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CLOSED ORBIT AMPLITUDES NEAR STOP-BAND

P.Germain

1. Introduction

In a synchrotron, the distortion of the closed orbit by
magnetic kicks may be affected by gradient imperfections. However, as
long as the working point for the betatron number QO is not close to

an imperfection stop-band this effect is usually small,

The situation is less clear when Qo approaches the
stop-band sinze then, even for small amounts of imperfections, the ampli-

tude functior B tends to infinity at certain points.

In the present note it is shown that for an h-harmonic

. . . . h
gradiernt imperfection and for QO approaching >
a) when h 1is even, the closed orbit amplitude goes more rapidly
to infinity for the perturbed machine than for the unperturbed

one;

b) when h 1is odd, on the contrary, the closed orbit amplitude

is not affected at first approximation.

Furthermore, for h even, the influence on the closed orbit
. . . oo ys . h
is only noticeable when Q0 is within a few stopband widths of o) and
in a region where the closed orbit amplitude, in the absence of imperfectionm,

is going to infinity anyhow.



One may therefore conclude that the influence of

gradient imperfections on the closed orbit amplitude when Q_  varies

)

around the working point, is negligible in practice

2. Method

The method has been described in a note of H.G.Hereward

(private communication).
Let us consider the perturbed machine and let
124

be the displacement of the closed orbit at a high g point, for a unit

(%)

kick in a point K . The r.m.s. displacement of the closed orbit

for a unit kick in point K 1is then obtained by the formula
5 %
2.1 TRt

where < kyg > indicates an arithmetic mean over the high g points.

For a random distribution of kicks the r.m.s. displace-

ment will then be given, per unit kick, by
L
(2.2) x =< x%>?

averaging this time over the points K.

(*) Some similar results were obtained by E.Keil in 1967 (private communi-
cation), using the Monte Carlo method of AR/Int.SG/65-3.

(**) By definition, the unit kick does not affect the displacement y of the
particle but causes its derivative %Z to be augmented by one unit,
at point K. s



The value of x 1s a measure for the perturbed machine
of the closed orbit for a random distribution of kicks. This value may
be computed once the model for the unperturbed machine, a mechanism for
the introduction of the gradient imperfection and a set of representative
points K have been chosen. The choice of the high B8 points to evaluate
the distorticu is justified if one is interested in the influence on the
aperture requirements all round the machine: at the high 8 points the
size of the beam is greatest and, furthermore, for an imperfection
stop-band one does not know in advance what the phase of the perturbation

will be.

The x values for different QO approaching %- may

then be compared to some classical estimate X, without perturbation.

In this note the unperturbed machine has M cells and
the gradient imperfections are produced by 2h equally spaced point-
lenses, equal in strength but alternating in sign. Since we are interested
in the maximum effect of the imperfection the lenses have been placed in
mid-F points of the unperturbed machine. It follows that M 1is a multiple

of 2h.

(2.3) M=2hN
and that there are N cells of the unperturbed machine between two conse-

cutive lenses.

The set of mid-D and mid-F points of the unperturbed
machine has been chosen as representative points K For symmetry reason
it 1s sufficient to consider all mid-D and mid-F between two consecutive

perturbing lenses.

Typically one has chosen N = 15 and
h
h

12 which gives the integer case Qo+ 6

1]

13 which gives the half-integer case Qo+ 6.5.



The cell of the non-perturbed machine is characterized

by its shift M, and the values Bdo and Bfo

function BO at the mid-D and mid-F points of the cell. One has still

of its amplitude

to decide how Bdo and Bfo will depend upon Q0 or where

_ Mg
(2.4) % = =

Since one has to satisfy the relation

1 2 1h d 1 2 L
(2.5) 5w ¢ Gy = gé' v &
fo ° cell "o do :

where L 1is the distance between two consecutive perturbing lenses

there is some reason to choose the dependence laws given by

(2.6) Sdo= ﬁ;; N4 with nd‘s 1
L .
(2.7) Bfo- ﬁﬂ;' nf with Ng 2 1

The dimensionless constants and n together

n
d f
with TR determine the model of the unperturbed synchrotron. The

constant gradient model is for instance obtained in making

The amount of gradient imperfection is fixed by the
strength value of the perturbing lenses and a measure of the imperfection

is the modulation it produces on the 8 function at the lenses locations

B By

(2.8) § =
Bet By



Typically one has chosen a strength value producing

§ = 0.05 (a + 5% B-modulation)
at Qo = %—- 0.25

3. Computation and Results

Two different algorithms may be used to compute the

measure x of the closed orbit distortion.

®
The first uses an analytical approach and the formulae( )
B. B
f 'k
(3.1 KWe © 2sinmQ €OS Crg
F
ds
(3.2) a =J T-ﬂ
kf K 8

where is the closed orbit displacement in a focusing perturbing

k£
lens location for a kick in a point K, the B and Q values referring

to the perturbed machine.

Averaging over these focusing lenses locations one

2
12f:
finds X

(3.3)

and averaging

(*) From now on we shall assume that the high 8 points fall on the
focusing perturbing lenses located in the mid-F points. This assumption
is valid if Q, is less than % .



2

and averaging K* over the set of points K one gets, per unit kick,

for a random distribution of kicks

(3.4) X =< x>

One obtains after simplification the formulae

)
%

L
2
Bf Bk 1

(3.5) KT alsia a7 Feost

1 I
2

2
Bf < Bk > <8kc0325k>

(3.6) V) sinnQ] I+t < Bk > )

g

where
_ sinhy _ 270
(3.7 " hsiny Cu = h
next K
ds
(3.8) & T / e
Dlens

(= phase shift through the interval DK).

Formula (3.6) is suitable for numerical computation if

as well as B may be computed for the set of points K .

The second algorithm computes step by step the displacements

e using the matrices through half-periods of the unperturbed machine

together with the matrices relative to the perturbing lenses.



The displacement vector of the closed orbit in K for

a unit amplitude kick in the same K is given by

Y, 0
(3.9) { - a-r)T

k\yé 1

where I 1is the unit matrix and Rk the one-revolution matrix from just

after the kick to just before it.

The displacement vector in a focusing lens location

for a kick in K 1is then given by

(3.10) =P F ' p=1,...,h

[}
K\y'/f k\y'o k

where F 1is the matrix through the interval between two consecutive
focusing lenses and Fk the matrix from the point K to the next

focusing lens location. The values for are obtained from (3.10)

k£
and introduced in (3.3).

Both algorithms have been used. The first one gives
a better insight of the influence of the different parameters but need
simple structures for the non-perturbed machine. The constant gradient

model has for instance been studied using this algorithm.

The behaviour of the closed orbit near stopband may

be described by the quantity x and by the correcting factor

(3.11) £ = X
X



where

+
(3.12) x = od

2v2 lsinm

|sinmQ_|

1s a classical estimate for the value x for the machine without
imperfection.

The value x 1is therefore obtained in multiplying

the estimated value X, by the correcting factor f

Near stopband, the values x, X, and f are best

expressed as a function of

o
€ = —
qs
where
h
4@ =72~ %

h
and where dg is the half-width of the stop-band around QO =3
Since it may be shown that q is proportional to §, 1l.e. to
the B-modulation produced by the gradient imperfection, the resulting

curve
£f = £(e)

will be largely independent of the amount of imperfection introduced.

Typical results are shown in

Table 1 for Q0 + 6 (h = 12)
Table 2 for Q0 +> 6.5 (h = 13)



Two cases are shown for the unperturbed machine:

- a constant gradient model (n, = "4 1)

f

- an alternating gradient model (nf = 2.0, ng = 0.5).

The amount of imperfection was choosen to produce a
+ 57 R-modulation at the lenses for q, = 0.25. This gave a half

stop-band width of qq = 0.01.

Besides these two cases, runs with similar results

were made for different values for and different R-modulation

nf T]d,

factors and different harmonic number h.

For h even, figure 3 summarizes the results obtained
for the cases having been studied. It gives versus ¢ , the correcting
factor to be applied to the classical estimate for the closed orbit
distortion when introducing gradient imperfections. For instance the

correction 1is

+ 2072 at 6 Gg
+ 507 at 3 qq

+1007Z at 2 qq

In the upper left corner, a table gives the order of magnitude of qq

versus the RB-modulation factor.

For h odd, table 2 shows that the classical estimate
does not need more than two or three percent correction near the

half-odd integer.



_10_

4. Conclusions

When approaching an imperfection stop-band
corresponding to an integer (h even) the closed orbit amplitude
tends towards infinity as expected, but more rapidly than in the
absence of gradient imperfection. This is quantitatively shown
in figure 3. However, since the closed orbit of the unperturbed
machine is going to infinity anyhow (see X, in table 1) the
working point for Qo in practice is never in a region where the
correcting factor f 1is noticeable. This case is therefore not

of great interest.

The main purpose of the study was to look at the
behaviour of the closed orbit when QO was approaching an imperfection
stop~band corresponding to half an odd—integér (h odd). Table 2 and

similar cases show that the closed orbit distortion due to a randem

distribution of magnetic kicks is not affected by the tvpe of gradient

imperfections considered.
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