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Using conformal invariance of gravitational waves, we show that for a luminal modified gravity theory,
the gravitational-wave propagation and luminosity distance are the same as in general relativity. The
relation between the gravitational-wave and electromagnetic-wave luminosity distance gets modified,
however, for electromagnetism minimally coupled to the Jordan frame metric. Using effective field theory
we show that the modified relation obtained for luminal theories is also valid for nonluminal theories with
Jordan frame matter-gravity coupling. We generalize our analysis to a time-dependent speed of
gravitational waves with matter minimally coupled to either the Jordan or Einstein frame metrics.
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Introduction.—With the detection of gravitational waves
(GWs) [1] by the Laser Interferometer Gravitational Wave
Observatory (LIGO) and Virgo, we entered the era of
gravitational multimessenger astronomy. These observa-
tions are in good agreement with general relativity (GR)
predictions, constraining modified gravity theories (MGTS)
and dark energy (DE) models. Bright sirens, namely GW
events with an electromagnetic counterpart [2], are used to
test MGTs [3-7], which predict a difference between the
speed c of electromagnetic waves (EMWs) and the speed
cr of gravitational waves. The event GW170817 led to
tight constraints on the difference between c¢; and c,
motivating investigation of MGTs with ¢ = ¢ [8].

We show that for any MGT with ¢; = ¢, the GW
propagation is the same as in GR; therefore any apparent
modification of the friction term of the GW propagation
equation can be removed by switching from the Jordan
frame, customarily used to study MGTs, to the Einstein
frame. As a result, the choice c¢; = ¢ implies that the GW
luminosity distance is the same as in GR, and if matter is
minimally coupled to the Einstein frame metric, the GW
and EMW luminosity distances are the same. If, however,
matter is nonminimally coupled to the metric in the
Einstein frame, the GW and EMW luminosity distances
can be different. In other words, GWs do not feel the
effective Planck mass associated to the conformal
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transformation between Jordan and Einstein frames, while
photons, and in general matter fields, feel it. Using effective
field theory we derive the general model-independent
relation between GW and EMW luminosity distances for
MGTs with a time-dependent c7 for matter fields coupled
to either the Einstein or the Jordan frame metrics, general-
izing results obtained assuming c; = c.

Apparent modification of GW propagation equation in
GR.—The Lagrangian of tensor modes in GR in an
expanding Universe is

Ler = agh” = (Vh)?], (1)
which gives the equation of motion
h' 4+ 2Hgh' —V?h =0, (2)

where Hp = ai/ag.

The use of conformal time makes it transparent to
understand the effects of a time-dependent conformal
transformation for a Friedmann—Lemaitre—Robertson-
Walker (FLRW) metric, since it corresponds to a scale
factor redefinition from the Einstein to the Jordan frame:

9g = 9291 — ap = Qa,. (3)

Under the above conformal transformation the GR
Lagrangian takes the form

Lor = Q2aj[h” = (Vh)?, (4)

from which we get the “apparently” modified GW propa-
gation equation

/

H,0

h”+2H,<1 + )h’—Vzh =0, (5)
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where H; = a’;/a,. Because of the conformal invariance of
tensor modes,

Q/
(1455 = He ©

in agreement with the definitions of H; and Hz. Hence, the
friction term as a function of space and conformal time is
the same one, just written in different frames related by
conformal transformation.

The above arguments are completely general, and apply
to any theory for which the GW propagation equation has
luminal speed and a modified friction term, independently
of the tensorial type and number of additional physical
degrees of freedom.

GW propagation in MGTs.—Consider MGTs with a
scalar degree of freedom. The corresponding effective field
theory (EFT) was formulated in the Jordan frame [9,10],
showing the relation to the Einstein frame EFT, known as
effective field theory of inflation [11].

Such an approach can be applied to the Horndeski
theory, or other MGTs involving a scalar field. For the
specific case of Horndeski theory, the transformation
between Einstein and Jordan frames can be derived using
the conformal invariance of tensor and curvature perturba-
tions [12]. Alternatively, without using perturbation theory,
one can find the relation between frames by studying the
effects of conformal transformations on the nonperturbed
MGT field equation [13], or by writing explicitly the
Horndeski Lagrangian in the form of the quadratic
Lagrangian for an effective field theory of DE in the
Jordan frame [9]

L = g R, + L), (7)

where L(J2> stands for all remaining terms. Note that the

Einstein frame is defined as the frame in which the
Lagrangian has the Hilbert form

L8 = \/gg[Re + LY, (8)

where gp = Q%g,.
Following the EFT for DE, the Lagrangian for tensor
perturbations in the Jordan frame is [10]

202
Leff — azQ
==

T

(12 = c7(Vh)?], ©)

and in the Einstein frame [14] is

DS

a

L5t = L0 - A(Vh)?, (10)

S|
~to

where ap = Qa;, consistent with the general conformal
transformation gp = Q2¢, defined for the full action.

A more general effective Lagrangian was derived in [13],
valid for an arbitrary number of fields, and including the
effects of higher order terms.

From Eq. (10), the GW propagation equation in the
Einstein frame reads

/ /
+2| ——— —-c = 0.
W2 ZE ) g — 22 =0 11

adg Cr

Clearly, for ¢/, = 0 the friction term cannot be modified.
In particular, if GWs propagate at the speed of light,
Eq. (11) reduces to the one of general relativity.

From the effective Lagrangian in Jordan frame, Eq. (9),
the GW propagation equation reads

X \y_avi—o (12)
—_ —_ C = .
HJCT H/Q T

W'+ 2H, <1

where H; = a/;/a,. For luminal gravitational waves, the
above equation simplifies to

/

Q
W —V2h = 0, 13
HJQ) (13)

h”+27—(,<1+

corresponding to the Lagrangian
Lor = a;@[h? — (Vh))] = ag[h® = (Vh))].  (14)

Hence, the EFT approach confirms the result obtained
previously, namely that for GWs propagating at luminal
speed, any phenomenological parameterization of their
propagation equation involving a modification of the
friction term should have no physical relevance. Such
modification corresponds to GR written in a different
frame. In the following we will consider MGTs that can
be described by the EFT formulated in [10].

Luminosity distances.—In Minkowski background, the
GW amplitude £ is inversely proportional to the distance
from the source r. To study the effects of cosmological
expansion on £ it is convenient to write the Lagrangian for
an expanding universe, Eq. (10), as

Esz = ocz[h’2 — c%(Vh)z}, (15)
where
_ 9 _ %, (16)
cr cr

leading to the propagation equation

/
W25 - AVh =0 (17)
a
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TABLE L.
matter-gravity couplings.

Redshift, gravitational, and electromagnetic luminosity distance relations for GR and MGTs with Einstein or Jordan frame

GR MGT—Einstein frame MGT—IJordan frame
Scale factor ag ag a; = (M.cr) " ag
Coupling 9E YE 95
(1+2) lap(0)/ag(z)] lap(0)/ag(z)] [a,(0)/a;(2)] = M. (2)er(2)ag(0)/M.(0)er(0)ag(z)]
dpv dgg = rlag(0)/ag(z)] dygr = ler(2)/er(0)]dgy dyugr = ler(2)/er(0)]dgy
diM dey = rlag(0)/ag(z)] diter = doy dyar = rla;(0)/a;(z)] = [M.(z)cr(z) /M. (0)er(0)]dey
(dg™/dp™) 1 [er(2)/e7(0)] [M.(0)/M.(2)]

in which a plays the role of an effective scale factor for the
GW propagation.

Introducing a new parameter y as & = y/a, Eq. (17) in
Fourier space (denoted by a subscript k) reads [15]

1
2+ (=L )n o (18)

On subhorizon scales @’ /a can be neglected, implying
1
hy o —. 19
k& P (19)

Hence, on subhorizon scales GW amplitude in the expand-
ing Universe evolves as

1 1
hk X E X dE—W, (20)
where
0)
V() = 2 21
L (Z) r(l(Z) ( )

stands for the gravitational luminosity distance [16], a
quantity inferred from GW observations [17]. For a flat
FLRW background the comoving distance r(z) is

2 d7
&= | e (22)
Note that Eq. (21) is valid in both the Einstein and the
Jordan frames.

Let us denote with 5, and 7, the conformal time at the
source and observer, respectively, and also denote with
d™M|;, d™|, and dV|;, d°V|, the EMW and GW
luminosity distance of theories with matter coupled respec-
tively to the Einstein and Jordan frame metrics. At leading
order in perturbations, the distinction is not physically
relevant for GWs, since independently of the matter-gravity
coupling,

APl = gl =S = ST R, (23)

where dSR corresponds to Eq. (21) with ¢ = ¢, as shown
in Table I. However, for EMWs it is important, since it
affects the definition of redshift, and dPM|, # dP™M|,.

Conformal transformations and redshift-scale factor
relation.—The Lagrangian of electromagnetism is confor-
mally invariant [19], but the relation between redshift and
scale factor can change, depending on which metric A* is
coupled to. This can be understood using the geometric
optical approximation [20]. We give below a proof, using
the invariance of the norm of the photon four-momentum.

Consider a conformal transformation and its effect on the
scale factor of the FLRW metric

9e = Qg ap = Qay.

The norm of the four-momentum of a photon must be zero
in any frame, but if photons are minimally coupled with the
metric gy, i.e., indices are contracting with g;, we have

P, Pt = PrPrgl,
=E> - 5ijPin03
= E* - 5ijpipj9'_2a125
=0,

where p/ are the components of the comoving momentum.
Hence,

E=pa;=pagQ’,

with p* = §;;p'p’ the norm of the comoving momentum.
We can then compute the redshift as

- 52, -5 ),

showing that the relation between redshift and scale factor
depends on which metric is minimally coupled to the matter
fields, namely with which metric tensor indices are raised
and lowered.

(14+2z2)=

231401-3
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Luminal modified gravity theories.—As shown previ-
ously, for ¢y = 1, Eq. (12) implies that the only way to get
an apparent modification of the friction term is to write the
GR action in the Jordan frame. From the definition of
gravitational luminosity distance, Eq. (21),

4, = r 2 = 2
a(z)  ag(z)

=r(1+2). (24)
Using the definition
dM = r(1 + 2), (25)
valid in either the Einstein or the Jordan frame, we get
dgw|E = d]EM|E' (26)

So far we have assumed

(142 =20 @7)

namely that matter fields are minimally coupled to the
metric tensor in the Einstein frame gj.

If matter fields are minimally coupled to the metric
tensor in the Jordan frame g;, we get the following redshift-
scale factor relation [20]:

_a;(0) _ag(0)Q(z)
19700 woao Y
and consequently
= 08D 000 gy

in agreement with [8,21].

Within the context of modified gravity theories, it is
customary to interpret Q as an effective Planck constant
[22] M. Hence,

M, (z)
M.(0)

diM|, = di|J. (30)
The relation between dE™ | in the Einstein frame and &t
in the Jordan frame is
EM| __ aJ(O) _ aE(O) M*(Z)
i, =r =r
a;(z) ag(z) M.(0)

M, (z)
- M.(0)

diMg. (31)

Regarding the GW luminosity distance, from Eq. (21)
with the definition Eq. (16), we get

dEW‘J = dE’W|E' (32)

Hence, d$V is not affected by M,, as expected from the
conformal invariance of A.

The relation between the GW and EMW luminosity
distances, Eq. (30), holds for matter fields minimally
coupled to the metric tensor in the Jordan frame. As a
result, a GW-EMW luminosity distance relation of the kind
obtained in [8] should be interpreted as the effect of the
propagation of EMWs within a theory of electromagnetism
where the Jordan frame ¢g; (and not gg) is the metric
coupled to the vector potential. In other words, if ¢y = 1,
gravitons redshift in the same way as in GR because they do
not feel the effective Planck mass, but if photons are
coupled to g; they do feel it, leading to a difference between
the gravitational and electromagnetic luminosity distances.

Nonluminal modified gravity theories.—The effective
Jordan frame Lagrangian reads [23]

L5 = M2 = (TR, (33)

which, compared to the Lagrangians Eqgs. (10) and (9),
implies the frame transformation

aE:M*CTaJ:QaJ, (34)
from which we get

aza—E:M*a,. (35)
cr

From the relation between frames we can derive the model-
independent relations for the nonluminal modified gravity
theories, summarized in Table 1.

For FEinstein frame photon-graviton coupling, using
Egs. (25) and (27),

o - aE(O)
= ri4a) =0
di|E _ ra(O) _ raE(()) cr(z) _ cr(z) dEM|E- (37)

az)  ap(z) er(0)  cr(0)

Setting c7(z) = 1, we get d¥W|; = d™M|j, in agreement
with our previous result.
For Jordan frame photon-graviton coupling, we obtain

a,;(0) ag(0) M, (z) cr(z)

dEMh =rl+2)= raJ(Z) N raE(Z) M. (0) c7(0)

M. (2) cr(2)
= ML(0) er(0) L (38)

and

a, =r20 =, - M0

a(z) M, (2)a;(z) M. (2) dp’l;. (39)
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Hence, Eq. (30) is also valid for nonluminal modified
gravity theories.

Observational implications.—To understand the obser-
vational implications of the results presented above, it is
important to distinguish between the frame one uses to
perform calculations and the matter-gravity coupling frame.
Observational quantities do not depend on the choice of the
frame one uses to perform their calculations. On the
contrary, the choice of the frame for the coupling between
matter and gravity may lead to observational implications,
since this choice corresponds to the selection of a different
Lagrangian.

The results summarized in Table I do not depend on the
frame one uses to perform calculations; however, the
difference between the third and fourth columns corre-
sponds to two different families of theories, and is indeed
observable.

For luminal MGTs the gravitational luminosity distance
is the same as in GR for any matter-gravity coupling, while
the electromagnetic luminosity distance is modified only
for Jordan frame coupling. For nonluminal MGTs the
gravitational luminosity distance is modified with respect
to GR, and is the same for any matter-gravity coupling,
while the electromagnetic luminosity distance is modified
only for Jordan frame coupling. Independent GW and
EMW observations are necessary to constrain the effects
on the GW and EMW luminosity distances.

Conclusions.—A modification of the friction term of the
GW propagation equation, in the context of a modified
gravity theory, leads to a (real) physical effect only if
gravitational waves do not propagate at luminal speed.
Otherwise, the propagation of GWs and the gravitational
luminosity distance are the same as within GR.

Studying modified gravity theories in the Jordan frame,
as is customary, one observes an apparent modification in
the GW propagation equation, even for GWs propagating at
luminal speed. This, however, has no physical effect due to
conformal invariance.

The GW luminosity distance differs from the EMW
luminosity distance even for modified gravity theories with
GWs propagating at luminal speed, if photons are coupled
to the Jordan frame metric, instead of the Einstein frame
metric. In this case, the EMW Iluminosity distance is
different from the corresponding expression in GR, despite
that the GW propagation remains unaffected.

Hence, the obtained GW-EMW luminosity distance
relation modification obtained when gravitational waves
propagate at the speed of light may be regarded in the
Einstein frame as the manifestation of the modification of
electromagnetism rather than a modification of gravity in
the Jordan frame.

The model-independent GW-EMW luminosity distance
relation obtained for Einstein frame coupling can be used to
analyze GWs and EMWs emitted by bright sirens, since it

allows one to reconstruct c7(z) from the GW and EMW
luminosity distances.
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