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INTRODUCTION
In this report a wide-band pick-up for very high frequencies is described, in which

the essential part is a dielectrically loaded wave guide (Fig. 1).
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A) Cross section view of the pick-up. B) Longitudinal view.
a = total wave guide width, (Cut of the wave guide side metal walls].
b = total wave guide heiqght, L = length of the loaded wave guide.
s = dielectric slab thickness,
d = a-2s = distance between slabs.
Figure 1
The dielectric constant of the media filling the wave guide is a step function de-
fined by:
€r€q 0<¢x (s ; s+ddCx<Ca
e(x) =
€ s (x (s +d

The main feature which makes this pick-up different from those usually employed 1is
the continuous dielectric structure which is the support for the propagating signal. The
simplicity of the structure makes the device eminently suitable for use in stochastic

cooling systems either as pick-ups or kickers.

The physical effect underlying the power collection is the Cerenkov effect. It 1is

briefly summarized in Section 1.

The approach used is to compute the beam-excited electromagnetic field through an ex-
pansion of this field over the normal modes of the dielectric-loaded wave guide. Coeffi-
cients of the expansion and power carried by the field are computed in Section 2. A defi-

nition for the sensitivity is also given in Section 2.

Equations obtained in Section 2 are employed to optimize the pick-up performance

(Section 3) and lead to the design described in Section 4.

Parameters sultable for a pick-up which detects longitudinal beam structure in the

Antiproton Accumulator are listed in Section 5.

This report summarizes the work carried out by the author on a technical studentship
in the AA Group of the PS Division: it is part of a more extensive programme of research

carried out by a CERN-Naples University collaboration!.



1. THE CERENKOV EFFECT IN THE MICROWAVE REGION

The Cerenkov effect has been extensively studied in the literature2:3:4. The use
of Cerenkov radiation for generating microwaves was proposed by Ginzburg in 1947. In the
following years many attempts were made to build high-power generators for microwaves em-

ploying the Cerenkov effect5:6:7,8

Cerenkov radiation also appears to be suitable for detecting longitudinal beanm

structure when the beam is allowed to pass through a dielectrically loaded wave gquide.

To understand how microwave power 1s produced when Cerenkov radiation occurs in a

wave gulde, one must recall the maln features of the Cerenkov effect.

When a charged particle moves through an infinite dielectric medium, constructive in-
terference can occur from the wave fronts produced by the particle along its way (Fig. 2),

only 1f the following conditions are satisfied:

-

VP
spn/" 1 (Vq,)z = Vp ' -
Ve
where Vp = particle velocity, A \\\\
Ve = wave phase velocity,
o
Bp = vplc, §1 c90
. . . . 2
n = refractive index of the dielectric p
3
medium, E
. B
(vw)z = projection of wave phase velocity
on the axis of particle motion. 2
Under these conditions Cerenkov radiation 1is
. . . Figure 2
observed propagating over a cone whose axls lies Huyghens construction to illustrate

on the particle trajectory, and whose semi- coherence of Lerenkov radiation.

aperture is 8 = arcos(1/8pn).
Cerenkov radiation obviously depends on vp and n(w), where w is the frequency of the
radiation.

The picture changes if the charged particle moves in a finite structure, for instance

in a loaded wave guide, such as that sketched in Fig. 3.
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Figure 3 - Simplified view for capability to enhance Cerenkov power
by a dielectrically loaded wave guide.

Reflections from the outer surface of the wave quide and from the air-dielectric

interface must be taken into account.



Referring to Fig. 3, radiation produced at z = A at the Cerenkov angle 8 =
arcos(1/Bpn) is reflected by the wave guide's outer conductor and is generally reflected

again at air-dielectric interface with the incidence angle 8.

The condition for total internal reflection from the air-dielectric surface can be

expressed in term of the field wave number k.

If
ki + k; + k% = kg in air,
and
(k?()2 + k; + k; = fep k; in dielectric,
hence
k:= (1 - cr)kf] + (xd)2.
Now

(kg)Z = [er ko sing ; and ki = (1 - g cosze)kz. (1.1

Total internal reflection (as in Fig. 3) means no propagation in the air, or ky imagi-

nary. This occurs if in (1.1):

[

cosp » —— = (1.2)

€r

=]

Cerenkov radiation occurs at the angle 8 given by cos® = 1/Bpn, so {1.2) is fulfilled

by Cerenkov radiation (Bp ¢ 1), which remains trapped in the slab of dielectric.

A new wave produced at z = B by the passage of the particle adds to the reflected

wave from A 1if (vw)z = vp. Power in the dielectric obviously increases with slab length.

It is worth noting that most of the published literature generally employs cylindric-
ally loaded wave guides, which fit the beam (or particle) geometry and simplifies the

analysis.

Solutions for Cerenkov radiation by a charge passing along the axis of a rectangular

loaded wave guide were not found in the literature.

2. FIELDS AND NORMAL MODES IN RECTANGULAR DIELECTRIC LOADED WAVE GUIDES

We look for the exact analytical expression of the electromagnetic field generated by
a bunched beam moving along the z-direction (on the axis) into the empty (air or vacuum)

region of the loaded wave quide (Fig. 1).

To this end we perform an expansion of the transverse components of the field over

the normal modes of the wave gquide.



2.1 Peam Model

In order to simplify the analytical treatment a point confiqguration is assumed for
the transverse dimensions of the beam, described by the 6(x - a/2)6(y - b/2) function.

A single frequency of the Fourier spectrum is considered, expressing the (z, t)

dependence through the factor eJ(wt-sz)

, where kp = w/vp is the beam propagation constant
along z, with vp = CBp the beam velocity (obviously ¢ = free empty space light velocity)
The expression given below is the Fourier transform of current into the frequency w and

z-wave number domains.
-»

- . .
I(x, v, v, w) = I, & 8(x - a/2)6(y - b/2)e?** fe Tkpz  QIVZ g4, (2.1)
where y represents the generic z-wave number in the space-like frequency domain and I, is
the d.c. beam current. The integral on the right of (2.1) converges if the finite length
of the dielectric slab is taken into account, which is the same as assuming the model of a

finite length L of current passing along an infinite slab of dielectric.

I‘o'o"."70.°0‘.‘l . e o s
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a) Real situation. b) The model.
The finite length pick-up sees An infinite dielectric slab, but
an infinite current. a "square” wave function current.
Fiqure 4

In Fig. 4b the signal of a fixed z-space frequency (kp) of Fig. 4a is multiplied by a
"square" wave function of length L. This product can be decomposed into a Fourier spec-
trum. vy is any harmonic of the "square® wave. The factor 2 - sin{(y - kp)L/Z}/(1 - kp) is
the weight of each Fourier harmonic to reproduce the original signal over the finite

length L.

Hence the current transform is:

sin {(y - kp)L/2} jwt
I(x, ¥, ¥, w) = 2I, &(x - a/2)8(y - b/2) —_P - e (2.2)
0 Y - kp
2.2 Fields
-» -
We write é‘and Il in the w-frequency and z-space frequency domains:
E(2, t) = 1/(2n)2 / du elut / e-3Yt dy E(t, v, w) ; electric field (2.3a)



H(Z, t) = 1/(2n)2 / du ert/ e I 4y E(t, v, w) ; nmagnetic field (2.3b)

-+ -

Y -
and solve Maxwell's equations for the transforms of € and l, namely E(t, vy, w) and H{t, ¥,

v}, where t represents a unitary vector in the transverse plane of the wave quide.

Transverse components of £ and # can be expanded in term of eigenvectors of the wave
guide we are treating, employinqg the normal mode functions epn(t), hpmp (t) which are com-
puted in Appendix 1. It is easily understood from the Appendix that indices refer to the
order of the ky and kY wave numbers, respectively, as is usual for the finite structure
elgenvectors. From here onwards, for the sake of brevity, we choose to use one index only

for the eigenvectors.

Et(&) = Zcm gm(&) (2.4a)
m

He (t) = de ha(t) - (2.1b)
m

Separating between transverse and longitudinal components of fields and sources, and

indicating them with a "t" or "z" subscript, respectively, we get Maxwell's equations

valid in each continuous region of the wave guide:

j'Y.Et Vtvt$ . (ﬂt v 2) 4 (imt)eq 3 (2.5a)

Jw I+ 1
¥ k2(x)

JvH wa(X)g I+ VtVt§ < {2 « Eg) + 2 s (Iet)eq (2.5b)

k2(x

where k2(x)= wle(x)py. The magnetic permeabilities of the media are assumed to be constant

and equal to free space permeability, Hos

e(x) = absolute dielectric constant of the medium wherein the above equations
obtain.
and
2 Z: 9 lez
(Ime) = ——— + ] (2.6a)
mt eq Jwe(x) mt
9y I » 2

Get)yq =~ + Tet - (2.6b)

Jwug
A pailr of equations like (2.5) but with no current terms hold for eigenvectors e, h of
each normal mode.

jymgm = jwuogl + Vtvts - (hm = z) (2.7a)

k2 (x)

IYphp = jwc(x)II + vtvt$ {2 o+ oep) (2.7b)

1
k2(x)



where yp is the propagation wave number of the m-mode, as appearing in Appendix 1, (A.4).
Putting (2.4) into (2.5), taking into account the orthogonal properties (A.13) of the
elgenvectors and the equations (2.7), we can get the analytical expression for the

coefficients cp, dp of (2.4). Namely,

b a
. . 1 R
1€ = dndvp * jwe(x) _/ dy/dx(vtlez « hp) -2 (2.8a)
0 0
Y
dp = = cp - (2.8b)
»

The symbol "*" serves to indicate the operation of complex conjugation.

This equality holds (see Appendix 3):

a a

b b
/ dy/ dx(V¢Iep * hg) - 2 = jwe(x)/dy/dx(leze;m) (2.9)
0 0 0 0

where e,p is the z-component of the eigenvector of normal mode ep.

Expressing I, through (2.2) and performing the integral on the right of (2.9) we

get:
r a b
Cp = 210 Cn(Y) ezn <§ , 5) (2.10a)
* a b
dp = 2I; Dply) ezp (5 . 5) (2.10b)
where
A sin{{y - kp)L/2}
Cn(¥) = — ; . (2.11a)
(v2 - 1m) Y- kg
- sin{(y - kp)L/2}
Dp(y) = ——"— kp (2.11b)
(v2 - Ym) v - kg

and e;(a/2, b/2) means that the e,-function must be evaluated at the beam, on the axis of
the wave gquide.

To get reasonable values of dielectric slab thickness, Longitudinal-Section Magnetic
(LSM) modes must be excited by the beam (see next section). Hence in expression (2.4) we
restrict ourselves to LSM eigenvectors only. Moreover, we expect to keep below the cut-off

frequency of the higher order LSM modes, so that only the first LSM mode is excited.

If this condition is satisfied the summation in (2.4) reduces to:

Ep(t) = c, e,(t) (2.12a)

He(t) = d, by () (2.12b)



Fields expressed by (2.12) are maintained under the integrals in (2.3). Integration
over y of fields expressed by (2.12) affects only factors C,(y) and D,(y) for E¢ and Hy
respectively. Allowing for poles appearing in (2.11), we perform the integrals over y and
obtain:

T = * (2 LSM jut
Eelr, w) =21, Fylyy, 2) e, (2 ' )gh (x, yle (2.13a)

SNl

2 = + (a b)) rsH jut
Helr, w) = 2T, K, (v,. z) ., (2 ' 2> ht1 (x, v)e (2.13b)

where, for the generic m-mode:

-3 j - i kp + L/2 - 2
Fulvge 2) = 3 | e 3 (Yatkp)L/2 (S(vn-kp)z/2 in {lkp * wn)(L/2 - 2)72}
2 Y gt K P
(2.14a)
LI kp=1n)L/2 -3 (kptyg)z/2 Sin {{kp - wn) (L/2 + 2)/2}
kp Y
Kplvp, 2) = 1 |:-e'j(Ym+kp)L/2 ejhm-kp)z/z 21n {(kp * b (/2 - 2)/2) +
2 kp - m
(2.14b)

_eitkp=1n)L/2 ~3(kptyplz/2 Sin {{kp - vn) (L/2 + 2)/2}
kp =~ Ymn

The expressions for the fields are valid in the range z € [-L/2, L/2] (coordinates refer
to Fig. 4).

Manipulation of (2.14) yields fields which can be written in the form, where sine x =

sinx/x:

- cos ps -5 ; - L/2 - z)
Ee(xr, w) = vy q er Ag To {°J’ e I (Ti*kpIL/2 3y ~kp)z/2 L2 -2

sinh qd/2 2

. sine [Y1 * kp (E ) z)] v 5 o3 kpm1yIL/2 ~ilkpryy)z/2 (L/2 ¢ 2)

2 2 2
kp - v, (L ;
. sine ~3—5——l (5 + z) } elSM(x, y)elut {2.15a)

Be(F w) = v, q e Ag S8 BS I°{j Iy HpILI2 (v, kp)2/2 (lez- z)

sinh qd/2

+ Xk L 3 - -3
. sine [Y1 L (5 ) z)] v 5 I pYIL/2 3 kpty,)2/2

kp - L ;
) (L/2 + z) sine[ p _ Y 1(5 + z)]}gI;SM(x, y)elot | (2.15b)
2



where g and p are the lowest order roots of the LSM dispersion equation and A, 15 the nor-

malization factor for odd LSM eigenfunctions, as shown in Appendix 1, (A.14).

The “sine” function requires the synchronism between the normal mode in the wave
guide and the beam, to get the maximum response of the pick-up. This conditlon can be
written Y, = tkp, where the sign 1s referred to a beam propagating respectivelz along po-

sitive (as 1n our case) or negative z-axis.

By the choice Y, = kp we can 1lgnore the wave propagating along the negative z-axis,
because of the small amplitude of sine {(kp + v, )J{L/2 - z)/2}, and write the synchronous

field as:

Eel, w) = Skpa ex Ay SSopbars I %(% + z>g’;5”(x, y) )Wt kp2) (2.16a)
He(Z, w) = jkpq er Ag gf—gg--g(‘%i I, %(% + z> WMy, y) ol (UETkp) (2. 16b)

2.3 Cerenkov Comparison

The results of this approach are in agreement with the expectations from the classic-
al Cerenkov effect.

As is shown in expression (2.16) a bunched beam passing near a dielectric surface in
a wave guide generates waves which propagate in the direction of motion of the beam. A
discrete spectrum is selected at those frequencies for which synchronism between the beam
and wave velocities occurs.

Expression (2.16) shows that the longer the dielectric slab, the greater is the quan-

tity of power generated, in agreement with what was stated in Section 1.

2.4 Power Flux

Wwhen the synchronous condition 1is satisfied, expression (2.16) enables us to compute
the power flowing along Z across the wave guide cross-section at z = L/2, due to the

passage of the beam.

At a fixed harmonic, power flowing in the total cross sectional area is:

b a
PQW) = % Ref dy[ dx(Eg H_E) .. (2.17)
0 0

Similarly the power flowing in the dielectric slabs or alternatively in the empty region,
can be computed.
The expressions for the power flowing in the total cross sectional area of the guide

and in the two dielectric slabs are:

kp @ ep By —o—t2-= Ty 2 (2.18)

piv)(z = L/2 =
[ é (z 1211 sinh qd/2

1
total ~ >



(w) 21 1 . . _COosPS L2 1 1 ( 51n2ps> (2.19)
Py lz =L/ == qce ——— I, - — -|s+ ,
Pz diel 2] P T % sinhqds2 ?2f Gg 2 2ps

where G, is expressed by (A.15b) of appendix 1.

The ratio between power flowing in the dielectric medium and total power (used for

pick-up design and optimization) is given by:

pPY(diel) s(1 + sin2ps/2ps)
z = (2.20)
Pz (tot) 26,

when the synchronous condition is not completely fulfilled, as can happen if the beam fre-
frequencies change, the time-average power flowing across the wave guide section at the

end z = L/2, computed from (2.17), is:

2
(w) 1 cospps 2 (L . ] 2
pz (z = L/2) = 5 Ym 9m €y AO ;.l—nh—m IO E [s.\.ne (kp - Ym)L/Z] . (2.21)

To emphasize that all three wave numbers change when synchronism does not hold any

more, we indicate them with the generic subscripts m.

2.5 n vit

The sensitivity S of a pick-up may be defined as:
s =L (2.22)

where V, is the output voltage picked up on a probe antenna, placed suitably near to the

dielectric, with characteristic impedance Zp, and I, is the d.c. beam current.
It 1s easy to write (2.22) 1n terms of the total power carried by the LSM1 mode. On

the antenna
VO = Ip Za (2.23)

where I, is the current flowing in the antenna; the ocutput power can be written:

Py =V, Iy (2.24)
From (2.23):
\)
IA—'—O
Zp
and from (2.24)
P
vy = =2,



SO we can write:

Vo Po 2, vl po
— === or ~—=—71
» v Py 2 A (2.295)
0 0 0
Thus expression (2.22) becomes:
2 Po
§¢ = — 1 .
12 A (2.26)

0
Making the assumption that the whole output power is carried by the LSM1 MODE (no
higher order modes excited) and flowing entirely in the dielectric (as will be clarified
later), P, can be written like (2.18), or (2.21) if the chosen mode is not synchronous,

and the analytical expression for S can be obtained.

3. PICK-UP OPTIMIZATION

Optimization of the pick-up means choosing the parameters involved in the previous
theory, so that the pick-up can give the best response to the beam passage. The pick-up

must have two important properties:

1. a large value of sensitivity: from the definition (2.26) this means that the beam

must excite the largest possible quantity of total power in the wave guide.

2. a very large value of power flowing in the dielectric slabs compared with the total

power 1n the wave guide, since the former becomes the signal to be detected.
It 1s useful to describe in a few words the physical meaning of the two points above.

The first property means the beam needs to be strongly coupled to the field distribu-
tion of the first mode in the wave guide. This can be seen from (2.10) where, through

(2.9), e; estimated at the beam appears.

The second property asks that the total power distributes itself mainly in the di-
electric rather than in air, this means decrecasing the amplitude of e.m. field in the

space between the slabs.

As these two properties are somewhat contradictory to each other, it is necessary to

study them apart for the optimization process.

3.1 Optamization of Sensitivity

The key-relations for optimization of sensitivity are:

a) the expression (2.26) for the sensitivity,
b) the synchronism condition,

c) the dispersion equations (A.10a) or (A.11b),
d) the wave number relations (A.9b), (A.9c).

The parity of modes has been selected so that, according to (2.10a, 2.10b), the z-
component of the electric field of the excited mode is not zero at the beam. In this
treatment, assuming a beam passing along the centre of the wave guide, we select those
modes which give a symmetric e - distribution around x = a/2 in the air region, namely odd

LSM modes and even LSE modes (following the nomenclature in Appendix 1).



Like wise, from the symmetry, only LSM modes with odd "n" index or LSE modes with
even “n" can be excited by the beam. Obviously a pick-up sensitive to the transverse dis-
placement of the beam position could be realized by employing the modes with anti-symme-

trical distribution of e,!.

The dispersion relation of LSE modes (A.10a) shows a cut-off frequency, because it
has no roots until the argument "ps" is at least w/2. LSM modes have no cut off-frequency
and may exist for the smallest of slab thicknesses. Hence they are most suitable for our
needs.

For this reason we design the pick-up for operation in the first LSM mode (disp.

equation A.11b). As was said in section 2, the main property to be “matched” for maximum

response of the device is mode-beam synchronism, namely:

Y, = kp . (3.1)
Using (3.1) in (A.9) we get:
k2 o\
2 = == 2 - N

p " (etﬂp 1) <b> (3.2a)
p
k2 >

g2 = =2 (1 - 82) + (—) , (3.2b)
Bé P b

while (A.9c¢c) 1s still valid.

Converting to dimensionless parameters, namely wave number normalized to k, (the un-
bounded empty space wave number) and length multiplied by k0(= 2n/A0), let us optimize the

pick-up while ignoring for the moment the working frequency.

The expression for sensitivity 1in terms of dimensionless parameters, from (2.26), 1is

given below: (3.3)
L1 Eé cos? Bmg 11 1 _
S=/Tp - kg -4 - —— eI ——— 2y, = — ¢ - sinelkg| — - vg)L/2
2 inh?
2 2 (1 + qm) sinh qmd/Z b Go Bp

where 2, (the unbounded empty space impedance) = Vug/ey: the bars indicate normalized
quantities, and wave numbers pp, 9p, Yp refer to a generic LSM mode. When synchronism is

satisfied, (3.3) reduces:

(3.9)

= —
s <VTp -k, - L 131_ 2, _ costps,
2 Y2U B, (1 +q2) ~ sinh? qd/2

ol |-
[2INE
o

where E, 6 are the wave numbers corresponding to the case when vy, = kp. Before optimizing
we need to fix a few parameters: for instance the minimum distance between slabs (d),

which 1s related to maximum beam horizontal size, and a convenient value of dielectric



_12_

constant (ereg); Bp 15 known. In order to choose the optimum value of slab thickness (s),
synchronism must be imposed and the behaviour of sensitivity (3.4) versus normalized s

must be investigated.

This can be done through a computer program: the plot of Fig. 9 refers to the case
studied for the CERN antiproton accumulator AA; b depends on the value of §, through
(3.2b), as do p and q.

when s is chosen, in order to get the maximum sensitivity, we can fix the working
frequency and get the real dimensions for lengths and wave numbers. Once the pick-up
cross-section is fixed, the bandwidth for a fixed slab length can be estimated through ex-
pression (3.3). p, q, ¥, change with frequency: they are solutions of the system of equa-
tions (A.11b), (A.9b) and (A.9c). Figure 11 shows sensitivity versus frequency for the

case of the AA pick-up.

It can happen that the maximum sensitivity does not correspond exactly to the beam-
mode synchronization frequency: this happens because the synchronous condition occurs at
the maximum of the "sine” (sinx/x) function, but this is not the only consideration when
optimizing the sensitivity expression (see 3.3). Indeed this shift is visible in Fig. 11;
it is worth noting that i1t is very small, 8% and 6% for case a) and b), respectively.

These small values indicate that the method of optimization is essentially correct.

Further improvement is obtained by scaling the parameters to move the centre-band

frequency up to the synchronism frequency.

Referring to curves of Fig. 11, the case a) requires 8% scaling and the case b) 6%.

This means:
a b
s = 0.005m ~+ 0.0046m : 0.0047m
d =0.065m + 0.060m : 0.061 m

It should be mentioned that the optimization method is an iterative one.

3.2 Optimization of the Ratio between Power an the Dielectric and Total Power

As previously outlined, power excited by the beam flows mainly between the slabs. We
expect that increasing slab thickness will give a different power distribution, according

to our needs.

With all other dimensions fixed an increased slab thickness changes the wave numbers
P, 4. Y,. Such that synchronism with the beam is lost, and this causes a transfer of the
previously excited power from the air to the dielectric slabs, which tend to act like
dielectric horn-antenna. This 1s evident from the plots of Fig. 8a); the curves refer to

the case studied for the AA and are extensively described in Section 5.

Another interesting aspect of increasing the slab thickness 1is that we expect a
change in the z-component of the electric field distribution over x. Results of
computation for this change are shown in the curves of Fig. 8b). They refer to the same

conditions as in Fig. 8a).



The magnitude of E, at the air-dielectric interface decreases when the slab thickness
is increased. This is an interesting result from the practical point of view since at a
certain point it will be necessary to have a metallic coating on the air-dielectric

interface so that the power can coupled-out of the vacuum chamber.

4.  PICK-UP DESIGN METHODS

The considerations described in the previous section suggest that the pick-up can be

designed by distinguishing between three zones:
1) the synchronous zone (where the beam excites power), length = L,
2)  the optimization zone (where the ratio Pgje}/Ptotal is increased), length = £,

3) the transition zone from hybrid to rectangular waveguide (where each slab comes into

an empty rectangular wave guide of appropriately chosen dimensions), length = 22.

A diagram of the pick-up is outlined below.

' : : 1 :2 : 3 .
L L ‘l.l;dl le

l R o et ? AN :4 ]

1 t ! i ] ]

' + i [} ' [
Fiqure 5 - Longitudinal pick-up diagram.

Moreover, the question of matching between the rectangular wave guide at zone 3 and
the coaxial output cable could arise: it involves the study of the performance and match-

ing of a pair “"short antenna”.
Below we list the main difficulties which can arise in each region.

Zone 1: parameters are chosen to work at a fixed frequency in synchronism with the
beam. In this region only the chosen synchronous mode is above the cut-off. Problems can
arise in zone 2 because computations have shown that the LSE1 mode is above the cut-off,
starting from s > 9 mm. The LSM2 is also above cut-off but it can be neglected as it only

starts from s > 20 mm.

The length of zone 2 is small compared to zone 1, and even if the LSE!1 mode can be
excited (not in synchronism) by the beam passage, it will carry very little power, as the
field amplitude 1is proportional to the interaction length &, through the factor
2/2 . sine[ko((1/8 )-;m)2/2]. Moreover, the LSE fields do not interact with the principal

mode of propagation, since they are orthogonal modes.

We expect that the power carried by the LSM mode is not greatly perturbed by the

"smooth® change of slab sizes (see Section 5) in zone 2.

The behaviour of fields in the transition zone 3 can be estimated by performing the
projection of the loaded wave gquide normal modes (LSM and LSE) onto the empty rectangular

wave guide modes (TE and TM).



In this particular case, the LSM1 and the LSE!1 are the only incident modes on the
transition section, and the TE10 mode is the only mode above the cut-off in the empty
rectanqular wave guide; so the computation reduces into projecting the LSM1 and LSE1 modes
onto the TE10 mode.

This procedure gives an indication of the mode-matching; it furnishes an estimate for

the percentage of transmitted field across the transition into the TE10 mode.

The transmitted power is computed from the transmitted field. The results of the com-
putation lead to the choice of transition length. A high percentage of transmitted field
gives us confidence that the tapered section length 2, is not too critical a point of the
pick-up design, as good matching exists between the hybrid modes and the TE10 mode; on the
other hand, if only a very small quantity of the incident field is transmitted into the
rectangular wave quide, particular care must be devoted to the study and the design of the
transition section. In our case, the computations show that half of the LSM1 power is
transferred into the TE10 mode, while no projection onto the TE10 mode is possible for the
LSE1 mode. Hence, we estimate a 1 to 2 Ag-length for the tapered section (Ag is the wave
length in the empty rectangular wave guide) 1is sufficient to gquarantee the LSMt power

transmission and decay of higher order modes excited by the LSt! mode.

It is worth noting that the transmitted power value is only an estimation, namely a

lower limit, as power radiated from the tapered section is not taken into account.

The final choice of the tapered section length 2, must come from experimental tests,
which can suggest the best compromise between smoothing the transition slope and mini-

mizing the total pick-up length. Computations are reported in Appendix 2.

Metallization of the inner surface starts at zone 3, so that the beam returns to its
passage inside the vacuum chamber. This point is also critical as the tangential component
of electric field must die out on the metal surface. Hence, increasing the slab thickness
is very useful as, at the maximum thickness, the magnitude of E; is greatly reduced at the
air-dielectric interface with respect to its value in the interaction zone. This result is
evident from the curves of Fig. 8b). It is also reasonable to ensure that the metal cover-

ing does not start in a straight line along y-coordinate, but is sloped diagonally (Fig.6)

S0 mm

65 mm

6~ 61" or  8~23

Figuyre § - Top view of pick-up ends: suggested shapes
and estimation of slopes.

Such a covering presents a gradually and continuously varying discontinuity to the

propagating field. Anyway, the best shape and slope must be sought experimentally.
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The problem of matching the wave guide to the coaxial output line can be rather easily
solved by using appropriate devices, generally supplied by specialized manufacturers. An
alternative approach is to build a laboratory mock-up of this transition and then choose
an antenna which introduces the least reflection in the wave guide for the best position
of the shorted wave guide end face with respect to the antenna itself. Some suggestions
can be found in literature!2” 1%  Matching should be sought over a reasonably wide band, at

least comparable with that of the pick-up.

For the AA pick-up the coaxial wave guide transition will be built in the PS Work-
shops. Most of the doubts concerning the end effects of the pick-up can be solved only by
experimental tests in the laboratory. To this aim, work in the laboratory on an experi-
mental mock-up started at the beginning of June. The experimental results will be publish-

ed in another publication to follow.

5. A PICK-UP FOR THE ANTIPROTON ACCUMULATOR

The pick-up dimensions must fit the pre-existing geometry of the AA vacuum chamber
(Fig. 7). Given the vacuum chamber dimensions all parameters of the pick-up can be deter-
mined as can the frequency at which beam-mode synchronism occurs. This frequency is expec-

ted to be in the neighbourhood of the maximum of the sensitivity versus frequency curve.

The fixed dimensions for the AA are:

b=d=0.065m
s =0.005m
ey = 3.75
Bp = 0.9659
L=0.3nm

The beam-mode synchronous frequency 1is obtained from the solution of the system of
three equations (A.11b), (3.2a), (3.2b). The system is solved by computer calculation

giving, for the above dimensions:
fo = 5.42 GHz , kg = 113.57 n™!

The behaviour of the pick-up may now be investigated as a function of slab thickness.

A search for roots in the LSE dispersion equation (A.10a) and for higher order roots
in LSM dispersion equation (A.11b) is first carried out as a function of slab thickness.
All pick-up parameters are kept unchanged, apart from the slab thickness, which is in-

creased up to 20 mm by steps of 1 mm each.

The system of equations (A.11b) or (A.10a) (depending on the mode under investiga-
tion), (A.9c) (A.9b) is employed: the wave numbers p, q, yp relating to each new value of
thickness (s) are computed. The results are that LSE dispersion equation has no roots up
to s = 9 mm and then no other root appears 1in the range of investigation up to 20 mm. The
LSM dispersion equation has a second root at s = 20 mm. The propagation of these modes in

the output wave guide are reported in Section 4.

As described earlier, the slab thickness is i1ncreased at the ends up to 20 mm in the

hybrid wave guide, and the dielectric is inserted into the empty rectanqular output wave
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guide, where again the slab thickness is smoothly decreased to zero. Referring to zone 3

of Fig. 5, two lengths are suggested for the latter transitions:

H

15.3°,
11.5°.

1: 2, = 75 mm, meaning slope s 27% and 8

100 mm, meaning slope = 20% and 8

nN
~
"

If the same slopes are accepted for zone 2, the overall transition becomes:

131.25 mm,
175 mm.

case 1: slope 27% » £, + &,

case 2: slope 20% » 2, + 22

The dimensions for the empty rectangular wave guide are 50 = 20 mm; the cut-off fre-

quency for the first mode (TE10) is about 3 GHz.

The following are the values for the cut-off frequencies of higher order modes:

TE20 6.0 GHz
TEO1 “7.5 GHz
TE11, TMW “8.1 GHz

The 50 mm width of the rectangular wave guide requires a decrease in slab width, occurring
over the length during which the thickness increases. An even smaller width would be
better from the point of view of increasing further the cut-off frequency of TE20 mode.

The 50 mm choice is a compromise to simplify manufacture.

The density distribution of power propagating along Z (P,) versus x and the distribu-
tion of the z-component of the electric field (E,) versus x is calculable from the theory
for increasing slab thickness. Figure 8a) shows plots of the function

1 9P,

Pror  dx

(5.1)

versus x. From this expression, it is obvious that the dimensions of the ordinate axis in
Fig. 8a) is [length]~t' while, for convenience, lengths on the abscissae axis are expressed
in terms of the normalized variable xky = 2xw/A; = x. Figure 8b) contains plots of the
z-component of the electric field, wvalid at y = b/2 (and normalized by an “"excitation"
factor) versus x. Dimensions of ordinate axis are Volt/m; the magnitude must be multiplied

by the excitation factor, which 1s defined as follows:

cos ps ip q erdZ, kg I,L/2

— — x 110 I L/2 . (5.2)
sinh qd/2  [{1 + q2)k, b ep Gol'/2

In all of the above all parameters refer to the synchronous LSM! mode; other symbols
have already been previously defined. The zero of abscissae axis is assumed at the centre
of the wave guide total width. The half distance between slabs corresponds to x = 3.69.
For case 1 in Figs 8a) and 8b) the synchronous condition is satisfied and s = 0.57 (in

reality s = 0.005 m).

The power and E, distribution shown in the above figures confirm that good coupling
with the beam requires a strong electromagnetic field in the air zone. Indeed for case 1

1t is evident that most of the power is to be found between the slabs: the ratio between
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and total power 13 0.26. Case 2 refers to s = 1.14 (s = 0.01 m). This shows an already

significant change in power distribution: power ratio value is now 0.87.

As q increases with slab thickness, the dependence of E; on x becomes more rapid (see
A.18c): it decreases its amplitude almost everywhere, except for the neighbouhood of air-
dielectric interface. Increasing the slab thickness even further decreases E; at the die-

lectric-air interface as can be seen from case 3 and 4. The latter refer respectively to:

3: s=1.7 (s =0.015 m) 4: s=2.27 (s = 0.02 m)

These last two curves yield a very convenient shape for the power density distribu-

tion; the power ratio values are respectively c) = 0.97 and d) = 0.99.

1.4} ]
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12+ ] % 124 ]
1, F . 4 1+ ]
‘ X3
08} ) i 08| J
061} . 4 06| J
0.4} J oLt J
0.2t . J 02} 4
0 N R i ’;-..' .« N 0 " L 1 n 1 N s

0. 04 08 12 16 2. 24 28 Ik

Eigure 3 Eigure 10
The AA pick-up Sensitivity at sychronism Sensitivity at synchronism versus normalized
versus normalized slab thickness. slab thickness: the same cross section

dimensions as the AA pick-up, but e. = 2.855.

For the e, and the distance between slabs chosen for the AA pick-up, the sensitivity
versus normalized slab thickness is given in Fig. 9. The procedure used to obtain this

figure is described in Section 3.

The function on the ordinate axis of Fig. 9 is the sensitivity in units of equivalent
length of the slab L, divided by the constant factor ffx : in other words the function
plotted is the expression (3.4) divided by L/2 = Lk,/2 = Lu/A, and by /Z,.

Values of s = sky, the equivalent slab thickness, are plotted on the abscissae of
Fig. 9. Hence, due to the factor ff;, the dimensions of sensitivity in Fig. 9 become ohms

Q).

The same function is plotted in Fig. 10, but for a different value of er.
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Frequency (GHz)

40 ——— Since q decreases with s, both figures
Eg (o ol 203 éhOf a minim?m s, depending on the fixed Bp
> 35F E 1t is determined by the requirement of a real

value of the ky wave number (= n/b) in equa-
S 30t . tion (3.2b). It can be seen that the s value
corresponding to the maximum of sensitivity

AR - . increases with e, decreasing. The star point

,ﬁ + on Fig. 9 is placed at s = 0.57; this is the

20 :: ..... :. b working point of the design for the AA pick-

3 .“% 4 up; it is not too far from the optimum.
B 1 A maximum possible value of s also
ol B T | SXiitS: it comes from the upper limit for
: q (g = 1.658 or 1.245 for ¢, = 3.75 or 2.55,
! respectively), since g must always give a

T ‘ ‘ ] real p in (A.9¢c).

L A 1 ) oty The graph of Fig. 11 is again sensitivi-

3505 5 85 6 65 7 1S N S
ty divided by the factor /7;, but this time

(from expression (3.3)) versus frequency.

Figure 11
The two curves refer to the AA pick-up
The AA pick-up Sensitivity for the LSM1 design, but they differ in the length of the
mode versus frequency. Arrows indicate *synchronous zone", which 1is respectively

the J dB bandwidth: it iIs about 1.8 and
1.4 GHz for case a)J and b) respectively.
The cross indicates the frequency for b). Both curves show a cut-off frequency at
beam-mode synchronism.

0.3 m for the case a) and 0.4 m for the case

about 4 GHz, below which the LSM dispersion
relation has no root. The main differences
between the two curves in Fig. 11 arise from sine[ko((1/ap) - ;m }L/2] term; the maximum
amplitude decreases for a smaller length because of the L/2 factor appearing in the ex-

pression for the sensitivity (3.3).

For the smaller L value, the sensitivity curve is broadened and the frequency of

maximum response of the pick-up is shifted towards lower values.

Hence, bandwidth is inversely proportional to slab length: in the two cases

described, estimated bandwidth values are respectively: a) ~1.8 GHz and b) “1.4 GHz.

The frequency for beam-mode synchronism is indicated by a cross on each curve of
Fig. 11: it does not correspond to the value for the maximum response of the pick-up.
Following the method outlined in Section 3, scaling the cross-section dimensions of the

pick-up can shift the maximum of the response nearer to the beam-mode synchronism

frequency.

In conclusion, the energy lost by one charged particle passing once through the

design adopted for the AA pick-up is:

0.3 m AE = 2.2 « 10717 eV
3.9 « 10717 ev

case a) L
case b) L =0.4n AE
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This energy is spread throughout the bandwidth of around 1.4 to 1.8 GHz depending
upon the length chosen. Fiqgure 7 gives the dimensions and layout of the pick-up designed
for measurements in the AA. The revolution frequency of a particle in the AA is 1.855 MHz

so that the power generated in the pick-up may be calculated.
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APPENDIX 1

COMPUTATION OF THE NORMAL MODES FOR A DIELECTRIC SLAB-LOADED WAVE GUIDE

For the sake of completeness the method for computing the normal modes of a loaded
wave guide and the related expressions used in previous sections are given below. Rectan-
gular loaded wave guides have been exhaustively studied both in text-books%:10 and
paperst!,

The normal modes propagating in such kinds of wave guides are hybrid modes, with both

E and il components along the axis of the wave guide.

Following Collin we choose to classify the normal modes of the wave gquide under
examination (Fig. 1) as either LSE (longitudinal section electric) or LSM (longitudinal

section magnetic).

Fields can be derived from the hertzian type potentials: the electric one ﬁel for LSM
modes, and the magnetic one ﬁh for LSE modes, through the following equations:
LSE modes LSM modes
& = ~jupgy - B (A.1a) e=v.v. it (A.2a)
R=y.v.il (A.1b) R = Jueger (v « TET (A.2b)
Hertzian potentials must satisfy the equation:
vaieh ookt M =0, (A.3)

where kg = wzcouo is the propagation constant of unbounded empty space.
The equations (A.1), (A.2) and (A.3) are valid in each region where e, {x) is constant

Referring to the structure of Fig. 1, the solution of (A.3) is a hertzian potential
with only an x-component, for both LSE and LSM modes:

jel.b Pel'h(x,y)e—Jsz eIVt 5 (A.4)

. . -3IYm2Z
In (A.4) the propagation along z has been assumed according to e I¥m , where yp
refers to the propagation constant of a generic mode. In the empty region of the wave
guide the general solution is a superimposition of an even and an odd solution with

respect to x = a/2.

The expressions for the solution of (A.3) are given as:



- 23 -

LSE modes

Ee Sln pX

Eg sin px

(A.5)

F. cosh q(x - a/2)
PR o(x.¥) ¢ cos (ﬂ y)

Fo sinh q(x - a/2) b

Ee sin pla - x)

-Ey sin pla - x)

sin ps
sinh qd/2

Sinps (A.6a) Fo = - Eg (A.6b)

Fo = E
€ € cosh qd/2

LSM modes

Ag COS Ppx

Ay COs px

B, sinh qi{x - a/2)
P&l (x,y) = ° sin [0y (a.7)
! Bo cosh gq{x - a/f2)

Ae cos pla - X}
-A; cos pfa - x)

605 PS5 (A.8a) By = - Ap er —22-B5

cosh qd/2 sinh qd/2

Be = Ag €I (A.8b)
where e,o subscripts indicate even or odd solutions.

In the above expressions, the ky wave number (in the air- or vacuum-region) is as-

sumed to be imaginary, in accord with section 1; hence,

2 2 - 2 - 2
P €r kU {nn/b) A (A.9a)

g2 = - k2 + (nn/b)z + AF (A.9b)

where iky(air) = q, ky(diel) = p, kY = nn/b.
It 1s useful to replace (A.9) by

pZ + q2 = (ey - ”kf, . (A.9c)

Imposing the continulty conditions at the air-dielectric interface, the following

trascendental equations are obtained:

LSE modes

even Th p cotg ps = -gq tgh qd/2 (A.10a)

odd b p cotyg ps = -q cotgh qd/2 (A.10b)



LSM modes

even nel P tg ps = €, q tgh 4d/2 (A.11a)

oda mel p tg ps ey 9 cotgh qd/2 . (A.11b)

Equations (A.10) and (A.11) will be referred to as "dispersion equations".

Each of the dispersion equations together with (A.9c) determines an infinite number
of solutions for the wave numbers p and q. So each mode will be marked by two subscripts
m, n: the first referring to the order of the wave number along the x-coordinate, the

other to the order of the wave number along y.

The tollowing orthogonality relation holds for the transverse components of fields

belonging to different modes:

J{/ﬂ(gmn « hjk) - 2da=0, if m# i and nt X (A.13)

S

where S is the wave guide cross-sectional area and Z is the vector along the axis of the

wave quide.

Imposing normalization of eigenvectors by (A.13), we can determine the unknown

factors of (A.5) and (A.7).

L5M modes
he,o = {1K2 + @lucoerin b Ge,o}"/? (A.14)
with
. ) .
Ge = 1 s {1+ sin 2ps> ey d cos? ps . (1 + sinh qd) (A.15a)
2 2ps 2 cosh? qd/2 qd
. ) o
Gy =~ s <1 v §l9-325> v, 3 COST S ( inh qd 1) (A.15b)
2 2ps 2 sinh? qd/2 qd
LSE modes
Ee,0 = {[kZ + a?luugyy b Lelo}“‘/2 (A.16)
Wwith
. s .
Le =+ s <1 - 2 2ps> pd_sinfps <1 + 5’———1"“—‘1—") (A.17a)
2 2ps 2 cosh2 qd/2 qd
L, = 1 (1 _ san Zps) . d §in2 ps__ (51nh ad _ 1) (A.17b)
2 2ps 2 sinh? qd/2 qd

For convenience we list below the relative expressions both for LSM and LSE modes:
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(k2 + q2)rgl(x, y)

3 9

Pel(x, )
dy 9x 0 Y

“yg = p&l(x, y)
ox
0

wyp €qep(x) PEL(x, y)

“ju egep(x) %; p§l(x, v)

Q
= —wy, vq PR(x y)
0 Tm beliX,

= Juu, g; PR(x, y)

= (k2 + q2) PR(x, y)
) h

= — — Pg(X,
oy 9x € v)

Svp L Ph(x, v)
ox
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APPENDI X 2

PROJECTION OF THE HYBRID MODES
ON THE EMPTY RECTANGULAR WAVE GUIDE NORMAL MODES

1. OUTLINE OF THE METHOD

The incident field is written as an expansion of the normal modes of the empty
rectangular wave gquide. From previous theory, the incident field is a sum of the principal
beam-excited mode (LSM1) and the higher order mode (LSEt), which arises in zone 2 (see

Section 4). Hence,

Ep(LSM1) + Ep(LSE1) = ji: ann Emn - (A.22)
mn

where &n, represents the generic normal mode function in the empty rectanqular wave guide

and Ep is the beam excited field.

If we now take into account that only the TE10 mode is above cut-off in the

rectanqular wave guide, (A.22) reduces:

Ep(LSM1) + Ep(LSE1) = a g &,9 - (A.23)
It holds (see Section 2) that:
Ep(LSMt) = F ¢, (LSM) (A.24a)
Ep(LSE1) = F'e,(LSE) (A.24Db)

where e, (LSM or LSE) refers to the normal mode eigenvector in the hybrid wave guide, and

F and F' are the mode excitation factors from the beam.

Remember that the wave numbers related to mode functions g, depend on the maximum
slab thickness, s = 20 mm, where the transition starts. The following orthogonality

property holds for the rectangular wave guide mode functions:
f/(gmn-ﬁ;j)-zda=o ifm#iornt) (A.25)
S

where S 1s the wave guide cross-section and da is an indifinitesimal surface element.

Hence, we can perform a cross product with (ﬂ,o)' on both sides of (A.23) and, em-

ploying (A.25), we can evaluate the coefficient a,,.



2. FIELD EXPRESSICNS

We are interested into the hybrid mode configqurations in the dielectric region. In

order to use the standard notation for the normal modes of rectangular wave gquides, we

write the hybrid mode fields (A.18 : A.21) in a coordinate frame with the x-axis along the

long side (b) of the dielectric slab and the y-axis along the short one (s} (Fig.

complete set of expressions i3 given below:

Y0

(a) .t

0

S

X0

» Zaxis comes out of paper

a) Previously used hybrid wave guide frame

LSM1 mode

€x

ey1

LSE1 mode

e
Xy

ey1

(b)

Figure 12
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w egey YplAglp cosippls ~ v,}1 sin (% x1)
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Jw EOEr

wuy[Eply g sin[ppls - v,}] cos (

Jwig

=g

o

{Ealp sinfpg(s - v )] sin ("

b

)
y

)

% {Ap]p coslppls - v,}] cos (% x1)
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(A

(A.

(A.
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bJ] Usual rectangular wave guides frame
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.26b)

.26¢)

.26d)

26e)

.26£)

27a)

.27b)

.27¢)
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TE10 mode

n .
hx1 = Pnj {Eelp coslpp(s - y,}) sin (% x,) (A.27d)
hy1 = - (kg + qé)[Ee]m sin{pp(s - y,)] cos (% x,) (A.27e)
hz‘ = = 3 Yy PulEelp coslppls - y,)] cos (% x,) (A.27f)
ex, = 0 (A.28a)
w
ey, = sin (E x,) (A.28D)
ez, = 0 (A.28¢)
he = - — sin(" x (A.284
X, T b X . )
hy1 =0 (A.28e)
=3 1A ul
hz1 =3 o 75 cos (b x1> (A.28f)

The amplitude of the TE10 mode is determined by the coefficient a,o- The subscript

"1" below the x and y coordinates indicates that the above expressions (A.26 + A.28) are

written in the rectangular wave guide frame: they hold for x, € [0, b, Y, € [0, s]. The

subscript "m" in (A.26), (A.27) for p, g, A, and E, indicates that these values depend on

slab

3.

= 2,01 - (fc/£)2]7

thichness. A, and E, refer to expressions (A.14) and (A.16) of Appendix 1.

In (AZB)!

the intrinsic impedence of the medium filling the wave gquide; for the vacuum, n =

Viugleg = 2y,
1/2

1/2b/¢ey,
the absolute dielectric constant and permeability of medium filling the wave guide

(1n this case the vacuum: €,, uy},
the working frequency,
the wavelength in the unbounded medium: for vacuum A = Ag = c/t.

EVALUATION OF THE COEFFICIENT Ay,

The computations described at the beginning of this Appendix can now be executed.

From (A.23)



- . . . da,9 Sb 3
F /f[*:,(LSM) : (h_‘o)'] © % da t F' //[g‘(I.SE) + (hyy) ] -3 da= 22— a29)
2ZTE

5 S
The inteqrals appearing on left-hand side of (A.29) are evaluated separately below.

/f[g,(LsE) : (Em)'] .2 da . (A.30)

S

The z-component of the cross product in (A.30) 1s zero, as 1Lt 1is ﬁy10= 0 or ey1 (LSE) = O,

alternatively.

A complete mismatching occurs between the TE10 and LSE modes; hence, the latter

excites only higher order modes.

~ R - 2 1 sin pps b
(e, (LSM) = (hyo)'] - zda=- (k2 + g )(d) — — - (A.31)
0 m OmZTE Pn 2
S
Hence, from (A.29):
Sin ppS
a,, = - F(k2 + q2)(a ) —— (A.32)
0 m Om  pgs
and the transmitted field can be written:
Er = a5 g4
Hr + ¢ = E7/itE (A.33b)

4. TRANSMITTED POWER

Expressions {(A.33) let us compute the transmitted power:

2

b s
" 1 . . 1 |F|? . , sin pgs sb
PY(T) = 3 Re ClX1 dy‘ (ET , _IT) vz = 3 E’I? (kO 1 qm)(Ao)m -—pm—s- 5 (A.34)
0

0

where F (the LSM1 mode excitation factor) 1is:

F =) kp a eplhg] -S20-PE I S (A.35)

all the gquantitlies are evaluated for the synchronous mode.



In (A.J4) we recognize that
l F 2 = w
5 |F]2 = pg(sun)

with PY (LSM1) the total power the beam excites in the LSM1 mode, while other terms in
(A.34) give the power transmission factor T, written below in terms of non-dimensional

(normalized) quantities, for computation convenience:

z (1 + 52) s1n 5 5 5
0
T=— - - — = - (A.36)
Ite Ym €rlGolm Py S 2
Numerical valuation of (A.36) gives:
T = 0.265 . (A.37)

Remembering that the previous analysis refers to one slab only, (A.37) must be multi-

plied by 2. Hence, we estimate that the power collected from both slabs is at least

0.53 PY(LSM1)
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APPENDIX 3

PROOF OF EQUALITY (2.9)

Stoke's theorem 1s applied to the vector Ia,hy : this is the product of a scalar
function, the longitudinal component of current, and a vectorial one, the complex conju-

gate of the hybrid mode eigenvector hp.

f (Iez(£)hg(t)] - af = /]in - [V« Tap(t)hp(t)]da (A.38)

C
S

where C is the boundary of the surface S, df 1s an infinitesimal step on the integration
path, oriented so that the vector i, 1s normal to the surface, and da is an infinitesimal
surface element. The vector t 1s inserted to 1indicate the transverse dependence of the
guantities: from here onwards, however, 1t will be dropped. In our case, S 1s the cross-

section of the loaded wave guide and i, = Z.

Since
9« (I;hy) =9I, « hy + I, 9 « hp

we can write (A.38) as:

f; (1,ha) - ab =]fi - (VI, « hplda +ffi - (I, ¥ « hplda . (A.39)
C
S

S

The z-component of a curl is involved on the right of (A.39), so no change is caused in
the previous expression 1f the operator 9 1s replaced by 1ts transverse component,
I = ig(d/3x) + iy(8/dy). Hence,

f (Izhg) - daf =ffi - (V¢I, « hplda +ﬂi - I,(v¢ « hplda . (A.40)
c
s

S

The term on the left of (A.40) 1s zero, since I, = O on the boundary C of the wave guide

(see expr. 2.1 for the current).

ff& - (941, « hglda = f/ - 1,(9¢ « hplda . (A.41)
. .

S

Thus,
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Let us consider the equation for n; coming from Maxwell's equations projected onto

the axis of the wave guide:
Ve - (hp » 2) = -Jwelx) esp . (A.42)

As before, e¢(x) depends on the wave guide region where (A.42) is written.

Now
* - - * [ -

V¢ - (hy 2} =2z - (Vg » hp) - hp - (9¢ = 2}

and
Vt'é=0
as z is a constant vector .
We can write (A.42) as:
z - (Vg * hp) = -Jue(x) ez

Hence,

[/ z - (VI » hplda = jwe(x)fflz e;m da . (A.43)

S S



