the W and Z boson with the corresponding spin correlations and the full dependence
on the kinematical variables of final state leptons. This allows us to take into account the typi-
cal kinematical cuts on final state leptons that are considered in the experimental analysis. The
resummed calculation at fixed lepton momenta requires a gp-recoil procedure. We implement the
general procedure described in Ref. [17] which is equivalent to compute the Born level distribution
do©® of Eq. (8) in the Collins-Soper rest frame [50].

As for the non-perturbative (NP) effects at very small transverse momenta we introduced, in
the conjugated b-space, a NP form factor of the form [16]

Snp(b) = exp{—g1b® — gx(b) In(M?*/Q7)} (1)
where
or(t) = go (1 - exp [P ORTITT ) )

with g1 = 0.5 GeV?, Qo =1 GeV, go = 0.3, by = 1.5 GeV~! and
b2 =020 (b bR (3)

lim
The variable b, is also used to regularize the perturbative form factor at very large value of b
(b2 1/Agep, where Agep is the scale of the Landau pole of the perturbative running coupling
as(g?)) which correspond to very small values of gr (gr < Agep) through the so-called ‘b, pre-
scription’ [5, 51] which consist in the freezing of the integration over b below the upper limit by,
through the replacement b — b,. An alternative regularization procedure of the Landau singular-
ity, which have also been implemented in the DYTurbo numerical program, is the so-called Minimal
Prescription [52-54].

We have thus considered the production of [T]™ pairs from Z/v* decay at the LHC (/s =
13 TeV) with the following fiducial cuts: the leptons are required to have transverse momentum
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Figure 1:  The qr spectrum of Z/~* bosons with lepton selection cuts at the LHC (/s =13 TeV)
at various perturbative orders. Resummed component (see Eq. (7)) of the hadronic cross-section
with scale variation bands as defined in the text. The order of the parton density evolution is set
consistently with the order of the resummation (left) or with the order of the PDFs (right).

pr > 25GeV, pseudo-rapidity |n| < 2.5 while the lepton pair system is required to have an
invariant mass of 80 < M;+;- < 100 GeV with transverse momentum ¢gr < 30 GeV.

In order to estimate the size of yet uncalculated higher-order terms and the ensuing perturba-
tive uncertainties we consider the dependence of the results from the auxiliary scales g, pgr and Q.
We thus perform an independent variation of pp, g and @ in the range M /2 < {pup, ur, Q} < 2M
with the constraints 0.5 < {ur/pr, Q/1r, Q/ur} < 2.

In Fig. 1 we consider Z/~* production and decay and we show the resummed component (see
Eq. (7)) of the transverse-momentum distribution in the small-gr region. The label N*"LL+N"LO
(n = 1,2,3) indicates that we perform the resummation of logarithmic enhanced contribution
at N"LL accuracy including the hard-virtual coefficient at N"LO while the label N*LL+N*LOa
indicate that we perform the resummation at N*LL accuracy with the hard-virtual coefficient at
N*LO and an estimate of yet not known N*LO corrections .

In the left panel of Fig. 1 we show the resummed predictions following the original formalism
of Refs. [6, 8, 17]. The lower panel shows the ratio of the distribution with respect to the N*LLa
prediction at the central value of the scales urp = ug = Q = M. We observe that the NLL+NLO
and NNLL+NNLO scale dependence bands do not overlap thus showing that the NLL4+NLO scale
variation underestimates the true perturbative uncertainty. This feature was already observed and
discussed in Refs.[17, 48]. In the present case the lack of overlap can be ascribed to the fact that
we are using the same N3LO parton densities set at NLL, NNLL, N3LL and N*LL accuracy. This
choice introduce a formal mismatch between the N3LO Altarelli-Parisi evolution as encoded in the
N3LO parton densities functions and the corresponding N*LO evolution included in the N*+1LL
partonic resummed formula.

fIncidentally we observe that our prediction at N*LL4N*LOa include the full perturbative information contained
in the so called N*LL accuracy and also a reliable approximation of the N*LL’ accuracy as sometimes defined in
the literature.



In order to show that this is indeed the case, in the right panel of Fig. 1 we show the resummed
predictions in which we set the order of Altarelli-Parisi evolution in the resummed prediction to be
equal to the order of the parton densities (i.e. both at approximated N3*LO). In practice, with this
choice, we are modifying the NLL, NNLL and N3LL predictions by including formally subleading
logarithmic corrections . We observe that with this choice the scale dependence bands show a
nice overlap at subsequent orders thus indicating that the lack of overlap of the previous case is
indeed related to the mismatch in the order of the evolution of parton densities. However we also
note that by keeping fixed the evolution of the parton densities at subsequent orders inevitably
underestimates the impact of higher order corrections included in the PDFs.

Finally, we observe that the choice of the order in the the evolution of parton densities only
affects the NLL+NLO and, with a minor extent, NNLO+NNLO theoretical predictions and cor-
responding uncertainties. Its impact is negligible at N3LL+N3LO (the N*LL+N*LOa prediction
is independent by the choice). Since we are mainly interested on the impact of N*LL+N*LOa
corrections with respect to the N3LL+N3LO results in the following we show numerical results

only for the case in which the order of evolution of parton densities is set consistently with the
order of the PDF set.

In both the left and right panel of Fig. 1 the scale dependence is consistently reduced increasing
the perturbative order, in particular it is roughly reduced by a factor of 2 going from N3LL to
N“LLa. The scale variation at N*LLa accuracy is around +1.5% at g7 ~ 1 GeV, then it reduces
at £1% level at the peak (¢r ~ 4 GeV) and remains roughly constant up to gr ~ 30 GeV.

In the results of Fig.1 we considered the effect of a finite top-quark mass including the sin-
glet contributions mediated by heavy-quark loops at NNLO and N3LO. As already found in the
literature [33, 34] the impact of these contribution is extremely small, the effect is of —0.04% at
NNLO and less than +0.001% at N3LO.

In Fig.2 we consider W boson production and decay into a [, pair showing the resummed
component of the transverse-momentum distribution in the small-¢r region at different pertur-
bative orders. In this case we do not consider kinematical selection cuts apart a lower limit of
50 GeV on the invariant mass of the vector boson (lepton pair) which is necessary in order to fix a
hard scale for the process. Also in this case we observe that the scale dependence is consistently
reduced increasing the perturbative order. The scale variation at N*LLa accuracy is around 2%
at gr ~ 1GeV, then it reduces at £1% level at the peak (qgr ~ 4GeV), it further decrease to
+0.5% for gr ~ 7GeV and remains below +1% level up to gr ~ 30 GeV.

The knowledge of the shape of the W boson ¢r distribution and its uncertainty is particularly
important since it affects the measurement of the W mass. However the W boson qr spectrum
is not directly experimental accessible with good resolution due to the neutrino in final state of
the leptonic W decay. Conversely, the ¢r spectrum of the Z boson has been measured with great
precision. Therefore a precise theoretical prediction of the ratio of W and Z ¢r distributions,
together with the measurement of the Z boson gy spectrum, gives stringent information on the
W spectrum.

In Fig. 3 we consider the ratio of ¢r distributions for Z/~4* and W production and decay. We

¥We note that this inclusion of formally subleading terms is similar to what happen in the the Collins, Soper
and Sterman resummation formalism [5] where the parton densities are evaluated at the scale by/b [4].
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Figure 2:  The qr spectrum of W and W~ bosons with inclusive leptonic decay at the LHC
(v/s = 13 TeV) at various perturbative orders. Resummed component (see Eq. (7)) of the hadronic
cross-section with scale variation bands as defined in the text.

consider the quantity
Oy do W do A

= Y7/ 5 4
R(QT) ow dqr dQT7 (>

where % Cé‘;—j‘f with V' = W, Z is the normalized gr distribution for W and Z/v* production and

decay inclusive over the leptonic final state kinematics, apart for a selection cut on the invariant
mass of the lepton pair: 80 < M;+;- < 100 GeV and M;, > 50 GeV.

In Fig. 3 we show the resummed component of the transverse-momentum distribution of Eq. 4
for the ratio W /Z (left panel) and W~ /Z (right panel) in the small-g7 region. From the results of
Fig. 3 (left and right panels) we observe that the scale dependence is greatly reduced (roughly by
one order of magnitude) with respect to the distributions shown in Figs. 1,2. The scale variation
at N*LL+N*LOa accuracy is around £0.3% — 0.4% at ¢y ~ 1GeV, then it reduces at +0.1%
level at the peak (gr ~ 4GeV), it further decrease below 0.05% level for ¢gr ~ 7GeV and then
it slightly increase up to +0.2% for gr ~ 30GeV. This reduction of scale uncertainty is not
unexpected because in the ratio correlated uncertainties on W and Z distributions cancel. In
particular higher order QCD predictions for the resummed component of the cross section has
a high degree of universalities and the process dependence is mainly due to the different flavour
content of the partonic subprocesses for W and Z production.

One may wonder if correlated scale variation for the ratio of W and Z distribution can un-
derestimate the true perturbative uncertainty. However the overlap of the scale uncertainty band
indicates that correlated scale variation at NLL+NLO, NNLL+NNLO and N3LL+N3LO correctly
estimate the size of higher-order corrections. An alternative, and more robust, perturbative un-
certainty can be obtained considering the size of the difference between the prediction at a given
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Figure 3: The normalized ratio of qr spectra of W and Z/~* bosons at the LHC (/s =13 TeV)
at various perturbative orders for W+ /Z (left) and W~ /Z (right). Resummed component (see
Eq. (7)) of the hadronic cross-section with scale variation bands as defined in the text.

order with respect to the prediction at the previous order. In this way we obtain an uncertainty
which is even smaller than the one obtained through the perturbative scale variation method.

However we stress that the predictions presented in Fig. 3 are far from being complete since at
such level of theoretical precision several effects cannot be neglected. In particular also very small
effects which however are different in the W and Z case can give not negligible effects on the W/Z
ratio. For instance the impact of the process dependent finite component of the cross section, the
(flavour dependent) non-perturbative intrinsic kr effects[55], the QED and electroweak effects [56—
60], the heavy-quark mass effects[61, 62].

In conclusion, in this paper we have presented the implementation of the g7 resummation
formalism of Refs. [6, 8, 17] for Drell-Yan processes up to N*LL+N*LO approzimated accuracy
in the DYTurbo numerical program [46, 47]. We have illustrated explicit numerical results for
the resummed component of the transverse-momentum distribution for the case of Z/v* W*
production and leptonic decay at LHC energies. We also considered theoretical predictions for the
ratio of W* and Z/~* ¢r distributions. Perturbative uncertainties have been estimated through
a study of the scale variation band.

The DYTurbo numerical code allows the user to apply arbitrary kinematical cuts on the vector
boson and the final-state leptons, and to compute the corresponding relevant distributions in the
form of bin histograms. These features make the DYTurbo a useful tool for Drell-Yan studies at
hadron colliders such as the Tevatron and the LHC.
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A Transverse-momentum resummation up to N*“LL+N“LO
accuracy

We consider the process
h1+h2—>V+X—>l3+l4+X, (5)

where V' denotes the vector boson produced by the colliding hadrons hy and hy with a centre—of-
mass energy s, while I3 and [, are the final state leptons produced by the V decay. The lepton
kinematics is completely specified in terms of the transverse-momentum qr (with ¢r = \/qr?),
the rapidity y and the invariant mass M of the lepton pair, and by two additional variables €2
that specify the angular distribution of the leptons with respect to the vector boson momentum.

We consider the Drell-Yan cross section fully differential in the leptonic final state. According
to the factorization theorem we can write

Ao hy—131 2 ! ! 2 2
d2qu1]\22dz;ZQ (qT7 M Y5 S, Q) = Z o dxl . de fal/hl (xla ,uF) fil2/h2(x27 :uF)
al,a2
d&alagﬁlglz;

dqu dM2 dng(qT7M7g7§aQ;OZSHM%HM%')7 (6)

where fo/n(2, p%) (@ = gy, Gy, g) are the parton distribution functions of the hadron h, § = x22s
is the partonic centre—of-mass energy squared, § = y — In\/x1 /x5 is the vector boson rapidity
with respect to the colliding partons while ur and pr are the renormalization and factorization
scales. The last factor in the right-hand side of Eq. (6) is multi-differential partonic cross sections,
computable in perturbative QCD as a series expansion in the strong coupling g = ag(ur), which
will be denoted in the following by the shorthand notation [d64,a,—151]-

The partonic cross section can be decomposed as

~ ~ (res. ~ (fin.
[do-ala2_>l3l4:| = [d021a2L\1314] + [datglaz)%lgl4] (7)

where the first term on the right-hand side of Eq. (7) is the resummed component which dominates
in the small g7 region while the second term is the finite component which is needed at large ¢r.

We briefly review the impact-parameter space b[4] resummation formalism of Refs. [6, 8, 17].
The resummed component in the r.h.s. of Eq.7 can then be written as

~ (res. da—lgoz I3l 1 > db ~A A
|:d015,1a2)—>l3l4] = Z % g /0 % b J()(qu) Walag,lanHV(ba M7 Y, s;ag, ,u?%a ,u%‘) ) (8)
b1,b2=q,q

where Jy(z) is the Oth-order Bessel function and the factor ")

bibssi51; 1S the Born level differential
cross section for the partonic subprocess qqg — V' — [3l4.

The function Wy (b, M, 9, §) can be expressed in an exponential form by considering the ‘double’
(N1, Ny) Mellin moments with respect to the variables z; = et9M/v/3 and 2z, = e VM /+/5 at fixed



M5 [6, 63]
W (b, M as, pig, pip) = Hy (s M/ g, M/ pup, M/Q) x exp{G(as, Ly M/pgr, M/Q)},  (9)
where we have introduced the logarithmic expansion parameter
L = n(Q/1?) (10)

with by = 2e7 72 (yg = 0.5772... is the Euler number). The scale ) ~ M is the resummation scale
[64], which parameterizes the arbitrariness in the resummation procedure.

The process dependent function Hy (ag) [65, 66] includes the hard-collinear contributions and
it can be written in term of a process dependent hard factor Hy (ag) and two process independent
functions C'(ag) associated to collinear emissions from the initial state colliding partons I

Hv(OZS) = Hv(Oés) O(as) C(Ozg) . (11)
The functions in Eq.(11) have a standard perturbative expansion
-~ (Qs\" (n)

=14 (—) , 12

Hy (as) + 2.\ Hy (12)
 (QS\" )

H ~ (-) H®. 1
vlas) = 1432 (7)Y (13)

Clas) = 1+ f: (%)n o (14)

therefore up to the fourth order we have the following relations

H%/?) _ H‘(/Q) + Cc® + @ + H‘(/l)(c(l) + C’(U) + 0(1)0(1)’ (16)
HS&) _ H‘(}q’) LB L o® H‘(/?)(C(l) + C(l)) + H‘(})<C’(2) +0® 4 C(l)g(l)>
Lol 4 oo, (17)

1Y = HY +c®+0® 4 HP(CW + 0y + HP(C® + @ 4 cOoW)
+ H‘(/l)(C(B) +0® 4 0c@cW) 4 c@cMy 4 B 4 c®oM 4 c@c® - (18)

The universal (process independent) form factor exp{G} in the right-hand side of Eq. (9)
contains all the terms that order-by-order in ag are logarithmically divergent as b — oo (i.e.
gr — 0). The resummed logarithmic expansion of G reads [6]

Q? 2 2
Glas 1) = — [ % | Afas(s) n g + Blos(s)

o0 a n
= LgW(asL) + 9P (ast) +Y_ () 9" PasL), (19)

n=1

$For the sake of simplicity in our symbolic notation the explicit dependence on parton indices (which are relevant
for the exponentiation in the multiflavour space) and the double Mellin indices are understood. The interested
reader can find the details in Ref. [6] (in particular Appendix A) and Ref.[63].

TA simple specification of a resummation scheme customarily used in the literature on gy resummation for
vector boson is: Hy(ag) =1 (i.e. H‘(/") =0 for n > 0).



where the functions g™ control and resum the ofLF (with & > 1) logarithmic terms in the
exponent of Eq.(9) due to soft and collinear radiation. The perturbative functions A(ag) and

B(ag) can be expanded as

Aas) = 30 (22)" am, 20

Blas) = 2(%)"@”). (21)
(22)

The function B(ag) can be written as follows

~ dInC(ag)

B(Oés) = B(Oés) =+ 25(0(5) -+ 27(0&5’) s (23)

dlnag

in terms of the resummation coefficient B(ag), the collinear functions C'(as) (see Eq.(14)), the
functions y(ag) (the Mellin moments of the Altarelli-Parisi splitting functions |) and the QCD 3
function

dInag(p?) B B = g\
il = Olas) =~ ;gn <?) . (24)

By explicit integration of Eq.(19) we obtain the following ¢ for 1 <i <5

AD X4 In(1— N

(1) _
g <a5L> = ﬁg \ ) (25>
1)
B AP A
9P (asl) = Eln(l —A) - I (m +In(1 - A))
AD A Q?
+E (—1 ) —1—111(1 —A)) hlu_%%
ANB 1, In(1 —\) A
g (§1n(1—/\)+ T +1_A>, (26)

ITn order to match the effect of the charm and bottom-mass threshold included in the evolution of PDFs in
Eq.(6), the resummation (evolution) effects due to the v(ag) term in Eq.(19) are asymptotically switched off
when approaching their corresponding quark-mass thresholds through a b, prescription (see Eq.(3)) with values of
blim = mq.

10



gV (asl) = -

A® a2 BY A A®B ABA-2)  (1-2\)In(l - \)
21—  Bo 1-X B (2(1—>\)2_ (1 —A) )

BY8, / X In(1-An)\ AO 2@
R - —
0

ln—

1-X  1-n 2 (1—-MN2 0 122
A(2) A2 B A 1 -2\
e (P 2 e % (P e )
g7 1-— 2/\ BoBa — B} i
<é ”*m“_”[ 7 +%u—w]
A 2
T >(6062(2 3A>+m>), 27)
, AW BY - By [ (6= 15X+ 5AZ)A
oSl = G T 2 (1o AF 26 (ﬁ{ 61— A
(1—3)\) B-M)N @ —@ (B[ 2=M)A  In(l-2A)
ooy V] = luR>+B (@L Rl ]
2- M)A Q? 28, N B2 (A6 —9N+11A%)  In(1— )
RRCEESVER )*‘4 (‘353(1—&3*%3( 60— 1P
1-3) B=NA H1=sn T QP
A" “‘”)*Lﬁga—w*ﬁgu—ml“ D
(3-)

LB L@ 2o @%[ \? _ln2(1—)\)]_62 A2
2102 i 268 L(1 =22 (1—-N)? 285 (1 —A)?

_ Biln(l— )mQQx%@—)]ng+A ( m((v)g

B (=N 2 (=N R 53

; J_”Sj In(l = X) + 5 (1) + é(ll__:?))g (1 — A))
B 5215532 ()\(6 (;(115_)\;;35)\2) (1- 3?1+_2§ Y A))
AL ) G o
+ (1 :i; In(1 — )\)] In? /%i + %<(1__ ;)A; In? 5—;) , (28)

11



A® 26— 4N+ 2% BYAGB - 30+ A?)
128 (1-N" 35 (1-M)?
Bi [ AM(—12 442X — 28X+ 7TA3) 1 —4)
+3—60(B_0[ 12<1_>\)4 —<1_)\)4ln(1—)\)]
N6 — 4N+ %) Q? B | AB=3XA+2%) In(1-—))
=YL 1;%>+B (%[ ERYE *(1—»{

AB—3)A+22) Q2 @ B N4 -N)
" (1—=A)? IHR>+A ( 450 (T—=A)*

g9 (asl) = -

2 [ A(12 — 24X + 5202 — 130%)  In(1 — 1—4
N ( A+52A2 —13)3)  In(1 — \) A 2
; 36(1 — \) 31— AP 2(1—A)*

B [ A3 =31+ 22) 1—4/\1(1 A)] Q2

+_§_ 30—2F TN

XA+ W) 2@?) ( (3 — >\/\2 Bl(( — A)A2

2(1 — \) Bﬁo (1- CACITEPIE

B ln2(1—>\)) 26 In(1 — A — 3)‘+)\2)1 2 Q2
(1—=A)? 50 (1— ) (1—A)? I

%
+A(2)< By A 8 5)) 6152( —21)\+44)\2 20)%)
A=

)1 —ﬁo
1

125, (1-N' " 34
LA+ oN 1-3 12 4 42\ — 64)\2 + 2573)
1= N 36(1 — )

(1—4X+9)?) A an
BRRETTEE ln(l—)\)—(1_/\)4ln(1—)\)—mln(1—/\))

By (344X —=2HA2 3 (344X — A2)\2 2\
37 (- M) +@0<_ 30— (1=

1 — 4\ 0* B A 1 — 4\
/\)41112(1—)\))] ln_+ﬁo s (1_/\)4111(1—)\)] In )

(1=
Bo N (6~ 4A%W13@>+Bu<_ﬁs(—%)_+m&((—%ﬂ2
3 3(

In(1 —A)

(1 - )‘) MR 663 (1 - >‘) 50 I /\)3
Ao B (B=2)2 A o1 Cn*(1 -
TSV AO*W%( RS A Ry e S G R VE

In*(1—\) By A Bi( A I(l-))  W’(1-)) nQ2
- >>+ @mr—>f+%( LA - u—x>)]1u3

AB—=3A+22) In(1-2)\) Q2 A3 —=3A+A2) . Q2
B e VN (R A T mﬁ%)
B2 [ A(=12 + 42X — 52X% + 7)\3)
(1) _ _
+A1<m%( EOESVIR V)



3%0 (A(l? 412;(11(?)2 SN A)) . %5633 ( @ - 5A) (3 <—13_>\;r>4/\2)
C2-8\+ (91)\2_ - )140)5” L A)> N 62862 <>\(12 - §26?1+_5§)A42 +5A%)
AQ(‘;’JEAA; 22 11— ) - % m2(1 — A) — 3(11%6?)4 m3(1 — A)
* ﬁ wa-n) ¢ | - g e - A (e )
: ﬁ< ) [ | B (-
E )) In*(1 — A))] In’ ZQR 63 AR +26(A1 _432 =X + (1:1;?4 In(1 — )\)] lngx%i
B bone,, i) | (29)
where 1
A= L hoastid) L (30)
B™ = B™ 4 Aty g—; . (31)

The gV, ¢® and ¢ resummation functions can be found in Ref.[6]. The ¢ function can be
found in Ref. [67] for the related case of direct transverse momentum space resummation. The
explicit expression of the first five coefficients of the § function, can be found in the following

references: [y, f; and Py in Refs. [68, 69], B3 in Ref. [70] and S, in [71].

At NLL+NLO we include the functions gV, ¢ and 7—[(1), at NNLL+NNLO we also include
the functions ¢® and H\? [72, 73], at N3LL+N3LO the functions ¢ and H\? [74, 75] and finally
at N*LL+N3LO the function ¢® and ’HV

We consider uncertainties in the numerical approximations of the N*LL coefficients, and esti-
mate uncertainties arising from the incomplete knowledge of the N*LO perturbative coefficients.
The B® coefficient and the non-singlet four-loop splitting functions are known with good numer-
ical approximation [76-78], the corresponding relative uncertainties on the gr distribution are at
the level of 1075 or smaller, and considered negligible. The numerical approximations of A®) [79-
85] and of the 4-loop singlet splitting functions [86, 87] are the dominant uncertainties in the
N“LL approximation, and they amount to 1-3- 1072 relative uncertainty. In order to estimate the
size of the unknown the C'Y) coefficients [88] we perform a Levin transform of the corresponding
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Figure 4:  Uncertainties arising from numerical approrimations or incomplete knowledge of the

perturbative coefficients at N*LL+N*LOa, compared to missing higher order uncertainties esti-
mated with scale variations at this order.

perturbative series [89, 90] to guess the value of the fourth term in these series, and assign to it a
100% uncertainty. This is equivalent to assuming that the Levin transform is able to estimate the
sign and the order of magnitude of these unknown coefficients. The corresponding uncertainty is
at the level of 1-2 - 1073, and affects mostly the overall normalization. The uncertainties in the
N4LL+N*LO approximation are shown in Fig. 4, and found to be 5 to 10 times smaller compared
to the missing higher order uncertainties estimated through scale variations.
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