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first-order factors.

KEYwORDS: Higher-Order Perturbative Calculations, Parton Distributions, Quark Masses

ARX1v EPRINT: 2303.05943

OPEN AccCESS, © The Authors.

Article funded by SCOAP?. https://doi.org/10.1007/JHEP06(2023)062


mailto:arnd.behring@cern.ch
mailto:johannes.bluemlein@des.de
mailto:kay.schoenwald@physik.uzh.ch
https://arxiv.org/abs/2303.05943
https://doi.org/10.1007/JHEP06(2023)062

Contents

1 Introduction 1

2 The method

2.1 Distributions in x space 8
2.2 Conjugation 10
3 Iterated integrals 10
3.1 Harmonic polylogarithms 11
3.2 Cyclotomic harmonic polylogarithms 13
3.3 Generalized harmonic polylogarithms 14
3.4 Square root valued alphabets 16
4 TIterated non-iterative integrals 18
4.1 oF} solutions 18
4.2 TIterating on the o Fi—solutions at first order 27
5 Numerical representations 28
6 Conclusions 28
A Details of the analytic continuation 29
B The solution after first decoupling for F; (%) 31
C The expansion coefficients of series representations 35

1 Introduction

Precision measurements of important observables in QCD and QED [1-5] require precision
predictions through higher-order corrections. For many measurements at current and future
colliders these are corrections up to three-loop order or even higher. The application of these
corrections to the data allows precision predictions of fundamental parameters of the Stan-
dard Model of elementary particle physics. The underlying theoretical calculations require
the development of efficient technologies to calculate the Feynman integrals contributing to
the respective order needed. In this paper we describe a method, which allows to perform
the inverse Mellin transform for massless and single-mass problems in these higher-order
calculations. The method is instrumental in cases, where Mellin space representations
cannot easily be derived. The method can also be applied in the presence of more scales,



leading to more involved iterated alphabets, however. Also the non-first-order-factorizing
equations become more involved due to real-valued parameters, additional cuts, etc.

For massive operator matrix elements (OMEs), massless off-shell operator matrix
elements or Wilson coefficients, a central variable ¢ can be identified, in which the differential
equations of the respective master integrals are formulated. In the case of the OMEs this
variable emerges through the resummation of the local composite operators into linear
propagators and in the case of the Wilson coefficients it is the ratio t = 2p.q/Q? of two
kinematic invariants. Here ¢?> = —Q? denotes the virtuality of the process, ¢ = [—1’, with the
initial state lepton (1), final state lepton (I’), and nucleon momentum (p). The corresponding
series are formal Taylor series with ¢ € R and can be interpreted as generating functions.

While the variable ¢ emerges naturally in the case of Wilson coefficients, it has to be
considered an auxiliary variable in the case of OMEs. At the end of the calculation one
would like to perform the principal transformation

1
t— £— 1.1
~ 4, (1)

where = Q?/(2p.q) denotes the first Bjorken variable. As we will outline below, special
care is necessary because of the occurrence of 6(1—z) and of +-distributions [6-8] in z-space
and one finally would like to consider different regions in z. In the case of deep-inelastic
scattering this is = € [0, 1].

In previous calculations we have already made use of generating functions in ¢t. However,
in those cases we performed a formal Taylor expansion in which the Nth Mellin moment
arises as the coefficient of the expansion term V. In many cases it is possible to obtain
the Mellin space result analytically [9-27]. One possibility is to calculate a large number of
moments for the master integrals, assemble them into moments for the physical quantity that
is being calculated, guess recurrences for them [28-30] and finally solve those recurrences
using the algorithms of the package Sigma [31, 32]. Calculating moments for the master
integrals is often mathematically easier than computing them analytically.! For certain
calculations we were able to push the number of moments that we could generate to
0(15000) [33].

In the present paper we advocate for a complementary method. The method applies
to massless, single and two-mass corrections of single scale quantities, like anomalous
dimensions, massless and massive Wilson coefficients in deep-inelastic scattrering, or other
single scale hard processes at different colliders, for a survey see e.g. [5]. We will further
detail these aspects for the different cases dealt with below.

As a starting point the master integrals all have to be solved in analytic form in terms of
the auxiliary variable ¢, including also eventual non first-order factorizing cases, which leads
to iterated non-iterative integrals, see refs. [34-36] in general. Integrals of this kind are
iterations over letters, which are given as integrals in which the integration variable cannot be

'n this way, we could compute the three-loop anomalous dimension (A)'yéi) (N) in a massive environment,

despite the fact that the master integrals contain elliptic structures, in refs. [19, 20]. As expected the elliptic
structures cancel up to the 1/e terms in the final result, which is not evident by looking at the solutions of
individual master integrals. Here ¢ = D — 4 denotes the dimensional parameter.



transferred to the integral boundaries only. The expressions in the variable ¢ still have to be
considered as a mathematical representation close to Mellin N-space. We will then construct
the representations of the integrals in the Bjorken variable x by analytic continuation. This
method has already been applied in one of our recent calculations [37] in the case of iterated
integrals. In the present paper we will not treat OMEs in the two-mass case although the
same method applies. Many of the contributions leading to iterated integrals have been
calculated, cf. [23-26]. These integrals depend also on the real-valued mass ratio m?2/m?
of the charm and bottom quark mass and the alphabet is square-root valued.

The massive and massless OMEs are obtained from scattering amplitudes after per-
forming the light-cone expansion [38-44]. Physically they are defined at integer values of
the Mellin variable N only. The set of all Mellin moments encodes the complete analytic
information, cf. [45]. The corresponding z-space expressions, e.g. [46-50], are related via a
Mellin transform

1
Mf@)(N) = [ oo™ f(a) (12)

to the former ones and have to be considered rather a derived quantity in general.? The
inverse Mellin transform is given by
1 c+1i00 s

fa) =5 [ dsamMIs@)s), (13)
where the integration contour surrounds all singularities of M[f(x)](s) in the complex
plane. It will be shown below that the functions in z-space may have definitions on subsets
or supersets of the interval x € [0, 1] only, cf. [25, 26] at intermediate steps, and require
(various) distribution valued regularizations.

In this paper we apply the method outlined above to integrals contributing to the
massless and massive OMEs and massless Wilson coefficients to three-loop order and
illustrate it by characteristic examples for the different function spaces. The calculation of
these building blocks is of central importance for single-scale hard scattering cross sections
in pp, ep and eTe™ processes to three-loop order in QCD and QED. These results form
also the basis of precision measurements of the strong coupling constant a(M2) [52-55],
the value of the charm quark mass [56], and precision determinations of the twist-2 parton
distribution functions [57] at colliders such as HERA [58], the LHC, and facilities planned
for the future, such as EIC [59, 60], LHeC [61, 62], and the FCC [63].

The paper is organized as follows. In section 2 we discuss the basic method for the
inverse Mellin transform. In section 3 we show how to use our proposed method on different
classes of iterated integrals, such as harmonic polylogarithms [64], generalized harmonic
polylogarithms [65-67], cyclotomic harmonic polylogarithms [68], and iterated integrals
containing square root valued letters [69]. In section 4 we investigate the case where also
iterated non-iterative integrals are present, [34—36]. In section 5 we comment on ways
of efficient numerical representations of the results in z-space and section 6 contains the
conclusions. Some technical aspects are given in the appendices.

2Curiously, in the massless case, the corresponding lowest order functions were known about 50 years
earlier before Mellin space representations have been considered [45], which founded the method of equivalent
photons, [51].



2 The method

The Feynman rules for the local operator insertions are given in [22, 70] up to three-loop
order. The operator matrix elements (OMEs) are proportional to (A.p)Y, with p the
through flowing momentum, A a light-like vector and N the Mellin index, which is given
by an even or odd integer, depending on the physical problem. Furthermore, the crossing-
relations [1, 71] determine the range of the values N > Ny, N, Ny € N\{0}. One may resum
all operator insertions by introducing an auxiliary parameter ¢ in terms of a formal Taylor
series. For the simplest operator insertion one e.g. finds [72]

1

t*(A.p) teR. 2.1
Z p l—tAp < ( )

The more involved operator insertions result in related structures, always leading to products
of effective propagators as given in eq. (2.1). Respecting the crossing relations one has,
more generally,

it 1 1 1 1
k k-~ _1\k _ =
k§:0:t(A.p) Sl (D=3 7= S Triag) (2.2)

This representation has the advantage that the information on the operators is now fully
contained in propagators and one may use the integration-by-parts (IBP) relations [73-78]
without specifying the different operator structures for each value of N, which grow rapidly
in size for growing V.

The complete OMEs or the Wilson coefficients have a definite crossing behaviour, i.e.
AT(N) =31+ (-DMAN), or  BT(N)=3[1—(-DN]B(N), (2.3)

with
A(N) = M[A(@)](N), B(N)=M[B(z)|(N), (2.4)
and either only even or odd moments contribute. In ¢-space one obtains

o0

A(t) = NZZItN/ﬁ / dxl_thQ (), or (2.5)
B =S VB (N) —/ld ' B (2.6)
-z = Tt '
where
A(t) = A(-t), B(t) = —B(—t). (2.7)

Structures of the kind of eq. (2.2) also emerge in normal Feynman diagram calculations,
such as for sub-system scattering processes or Wilson coefficient functions [27, 79]. Here
the role of the parameter t is taken by the fraction

2p.q

(2.8)



Let us get back to eq. (2.2), where the light-like vector A has been introduced. By
deriving the OMEs in the light-cone expansion [38—44], cf. [1, 71], in Fourier-space their Nth
moment scales also with 1/z", cf. e.g. egs. (52,53) of ref. [71]. Therefore, the situation is the
same as in the case of the Wilson coefficients. The resummed OMEs behave mathematically
very similar to the forward Compton amplitude T}, [27, 79] and one may formally use the

relation
Wy = Im T, VteR. (2.9)

Here W, is the hadronic tensor. For the present application W, is the final function
depending on the Bjorken variable x, while T},,, contains the variable ¢. The imaginary part
in (2.9) results from the monodromy of the iterated, or iterated non-iterative integrals [34, 35]

around t = 1, £ = —1, and complex valued contributions of other kind by setting
P (2.10)
=+ .

This way the result in x-space can be obtained. Because of even and odd moments being
present in intermediate results, one has to consider also the case t = —1/z, according to
the cuts in the forward Compton amplitude, cf. [1-5]. In the case of iterated integrals,
the monodromy is described by the Drinfeld-Knizhnik-Zamolodchikov [80-83] equations
and related equations. Special care has to be taken in the case of distribution-valued
contributions in x-space, cf. section 2.1.

In eq. (2.9) only the main cut is considered, since all hadronic cut—(final) states are
summed over. This relation applies also to the individual Feynman diagrams and the
associated scalar integrals. Equivalently, one may consider the associated (subtracted)
dispersion relations, cf. [71], also known as Kramers-Kronig relation [84, 85] or Kéllen-
Lehmann representation [86-88].

In the following, we will elaborate on the extraction of the xz-space representation by
analytic continuation of the generating function expressed in t. Let us consider a function
F(N) which has the representation

= [ e @) + ()N (2.11)

with f(z) = g(z) =0, for x € R,z < 0,2 > 1. Terms of this kind appear e.g. in the flavor
non-singlet anomalous dimensions [21, 89, 90].
Its t-representation is then given by

N _ tf(@') | tg(a)
t)_sz:ltNF(N)—/O L_m + Hm} (2.12)

For the physical variable x € [0, 1] one finds

F( ) /0 dz’ [gggg +5f2,}, (2.13)
( ) dx [ ffg L 9@) ] (2.14)




We can use the Sochocki formulae [6-8, 91]3

. 1 1.
s e — T T ()

(2.15)

with P Cauchy’s valeur principale [93], to replace the denominators in (2.13), (2.14) with
¢ = £ 2’ and obtain

™ T 0—0+ T

—%Discxﬁ’ (1) = lim 1|mﬁ( 1. ) = 1dx'f(a:')5(x —1') = f(z), (2.16)
(

L,Discxﬁ’ (—1) = lim llmﬁ’

21

1
_ ): [ dlga)oe —a) = g@).  (217)

x —0t T

One therefore may reconstruct

™ T

F@) + (~1)N1g(a) = QL [—Disch (i) +(=1)VDisc, F <_1)] L (218)

One realizes that the branch of the solution that scales proportional to (—1)" introduces a
monodromy at the point ¢ = —1, which has to be accounted for. Similarly, one may consider

branches which scale more generally as

, r € R, introducing a monodromy at a t = 1/r,
which has to be handled accordingly and will lead to x-space representations with support
different from z €]0, 1]. For single iterated integrals and Feynman diagrams this has been
already observed in the case of the massive pure singlet and two-mass OMEs. However, in
the physical amplitude these contributions outside of the physical region canceled and one
was left with the usual support x € [0, 1].

We illustrate our method with the following example,
F(t) = H071771(t) + 2H0,0771(t), (2.19)

where Hz(t) are harmonic polylogarithms [64]. The Mellin space expression, corresponding
to the coefficient of ¢V, reads

M[F(2)](N) = - (2.20)

describing the expansion coefficients of (2.19)

N 3t 5985 6 379t 10748

Fty=2t+—+ —+-—+ — o). 2.21
®) +54+48+1500+80+20580+13440+ (t) (221)
Here Sz(IN) denotes the harmonic sums [94, 95]
N . k
b
50 =S PO k), Sy=1, bz}, Nem{. (222
k=1
One obtains the following functions in (2.18)
f(z) = —In(2)Hp(x) (2.23)
1 1
g(x) = —In(2)Hp(x) — 54“2 + ng(m) +Hp —1(x). (2.24)

3These relations can also be derived by using residue theory, cf. [92], see appendix A.



Let us likewise consider the functions with definite crossing relations
F(z) =1+ (=) s(z) + [1 = (=) Ya(x), (2.25)

and resum its Mellin transform into F(t),

o0

F(t) =Y t"M[F(z)](N)

i

N=1
/1 /N1 2ts(x’)  2t%x'a(2’)
= z'x
0 1—t222  1—t22?
1

/I IN—1 t / / t / /
_ — . 2.2
[ aita L_m,<s<x>+a<x>>+ (@) a<x>>] (2.26)
One obtains the combinations
() +a(x) = —1 Di F(1> () ()——1 Di F( 1) (2.27)
s(x a(lxr) = 5 iSC =) s(x alxr) = = iSC, =) .

N=1in g-space it is sufficient to consider F(t = 1/z)

In cases which are free of the factor (—1)
since the monodromy around ¢ = —1 does not play a role. Most of the cases discussed
below receive, however, contributions form both terms. On the other hand, it is evident
that in the case that either s(z) or a(z) vanish, one of the equations (2.27) is sufficient to
determine the respective distribution.

The strategy to apply eq. (2.18) is now to first analytically calculate the master integral
in terms of iterated non-iterative integrals in the variable ¢, describing the resummed
Mellin-space representation. This is done by solving the corresponding systems of lin-
ear ordinary differential equations over arbitrary bases of master integrals, as has been
described in ref. [96]. The iterated non-iterative integrals are then found by solving the
homogeneous solutions in terms of higher transcendental functions and the application of
Euler-Lagrange [97-99] variation of the constant. This is followed by the transformation
t — £1/x and applying (2.18), leading to another analytic iterated non-iterative integral.
These integrals now depend on the Bjorken variable z, which is identical to the momentum
fraction variable z in collinear factorization [100] for twist-2 operators and forward scat-
tering that we deal with in the present paper. All expressions in t-space are understood
as generating functions (2.2), the Nth expansion coefficient of which is the corresponding
Mellin moment. In principle one can derive from sequences of theses moments the recurrence
of the N-space quantities, cf. [18, 28-30].

Concrete master integrals were derived in different projects [16, 21, 22, 27, 37, 101]
which were obtained by using e.g. the packages Reduze 2 [102, 103] and Crusher [104]. We
note that the Mellin N result for each contributing power in NV can be directly obtained
by expanding in t. We will demonstrate our new method of directly obtaining the z-space
expression from the generating function in ¢ on different function classes which arose in the
aforementioned projects in sections 3 and 4.



In calculating massless and massive OMEs different alphabets forming iterated and
iterated non-iterative integrals were revealed. The words formed out of these alphabets
encode the whole information of the respective Quantum Field Theory,* like other alphabets
provide the basic building blocks for languages and other structures [106, 107]. The simplest
one is formed by the harmonic polylogarithms (HPLs) [64] and its subsets, the classical [108—
110] and Nielsen polylogarithms [111-114]. These are followed by generalized harmonic
polylogarithms [65-67], cyclotomic polylogarithms [68], and specific root-valued alphabets
obtained in Mellin inversions of finite binomial and inverse central binomial sums [37, 69].
All these alphabets lead to iterated integrals, for which shuffle algebras [115, 116] lead to a
reduction of the respective representation.

In massive problems at three-loop order also 3 Fi-letters occur, cf. e.g. [36], which are
no iterated integrals anymore. They can be dealt with in terms of iterated non-iterative
integrals, however. Going even to higher orders, more and more of these structures will
occur. They are characterized e.g. as solutions of differential equations, which do not
factorize at first order. The o Fj-letters are related to complete elliptic integrals [117, 118] of
specific (irrational) functions in ¢ and to modular forms [119-121]. We also note that among
square-root letters one may have those, leading to incomplete elliptic integrals, cf. [122].
These cases, however, are iterated integrals. We remark, that transformations like (2.10)
also connect splitting functions with argument x € [0, 1] to fragmentation functions with

€ [1,00), cf. [123]. In sections 3 and 4 we will demonstrate the present method for the
different classes of functions mentioned above and illustrate it by a series of examples.

In the next section we describe the separation of the different distribution-valued
contributions in z-space directly from the t-space representation in section 2.1, and the
property of conjugation, which relates different master integrals and can be used to decrease
the number of master integrals which have to be calculated, in section 2.2.

2.1 Distributions in x space

In inclusive physical (single-scale) processes there occur two distribution-valued contribu-
tions,

In*(1 — z)
1—-x

(1 —x), ( ) , keN, with In(1—-2)=—-H;(x), (2.28)
+

where H,(x) denotes a harmonic polylogarithm [64]. They describe the soft region x — 1
or N — oo. Both distributions emerge from the behaviour of the generating function at
t = 1. Ideally one would like to separate these contributions in ¢-space already, since their

x-space structure is known, such that finally only the regular part needs to be calculated in
x space. The Mellin transform of the distributions read

M5(1 — 2)|(N) = 1, (2.29)
T N1 —
M [({f ))J )= [t (2:30)

4One may call these alphabets also the genetic code of the micro cosmos, cf. [105].



which is the option PlusFunctionDefinition — 1 of the package HarmonicSums [64, 67—
69, 94, 95, 115, 116, 124-134]. For the separation of the distribution we will consider
fo(z) = HY(z), k € N, for definiteness. Details of the decomposition in the d, + and regular
contribution are given in appendix A.

One expands the analytic solution G(t) around ¢ = 1 as

1 > HYt) .
G(t) = 1— ta’() + Z ag t 1_(1) + Greg(t)) (231)
k=1

with Greg(t) = O ((t — 1)°) and Gheg(t) does not result in a distribution in z-space. By this
one obtains the leading terms contributing to the distributions. To obtain the complete
distributions in z-space one subtracts from G(t) the following distribution-generating terms,
with the coefficients aj, (2.32)—(2.38), etc., leaving Gyeg(t), a modified form of Gleg(t).

In this way, one identifies the leading terms in the t¢-representation. The distribution-

valued contributions are obtained by the following replacements

61— ) ¢ . (2.32)
1 7 t
H 2.
{1—x_+9t—1 1(#), (2.33)
Hi(z)] t [1 )
[1_$_+e e ELHORS OIN (2.34)
H2(2) ] 1
11_(2) - t_% [31{?(75)  2H, () Ho.1 (1) + 2Ho 01 () — 2H07171(t)} , (2.35)
J+
H3 ()] t [1
. 1_(“;) ] [4H‘f(t) + 3H3 (t)Ho 1 () + 6Hy (¢)Ho .1 (t) — 6Hy(t)Ho 1.1(¢)
J+
+ 6H0707071(t) — 6H0707171(t) + 6H071,171(t)‘| (2.36)

t—1]5 1!
+ 24H;(t)Ho0,0,1(¢) — 24H1(¢)Ho0,1,1(¢) + 24H1 ()Ho1,1,1(¢) + 24Ho0,0,0,1 (%)

Hi(z) t |1
l 1 ] < [H‘a (t) + 4H:%(t)H071(t) + 12H%(t)H0’071(t> — 12H%(t)H0’171(t)

— 24Ho,0,0,1,1(t) + 24Ho,0,1,1,1(¢) — 24H0,1,1,1,1(t)] (2.37)

[}F}?] - t—% [éH?(t) + 5H{ (t)Ho,1 (£) + 20H3 (1) Ho,0,1(¢) — 20H3 (t)Ho,1,1(1)

+ 6OH% (t)H070’0’1 (t) — GOH% (t)HO,O,l,l (t) + 60H% (t)HO,l,l,l (t)
+ 120H1(t>H070,07071 (t) — 120H1(t>H070707171(t) + 120H; (t)H&o 11 1(t)

Pt Rat]

— 120H1 (#)Ho,1,1,1,1(t) + 120H0,0,0,0,0,1(t) — 120H0,0,0,0,1,1()

+ 120H070’071’171(t) — 120H0,0 11 171(t) + 120Hp 1111 1(7f) , etc. (238)

IRt ] by tydydy



In the substitution one shall start from the largest power k in eq. (2.28). One notices that
the coefficients of the formal Taylor series of these expressions are the same as the values of
the Mellin moments of the distributions at the l.h.s.?

2.2 Conjugation

In the calculation of single-scale master integrals finally expressed in the variable z in
momentum fraction space, one observes, in quite a series of cases, the so-called conjugation
relation. In Mellin N-space it reads, cf. [94],

. . N N\ .
fQ(Nag)Eflc(N7€)__Z<_1)k<k>f1<k7€)a (239)
k=1

for the functions fi(N,¢) and fo(N,e), at all orders in the dimensional parameter . One
may phrase this relation in x-space directly with

FN.0) = SV = [ da o (), (2.40)
0
yielding
fola€) = —= ‘ “A(l-we),  for z€[01] (2.41)
The conjugation relation obeys
[fENE = F(N),  [fC@)° = fa). (2.42)
The most simple example is )
PN =+ (2.43)
reading in x-space o
(1 f $> —1. (2.44)

Some of the master integrals are even self-conjugate. It is useful to study a large number
of moments of all master integrals first, to find those which are conjugate to others, since
their direct calculation can be avoided by using eq. (2.41). This has been done also for the
massive OME AS’; [18].

3 Iterated integrals

Iterated integrals G(aq,...,ax;t) are defined over an alphabet 2

Q[:{fl(t)r"afm(t)} (31)

of letters fx(t) which are analytic functions of t. They are given by

G(b,a:t) = /0 oy fo() G 1), (3.2)

5We remark that Mathematica and HarmonicSums have partly different implementations of cuts.

~10 -



If one of the letters fi(t) behaves like ¢ /t, ¢, € C\{0} the integral [; dt fi(t) needs a
regularization given by

Glkiz) = / "t fu(t) + Ho(e), (3.3)

which leads to regulators o lnl(e) that have to cancel in the final expression. Examples are

G0;7) = / dt % + Ho(e) = Ho(x), (3.4)

G<v 1;96;3:) = /JCCS/\/l—y—kHO(E) =-2+2V1—z+2In(2)
+In(1—v1—2)—In(1++v1-—2). (3.5)

These regularizations are necessary for the letter 1/t contributing to the harmonic polyloga-
rithms and to several other alphabets.
The iterated integrals obey the recurrent differential equation
L 4t = aa (3.6)
T\ s , @5 = at), .
fo(t) di
which can be iterated to yield a first-order-factorizing differential equation for G(b,a;t)
itself,

dt fap_ () dt " fo (t) dt

One may now perform the transformation ¢t — 1/x, which yields

[;J}N m;] o(@))-m (). w9

T

[d L d 1 d]ew;t):fak(t). (3.7)

The boundary conditions for the solution of (3.8) are known by G(a@;t = 1). From

F(t) = G (@;t) one obtains from (3.8) F(z) = G (&;1/x) and

F(z) = ~Im F(z), (3.9)

T
and similarly for ¢ — —1/z. In this way, all the corresponding calculations for the iterated
integrals can be performed. In various applications we will derive also the differential
equations for the respective G-functions of the variable £1/x, to extract the imaginary part.

3.1 Harmonic polylogarithms

Harmonic polylogarithms [64] are the simplest entities in single-scale higher-loop calculations
in QCD and QED. Advanced examples where they appear and are sufficient to express the
final results are the massless three-loop Wilson coefficients [27, 79]. The alphabet is given by

meLz{f0<x>=1,f1<x>— S p— } (3.10)

x 1—2’
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The HPLs are defined by®

z 1
= / dyfo(y)Ha(y), fe € Aupr, Ho  o(z):= glnk(ﬂﬂ), (3.11)
0 ~—— :
k
in the Hy(x)-notation. We consider the functions’
Fi(t) = Hoo,a(t), (3.12)
Fy(t) = Hoa,—1,01(t). (3.13)

For the first function the transformations ¢ — +1/x yields

1 1

i
Fi (1= 1) = ~26Ho() + gH(0) + Hooa(o) + 5 Hi() (3.14)
1 1
F1 (t = _.CU> = CQHQ(QZ) + 6H8($) - H0707_1(1‘), (315)
and one obtains )
Fi(x) = ng. (3.16)
Here, (3.15) does not contribute. The Mellin transform of Fj(x) is
1
MI[Fy(2)|(N) = N3 (3.17)
which describes the t-series expansion of Fy(t),
_ > N
Fit)y=>" NI (3.18)
N=1
Similarly, one obtains F(x)
By(z) = Faq(z) + (=1)V " Fyy(2), (3.19)

with

(1 1 1
Fga(x) =—4Liy4 <2> _6 ln4(2)+ln ( )C2+7C2 —|—H0 -1,0,1— 24H HOH() 1— H07_1H071

+Ho[2Ho,0,1+Ho,0,—1+Ho1,—1] —3Ho,0,01 —3Ho,0,0,—1+2Ho 01,1+ 3 ID(Q)CzHo

1 1 3
+ZC2H3+§C2H0,1+§C3H0, (3.20)
1 1 1
F2b(9€)=—[—21H(2)H0—4HO+2 1—C2] Ca, (3.21)

where we set Hz(x) = Hz. The Mellin transform of Fy(z) is given by

_1\N
MIFs(a))(N) = 5 + <( o ) St 2, (3.22)

5The summary-index notation used e.g. in [64], e.g. writing the index 2 for {0, 1}, is not used here.
"The labels 0, 1, and -1 refer to the usual HPL letters.
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with the convention Sz(N) = Sz. The first terms of the series of Fy(t) read

. 3t eTd 1148 9619¢" T117t8

Bl = —+ — O(t?), 3.23
2() 18 764 73600 T 1296 T 1058400 © 1382400 T () (3.23)

in accordance with (3.22). The constants are all multiple zeta values [135]. In this case the
package HarmonicSums provides the corresponding transformation.

3.2 Cyclotomic harmonic polylogarithms

The first letters of the cyclotomic alphabet read [68]

N £ T A 1 z 1 2 1
ovel = ¢ l—z’' 1+’ 14z +22" 1+ax+221422" 1422”1 —x+ 22’

’ } (3.24)

1—z+ 22’

Here the highest numerator power of z is given by Euler’s totient function of the polynomial
number, the denominators are formed by the cyclotomic polynomials® and Agpr, C eyl
holds. The cyclotomic polylogarithms are defined by

Hier i} fas, b, 3o ai i, 3 () :/0 Ay fier,ay WD Hias, bi o fas, b, Y (W) (3.25)

where c1, a; ;, label the cyclotomic polynomial and dy, b;, denote the degree of the numerator
powers. Here and in the following we are referring to G-functions, always related to the
alphabet discussed in the respective section.

In physics applications cyclotomic polylogarithms were generated by the third, fourth,
and sixth cyclotomic polynomial, see e.g. [72, 96, 101, 136—139]. They also appear while
calculating OMEs and Wilson coefficients for even/odd moments separately [21, 22, 27].

We consider the following example

Bs(t) = ! G & it (3.26)
T 31— BT |1-¢ ‘
N P (L (13) + 2Hpg 0 (#/%) + Hyg gy (£79)) (3.27)

The first terms of its series expansion around t = 0 read

112 69t 1037t*  4603t° 94737t 1111267t7 5860639¢5
+ + + + + +
28 140 1820 7280 = 138320 1521520 = 7607600

F(t) = £+ +O().

(3.28)
As the next step, one has to separate the distribution-valued terms first by expanding
around ¢ = 1. One finds the distributions

|: 1
a
! 1—2

80ne may also study iterated integrals given by quadratic forms, cf. [134].

1 1
N +apd(l—x); a1 = 3 =g [\/gﬂ' +9(—2+ 1n(3))] (3.29)
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and has to subtract t/(t — 1)[—ag + a1Hi(t)], before converting to the regular term in x
space. Finally one obtains

Fy(x) = —é L - o+ % [VBr +9(~2+ n(3))] 6(1 - ) + w (3.30)
and for the Mellin transform the following cyclotomic sum
Moo
MIB@IN) =3 o (331)

describing the pattern in (3.28). The transformation implies the contribution of cyclotomic
constants, like 7, 1n(3) etc., cf. [68].

3.3 Generalized harmonic polylogarithms

The alphabet for this class of integrals is given by [67]

1
ngHPL = { } , aeC. (3.32)

x—a
For single-scale OMEs one has a € Z or Q. Alternatively, for a,b; € R we can also use the
notation

1

o] —sgn(a)z (3.33

x
Hoj@) = [ dyfu@)Hiw),  with £, =
In this notation, for example, f_o = 1/(2+ z) and f» = 1/(2 — a). Note that for a > 0
this differs from the notation in eq. (80) by an overall sign. Obviously, this is a natural
generalization of the notation of HPLs. If general real-valued quantities like mass-ratios or
other quantities are present one extends to a € C. Moreover, 2ypr, C Agppr, holds. In the
massive OMEs they appeared first in the pure singlet case [16] and they contribute also to
higher topologies [72, 101].
The letters which can imply imaginary parts under the transformation ¢t — +1/x are
the ones for a € R, |a] > 1. Here, the support of the imaginary part is usually not the
interval [0, 1], as one sees already in the following examples.” By defining

m= (3.34)

we consider the following functions

F4(t):G( ! t), (3.35)

2—y;
~ t
F5(t):H[HO’O’O’1 (t)+2G(’}/1,1,1,2;t) , (336)
~ t
Fﬁ(t)zt_l[Ho,o,o,l(t)+2G(1m,1,2;t)+2G(71,1,1,2;t)+4G(71,71,172;t)- (3.37)

Integrals defining G-functions with singularities in z € [0, 1] are dealt with applying Cauchy’s valeur
principale [93].
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Here the index-labels 1 and 2 refer to 1/x and 1/(1 — z), respectively. The first terms of
their series expansions read
2 43 4 5 6 7 8
F4(t):%+%+%+é—4+iﬁ+?fa+;§+2848+0(t9), (3.38)
Fy(t) = —12— 333 B 4525t B 116929t B 117630361¢5 B 63963307t" B 85154778809t
16 1296 20736 12960000 4320000 3457440000
+0(t?), (3.39)

- o ALt7 6685t 1997297 2272467611° 4113491217 1792733759681t

Folt) =~ 16 1296 20736 12960000 12960000 31116960000
+0(tY). (3.40)
In z-space one obtains
Fy(z) =10 (; - a:) , (3.41)
Fi(e) =~ {9(1 ) [214(4 0 (2) - 2n(2)7? + 21¢5) - HQ,O,O(;L«)]
—0(2— l’)i(él In3(2) — 2In(2)7% + 21{3)}, (3.42)
3
Fyfa) = x{eu ) [1“6(” + o (— 612(2) + ) () — 16y
3
+ Hoo(z)| +6(2—2) [— In 6(2) + %(6 In%(2) — 7%)Ha () + égg } (3.43)

with 6 the Heaviside function. Here regularizations at « = 1 are necessary. The transforma-
tions used for the functions F} 5 ¢ are not part of the package HarmonicSums.

If different letters of the kind 1/(x — a), a €0, 1], contribute, there are several cuts
contributing to the G-functions, which need a closer consideration. The Mellin transform of
the functions F5(6)(CE) have to be performed using the support x € [0, 2],

MLf@](V) = [ dea¥f(@), aeR (3.44)
0
where the +-prescription reads

N [g(2)] (V) = /0 " dr(¥ T NN F(2), abe R, (3.45)

a

and applies to b = 1 here.
The following Mellin transforms are obtained,

27N

M[Fy(2)](N) = — (3.46)
NG @)(N) = ~S1a (205 ) OV - 1), (3.47)
N B @)(N) = Sz (21, 5) (- 1) (3.1
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They are in accordance with (3.38)—(3.40). The generalized harmonic sums are given by [67]

N Ck .
Spale,d)(N) = 3~ 15Sa(d)(k), b,ai € N\{0}, c,d; € C\{0}. (3.49)
k=1

Let us finally note that the generalized harmonic polylogarithms which occurred in this
section can be expressed in terms of harmonic polylogarithms if we allow for the arguments
x/2 and 1 — z,

Ho(z) = —H_ (1 — 2) + In(2), (3.50)
Ho00(z) = 5 [[—H_l(l - 2) + In(2)}H(x) - 2Ho(oHos (5 ) + 2o (g)] (3.51)
Hyoo(e) = 5 I (2)Ho(x) + 3H2 1 (1= 2)Ho(o) + |~ In(@)Ho(e) + Hos (5 ) [ Hoa(1 - 2)

— In(2)Ho4 <‘;> + Ho <;) . (3.52)

3.4 Square root valued alphabets

Square-root valued alphabets extend those of the previous sections by

Q[SClI‘t = {h1>h27h3yh47h57h67' . }

1 1 1 V1i—x 7 (1 ) 1 1 1 1
=93 ) ) y\ TLL—T), ) 9 3 )
A e T S R Vi—z' a1tx o1tz 1tz 2+

a:\/lli—:c/él} (3.53)

cf. [69]. For massive OMEs in the single-mass case theses structures appeared first in Agq o
at three-loop order [15, 37], see also [101].
Let us consider the following G-functions,

Fr(t) = G (4;1) (3.54)
Fy(t) = G (4,2;1) (3.55)
Fy(t) = G (4,1,2,2;1), (3.56)

where the index-labels are those of (3.53). Note that G(4;t) has a trailing letter that is
singular in the limit ¢ — 0. It therefore requires the regularization prescription described in
eq. (3.3). The functions in egs. (3.54)—(3.56) have the following series expansions

~ t  t2 3 5t 7o 76 33t7 429¢8
Ft)=—-———— — — — — — — _ 9 )
7(t) 516 48 512 1280 2048 14336 262144 o), (3.57)
_ Bt 715 315 3043t7 26898
— - - o’ 3.58
72796 9600 5760 752640 860160 | (), (3.58)
- 23 o 8816 17477 45618
Fo(t)= =+ o5 — o= — - — ). .
o) =3+ 73~ 180 " 114720 _ 967680 3096576 T ) (3-59)

~16 —



In z-space one obtains

20l —z)(1+2z) [1—x 8

™ X

Fy(x) = —% [4(1_\/?3/2 +2(1 —z)(1 +2z),/ 1_Tx[Ho + Hy]

+8[G(5,2;z) + G(5,1; 2)]

Fr(x)=1-

G(5; ), (3.60)

, (3.61)

Fy(z) = —;{— [16(1 + )+ (8(1 +z) +4(1 + x)Hy

1

+2(1 + 2x)H0,1>Ho +2(1 + 2)H3 + 1+ 22)H3 + 8(1 + z)H;y
1—=z

2L+ )HE — 201+ 200Ho01 + 21+ 20)Hoa| (1 - 2y

+ <12(1 —z)(1+z)4/ I—Tx +6(1 —z)(1 + 2z)/ ! ; xHO + 36G(5; )

1=
+ 24G(5, 1;:6))(2 + (2(1 —x)(1+ 2x)y/ " T4 8G(5;x)>C3 —32G(5;x)
_16G(5,2;2) — 16G (5, 1;2) — 12G(5,2,2;2) — 12G (5,2, 1;2)
—12G(5,1,2;x) — 12G(5,1,1;2) — 8G(5,1,2,1;x) — 8G(5,1,2,2;z)

—8G(5,1,1,1;z) —8G(5,1,1,2;$)}. (3.62)

The Mellin transforms of the above examples for general values of N will also contain
cyclotomic harmonic sums [68] and central binomial terms [69]. The inversion to z-space has
been performed by solving differential equations. The corresponding Mellin transforms read

1-2N _
MIF; ()] (N) =~ (2]? ) f), (369
(%)
M[FS(:U)](N) = _22N_1N]E[2N — 1)5{2,—3,1} (N) (364)

16(— 1 — 4N — 32N2 + 16N3 + 16N%)  45F,, 13(V)
(—1 + 2N)4(1 + 2N)3 3N(—1+2N)
16(—1—8N +4N?)  4Sp5191(N)
(— - = >S{211}(N)
(1 +2N3(1+2N)2  N(—1+2N)) @
- 16(2+ N)(—1+ 8N)ng,1,1}(N) _ 4Sp013, 20020, (Y)

)
MIFy(a)](V) = 537 [

15N (—1 + 2N)2(1 + 2N) N(—1+2N)
_ 16(—=2+ N)(1+8N)S21,23(N) 645211} 42,1,13(IV)
15N (—1 + 2N)2(1 + 2N) 15N (—1 + 2N)

45{17071}7{271,2}(]\7) 85{271,3}(1\[) ‘| (3.65)

N(—1+2N) 3N(—1+2N)
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and agree with the coefficients of the expansions (3.57)—(3.59). Here the cyclotomic sums are

N
1
Stmanasy i) ) = 2 Gy iy () (3.66)
Note that for root-valued iterated integrals letters containing factors
1+, «a€eR, (3.67)

may imply the occurrence of an imaginary part after transforming ¢ — +1/x, which gen-
eralizes the case of the letter 1/(1 £ ¢) in the previous classes of functions. Furthermore,
for more general root valued letters, cf. [69], also other cuts need to be considered.

In very simple cases the integrals defining G-functions lead to known functions, cf. [37]
for a series of examples. In particular at higher depth also special constants contribute,
which can be calculated using methods for infinite binomial sums [69, 140, 141].

4 Iterated non-iterative integrals

Beyond the purely iterated integrals, there are also integrals, which cannot be written in
this way. Instead of iterated integrals over alphabets of rational or irrational functions,
the respective letters are given by higher transcendental functions which are themselves
defined by at least one definite integral. Its xz-dependence comes from an argument of the
integrand and cannot be transformed to only the boundary of the integral. The simplest
cases of this kind found in physics applications seem to be so-called 9 Fi-solutions. In
the case we consider in the following it turns out that the hierarchy of master integrals
is such that the 9 Fj-solutions occur only in the seeds and the other master integrals are
given by first-order iterations over them. For this reason we called these integrals iterated
non-iterative integrals [34, 35]. This class also covers a wide range of concrete cases which
occur in Feynman diagram calculations such as Abel integrals [142], K3 surfaces [143, 144],
and Calabi-Yau motives [145, 146], see also refs. [147, 148]. We will first consider the
basic 9 F-solutions emerging in the massive OME Ag,, find solutions of the corresponding
master integrals in a Laurent expansion in ¢, and derive the z-space representation for
these non-iterative master integrals in section 4.1. In section 4.2 we describe the principal
method to iteratively determine higher master integrals, which depend on 5 F}-solutions in
their inhomogeneous part.

4.1 oF; solutions

We consider the six master integrals leading to o F-solutions and contributing to the massive
OME A% cf. [70]. They are given by

Qg’
1 dPki dPky dPk:
Fi(t - / / / Sl (4.1)
T (2n) D1D4Dg D7D
1 dPki dPky dPk
iy e
(27)3D DiDyD¢D7D1o
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1 D D D
F B ///dgkld ko d k‘g) (43)
27T)3D D1D4D6D7D10

1 D D D
F B D///d ki1d“ ko d kg’ (4'4)
-~ (2m)3 Dy D3 DeD7Dq
1 dPky dPky dPk
Fs(t) = SD/// s 2T TS (4.5)
-~ (2m) D35D3DgD7D1o
1 dPki dPky dPk
Fe(t) = SD/// e 9 (4.6)
27‘1’) D2D3D6D7D10

and the propagators read

Dy =k? —m?, Dy = (k1 —p)* —m?, (4.7)
D3 = k2 —m?, Dy = (ka —p)* —m?, (4.8)
Dg = (k1 — k3)> —m?, D7 = (ky — k3)®> —m?, (4.9)
Dio=1—t(Aky), (4.10)

with m a heavy quark mass. The three integrals F4 5 6(t) are related to Fq 2 3(t), respectively,
by conjugation and, therefore, do not need to be calculated by solving the associated
differential equations. The remaining system of three first-order differential equations can
be decoupled by OreSys [149-151] into one differential equation of order o = 3 and two
differential relations for the other functions Fy(¢), k € {1,2,3}. The original system of
differential equations has the following coefficient matrix

1 1 0 _1
t % —t ) 2t
Mi(te)=| 0—qgy —157 | te - 20 (15 40) )
2 1 1—t¢ e 3e 2(13—4¢ 7+11t 1645t
0 t(8+t) 8+t T 2t(8+1) [1 +I Tt 7} 8t(8+t 2t é:—t)
4.11)
and it is given by
d Fl(t¢ E) Fl (t7 5) Rl (t7 5)
% Fz(t,E) = Ml(tvg) FQ(t7€) + R2(t7€) + 0(6)7 (412)
Fs (tv 5) Fs (t7 8) R (t7 5)

where the inhomogeneities are

Ri(t,e) = 1[16 8+<59+6C> (—65—17@+2g3) } +O(),  (4.13)

t(1—t)e? 3 12
__ b g 16 . (4 2, (14 3
R2(t’6)_t(l—t)€3 {8 3 6+<3—|—3C2)6 +< 3 2(2—}—(3)6 }—{—0(6), (4.14)
Ro(t:9) = {35455 |—192-+82—8(4+9C>)e? + (68+ 3¢~ 24¢3)” |+ O(e). (4.15)

The functions F;(¢,¢) are expanded into a Laurent series in ¢,

g) = i Fir(t)er. (4.16)

k=-3
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We first solve the homogeneous system after the decoupling for one of the functions F; is
performed. Then the differential equations will be solved by using the method presented
in ref. [96] looping up in the dimensional parameter . Here also decoupling is used,
cf. refs. [150, 151].

Concerning the simplicity of the solution structure, it is important for which of the
functions one decouples first. If one chooses Fi, see appendix B, a more complicated
structure is obtained than starting with F3. The former case is structurally closer to the
solution found in ref. [36]. In appendix B we show the lengthy expression of the solution
F1(t) up to O(¢7!), which is given by G-functions containing o Fi-letters in a spurious
manner. Actually, a much more compact solution, free of 5 Fi-letters, is obtained, as will
be shown in eq. (4.29). The reason for this is, that the original 3 x 3 system has been
transformed into a third-order differential equation without factorizing into a first-order
and a second-order system first and solving first the first-order equation.

One is generally advised to solve first the differential equations of the first-order
sub-systems.'? If we decouple for the solution of F3(¢) using OreSys first we obtain the
homogeneous differential equation

Fi () + %Fl(t) = 0. (4.17)

The other solutions appear only in the inhomogeneity. The particular solution of the
homogeneous equation is

. 1
9o(t) =~ (4.18)
Further, the homogeneous differential equation of F3(t) is now given by
2-1) 24+t

Fo(t) +

(=)t 5(t) TEOICED] 3(t) =0, (4.19)
while the solution Fa(t) is a function of F3(¢) and its derivatives. In this way, the 3 x 3
system decouples into a first-order and a second-order system. In general, one is advised to
find all first-order solutions through decoupling of the complete system first.

The Heun equation [154-156] (4.19) has singularities at to € {—8,0,1,00}. They
will transform into zg € {—1/8,0,1, 00} and one therefore expects that the series around
x = 0 has a convergence radius r < 1/8, which has consequences for the final numerical
representation. Eq. (4.19) has the advantage that there are no singularities in z €]0,1],
unlike the case of the elliptic solutions in [36], egs. (3.18, 3.19), or egs. (B.4), (B.5), providing
an easier way to perform the analytic continuation.

The pair of particular solutions of the homogeneous equation eq. (4.19) is given by

B 2 1.3 27t

0l = g eEE g et [323 =08+ t)} ! (420)
_ 9v/31%(1/3) 1 1.4 27t

ga(t) = st (1—1)2/3(8+ 15)1/32F1 {333 1+ (1—1)2(8 + t)]’ (4.21)

%Tn Mellin space the package Sigma [31, 32] always factorizes first all first-order factors. This is generally
not the case for decoupling algorithms [149] implemented in OreSys [150, 151]. However, one can investigate
differential equation decoupling using e.g. the algorithm [152, 153] available in Maple.
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with the Wronskian
1—-1¢

W) = —

(4.22)

The normalization of g2(t) has been chosen in such a way that the Wronskian is free of
transcendental constants. Note that the parameters of the o Fi-functions are not the same
as in egs. (B.4), (B.5). In the solutions also the functions 91(2) (t) are contributing, while
higher derivatives are expressed using eq. (4.19). The functions g, ()(t) are discontinuous at
t=1,

lim Re[gy(t)]

t—1—

Tim Refpa(0)] = . (4.23)

3v3 9

_3V3 9
oo

Jim Re[g:1(t)] = — e Jm Relg2(t)] = -7 (4.24)
T O] =0, i Imfga()] = —22 (1.25)
Tim Imigy ()] =~ - lim Im{g ()] = 0. (4.26)

This requires to consider the cases t < 1 and t > 1 separately.

The solutions F;(t) of the 3 x 3 system up to O(e”) can be expressed as iterated integrals
over the alphabet

o, — Lt 1 41,5 G G h G G F G G G G

2 P18+ T 8t -84+t t 1t 84+t t 1t
5
P2 45 G 4.97
81t g1 92} (4.27)

of length 19. Later we will refer to G-functions also for x € [0,1]. The corresponding
alphabet is obtained by setting t — 1/x and partial fractioning. For technical reasons
additional regularization may become necessary later because of the small-¢ behaviour of
these letters.

In the G-functions below the respective letter is denoted by its position in 2. One
might express g5 by
1 1 1
~/ ~
- — + - = 4.28
92 o1 {9291 12 J ) ( )
which we will not apply, however, since §; would appear in the denominator, which is
technically more difficult in some representations.

The system relates to all solutions F;(t) through the inhomogeneities. At higher order
in ¢ all solutions obtain G-functions containing s Fj-dependent letters. We first compute
the functions F;(¢) in the region ¢ € [0,17]. The initial conditions are set at ¢ = 0. From
these solutions one can calculate the associated analytic expansion around = = 1.
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To O(£") the solutions read

Fi(t)= 8 [1+1H1()] 51 l1(106+t)+

H1(t)+¥Ho,1(t)

(9+2t) 4 ]
3 6

(942t) 2

71+32t+2t> 3
T 2 20 10+ 2 B (0

12¢ t

+2 LI L 071400+
12

]le

311n(2)
16

6696 — 22680t — 1627812 — 255¢3 — 62t4
+3C t

ol (9+9t+t2)§1(t)[

+1}ﬂ(265+317r( 3i+\/§)) m(2)¢at oy (1o+77( 3”\@)@_1@’]

931n(2 1
@,

9In(2)
16 ﬁ(

+G8, ) |- -

—265—317r(—3z'+\6))+<—

1

+§(
(36+%>~ (t)| +G(13; t)[ %—6C2+(9—|—9t+t2) (222+215£)~ (t)]

155In(2) 5 , 151n(2)
oy (265431m(~ 32+\/§))+<— 1

1
+aae |2

—10—7r(—3i+\/§)))C2+241C3 .

3
—|—§C2+(9~|—9t+t2)

+G(4;1) [—

—%(10%( 3i+\/§))>cg+ 43—2—74(9+9t+t) o (t)

311n(2)
16

+G(7;t)[

+ﬁ(265+317r( 3i4+V3))+ (311;(2) +214(10—|—7r(—3i—|—\/§))> 42_%3

— (949t +¢2) <2ZZ+21%C;>* (t )]+G(10 t)l 279112(2)+116(—265

27In(2) 3
8 *§(

—31m(=3i+V3))+ < 10+W(3i+\/§))>@+§f43

—2—6(9+9t+t2) o(t )é(9+9t+t2)§“2§2(t)] (341 +3<2> Ho(t)

1 1
<144 (809+564t+75t>+4%) + (23+3t)§2—C3)H1(t)— <24(71

1 1
+24t—3t%) + C2>H01( )—1(9+2t)H0,0,1(75)—Ho,o,o,l(t)+1(63+4f)C3

(12—45t—46t°+3t°) (> LG )
+ P 36 G | (O 9t+7)g2(0)

+ <11585 7 (9+9t+t2) 1(t )+5§2>G(5;t)+(9+9t+t2) <259+1;l§2> (1)
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x G(8;t) — (9+9t+1?) (2519 +1;1§2> a1(H)G(145t)+ (i’; + C;) G(19;t)

3275 , 1250,
324 ' 54

(9+9t+t2)92(t)G(4,2;t)—§G(4,5;t)— (

" )G(4,13;t)

_l’_

2590  140(s 155  5(o 1 9\ -
= 4. 14:8)— | —+22 4.16:t)+—
o1 + o7 )G( ,14;t) (18 + 3 )G( , 6,t)+6(9+9t+t ) a1 (1)

(5,2:t)+ %G(a 4;t)+ (3275 412562 ) G(5,7;t)— (2590 4 14062 ) G(5,8:t)

X [
324 o4 81 27

1
55+5C2> G(5, 10;t)+2—14(9+9t+t2)§2(t)(}(6,2;t)+2—74G(7,5;t)

+

18 3

655 25(s 259 14(, 31 G
- = 1 . _ - = 14 . il 1 .
Rl 108)(}(7, 3:t) (81 + o2 )G(?, ,t)+<36+ - |G(7.16:1)

+

g

N 21 (655 25Co

2\ ~ A2 AT Bt .
(9+9t+1%) g2 () G(8,2;1) S G(10,5;t) = T 13 )G(10,13,t)

+

259 16, P EI oL 2
5t )G(10,14,t) <4 + )G(10,16,t) 24(9+9t—|—t ) a1 (1)

2 2 14
(12,2:0) ~ G138, 4:1) - (655+5@> G(13,7:)+ (59+42> G(13,8:1)

X

648 = 108 81 27

w
—_

21

655 | 25¢2 . 259 | 14G . 31, 3¢ .
— 1 )G(lﬁ,m) ( 5 T3 )G(16,8,t)+<4 +5 | G(16,10:1)

w
(@)

+

XN N/~ Q M/~ XN/~ QI ol

2 2 14
G(18,5:1) <655+5@) G(18,13:4)+ <59+C2> G(18,14:1)

216 36 27 9

31 (2 ! ) 655 | 25 . 259
— <12‘|‘ 9 )G(lB,lﬁ,t)+8G(19a4at)+(216+ 36 >G(19’7’t) < 27

14 1
+9CQ> G(19,8;t)+ (?f%) G(19, 10;t)+§[G(5,4,2;t)—G(4,5,2;t)]

+§ﬂ@@@zzn—G@ﬁgxn+§HGMJ¢ZQ—G@§2¢N
+gGU&2MfGG&&ZQHéaGG&&ZﬂfGWJzzm
+ i (949t +12)[g2(t)G(8,1,2;t) — 1 (1) C(14,1,2; )] + g [G(16,4,2;t)—G(10,5,2;1)]
4—%[(}(13,8,2;t)-(;(7,14,2;t)]+-g[c;(1o,12,2;t)-(;(16,6,2;tn

+%[G(10, 14,2;t)—G(16,8,2;1&)]4—%[(}(19,4,2;1‘,)—G(18,5,2;t)]
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1 21
+2[G(18,12,2:) ~ G(19,6,2:)]+ - [G(18,14,2;1) - G(19,8,2;1)]
+%[G(4, 14,1,2:¢)— G(5,8, 1,2;t)}+i[G(13,8, 1,2:t)—G(7,14,1,2;¢)]

+%[G(10, 14,1,2;)—G(16,8, 1,2;t)]+%[(}(18, 14,1,2;1)— G(19,8, 1,2;t)]}

+0(e), (4.29)

—;(34+t)+2(1t_t)H1(t)]+1 1161—;15t+3c2_(1—t)§8+t)

H, (%)

(4-1)

Hi(t)+——=
1(t)+ pr

1—t 0 992 — 368t +75t2—27t3 (1-1) (43+10t+t2)
144t 12t

3¢2 31In(2) 1

XHO 1( )—I—iHl( )) t[ 16 +m(265

7

3In(2) , 1 Gt o G(5:0)

o o (1047 (= 3z+f)>><2—

7
4
+<655+25<2)G(13;t) (259+14C2> (14;8)+ ( ) (16;¢)

+317r(—3¢+¢§))+<

648 108 81 27

1
=G(5,2;t)—

1 1
+5 G(12,2;t)—gG(14,2;t)—ZG(14,1,2;t)

24

[—a1(t)

BNV (655+25C2>G(7;t)+<259

+E+0g 1)+ 36 6 24 648 = 108 81

14¢ CQ 1 1 7
(16—49t+9t2) (o

12¢

+3G(8a L, 2#)] [—G2(t)+(8+1)g5(t)]+ (12_tt) Ho,0,1(t)+

+¢3+0(e), (4.30)
1710 ¢ 1 31 3t 1 1 ¢ 3
[ } _6+8_<3_&_6wh@

Fa(t) = & 3 ()3 (1)
L 104 m(-3i+v3)a () - 29 4 B (e (13:0) — o) G (7:1)

3 6

+

€

g2 4
12(

+ ;ﬁ [32()G(8;1) — g1 (t) G(14;1)] —i—é[gl(t)(}(lﬁ; £)— G2 (£)G(10;1)]

G+ 5 W (1)

b (26543130 vVE)31 () - 2 () 22 4 g aae)
—go(t )G(lo;t)]+%[§1(t)G(5;t)—§2(t)G(4;t)]+%[91( £)G(13;t) —g2(t)G(7;1)]
518

S I(0G(E:0) -3 (NG +5 [ (G, %)~ 321G (4, 250)]
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5 [B2(0G06,2:0) -1 (NG 2,250)]+ £ [32(1)G (8. 2:6)— 31 (1)G(14,2; )]

—l—%[gg(t)(}(& 1,2:4)— g1 (£)G(14,1,2;1)]+O(e). (4.31)

The pole terms of the solutions are free of o F-dependent letters both in ¢ and in z-space. We
checked numerically that the imaginary parts of Fy(t), Fo(t) and F3(¢) vanish for ¢ € [0, 1].

We now transform to z-space via (2.9) and obtain integral representations in the
physical region x € [0, 1]. The corresponding alphabet is obtained as a transformation of 2.
In these master integrals only the cut in ¢ € [1, 00) contributes. Furthermore, regularizations
at x = 0,1 are necessary in some cases. We first end up with a representation in terms
of G-functions of x and a number of special constants. At the point £ = 1 the z- and
t-expressions agree. Since the expressions are rather voluminous, we will not show these
expressions here but derive analytic expansions around x = 0,1/2 and x = 1, which have a
more uniform structure. The corresponding series can be extended to very high orders.

Both the functions §; (5)(t) are complex for ¢t > 1. We replace t = 1 + y and take the
imaginary part. The transformation (1.1) introduces new constants given by G-functions
at main argument one. They can be calculated as described in section 4.2. By expanding
around y = 0 one can obtain the series expansion of the master integrals in the variable
1 —2=y/(1+y). In general one expects the structure!!

HMg

XL: (1—2)fIn'(1 — ). (4.32)
=0

In the present examples the logarithmic contributions do not contribute, cf. (4.38)—(4.40).
One retains a number of terms by which a given precision in the region = € [1/2,1] is
obtained.

In a similar way one proceeds to obtain an expansion around z = 0 and =z = 1/2,
respectively. For the associated differential equations the boundary conditions now known
at © = 1 are used to obtain the solutions around z = 0 and z = 1/2. In both cases new
constants are contributing. They are at most two-fold integrals, cf. section 4.2, and are
calculated numerically to high precision, in the cases they are no known numbers.

The series expansion around x = 0 is given by

- Z Z bk AT ln (4.33)

kOlO

Here also G-constants at © = 1 contribute. Furthermore, we will need expansions around
x=1/2,

[oe} 1 k
>y (2 - x) (4.34)
k=0

and further G-constants at x = 1/2 contribute. The expansion coefficients are given in
appendix C.

1Tn the numerical representations we normally use 20 digits.
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One obtains

8xr 1 171 1
Fi(z)= 6—3—6—2(2+9x—4xH0)+g [m[2+32x+(71+36@)x2]2(2+9x)H0+1:H(2)
+F (@) +0(e), (4.35)
1 1 148
Fo(z)= —5—22(1—x)+g(1—x) [(3$95)H0] +F§°) (£)+0(e), (4.36)
1(1—-x)?
F3(x) = fﬂ—i-Féo) (x)+0(e). (4.37)
e 6z
For the expansion around z = 1 one obtains
FON @) = 3 el (1 -2k, (4.38)
k=0
(e}
FO @) = 3 b (1 —2)k, (4.39)
k=1
FO (@) = S e (1 — a)k, (4.40)
k=2
Correspondingly one obtains for the expansions around z = 0 and =z = 1/2
0),0 Inx 1 >
Fg ) (z) = 0(1),71,17 + 0(1),71,0; + Z[Cg,k,o + C(l),k,l In(z) + C?,k,Q In*(z) + C?,k,g In®(z)]z",
k=0
(4.41)
0),0 Inx 1 >
P @) = 8 i B 1o+ [ B o+ B In(@) + o (@), (4.42)
k=0
0),0 Inx 1 >
F () = Cg,—1,17 + Cg,—l,og + > B k0 + B paIn(@) + S 4o n*(2)]a", (4.43)
k=0
and
o =S (L)' (140
1 1,k 92 ’
k=0
FOM/2(g) = 3 /2 (3- x)k (4.45)
2 2,k 9 )
k=0
FO2 () = i o5’ (1 - x)k . (4.46)
im0 \2

After the transformation (1.1) is performed, the expressions for the master integrals contain
a series of constants. They can be calculated as G-functions numerically. The Mellin
moments of the master integrals are given as (-values, which have been calculated by
different methods [18] up to N = 2000. These provide further numerical precision tests.
We computed from the obtained z-space representations the first 10 Mellin moments, of
the master integrals, and agree. Furthermore, we have compared the analytic results to
numerical results in x-space which we obtained by solving the associated first-order system
of differential equations numerically with the method applied in refs. [157, 158] and found
agreement.
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4.2 Iterating on the 3 Fj—solutions at first order

After having solved all non-first-order-factorizing cases in analytic form, the other master
integrals contributing to the system spanning a physical problem are of first order and can
now be integrated, since the respective inhomogeneities are successively obtained. At every
order one has to solve an equation of the following form

y V() + r(t)y(t) = h(t), (4.47)

y(t) = exp (— / dtr(t)) C+ / h(#) exp ( / dtr(t)) dt]. (4.48)

The constant C' is fixed inserting a special value for ¢. Since the rational functions can

yielding [159]

be partial fractioned allowing for complex constants the exponential factors in (4.48) will
become rational functions again. In the case of Kummer-Poincaré iterated letters [160-166]
for r(z) one obtains

y(t) = [C+ / dth(t)(t—a)}. (4.49)

t—a

In the massive OME A( ) the master integrals outside of the two sectors that are related to
9 F solutions all fulfill ﬁrst order-factorizing differential equations of the form

(@) + () = ha), (1.50)

which have the solution
y(x) = (b— x)_A [CbA + / dy(a — y)Ah(y)] . (4.51)
0

For half-integer constants A one obtains root-valued letters, correspondingly. The inhomo-
geneity h(t) has itself an (iterated) integral representation down to the o Fj-solutions. The
further iteration adds one more iterated letter to the G-function from the left.

As we saw above, in the present case the o Fi-type letters appear in the G index words
next to each other, while, otherwise, letters are contributing forming iterated integrals.
E.g. in the case of Kummer-Poincaré letters one may write their iterated integral from the
right. Accordingly, one may partially integrate from the left. The result is then a linear
combination of two-fold integrals. As an example, let us consider the integral

O(z) = G({2, P1, P2, 1,2}; )

T d 3 d d
1 / dzo®q(z2) / dx3®o(z3) / $4/ 5
0 1— I 1-— xIs

T dxq

= / d:c2<I>1(a:2)/ d«TB(I)Q(«T?:)Li?(w?))
o 1—m1Jo 0

=—In(1-2x) /Ox dx1®(x1) /Om dxa®(z2)Lis(x2)

+ /O " day In(1 — 21)®(z1) /0 " Qs ® (o) Lia(12). (4.52)
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Here the functions ®;(;)(z) denote the respective Fi-letters. The transformation ¢ — 1/z
and the series expansion around x = 1 will introduce a series of constants G(aq,...,ax;1).
To compute them, the previously discussed integral representations can be used for the
numerical integration, provided the numerical representations of the respective iterated
integrals are known, cf. e.g. [167-173]. This representation holds up to the terms O(£°).
More involved structures will appear in higher-order terms in € for the master integrals.

5 Numerical representations

In the following we would like to make some brief remarks on possible numerical representa-
tions of the different functions we discussed. For harmonic polylogarithms there are efficient
numerical programs to high weight, cf. [167-173|. Generalized harmonic polylogarithms can
be calculated using the Holder convolution [65], cf. [172]. In some applications, cf. [14, 16],
the generalized harmonic polylogarithms can be grouped to HPLs Hz(1 — 2z) in the final
result.'> As we have seen in section 3.3, for individual integrals Heaviside functions occur
in z-space. They relate different +-functions to their Mellin transform. In ref. [16] the
respective contributions canceled in the final (physical) expression, such that the Mellin
transform is the usual one on support z € [0, 1].

There are also codes for cyclotomic harmonic polylogarithms [173]. They can also be
transformed into generalized harmonic polylogarithms using complex representations. In
the case of the emergence of root-valued letters one will first try to rationalize as much as
possible [122, 174-176]. This can also be done using procedures of HarmonicSums. However,
normally some of the root-valued structures will remain. Moreover, the contributing iterated
integrals may be numerous over longer alphabets, cf. e.g. [37]. In this case one may first
separate eventual distribution-valued terms. The remaining regular term, to be calculated
for the interval x € [0,1], can be analytically expanded into Taylor series expansions
modulated by logarithmic terms around x = 0 and z = 1, to high precision. This also
requires the power series expansion of the analytic continuation of the letters depending on
91,(2) (t) around = = 0 and 1. In general, depending on the convergence radius of these series,
further series expansions inside the interval [0, 1] may become necessary. The convergence
radius of the corresponding series expansion around a point is limited by the position of the
closest singularity of the differential equation of the respective closed form solution. This
singularity may lie outside the support for which the series expansion is intended, see e.g.
the discussion in section 4.1.

6 Conclusions

We have devised an algorithm to compute the inverse Mellin transform to Bjorken z-space
directly from the resummation of the local operators from even or odd values of Mellin
N, respectively, into propagators containing a continuous auxiliary variable ¢ € R. The
differential equations for the master integrals in this variable are either solved in terms of
iterated or iterated non-iterative integrals. The results in Bjorken z-space are obtained by

1211 other applications, e.g. in massive QED, different but similar objects contribute, cf. [177].
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taking the imaginary part of the function after its analytic continuation ¢ — +1/x. The
latter operation can be performed by solving the differential equations for the iterated non-
iterative integrals. In the case of only iterated integrals, general analytic implementations
exist for different classes of functions.

Let us comment on those master integrals, which also receive contributions due to 9 F}
letters. At higher order in &, starting with O(e®) the first o[} letters and at even higher
orders in ¢ additional o F; letters will appear in the respective G-functions. The constants
contributing in the final xz-space expressions are G-functions at = 1, by expanding around
z = 0 and G-functions at x = £ by expanding around = = ¢, £ € [0,1]. The expressions
in Mellin space for fixed values of N are obtained by formal Taylor expansions of the
analytic results in the parameter ¢t. We also discussed numerical representations in x-space.
Our calculations were checked against a series of Mellin moments of the master integrals,
which were computed using different methods. The present method allows to calculate the
small-z behaviour of the considered quantities directly, which is not easily possible from the
N-space expressions. On the other hand, N-space expressions allow to extract the large-z
behaviour, provided the corresponding difference equations can be solved analytically in
the limit N — oo.

A Detalils of the analytic continuation

In the following we derive (2.16), (2.17) by using the residue theorem and discuss the
separation of the distribution-valued contributions in z-space.

By using the representation of the Mellin transform (1.2) one obtains the following
relation between f(t) and f(z),

fo) = [ar —— s, (A.1)

Here we consider for f(z) a regular function. Upon inserting the relation t = 1/x, we get

OF /d iGN a2

In order to extract f(zx) from f(t = 1/z), we can localize the integration around the pole at

2/ = z by calculating the discontinuity of f across the branch cut induced by this pole,

DixSCfC:) - al—igl+ [f (a:ii<5> - f(x_l“s)]

1 1
o [ _/ ,fE&)
= lim O/dx$+ié_$/ Od$$—i5—x’ . (A.3)

6—0t+

The position of the poles in the first and second term is shown in figure 1(a). Equivalently,
we can deform the integration contours in the first and second term. The contour for the
first term is shown in blue and for the second term in red in figure 1(b). Since the straight
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Figure 1. Illustration of the integration contours involved in extracting f(x) from f(t): (a) inte-
gration contour for f(1/x) (blue) and the position of the poles in the discontinuity; (b) equivalent
deformed contours to compute the discontinuity of f(1/z) (in blue for the first term and in red for
the second term); (c) effective integration contour for the discontinuity of f(1/z).

sections of the contours cancel out, only the circular contour shown in figure 1(c) remains
to be evaluated. Thus, we find with the help of the residue theorem

D;SCf (i) = g}nﬁ) j{l_d;v' . (:62/ = —27i f(x). (A.4)

Note that the sign arises due to the form of the denominator. Therefore, we can obtain
f(z) from f(t) via

f(z) = _—1,Discf <i"> , (A.5)

which leads to the relations (2.16), (2.17).

We turn now to the separation of the distribution-valued contributions. We first
consider the Mellin-transform of a typical distribution in x-space, f(x), = € [0, 1], occurring
in QCD calculations,

1
MUf(@))(N) = [ daa™f(@)
= [ e lfﬁ(l =)+ [F+ @) + froga (o) + (—1)N_1freg,2($)] - (a0)

Here f, (z) is a linear combination of the functions H¥(z)/(1 — x), k € N. The generating
function in ¢-space is then obtained by

fi(2)

p(t)/ld/ L(g(l_ Nf +[t_t
T T\ TR T T T 1

t

t !
+ 1-— tm’freg’l(x )+ 14 tz!

freg,2($/)}- (A?)
The distribution-valued parts can be integrated directly, cf. (2.32)—(2.38), with the first
contributing x-space distributions and their t-space representation are given in section 2.1.
These contributions are subtracted from F(t). One then obtains

t

1+t

- 1 t
Freg(t) = /0 da’ [1_tl.lfreg,1(li/) +

freg,2($/)] . (AS)
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Jreg,1(z) and freg 2(x) are reconstructed by forming

1, = 1
P (t= ) = 2m [ i i) = fea(e), (A9)
1, = 1 1 1
——I Fre = - = —I ! re ") = re ) Al
Mmfuga (1= 15 ) = 2 [ s fregale) = frsale), (A0

with z € [0, 1].

B The solution after first decoupling for F, (%)

If one decouples the system of differential equations (4.12) for F;(¢) the solution of eq. (B.1)
up to O(1/e) is obtained as follows. For the homogeneous differential equation in the limit
e — 0 one obtains after the substitution F;(t) = f1(¢)/t

(3) 2(4+5t) 4 (D)) _
A2 - mﬁQ (t) + mﬁl (t)=0 (B.1)
and
o) = 312 11;)t5t — (1= t)(92—ti—22t)H1(t) L2 tt)QHOJ(t) . 67@ (- tt)Fl(t)

—(1=t)F (1), (B.2)

54+ 111t + 522 + 3¢5 (1 —t)2(=5+2t)Hy(t) (1 —t)*Ho1(t) 3¢

Fa(t) = = 2412 N 4¢3 * 3 T2t
+ A=thE th/l(t) + %(1 —)%F(1), (B.3)

if one decouples for Fq(¢) first.

We consider the homogeneous solution of the second-order differential equation in
g(t) = fM(t) in the limit ¢ — 0. The initial conditions are provided by the moments of the
corresponding master integral, to which the Taylor expansions around ¢t = 0 have to match.

Eq. (B.1) is a Heun differential equation [154-156], which has the following o F-solutions

— i/ Var! 8”4 gFl{g AT ()] (B4)
)i /7752 8+t4 2F1[§’2§71 ()} (B.5)

with
272

2(t) = @—s (B.6)

cf. ref. [36].13 For the analytic continuations to be carried out in the following it is very
important to have closed form solutions, such as the above o Fj-solutions at hand.

13The structure of (B.4), (B.5) follows due to the relation a4 8+ 1 = 27;a, 8 > 0 for the corresponding
2F1 function (B.15). We thank C.G. Raab for this remark.
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The Wronski determinant [178] to a differential equation

y (@) + L)y ™I E) + p2 )y () L+ palt)y(t) =0 (B.7)

is given by
yi(t) . wn(t)

y V@) g )

where y;(t) are the n independent solutions of (B.7). The Wronskian of the solutions (B.4),
(B.5) reads
t8+1)

WO = 1

(B.9)

One may reduce higher-order derivatives of g () (t) by using their differential equations.
One thus obtains combinations of g; 2y and 9 @) (t). Furthermore, one has

4 5 3 3 7 8

gt = ¢31/4ﬁ[64W2F1 5,50 + 6om2ﬂ BX ;z<t>H . (B.10)
4 5 3 3 7 8

ga(t) = z'sl/%[me ESBEECIE 6omm - z<t>H

(B.11)

The above solutions have already been calculated in ref. [36], up to a factor iz2/v/2, by

changing variables to

9

t—=1—-—. B.12
11— (B3.12)

One may relate the latter functions further to complete elliptic integrals of the first and
second kind, K(z1(z)), K(1 — z1(z)), E(21(x)) and E(1 — 21()), with z1(z) = —1623/[(z +
1)(x — 3)3], as has been outlined in ref. [36] in detail, by transforming the hypergeometric
functions and using triangle relations [179, 180]. Here the particular structure of the
function z(¢) has a deeper meaning in the modular structure of these solutions, cf. [36].
The solutions in terms of complete elliptic integrals have been applied in the first analytic
calculation of the three-loop p-parameter of the Standard Model [181], which had been
calculated semi-analytically in [182] before.!* The emergence of the 5 Fj-solutions in the
present context is related to contributions of the so-called two-loop massive sun-rise integral,
related also to the kite-integral, on which a very extensive literature exists. It dates back
to [184], cf. also refs. [185-191].1°

In the present calculation we will use the o Fj-representation (B.4), (B.5) but not the
representation due to complete elliptic integrals, since the number of higher transcendental
functions is smaller and we would not really benefit from particular properties of the elliptic

“Later in [183], the results of [36, 181] have been confirmed.
5For further references see the extensive surveys given in refs. [147, 148, 192].
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integrals. We now transform the solutions (B.4), (B.5) by ¢t — 1/z for complex variables.
One obtains

1 i2y/v/37(1 + 8x2)2 45 27x

Gi(z) =g <t> = (1 —4z) 2 {323 ; —(1_43;)3]7 (B.13)
1 i2¢/v/3m(1 + 8x)? 45 (1 —2)(1+8z)2

Ga(z) = g2 <t> = 1= 12) ) 2 1{323;( § )_(4:)3 ) } (B.14)

The integral representation of the hypergeometric function

045-2 N ['(y) ! B=1(1 _ ) 7=B=1(1 _ )~ e e
ZF{ U }_F(ﬁ)r(v_ﬁ)/o dtt* (1=t (1—2)"®, Re(y) > Re(8) > 0 (B.15)

shows that G1(z) is purely imaginary for z € [O, ﬂ, while this is the case for Ga(z) for

T € [i, 1}. At the boundaries one obtains

Re Go(0) = Re Gy (1) = —3%/4/x, (B.16)
Im G1(0) = Im Go(1) = 21/ V3, (B.17)
lim R = lim R = B.1
$_>(111}14)7 eGy () x_>(1%1/n4)+ eGsy(x) =0, (B.18)
: : 334 /1
z_>1(111}14)+ ReGi (z) = xﬁl(lll}l@_ ReGa (x) = —WF (3) , (B.19)
22/331/4 1
lim | = lim | = (= B.2
@ =l mGe0 = St (g) e
: : 3 L1
a;—>1(111}14)+ ImGi (z) = $_>1(111514)7 ImGs (z) = —WI‘ <3) , (B.21)

with the new constant I'(1/3). The functions G'y(2)(z) are discontinuous at z = 1/4 and
have the following behaviour around = = 1 and x = 0, respectively,

3/4 3/4

Im G () = 3:/7? [—31:@ +in(1— a:)} - 327[—3 FAm@)] +0((1—2)Y),  (B.22)
3/4

Im Ga () = ?:/7? [—6193 + ln(x)] + W +O(h). (B.23)

The discontinuities disappear again in the inhomogeneous solutions, cf. also ref. [36].
Let us now go back to the ¢-space representation and solve the three inhomogeneous
differential equations for F(t). The following alphabet contributes

1 1 () g1(t) g1(t) g1(t) g1(t) g1 (t) g1(t) g7(t)
t’'1—t’ ot 11—t 84+t t T1—t 8+t ¢t

2[1:{1,2,a1,...,a16}:{ ’QQ(t)7

92(t) ga(t) g2(t) gh(t) gh(t) gh(t) 95@)}_ (B.24)
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We obtain for Fy(t) up to O(e™!)

Fi(t)=
8 il

1 9+2¢ 4
_6(106+t) — THI (t) — tHO’l(t)]

+é { 128(11_75) [—2654t+ (2302—44t—224(—1+t)H0,1 (t)) H, (£)—95(1—1)H, (£)?

+ 16(36—!—75)1‘10,1 (t) +256H0’0,1 (t) — 256tH0,071 (t) —448H0,171 (t) +448tH0’1,1 (t)]

(1109+4271n(2) (125+24¢2) +144¢2) G(ay;t) i(125

i 732

1
[_ 96/3/7
11539G(a1, aii; t)
20736

1
+24(2) V3y/7G(ag;t) to1 (161+18C2) G(a1,a103t)+

269

733
@G(alaalfﬂyt) ——G(ay,a14;t)

- (33713 96 -
576

20736 ' 32
23939  9(»
_<1152 4
33713 9(»
(20736 32

)G(aham;t)—

1 1539G(a9, as; t)
20736
23939

269 733
)G(ag,a4,t)+128 +5’76G(6L9,a6,t)+<n52

12845G(ay,a19,2;t) 371 20629G(a1,a12,2;t)
4 it T 2:t)—
+ 1 >G(a9,a7, )+ 13432 +648G(a1,a11, it) L6ERRS

283 371 4315G 2:¢
——-G(a1,a13,2;t) — ——G(a1,a14,2;t) — (2613162157 it)

1
)G(al,a15;t)—64(1614—18@)(1((19,@2;75)—

G(ag,as;t)

9C2

43
—_ - 2.
128 144 g G (01,016, 2:1)

2B, 02 50) ST 3 g, g, 200) OB 00 B0 BB 5, 2:0)
+iﬂG(ag,aa,Q;tH4315Gé§?)11a7’2;t)+§1G(a9’a8’2;w+;?;G(al’alo’l’Q;t)
B 85G(a11,1a;;,1,2;t) _%G(GM%1,2;0_%G(a9’a371’2;t)+ 1625G(4a19£i;;,1,2;t)

85G(a9,a7,1,2;t) 0
1152 +0(e").
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— 1,2:t)+— 1,2;
+128G(a97a57 3 &y )+36G(a97a67 ) 7t)+

(B.25)

It is the first order in which the homogeneous o F-solutions seems to contribute. Here we
refer to the letters of alphabet 201, eq. (4.27), and up to depth four G-functions, containing
o Fy-letters contribute. The expression reduces, however, to (4.29) for the pole terms, if one
first decouples for F3(t), which is difficult to see a posteriori. We have compared the first
ten Taylor coefficients of both representations and they agree. In (B.25) even some HPLs
emerge, which are not present in (4.29).
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C The expansion coefficients of series representations

The first expansion coefficients in eqs. (4.38)—(4.40) are given by

c1o = —11.16958740964
¢l = 0.936851756584,
c1,4 = 0.127032314586

The coefficients of eqs. (4.41)—(4.43) read

Cl,—1,1 = —

€101 = &

0

€111 —

€120 = —

0
€1,3,1

€141 =

P

€151 = —

c11 = 2.109346617266 ,
c1,3 = 0.286064880707
c15 = 0.063499317190

1 1 (Cl)
c16 = 0.034750073376, i ; = 0.021455163556,
c1g = 0.015822146627,  c] ¢ = 0.014262405540
c1,10 = 0.014967991102,
3, = —2.217839692102, 5, = —0.718697587104,
33 = —0.370323781129, ¢34 = —0.189000503072,
35 = —0.084433691142, 5 = —0.016330161839, (C.2)
37 =0.031991333568, ¢y = 0.068481112319,
cp9 = 0.097368528228, ¢}y = 0.121096539717,
¢35 = 0.390651206448 , c} 5 = 0.322358345756,
¢34 = 0.295156359854, cf 5 = 0.281300038991
c3 = 0.273875311020, c3, = 0.270132738635, (C.3)
cs g = 0.268709892411, cf 4 = 0.268837838844,
c3,10 = 0.270043649148 .
1 3 11 3
6’ 0(1),71,0 R 0[1),0,0 - 142’
29 5 113 27
6 €02= > 0(1),1,0 =16 §C2 + 53,
83 3 3 5
2 + §C27 12~ 73 13T "o
79 19
IER Cila1 =3, 0(1),3,0 =7 (C.4)
9 7613
=1 Clz2 = =3, 0(1),4,0 T T 900
143 0 64103
12 Clag =09, 150 = 5200
891
% ) €152 = —18,

— 35 —



1 5 1 3
Co—11 = 37 C€2,-1,0 = 1 €2,00 = 9 142,
13 5 1 3
€01 = 5 C02= 75 210=7 1@7
10 7 49
0[2),1,1 = 3 C3,1,2 = 1 220 = 797
3 65
Doy = 5 oo =-3, 30= % (C.5)
27 6493
0(2),3,1 =5 0(2),3,2 =0, 08,4,0 = 210
225 32837
08,4,1 = 0(2),4,2 =-21, 08,5,0 = " 100
5199
D51 = >0 350 =187,
1 3 0 1
63_1@==<—6» C&—1p::'—§, C&oo—-ia
7 9 0 7
Cg,0,1 = 6 Cg,l,o = ]’ 31,1 — 12°
3 0 13 0
0&2:—57 3,2,0 3 ngzﬁ
259
Cg,m =3, Cg,s,o = o4 Cg,:s,l = —30, (C.6)
21 451
Cg,3,2 = Ty 03,4,0 = T 15 €341 = 153,
7017 0 3369
40 =148, B0 = 80 0 G514
Cg7572 = —249 .

The above rational constants have been determined using PSLQ [193, 194]. They do
structurally agree with those of agi’(?’) of ref. [14], which is related to ac; g by color rescaling
with C4/CF in the leading term [195], where Cp = (NZ —1)/(2N¢),Ca = N and No = 3
for Quantum Chromodynamics.'® In the expansion of F3(x) no (-terms seem to contribute
for the first 100 terms in z, while Fo(z) depends on (2 and Fi(z) also on (3. The master
integrals contributing to ag’g) may in principle also depend on (4 and By, cf. [70], eq. (4.10).

Finally, one obtains for the coefficients of eqs. (4.44)—(4.46)

ety = —9.834184787511, ¢)/; = 3.355232766926 ,

oty = 1701654239373, ¢yls = 0.933416116957

cr/f = 0.891822658934, ¢yl = 1.440452067512, o

oty = 3.207281678902,  ¢)s = 7.783359303513, '
1/2 1/2

oty = 18.79614079037,  ¢yly = 44.28851410206 ,
c1/to = 101.8245323374,

16Similar analytic patterns have been observed for the massive three-loop form factor [196].
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eyl = —1.348611882678,

/2

eyt = —3.320927437135,

cyly = —1.536412632474, c¢y/5 = —0.267319762707,
cy/f = 2260831457716, cyls = 7.982990699375 , s
eyl = 20.82740039869,  cys = 49.17055980829 , '
cyle = 110.6955042191,  cyly = 242.5826709616 ,
e/t = 522.6300919150,
ey = 0.173692073146, ¢3/ = 0986776221633,
ey = 2415478375577, c3'y = 4.469951985772,
cy/f = 8.772564418720, ¢y = 17.62005543760, o)
ey = 35.78474174591, ¢y = 73.07722039062, '
cils = 149.6247109869, cy'y = 306.6679998469,

e/t = 628.6136390924 .

Acknowledgments

We would like to thank D.J. Broadhurst, A. De Freitas, P. Marquard, C.G. Raab, and
C. Schneider for discussions. This work has received funding in part from the FEuropean
Research Council (ERC) under the European Union’s Horizon 2020 research and innovation
programme grant agreement 101019620 (ERC Advanced Grant TOPUP).

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited. SCOAP3 supports
the goals of the International Year of Basic Sciences for Sustainable Development.

References

[1] H.D. Politzer, Asymptotic Freedom: An Approach to Strong Interactions, Phys. Rept. 14
(1974) 129 [INSPIRE].

[2] B. Geyer, D. Robaschik and E. Wieczorek, Theory of Deep Inelastic Lepton-Hadron
Scattering. 1., Fortsch. Phys. 27 (1979) 75 [InSPIRE].

[3] A.J. Buras, Asymptotic Freedom in Deep Inelastic Processes in the Leading Order and
Beyond, Rev. Mod. Phys. 52 (1980) 199 [INSPIRE].

[4] E. Reya, Perturbative Quantum Chromodynamics, Phys. Rept. 69 (1981) 195 [INSPIRE].

[5] J. Bliumlein, The Theory of Deeply Inelastic Scattering, Prog. Part. Nucl. Phys. 69 (2013) 28
[arXiv:1208.6087] [INSPIRE].

[6] I.M. Gelfand and G.E. Schilow, Verallgemeinerte Funktionen (Distributionen), Vol. I, DVW,
Berlin (1967).

[7] W.S. Wladimirov, Gleichungen der mathematischen Physik, DVW, Berlin (1972).

— 37 —


https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1016/0370-1573(74)90014-3
https://doi.org/10.1016/0370-1573(74)90014-3
https://inspirehep.net/literature/1375
https://doi.org/10.1002/prop.19790270202
https://inspirehep.net/literature/122897
https://doi.org/10.1103/RevModPhys.52.199
https://inspirehep.net/literature/141209
https://doi.org/10.1016/0370-1573(81)90036-3
https://inspirehep.net/literature/146374
https://doi.org/10.1016/j.ppnp.2012.09.006
https://arxiv.org/abs/1208.6087
https://inspirehep.net/literature/1183809

8]
[9]

[10]

[11]

[18]

[19]

[20]

[21]

[22]

23]

K. Yosida, Functional Analysis, 5th edition, Springer, Berlin (1978).

J. Ablinger et al., The O(a?) Massive Operator Matriz Elements of O(ng) for the Structure
Function Fy(x,Q?) and Transversity, Nucl. Phys. B 844 (2011) 26 [arXiv:1008.3347]
[INSPIRE].

J. Bliimlein, A. Hasselhuhn, S. Klein and C. Schueider, The O(a3n;T2Ca r) Contributions
to the Gluonic Massive Operator Matriz Elements, Nucl. Phys. B 866 (2013) 196
[arXiv:1205.4184] [INSPIRE].

A. Behring et al., The logarithmic contributions to the O(a2) asymptotic massive Wilson
coefficients and operator matrix elements in deeply inelastic scattering, Eur. Phys. J. C' 74
(2014) 3033 [arXiv:1403.6356] [INSPIRE].

J. Ablinger et al., The Transition Matriz Element Ayq(N) of the Variable Flavor Number
Scheme at O(a3), Nucl. Phys. B 882 (2014) 263 [arXiv:1402.0359).

A. Behring et al., The polarized transition matriz element Ayq(N) of the variable flavor
number scheme at O(a?3), Nucl. Phys. B 964 (2021) 115331 [arXiv:2101.05733] [INSPIRE].

J. Ablinger et al., The three-loop single mass polarized pure singlet operator matriz element,
Nucl. Phys. B 953 (2020) 114945 [arXiv:1912.02536] [INSPIRE].

J. Ablinger et al., The O(a3T32) Contributions to the Gluonic Operator Matriz Element, Nucl.
Phys. B 885 (2014) 280 [arXiv:1405.4259] [INSPIRE].

J. Ablinger et al., The 3-loop pure singlet heavy flavor contributions to the structure function
Fy(z,Q?%) and the anomalous dimension, Nucl. Phys. B 890 (2014) 48 [arXiv:1409.1135]
[INSPIRE].

J. Ablinger et al., The 3-Loop Non-Singlet Heavy Flavor Contributions and Anomalous
Dimensions for the Structure Function Fa(x,Q?) and Transversity, Nucl. Phys. B 886 (2014)
733 [arXiv:1406.4654] [INSPIRE].

J. Bliimlein et al., Heavy Flavor Wilson Coefficients in Deep-Inelastic Scattering: Recent
Results, PoS QCDEV2017 (2017) 031 [arXiv:1711.07957] [INSPIRE].

J. Ablinger et al., The three-loop splitting functions Pq(g) and Pg(s’NF), Nucl. Phys. B 922
(2017) 1 [arXiv:1705.01508] [INSPIRE].

A. Behring et al., The Polarized Three-Loop Anomalous Dimensions from On-Shell Massive
Operator Matriz Elements, Nucl. Phys. B 948 (2019) 114753 [arXiv:1908.03779] [INSPIRE].

J. Bliimlein, P. Marquard, C. Schneider and K. Schonwald, The three-loop unpolarized and
polarized non-singlet anomalous dimensions from off shell operator matriz elements, Nucl.
Phys. B 971 (2021) 115542 [arXiv:2107.06267] [INSPIRE].

J. Bliimlein, P. Marquard, C. Schneider and K. Schonwald, The three-loop polarized singlet
anomalous dimensions from off-shell operator matrix elements, JHEP 01 (2022) 193
[arXiv:2111.12401] [INSPIRE].

J. Ablinger et al., Three Loop Massive Operator Matrix Elements and Asymptotic Wilson
Coefficients with Two Different Masses, Nucl. Phys. B 921 (2017) 585 [arXiv:1705.07030]
[INSPIRE].

J. Ablinger et al., The Two-mass Contribution to the Three-Loop Gluonic Operator Matriz

Element A o, Nucl. Phys. B 932 (2018) 129 [arXiv:1804.02226] [INSPIRE].

J. Ablinger et al., The two-mass contribution to the three-loop pure singlet operator matrix
element, Nucl. Phys. B 927 (2018) 339 [arXiv:1711.06717] [INSPIRE].

— 38 —


https://doi.org/10.1016/j.nuclphysb.2010.10.021
https://arxiv.org/abs/1008.3347
https://inspirehep.net/literature/865689
https://doi.org/10.1016/j.nuclphysb.2012.09.001
https://arxiv.org/abs/1205.4184
https://inspirehep.net/literature/1115296
https://doi.org/10.1140/epjc/s10052-014-3033-x
https://doi.org/10.1140/epjc/s10052-014-3033-x
https://arxiv.org/abs/1403.6356
https://inspirehep.net/literature/1287056
https://doi.org/10.1016/j.nuclphysb.2014.02.007
https://arxiv.org/abs/1402.0359
https://doi.org/10.1016/j.nuclphysb.2021.115331
https://arxiv.org/abs/2101.05733
https://inspirehep.net/literature/1841098
https://doi.org/10.1016/j.nuclphysb.2020.114945
https://arxiv.org/abs/1912.02536
https://inspirehep.net/literature/1768718
https://doi.org/10.1016/j.nuclphysb.2014.05.028
https://doi.org/10.1016/j.nuclphysb.2014.05.028
https://arxiv.org/abs/1405.4259
https://inspirehep.net/literature/1296848
https://doi.org/10.1016/j.nuclphysb.2014.10.008
https://arxiv.org/abs/1409.1135
https://inspirehep.net/literature/1314989
https://doi.org/10.1016/j.nuclphysb.2014.07.010
https://doi.org/10.1016/j.nuclphysb.2014.07.010
https://arxiv.org/abs/1406.4654
https://inspirehep.net/literature/1301217
https://doi.org/10.22323/1.308.0031
https://arxiv.org/abs/1711.07957
https://inspirehep.net/literature/1637387
https://doi.org/10.1016/j.nuclphysb.2017.06.004
https://doi.org/10.1016/j.nuclphysb.2017.06.004
https://arxiv.org/abs/1705.01508
https://inspirehep.net/literature/1598038
https://doi.org/10.1016/j.nuclphysb.2019.114753
https://arxiv.org/abs/1908.03779
https://inspirehep.net/literature/1748798
https://doi.org/10.1016/j.nuclphysb.2021.115542
https://doi.org/10.1016/j.nuclphysb.2021.115542
https://arxiv.org/abs/2107.06267
https://inspirehep.net/literature/1882489
https://doi.org/10.1007/JHEP01(2022)193
https://arxiv.org/abs/2111.12401
https://inspirehep.net/literature/1975808
https://doi.org/10.1016/j.nuclphysb.2017.05.017
https://arxiv.org/abs/1705.07030
https://inspirehep.net/literature/1600584
https://doi.org/10.1016/j.nuclphysb.2018.04.023
https://arxiv.org/abs/1804.02226
https://inspirehep.net/literature/1666370
https://doi.org/10.1016/j.nuclphysb.2017.12.018
https://arxiv.org/abs/1711.06717
https://inspirehep.net/literature/1637209

[26] J. Ablinger et al., The three-loop polarized pure singlet operator matriz element with two
different masses, Nucl. Phys. B 952 (2020) 114916 [arXiv:1911.11630] [INSPIRE].

[27] J. Bliimlein, P. Marquard, C. Schneider and K. Schonwald, The massless three-loop Wilson
coefficients for the deep-inelastic structure functions Fy, Fr, xF3 and g1, JHEP 11 (2022)
156 [arXiv:2208.14325] [INSPIRE].

[28] M. Kauers, Guessing Handbook, JKU Linz, Tech. Rep. RISC 09-07.

[29] J. Bliimlein, M. Kauers, S. Klein and C. Schueider, Determining the closed forms of the

O(a?) anomalous dimensions and Wilson coefficients from Mellin moments by means of

computer algebra, Comput. Phys. Commun. 180 (2009) 2143 [arXiv:0902.4091] INSPIRE].
[30] M. Kauers, M. Jaroschek and F. Johansson, Ore Polynomials in Sage, arXiv:1306.4263.

[31] C. Schneider, Symbolic Summation Assists Combinatorics, Sém. Lothar. Combin. 56 (2007)
B56b.

C. Schneider, Simplifying Multiple Sums in Difference Fields, arXiv:1304.4134.

W
S

w
)

J. Ablinger et al., in preparation.

w

4] J. Bliimlein, Mathematical Methods for Higher Loop Feynman Diagrams, talk at The 5th
International Congress on Mathematical Software, Z1B Berlin, July 11-14, 2016, Session:
Symbolic computation and elementary particle physics
[https://www.risc.jku.at/conferences/ICMS2016/].

[35] J. Bliimlein, 3-Loop Corrections to Heavy Flavor Wilson Coefficients in Deep-Inelastic
Scattering, talk at QCD@LHC2016, U. Zirich, August 22-26, 2016
[bttps://indico.cern.ch/event/516210/timetable/#all.detailed).

[36] J. Ablinger et al., Iterated Elliptic and Hypergeometric Integrals for Feynman Diagrams, J.
Math. Phys. 59 (2018) 062305 [arXiv:1706.01299] INSPIRE].

[37] J. Ablinger et al., The unpolarized and polarized single-mass three-loop heavy flavor operator
matriz elements Agg g and AAgg g, JHEP 12 (2022) 134 [arXiv:2211.05462] [INSPIRE].

[38] K.G. Wilson, Nonlagrangian models of current algebra, Phys. Rev. 179 (1969) 1499 [INSPIRE].

[39] R.A. Brandt and G. Preparata, Operator product expansions near the light cone, Nucl. Phys.
B 27 (1971) 541 [INSPIRE].

[40] W. Zimmermann, Local Operator Products and Renormalization in Quantum Field Theory, in
Lectures on Elementary Particle Physics and Quantum Field Theory, Brandeis Summer
Institute, Vol. 1, MIT Press, Cambridge (1970), p. 395.

[41] W. Zimmermann, Composite operators in the perturbation theory of renormalizable
interactions, Annals Phys. 77 (1973) 536 [INSPIRE].

[42] Y. Frishman, Operator products at almost light like distances, Annals Phys. 66 (1971) 373
[INSPIRE].

[43] R.A. Brandt and G. Preparata, The light cone and photon-hadron interactions, Fortsch. Phys.
20 (1972) 571 [INSPIRE].

[44] N.H. Christ, B. Hasslacher and A.H. Mueller, Light cone behavior of perturbation theory,
Phys. Rev. D 6 (1972) 3543 [INSPIRE].

[45] D.J. Gross and F. Wilczek, Asymptotically Free Gauge Theories — I, Phys. Rev. D 8 (1973)
3633 [INSPIRE].

-39 —


https://doi.org/10.1016/j.nuclphysb.2020.114916
https://arxiv.org/abs/1911.11630
https://inspirehep.net/literature/1767171
https://doi.org/10.1007/JHEP11(2022)156
https://doi.org/10.1007/JHEP11(2022)156
https://arxiv.org/abs/2208.14325
https://inspirehep.net/literature/2143697
https://doi.org/10.1016/j.cpc.2009.06.020
https://arxiv.org/abs/0902.4091
https://inspirehep.net/literature/814064
https://arxiv.org/abs/1306.4263
https://arxiv.org/abs/1304.4134
https://www.risc.jku.at/conferences/ICMS2016/
https://indico.cern.ch/event/516210/timetable/#all.detailed
https://doi.org/10.1063/1.4986417
https://doi.org/10.1063/1.4986417
https://arxiv.org/abs/1706.01299
https://inspirehep.net/literature/1602643
https://doi.org/10.1007/JHEP12(2022)134
https://arxiv.org/abs/2211.05462
https://inspirehep.net/literature/2180387
https://doi.org/10.1103/PhysRev.179.1499
https://inspirehep.net/literature/54999
https://doi.org/10.1016/0550-3213(71)90265-3
https://doi.org/10.1016/0550-3213(71)90265-3
https://inspirehep.net/literature/60979
https://doi.org/10.1016/0003-4916(73)90429-6
https://inspirehep.net/literature/74318
https://doi.org/10.1016/0003-4916(71)90195-3
https://inspirehep.net/literature/72094
https://doi.org/10.1002/prop.19720201002
https://doi.org/10.1002/prop.19720201002
https://inspirehep.net/literature/77427
https://doi.org/10.1103/PhysRevD.6.3543
https://inspirehep.net/literature/75937
https://doi.org/10.1103/PhysRevD.8.3633
https://doi.org/10.1103/PhysRevD.8.3633
https://inspirehep.net/literature/81404

[46] E. Fermi, On the Theory of the impact between atoms and electrically charged particles,
Z. Phys. 29 (1924) 315 [INSPIRE].

[47) E.J. Williams, Applications of the Method of Impact Parameter in Collisions, Proc. Roy. Soc.
Lond. A 139 (1933) 163.

[48] E.J. Williams, Nature of the high-energy particles of penetrating radiation and status of
tonization and radiation formulae, Phys. Rev. 45 (1934) 729 [InSPIRE].

[49] E.J. Williams, Correlation of certain collision problems with radiation theory, Kong. Dan.
Vid. Sel. Mat. Fys. Med. 13N4 (1935) 1 InSPIRE].

[50] C.F. von Weizsicker, Radiation emitted in collisions of very fast electrons, Z. Phys. 88 (1934)
612 [INSPIRE].

[51] L.D. Landau and E.M. Lifshiz, Lehrbuch der Theoretischen Physik, Vol. IV, Relativistische
Quantentheorie, 4th edition, A. Kiihnel ed., Section 96, Akademie Verlag, Berlin (1980),
p. 399.

[62] S. Bethke et al., Workshop on Precision Measurements of alphas, arXiv:1110.0016
[INSPIRE].

[53] S. Moch et al., High precision fundamental constants at the TeV scale, arXiv:1405.4781
[INSPIRE].

[54] S. Alekhin, J. Bliimlein and S.O. Moch, a; from global fits of parton distribution functions,
Mod. Phys. Lett. A 31 (2016) 1630023 [INSPIRE].

[55] D. d’Enterria et al., The strong coupling constant: State of the art and the decade ahead,
arXiv:2203.08271 [INSPIRE].

[56] S. Alekhin et al., Precise charm-quark mass from deep-inelastic scattering, Phys. Lett. B 720
(2013) 172 [arXiv:1212.2355] [INSPIRE].

[67] A. Accardi et al., A Critical Appraisal and FEvaluation of Modern PDFs, Eur. Phys. J. C 76
(2016) 471 [arXiv:1603.08906] [iNSPIRE].

[58] J. Bliimlein, M. Klein, T. Naumann and T. Riemann, Structure Functions, Quark
Distributions and Agcp at HERA, PHE-88-01 (1988).

[59] D. Boer et al., Gluons and the quark sea at high energies: Distributions, polarization,
tomography, arXiv:1108.1713 [INSPIRE].

[60] R. Abdul Khalek et al., Science Requirements and Detector Concepts for the Electron-Ion
Collider: EIC Yellow Report, Nucl. Phys. A 1026 (2022) 122447 [arXiv:2103.05419]
[INSPIRE].

[61] LHEC STUDY GROUP collaboration, A Large Hadron Electron Collider at CERN: Report on
the Physics and Design Concepts for Machine and Detector, J. Phys. G 39 (2012) 075001
[arXiv:1206.2913] [INSPIRE].

[62) LHEC and FCC-HE STUDY GROUP collaborations, The Large Hadron-Electron Collider at
the HL-LHC, J. Phys. G 48 (2021) 110501 [arXiv:2007.14491] [INSPIRE].

[63] FCC collaboration, FCC-hh: The Hadron Collider: Future Circular Collider Conceptual
Design Report Volume 3, Eur. Phys. J. ST 228 (2019) 755 [InSPIRE].

[64] E. Remiddi and J.A.M. Vermaseren, Harmonic polylogarithms, Int. J. Mod. Phys. A 15
(2000) 725 [hep-ph/9905237] [iNSPIRE].

40 —


https://doi.org/10.1007/BF03184853
https://inspirehep.net/literature/2807
https://doi.org/10.1098/rspa.1933.0012
https://doi.org/10.1098/rspa.1933.0012
https://doi.org/10.1103/PhysRev.45.729
https://inspirehep.net/literature/40808
https://inspirehep.net/literature/1377275
https://doi.org/10.1007/BF01333110
https://doi.org/10.1007/BF01333110
https://inspirehep.net/literature/3184
https://arxiv.org/abs/1110.0016
https://inspirehep.net/literature/930305
https://arxiv.org/abs/1405.4781
https://inspirehep.net/literature/1297081
https://doi.org/10.1142/S0217732316300238
https://inspirehep.net/literature/1482301
https://arxiv.org/abs/2203.08271
https://inspirehep.net/literature/2053387
https://doi.org/10.1016/j.physletb.2013.02.010
https://doi.org/10.1016/j.physletb.2013.02.010
https://arxiv.org/abs/1212.2355
https://inspirehep.net/literature/1206876
https://doi.org/10.1140/epjc/s10052-016-4285-4
https://doi.org/10.1140/epjc/s10052-016-4285-4
https://arxiv.org/abs/1603.08906
https://inspirehep.net/literature/1436365
http://cds.cern.ch/record/189529
https://arxiv.org/abs/1108.1713
https://inspirehep.net/literature/922440
https://doi.org/10.1016/j.nuclphysa.2022.122447
https://arxiv.org/abs/2103.05419
https://inspirehep.net/literature/1851258
https://doi.org/10.1088/0954-3899/39/7/075001
https://arxiv.org/abs/1206.2913
https://inspirehep.net/literature/1118165
https://doi.org/10.1088/1361-6471/abf3ba
https://arxiv.org/abs/2007.14491
https://inspirehep.net/literature/1809802
https://doi.org/10.1140/epjst/e2019-900087-0
https://inspirehep.net/literature/1713704
https://doi.org/10.1142/S0217751X00000367
https://doi.org/10.1142/S0217751X00000367
https://arxiv.org/abs/hep-ph/9905237
https://inspirehep.net/literature/499300

[65] J.M. Borwein, D.M. Bradley, D.J. Broadhurst and P. Lisonek, Special values of multiple
polylogarithms, Trans. Am. Math. Soc. 353 (2001) 907 [math/9910045] [INSPIRE].

[66] S. Moch, P. Uwer and S. Weinzierl, Nested sums, expansion of transcendental functions and
multiscale multiloop integrals, J. Math. Phys. 43 (2002) 3363 [hep-ph/0110083] [INSPIRE].

[67] J. Ablinger, J. Bliumlein and C. Schneider, Analytic and Algorithmic Aspects of Generalized
Harmonic Sums and Polylogarithms, J. Math. Phys. 54 (2013) 082301 [arXiv:1302.0378]
[INSPIRE].

[68] J. Ablinger, J. Bliimlein and C. Schneider, Harmonic Sums and Polylogarithms Generated by
Cyclotomic Polynomials, J. Math. Phys. 52 (2011) 102301 [arXiv:1105.6063] [INSPIRE].

[69] J. Ablinger, J. Bliumlein, C.G. Raab and C. Schneider, Iterated Binomial Sums and their
Associated Iterated Integrals, J. Math. Phys. 55 (2014) 112301 [arXiv:1407.1822] [INSPIRE].

[70] I. Bierenbaum, J. Bliimlein and S. Klein, Mellin Moments of the O(a?3) Heavy Flavor
Contributions to unpolarized Deep-Inelastic Scattering at Q% > m? and Anomalous
Dimensions, Nucl. Phys. B 820 (2009) 417 [arXiv:0904.3563] INSPIRE].

[71] J. Bliimlein and N. Kochelev, On the twist-two and twist-three contributions to the spin
dependent electroweak structure functions, Nucl. Phys. B 498 (1997) 285 [hep-ph/9612318]
[INSPIRE].

[72] J. Ablinger et al., Calculating Massive 3-loop Graphs for Operator Matriz Elements by the
Method of Hyperlogarithms, Nucl. Phys. B 885 (2014) 409 [arXiv:1403.1137] [INSPIRE].

[73] J. Lagrange, Nouvelles recherches sur la nature et la propagation du son, Miscellanea
Taurinensis, t. II, 1760-61; Oeuvres t. I, p. 263.

[74] C.F. GauBl, Theoria attractionis corporum sphaeroidicorum ellipticorum homogeneorum
methodo novo tractate, Commentationes societas scientiarum Gottingensis recentiores,
Vol. 111, 1813, Werke Bd. V, p. 5-7.

[75] G. Green, Essay on the Mathematical Theory of Electricity and Magnetism, Nottingham
(1828), Green Papers, p. 1-115.

[76] M. Ostrogradsky, Premiére note sur la théorie de la chaleur, Mémoires de I’Académie
impériale des sciences de St. Pétersbourg, series 6, p. 129. presented: November 5, 1828;
published: (1831).

[77] K.G. Chetyrkin and F.V. Tkachov, Integration by Parts: The Algorithm to Calculate beta
Functions in 4 Loops, Nucl. Phys. B 192 (1981) 159 [INSPIRE].

[78] S. Laporta, High precision calculation of multiloop Feynman integrals by difference equations,
Int. J. Mod. Phys. A 15 (2000) 5087 [hep-ph/0102033] [iNSPIRE].

[79] J.A.M. Vermaseren, A. Vogt and S. Moch, The Third-order QCD corrections to deep-inelastic
scattering by photon exchange, Nucl. Phys. B 724 (2005) 3 [hep-ph/0504242] [INSPIRE].

[80] V.G. Knizhnik and A.B. Zamolodchikov, Current Algebra and Wess-Zumino Model in
Two-Dimensions, Nucl. Phys. B 247 (1984) 83 [INSPIRE].

[81] V.G. Drinfeld, Quasi-Hopf algebras, Alg. Anal. 1 (1989) 149.

[82] V.G Drinfeld, On quasitriangular quasi-Hopf algebras and on a group that is closely
connected with Gal(Q/Q), Leningrad Math. J. 2 (1991) 829.

[83] C. Kassel, Quantum Groups, Springer, Berlin (1995).
[84] R. de L. Kronig, On the theory of dispersion of z-rays, J. Opt. Soc. Am. 12 (1926) 547.

_41 -


https://doi.org/10.1090/S0002-9947-00-02616-7
https://arxiv.org/abs/math/9910045
https://inspirehep.net/literature/521824
https://doi.org/10.1063/1.1471366
https://arxiv.org/abs/hep-ph/0110083
https://inspirehep.net/literature/563855
https://doi.org/10.1063/1.4811117
https://arxiv.org/abs/1302.0378
https://inspirehep.net/literature/1217565
https://doi.org/10.1063/1.3629472
https://arxiv.org/abs/1105.6063
https://inspirehep.net/literature/901893
https://doi.org/10.1063/1.4900836
https://arxiv.org/abs/1407.1822
https://inspirehep.net/literature/1305123
https://doi.org/10.1016/j.nuclphysb.2009.06.005
https://arxiv.org/abs/0904.3563
https://inspirehep.net/literature/818567
https://doi.org/10.1016/S0550-3213(97)00234-4
https://arxiv.org/abs/hep-ph/9612318
https://inspirehep.net/literature/427156
https://doi.org/10.1016/j.nuclphysb.2014.04.007
https://arxiv.org/abs/1403.1137
https://inspirehep.net/literature/1283748
https://doi.org/10.1016/0550-3213(81)90199-1
https://inspirehep.net/literature/171845
https://doi.org/10.1142/S0217751X00002159
https://arxiv.org/abs/hep-ph/0102033
https://inspirehep.net/literature/552763
https://doi.org/10.1016/j.nuclphysb.2005.06.020
https://arxiv.org/abs/hep-ph/0504242
https://inspirehep.net/literature/681335
https://doi.org/10.1016/0550-3213(84)90374-2
https://inspirehep.net/literature/210258
https://doi.org/10.1364/josa.12.000547

[85]

[36]

[99]

[100]

[101]

[102]

[103]

[104]

H.A. Kramers, La diffusion de la lumiere par les atomes, Transactions of Volta Centenary
Congress, Como, Atti Cong. Intern. Fisici 2 (1927) 545.

G. Kallen, On the definition of the Renormalization Constants in Quantum Electrodynamics,
Helv. Phys. Acta 25 (1952) 417 [INSPIRE].

H. Lehmann, Uber Figenschaften von Ausbreitungsfunktionen und Renormierungskonstanten
quantisierter Felder, Nuovo Cim. 11 (1954) 342 InSPIRE].

G. Kéllén, Elementarteilchenphysik, BI, Mannheim (1965), sections 5.12-5.14.

S. Moch, J.A.M. Vermaseren and A. Vogt, The Three loop splitting functions in QCD: The
Nonsinglet case, Nucl. Phys. B 688 (2004) 101 [hep-ph/0403192] [INSPIRE].

J. Bliimlein, A. De Freitas and W. van Neerven, Two-loop QED Operator Matrixz Elements
with Massive External Fermion Lines, Nucl. Phys. B 855 (2012) 508 [arXiv:1107.4638]
[INSPIRE].

J.K. Sochocki, On Definite Integrals and Functions Used in Series Expansions, Ph.D. Thesis,
Univ. St. Petersburg (1873).

LI Priwalow, Einfihrung in die Funktionentheorie, Vol. I1, Teubner, Leipzig (1969), IV,
Section 2.

A. Cauchy, Sur un nouveau genre de calcul analogue au calcul infinitésimal, Exercises de
mathematiques (1826); in: Oeuvres complétes, Ser. 2, Vol. 6, Gauthier-Villars, Paris,
1882-1974, p. 23-37.

J.A.M. Vermaseren, Harmonic sums, Mellin transforms and integrals, Int. J. Mod. Phys. A
14 (1999) 2037 [hep-ph/9806280] [INSPIRE].

J. Blimlein and S. Kurth, Harmonic sums and Mellin transforms up to two loop order, Phys.
Rev. D 60 (1999) 014018 [hep-ph/9810241] [INSPIRE].

J. Ablinger et al., Automated Solution of First Order Factorizable Systems of Differential
Equations in One Variable, Nucl. Phys. B 939 (2019) 253 [arXiv:1810.12261] [INSPIRE].

L. Euler, Recherches sur la question des inegalites du mouvement de Saturne et de Jupiter,
sujet propose pour le prix de 'annee 1748, G. Martin, J.B. Coignard and H.L. Guerin, Paris,
France (1749).

J.-L. Lagrange, Solution de différens problémes du calcul integral, Mélanges de philosophie et
de mathématique de la Société royale de Turin, Vol. 3 (1766), p. 179.

E. Kamke, Differentialgleichungen: Losungsmethoden und Losungen, 8th edition, Geest &
Portig, Leipzig (1967).

R.P. Feynman, Photon-Hadron Interactions, Addison-Wesley, Reading, MA (1972).

J. Ablinger et al., Calculating Three Loop Ladder and V-Topologies for Massive Operator
Matriz Elements by Computer Algebra, Comput. Phys. Commun. 202 (2016) 33
[arXiv:1509.08324] [INSPIRE].

C. Studerus, Reduze-Feynman Integral Reduction in C++, Comput. Phys. Commun. 181
(2010) 1293 [arXiv:0912.2546] [INSPIRE].

A. von Manteuffel and C. Studerus, Reduze 2 — Distributed Feynman Integral Reduction,
arXiv:1201.4330 [INSPIRE].

P. Marquard and D. Seidel, The Crusher algorithm, unpublished.

— 492 —


https://doi.org/10.1007/978-3-319-00627-7_90
https://inspirehep.net/literature/900589
https://doi.org/10.1007/BF02783624
https://inspirehep.net/literature/40929
https://doi.org/10.1016/j.nuclphysb.2004.03.030
https://arxiv.org/abs/hep-ph/0403192
https://inspirehep.net/literature/646539
https://doi.org/10.1016/j.nuclphysb.2011.10.009
https://arxiv.org/abs/1107.4638
https://inspirehep.net/literature/919774
https://doi.org/10.1142/S0217751X99001032
https://doi.org/10.1142/S0217751X99001032
https://arxiv.org/abs/hep-ph/9806280
https://inspirehep.net/literature/471450
https://doi.org/10.1103/PhysRevD.60.014018
https://doi.org/10.1103/PhysRevD.60.014018
https://arxiv.org/abs/hep-ph/9810241
https://inspirehep.net/literature/477383
https://doi.org/10.1016/j.nuclphysb.2018.12.010
https://arxiv.org/abs/1810.12261
https://inspirehep.net/literature/1700773
https://doi.org/10.1016/j.cpc.2016.01.002
https://arxiv.org/abs/1509.08324
https://inspirehep.net/literature/1395127
https://doi.org/10.1016/j.cpc.2010.03.012
https://doi.org/10.1016/j.cpc.2010.03.012
https://arxiv.org/abs/0912.2546
https://inspirehep.net/literature/839994
https://arxiv.org/abs/1201.4330
https://inspirehep.net/literature/1085338

[105]

[106]

[107]

[108]

[109]
[110]
[111]

[112]

[113]

[114]

[115]
[116]

[117]

[118]

[119]
[120]

[121]

[122]

[123]

[124]

[125]

J. Bliimlein, Large-Scale Mathematica Calculations in Precision Quantum Field Theory,
invited talk Furopean Mathematica Conference, Amsterdam, the Netherlands, June 2017.

J.-F. Champollion, Lettre a M. Dacier relative a l'alphabet des hiéroglyphes phonétiques
employes par les égyptiens pour écrire sur leurs monuments les titres, les noms et les surnoms
des souverains grecs et romains, Firmin Didot Pére et Fils., Paris (1822).

E.S. Lander et al., Initial sequencing and analysis of the human genome, Nature 409 (2001)
860.

A. Devoto and D.W. Duke, Table of Integrals and Formulae for Feynman Diagram
Calculations, Riv. Nuovo Cim. TN6 (1984) 1 [INSPIRE].

L. Lewin, Dilogarithms and associated functions, Macdonald, London (1958)).
L. Lewin, Polylogarithms and associated functions, North Holland, New York (1981).

N. Nielsen, Der Eulersche Dilogarithmus und seine Verallgemeinerungen. Eine Monographie,
Nova Acta Leopold, XC (1909) Nr. 3, p. 125-211.

K.S. Kélbig, J.A. Mignoco and E. Remiddi, On Nielsen’s generalized polylogarithms and their
numerical calculation, BIT 10 (1970) 38.

D. Jacobs and F. Lambert, On the numerical calculation of polylogarithms, BIT 12 (1972)
581.

K.S. Kolbig, Nielsen’s generalized polylogarithms, SIAM J. Math. Anal. 17 (1986) 1232
[INSPIRE].

M.E. Hoffman, The Algebra of Multiple Harmonic Series J. Algebra 194 (1997) 477.

J. Bliimlein, Algebraic relations between harmonic sums and associated quantities, Comput.
Phys. Commun. 159 (2004) 19 [hep-ph/0311046] [INSPIRE].

F.G. Tricomi, Elliptische Funktionen, Geest & Portig, Leipzig, (1948); iibersetzt und
bearbeitet von M. Krafft.

E.T. Whittaker and G.N. Watson, A Course of Modern Analysis, Cambridge University
Press, Cambridge (1996), reprint of 4th edition (1927).

J.-P. Serre, A Course in Arithmetic, Springer, Berlin (1973).

H. Cohen and F. Stromberg, Modular Forms, A Classical Approach, Graduate Studies in
Mathematics 179, AMS, Providence, RI (2017).

K. Ono, The Web of Modularity: Arithmetic of the Coefficients of Modular Forms and
g-series, CBMS Regional Conference Series in Mathematics, 102, AMS, Providence, RI
(2004).

J. Bliimlein, A. De Freitas, C. Raab and K. Schénwald, The O(«?) initial state QED
corrections to ete™ — v*/Z§, Nucl. Phys. B 956 (2020) 115055 [arXiv:2003.14289)
[INSPIRE].

J. Bliimlein, V. Ravindran and W.L. van Neerven, On the Drell-Levy-Yan relation to O(a?),
Nucl. Phys. B 586 (2000) 349 [hep-ph/0004172] [INSPIRE].

J. Bliimlein, Structural Relations of Harmonic Sums and Mellin Transforms up to Weight
w =5, Comput. Phys. Commun. 180 (2009) 2218 [arXiv:0901.3106] INSPIRE].

J. Ablinger, J. Bliimlein and C. Schneider, Generalized Harmonic, Cyclotomic, and Binomial
Sums, their Polylogarithms and Special Numbers, J. Phys. Conf. Ser. 523 (2014) 012060
[arXiv:1310.5645] [INSPIRE].

43 —


https://doi.org/10.1038/35057062
https://doi.org/10.1038/35057062
https://doi.org/10.1007/BF02724330
https://inspirehep.net/literature/192774
https://doi.org/10.1007/bf01940890
https://doi.org/10.1007/bf01932969
https://doi.org/10.1007/bf01932969
https://doi.org/10.1137/0517086
https://inspirehep.net/literature/193910
https://doi.org/10.1006/jabr.1997.7127
https://doi.org/10.1016/j.cpc.2003.12.004
https://doi.org/10.1016/j.cpc.2003.12.004
https://arxiv.org/abs/hep-ph/0311046
https://inspirehep.net/literature/632422
https://doi.org/10.1016/j.nuclphysb.2020.115055
https://arxiv.org/abs/2003.14289
https://inspirehep.net/literature/1789118
https://doi.org/10.1016/S0550-3213(00)00422-3
https://arxiv.org/abs/hep-ph/0004172
https://inspirehep.net/literature/526314
https://doi.org/10.1016/j.cpc.2009.07.004
https://arxiv.org/abs/0901.3106
https://inspirehep.net/literature/811392
https://doi.org/10.1088/1742-6596/523/1/012060
https://arxiv.org/abs/1310.5645
https://inspirehep.net/literature/1261446

[126]

[127]

[128]

[129]

[130]

[131]

[132]

[133]

[134]

[135]

[136]

[137]

[138]

[139]

[140]

[141]

[142]

[143]

[144]

[145]

J. Ablinger, The package HarmonicSums: Computer Algebra and Analytic aspects of Nested
Sums, PoS LL2014 (2014) 019 [arXiv:1407.6180] INSPIRE].

J. Ablinger, A Computer Algebra Toolbox for Harmonic Sums Related to Particle Physics,
M.Sc. Thesis, JKU Linz (2009) [arXiv:1011.1176] [INSPIRE].

J. Ablinger, Computer Algebra Algorithms for Special Functions in Particle Physics, Ph.D.
Thesis, Linz U. (2012) [arXiv:1305.0687] [INSPIRE].

J. Ablinger, Inverse Mellin Transform of Holonomic Sequences, PoS LL2016 (2016) 067
[INSPIRE].

J. Ablinger, Discovering and Proving Infinite Binomial Sums Identities, Exper. Math. 26
(2016) 62 [arXiv:1507.01703] [INSPIRE].

J. Ablinger, Computing the Inverse Mellin Transform of Holonomic Sequences using
Kovacic’s Algorithm, arXiv:1801.01039.

J. Ablinger, Discovering and Proving Infinite Pochhammer Sum Identities,
arXiv:1902.11001 [INSPIRE].

J. Ablinger, An Improved Method to Compute the Inverse Mellin Transform of Holonomic
Sequences, PoS LL2018 (2018) 063 [NnSPIRE].

J. Ablinger, J. Blimlein and C. Schneider, Iterated integrals over letters induced by quadratic
forms, Phys. Rev. D 103 (2021) 096025 [arXiv:2103.08330] [NSPIRE].

J. Bliimlein, D.J. Broadhurst and J.A.M. Vermaseren, The Multiple Zeta Value Data Mine,
Comput. Phys. Commun. 181 (2010) 582 [arXiv:0907.2557] [INSPIRE].

D.J. Broadhurst, Massive three-loop Feynman diagrams reducible to SC* primitives of
algebras of the sizth root of unity, Eur. Phys. J. C' 8 (1999) 311 [hep-th/9803091] [INSPIRE].

K.G. Chetyrkin and M. Steinhauser, The Relation between the M S and the on-shell quark
mass at order o, Nucl. Phys. B 573 (2000) 617 [hep-ph/9911434] [INSPIRE].

A.I. Davydychev and M.Y. Kalmykov, New results for the epsilon expansion of certain one,
two and three loop Feynman diagrams, Nucl. Phys. B 605 (2001) 266 [hep-th/0012189]
[INSPIRE].

J.A. Gracey, Three loop QCD MOM beta-functions, Phys. Lett. B 700 (2011) 79
[arXiv:1104.5382] INSPIRE].

A 1. Davydychev and M.Y. Kalmykov, Massive Feynman diagrams and inverse binomial
sums, Nucl. Phys. B 699 (2004) 3 [hep-th/0303162] [INSPIRE].

S. Weinzierl, Expansion around half integer values, binomial sums and inverse binomial sums,
J. Math. Phys. 45 (2004) 2656 [hep-ph/0402131] [INSPIRE].

C. Neumann, Vorlesungen tiber Riemann’s Theorie der Abel’schen Integrale, 2nd edition,
Teubner, Leipzig (1884).

F. Brown and O. Schnetz, A K3 in ¢*, Duke Math. J. 161 (2012) 1817 [arXiv:1006.4064]
[INSPIRE].

C.F. Doran, A. Harder, E. Pichon-Pharabod and P. Vanhove, Motivic geometry of two-loop
Feynman integrals, arXiv:2302.14840 [INSPIRE].

K. Bonisch et al., Feynman integrals in dimensional reqularization and extensions of
Calabi-Yau motives, JHEP 09 (2022) 156 [arXiv:2108.05310] [INSPIRE].

— 44 —


https://doi.org/10.22323/1.211.0019
https://arxiv.org/abs/1407.6180
https://inspirehep.net/literature/1307427
https://arxiv.org/abs/1011.1176
https://inspirehep.net/literature/875721
https://arxiv.org/abs/1305.0687
https://inspirehep.net/literature/1232081
https://doi.org/10.22323/1.260.0067
https://inspirehep.net/literature/1491503
https://doi.org/10.1080/10586458.2015.1116028
https://doi.org/10.1080/10586458.2015.1116028
https://arxiv.org/abs/1507.01703
https://inspirehep.net/literature/1409207
https://arxiv.org/abs/1801.01039
https://arxiv.org/abs/1902.11001
https://inspirehep.net/literature/1722577
https://doi.org/10.22323/1.303.0063
https://inspirehep.net/literature/1697625
https://doi.org/10.1103/PhysRevD.103.096025
https://arxiv.org/abs/2103.08330
https://inspirehep.net/literature/1851704
https://doi.org/10.1016/j.cpc.2009.11.007
https://arxiv.org/abs/0907.2557
https://inspirehep.net/literature/826490
https://doi.org/10.1007/s100529900935
https://arxiv.org/abs/hep-th/9803091
https://inspirehep.net/literature/468059
https://doi.org/10.1016/S0550-3213(99)00784-1
https://arxiv.org/abs/hep-ph/9911434
https://inspirehep.net/literature/510551
https://doi.org/10.1016/S0550-3213(01)00095-5
https://arxiv.org/abs/hep-th/0012189
https://inspirehep.net/literature/539036
https://doi.org/10.1016/j.physletb.2011.04.052
https://arxiv.org/abs/1104.5382
https://inspirehep.net/literature/897429
https://doi.org/10.1016/j.nuclphysb.2004.08.020
https://arxiv.org/abs/hep-th/0303162
https://inspirehep.net/literature/615429
https://doi.org/10.1063/1.1758319
https://arxiv.org/abs/hep-ph/0402131
https://inspirehep.net/literature/644381
https://doi.org/10.1215/00127094-1644201
https://arxiv.org/abs/1006.4064
https://inspirehep.net/literature/859195
https://arxiv.org/abs/2302.14840
https://inspirehep.net/literature/2637283
https://doi.org/10.1007/JHEP09(2022)156
https://arxiv.org/abs/2108.05310
https://inspirehep.net/literature/1903620

[146]

[147]

[148]

[149]

[150]

[151]

[152]

[153]

[154]

[155]

[156]

[157]

[158]

[159]

[160]

[161]

[162]

[163]
[164]

[165]

[166]

S. Pogel, X. Wang and S. Weinzierl, Bananas of equal mass: any loop, any order in the
dimensional regularisation parameter, JHEP 04 (2023) 117 [arXiv:2212.08908] [nSPIRE].

J. Bliimlein and C. Schneider, Analytic computing methods for precision calculations in
quantum field theory, Int. J. Mod. Phys. A 33 (2018) 1830015 [arXiv:1809.02889] [INSPIRE].

S. Weinzierl, Feynman Integrals, arXiv:2201.03593 [DOI:10.1007/978-3-030-99558-4]
[INSPIRE].

S. Gerhold, Uncoupling Systems of Linear Ore Operator Equations, M.Sc. Thesis, RISC, J.
Kepler University, Linz (2002).

B. Ziircher, Rationale Normalformen von pseudo-linearen Abbildungen, Ph.D. Thesis
Mathematik, ETH Ziirich (1994).

A. Bostan, F. Chyzak and E. De Panafieu, Complezity Estimates for Two Uncoupling
Algorithms, arXiv:1301.5414 [DOI:10.48550/arXiv.1301.5414].

M. van der Put and M.F. Singer, Galois Theory of Linear Differential Equations,
Grundlehren der mathematischen Wissenschaften, 328, Springer, Berlin (2003).

M. van Hoeij, Factorization of Differential Operators with Rational Functions Coefficients, J.
Symb. Comput. 24 (1997) 537.

K. Heun, Zur Theorie der Riemann’schen Functionen zweiter Ordnung mit vier
Verzweigungspunkten Math. Ann. 33 (1888) 161.

A. Ronveaux ed., Heun’s differential equations, The Clarendon Press Oxford, Oxford (1995).

F.W.J. Olver, D.W. Lozier, R.F. Boisvert and C.W. Clark eds., NIST Handbook of
Mathematical Functions, NIST, US Department of Commerce (2010) and Cambridge
University Press, Cambridge (2010), Ch. 31.

M. Fael, F. Lange, K. Schonwald and M. Steinhauser, Singlet and nonsinglet three-loop
massive form factors, Phys. Rev. D 106 (2022) 034029 [arXiv:2207.00027] [INSPIRE].

M. Fael, F. Lange, K. Schénwald and M. Steinhauser, A semi-numerical method for one-scale
problems applied to the MS-on-shell relation, SciPost Phys. Proc. T (2022) 041
[arXiv:2110.03699] [INSPIRE].

E. Kamke, Differentialgleichungen I, 6th edition, (Geest & Portig, Leipzig (1969).

E.E. Kummer, Uber die Transcendenten, welche aus wiederholten Integrationen rationaler
Formeln entstehen, J. Reine Angew. Math. (Crelle) 21 (1840) 74.

E.E. Kummer, Uber die Transcendenten, welche aus wiederholten Integrationen rationaler
Formeln entstehen: Fortsetzung, J. Reine Angew. Math. (Crelle) 21 (1840) 193.

E.E. Kummer, Uber die Transcendenten, welche aus wiederholten Integrationen rationaler
Formeln entstehen: Fortsetzung, J. Reine Angew. Math. (Crelle) 21 (1840) 328.

H. Poincaré, Sur les groupes des équations linéaires, Acta Math. 4 (1884) 201.

J.A. Lappo-Danilevsky, Mémoirs sur la Théorie des Systémes Différentielles Linéaires,
Chelsea Publ. Co, New York (1953).

K.T. Chen, Algebras of iterated path integrals and fundamental groups, Trans. Am. Math. Soc.
156 (1971) 359.

A.B. Goncharov, Multiple polylogarithms, cyclotomy and modular complexes, Math. Res. Lett.
5 (1998) 497 [arXiv:1105.2076] [INSPIRE].

45 —


https://doi.org/10.1007/JHEP04(2023)117
https://arxiv.org/abs/2212.08908
https://inspirehep.net/literature/2615978
https://doi.org/10.1142/S0217751X18300156
https://arxiv.org/abs/1809.02889
https://inspirehep.net/literature/1679183
https://arxiv.org/abs/2201.03593
https://doi.org/10.1007/978-3-030-99558-4
https://inspirehep.net/literature/2009154
https://arxiv.org/abs/1301.5414
https://doi.org/10.48550/arXiv.1301.5414
https://doi.org/10.1006/jsco.1997.0151
https://doi.org/10.1006/jsco.1997.0151
https://doi.org/10.1007/bf01443849
https://doi.org/10.1103/PhysRevD.106.034029
https://arxiv.org/abs/2207.00027
https://inspirehep.net/literature/2104684
https://doi.org/10.21468/SciPostPhysProc.7.041
https://arxiv.org/abs/2110.03699
https://inspirehep.net/literature/1943847
https://doi.org/10.1515/crll.1840.21.74
https://doi.org/10.1515/crll.1840.21.193
https://doi.org/10.1515/crll.1840.21.328
https://doi.org/10.1007/bf02418420
https://doi.org/10.1090/s0002-9947-1971-0275312-1
https://doi.org/10.1090/s0002-9947-1971-0275312-1
https://doi.org/10.4310/MRL.1998.v5.n4.a7
https://doi.org/10.4310/MRL.1998.v5.n4.a7
https://arxiv.org/abs/1105.2076
https://inspirehep.net/literature/1235972

[167]

[168]

[169]

[170]

[171]

[172]

[173]

[174]

[175]

[176]

[177]

[178]

[179]

[180]

[181]

[182]

[183]

T. Gehrmann and E. Remiddi, Numerical evaluation of harmonic polylogarithms, Comput.
Phys. Commun. 141 (2001) 296 [hep-ph/0107173] [INSPIRE].

D. Maitre, HPL, a mathematica implementation of the harmonic polylogarithms, Comput.
Phys. Commun. 174 (2006) 222 [hep-ph/0507152] [iINSPIRE].

D. Maitre, Extension of HPL to complex arguments, Comput. Phys. Commun. 183 (2012)
846 [hep-ph/0703052] [INSPIRE].

S. Buehler and C. Duhr, CHAPLIN — Complex Harmonic Polylogarithms in Fortran,
Comput. Phys. Commun. 185 (2014) 2703 [arXiv:1106.5739] [INSPIRE].

L. Naterop, A. Signer and Y. Ulrich, handyG — Rapid numerical evaluation of generalised
polylogarithms in Fortran, Comput. Phys. Commun. 253 (2020) 107165 [arXiv:1909.01656|
[INSPIRE].

J. Vollinga and S. Weinzierl, Numerical evaluation of multiple polylogarithms, Comput. Phys.
Commun. 167 (2005) 177 [hep-ph/0410259] [INSPIRE].

J. Ablinger, J. Blumlein, M. Round and C. Schneider, Numerical Implementation of
Harmonic Polylogarithms to Weight w = 8, Comput. Phys. Commun. 240 (2019) 189
[arXiv:1809.07084] [iNSPIRE].

M. Besier, D. Van Straten and S. Weinzierl, Rationalizing roots: an algorithmic approach,
Commun. Num. Theor. Phys. 13 (2019) 253 [arXiv:1809.10983] INSPIRE].

M. Besier, P. Wasser and S. Weinzierl, RationalizeRoots: Software Package for the
Rationalization of Square Roots, Comput. Phys. Commun. 253 (2020) 107197
[arXiv:1910.13251] [INSPIRE].

C.G. Raab, Nested Integrals and Rationalizing Transformations, in Anti-Differentiation and
the Calculation of Feynman Amplitudes, J. Blimlein and C. Schneider eds., Springer, Berlin
(2021) [DDI:10.1007/978-3-030-80219-6_16] INSPIRE].

J. Ablinger, J. Bliimlein, A. De Freitas and K. Schonwald, Subleading Logarithmic QED
Initial State Corrections to ete™ — ~*/Z°" to O(aSLP), Nucl. Phys. B 955 (2020) 115045
[arXiv:2004.04287] [INSPIRE].

J. Hoéné-Wronski, Réfutation de la théorie des fonctions analytiques de Lagrange, Paris,
Blankenstein (1812), p. 148.

K. Takeuchi, Commensurability classes of arithmetic triangle groups, J. Fac. Sci. Univ.
Tokyo Sect. I 24 (1977) 201.

E. Imamoglu and M. van Hoeij, Computing Hypergeometric Solutions of Second Order Linear
Differential Equations using Quotients of Formal Solutions and Integral Bases,
arXiv:1606.01576.

J. Blimlein et al., The p parameter at three loops and elliptic integrals, PoS LL2018 (2018)
017 [arXiv:1807.05287] [NSPIRE].

J. Grigo, J. Hoff, P. Marquard and M. Steinhauser, Moments of heavy quark correlators with
two masses: exact mass dependence to three loops, Nucl. Phys. B 864 (2012) 580
[arXiv:1206.3418] [INSPIRE].

S. Abreu, M. Becchetti, C. Duhr and R. Marzucca, Three-loop contributions to the p
parameter and iterated integrals of modular forms, JHEP 02 (2020) 050 [arXiv:1912.02747]
[INSPIRE].

— 46 —


https://doi.org/10.1016/S0010-4655(01)00411-8
https://doi.org/10.1016/S0010-4655(01)00411-8
https://arxiv.org/abs/hep-ph/0107173
https://inspirehep.net/literature/560030
https://doi.org/10.1016/j.cpc.2005.10.008
https://doi.org/10.1016/j.cpc.2005.10.008
https://arxiv.org/abs/hep-ph/0507152
https://inspirehep.net/literature/687356
https://doi.org/10.1016/j.cpc.2011.11.015
https://doi.org/10.1016/j.cpc.2011.11.015
https://arxiv.org/abs/hep-ph/0703052
https://inspirehep.net/literature/745761
https://doi.org/10.1016/j.cpc.2014.05.022
https://arxiv.org/abs/1106.5739
https://inspirehep.net/literature/916030
https://doi.org/10.1016/j.cpc.2020.107165
https://arxiv.org/abs/1909.01656
https://inspirehep.net/literature/1752562
https://doi.org/10.1016/j.cpc.2004.12.009
https://doi.org/10.1016/j.cpc.2004.12.009
https://arxiv.org/abs/hep-ph/0410259
https://inspirehep.net/literature/662237
https://doi.org/10.1016/j.cpc.2019.02.005
https://arxiv.org/abs/1809.07084
https://inspirehep.net/literature/1694684
https://doi.org/10.4310/CNTP.2019.v13.n2.a1
https://arxiv.org/abs/1809.10983
https://inspirehep.net/literature/1696332
https://doi.org/10.1016/j.cpc.2020.107197
https://arxiv.org/abs/1910.13251
https://inspirehep.net/literature/1762056
https://doi.org/10.1007/978-3-030-80219-6_16
https://inspirehep.net/literature/1980463
https://doi.org/10.1016/j.nuclphysb.2020.115045
https://arxiv.org/abs/2004.04287
https://inspirehep.net/literature/1790706
https://arxiv.org/abs/1606.01576
https://doi.org/10.22323/1.303.0017
https://doi.org/10.22323/1.303.0017
https://arxiv.org/abs/1807.05287
https://inspirehep.net/literature/1682506
https://doi.org/10.1016/j.nuclphysb.2012.07.007
https://arxiv.org/abs/1206.3418
https://inspirehep.net/literature/1118442
https://doi.org/10.1007/JHEP02(2020)050
https://arxiv.org/abs/1912.02747
https://inspirehep.net/literature/1768690

[184]

[185)

[186)]

[187]

[188]

[189]

[190]

[191]

[192]

193]

[194]

[195]

[196]

A. Sabry, Fourth order spectral functions for the electron propagator, Nucl. Phys. 33 (1962)
401.

D.J. Broadhurst, The Master Two Loop Diagram With Masses, Z. Phys. C 47 (1990) 115
[INSPIRE].

D.J. Broadhurst, J. Fleischer and O.V. Tarasov, Two loop two point functions with masses:
Asymptotic expansions and Taylor series, in any dimension, Z. Phys. C 60 (1993) 287
[hep-ph/9304303] [INSPIRE].

S. Bloch and P. Vanhove, The elliptic dilogarithm for the sunset graph, J. Number Theor.
148 (2015) 328 [arXiv:1309.5865] [INSPIRE].

L. Adams, C. Bogner and S. Weinzierl, The iterated structure of the all-order result for the
two-loop sunrise integral, J. Math. Phys. 57 (2016) 032304 [arXiv:1512.05630] InSPIRE].

E. Remiddi and L. Tancredi, Differential equations and dispersion relations for Feynman
amplitudes. The two-loop massive sunrise and the kite integral, Nucl. Phys. B 907 (2016) 400
[arXiv:1602.01481] [INSPIRE].

L. Adams and S. Weinzierl, Feynman integrals and iterated integrals of modular forms,
Commun. Num. Theor. Phys. 12 (2018) 193 [arXiv:1704.08895] [INSPIRE].

J. Broedel et al., Elliptic polylogarithms and Feynman parameter integrals, JHEP 05 (2019)
120 [arXiv:1902.09971] [INSPIRE].

J. Bliimlein, C. Schneider and P. Paule, Proceedings, KMPB Conference: Elliptic Integrals,
Elliptic Functions and Modular Forms in Quantum Field Theory, Zeuthen, Germany, 2326
October 2017 (2019) [D0I:10.1007/978-3-030-04480-0] [INSPIRE].

H.R.P. Ferguson and R.W. Forcade, Generalization of the euclidean algorithm for real
numbers to all dimensions higher than two, Bull. Am. Math. Soc. 1 (1979) 912.

H.R.P. Ferguson and D.H. Bailey, A Polynomial Time, Numerically Stable Integer Relation
Algorithm, Tech. Rep. RNR-~91-032 (1991).

S. Catani, M. Ciafaloni and F. Hautmann, High-energy factorization and small x heavy flavor
production, Nucl. Phys. B 366 (1991) 135 [iINSPIRE].

J. Bliimlein, A. De Freitas, P. Marquard and C. Schneider, Analytic results on the massive
three-loop form factors: quarkonic contributions, DESY 23-012.

47 —


https://doi.org/10.1016/0029-5582(62)90535-7
https://doi.org/10.1016/0029-5582(62)90535-7
https://doi.org/10.1007/BF01551921
https://inspirehep.net/literature/252678
https://doi.org/10.1007/BF01474625
https://arxiv.org/abs/hep-ph/9304303
https://inspirehep.net/literature/354025
https://doi.org/10.1016/j.jnt.2014.09.032
https://doi.org/10.1016/j.jnt.2014.09.032
https://arxiv.org/abs/1309.5865
https://inspirehep.net/literature/1255117
https://doi.org/10.1063/1.4944722
https://arxiv.org/abs/1512.05630
https://inspirehep.net/literature/1410114
https://doi.org/10.1016/j.nuclphysb.2016.04.013
https://arxiv.org/abs/1602.01481
https://inspirehep.net/literature/1419663
https://doi.org/10.4310/CNTP.2018.v12.n2.a1
https://arxiv.org/abs/1704.08895
https://inspirehep.net/literature/1597323
https://doi.org/10.1007/JHEP05(2019)120
https://doi.org/10.1007/JHEP05(2019)120
https://arxiv.org/abs/1902.09971
https://inspirehep.net/literature/1722108
https://doi.org/10.1007/978-3-030-04480-0
https://inspirehep.net/literature/1735540
https://doi.org/10.1090/s0273-0979-1979-14691-3
https://doi.org/10.1016/0550-3213(91)90055-3
https://inspirehep.net/literature/302969

	Introduction
	The method
	Distributions in x space
	Conjugation

	Iterated integrals
	Harmonic polylogarithms
	Cyclotomic harmonic polylogarithms
	Generalized harmonic polylogarithms
	Square root valued alphabets

	Iterated non-iterative integrals
	(2)F(1) solutions
	Iterating on the (2)F(1)–solutions at first order

	Numerical representations
	Conclusions
	Details of the analytic continuation
	The solution after first decoupling for F(1)(t)
	The expansion coefficients of series representations

