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Abstract

We discuss intensity limitations due to ions
trapped in the p-beam and assess antidotes which have
recently been applied in the Antiproton Accumulator
(AA) at CERN. We re-examine the theory and analyze:
Landau damping of dipole and quadrupole modes, stabil-
ization by appropriate choice of the working point and
ion clearing by shaking of the p-beam.

Introduction

Trapped ions continue to limit the stack inten-
sity in the AA'~3. The present paper aims to provide
some theoretical understanding of the effects observed
and of the cures which have helped to push the stack
intensity above 8.5:1011 p, Ion-p instabilities of any
mode type can be analyzed using_the theory of Koshkarev

d Zenkevich%, except that p-p and ion-ion forces are

glected in their work. These are included in ref. 5
which, however, treats only dipolar stability. We ex-
tend this calculation to quadrupolar modes, recently
observed in the AA3, including p-p space-charge forces
which can prevent Landau damping in cooled beams. We
then discuss ways to circumvent the instability by
proper choice of the p working point. Finally we ana-
lyze the ion dynamics in the presence of driven p os-
cillations and derive conditions for efficient clearing
by p shaking.

Equations of Motion
and ion

For the motion of an individual p (y)
(y;) we write:

é; ¥+ Q:Goy - Qchsc(Y'§) + QéGc(y-§i) = Feluwt
(1)

1., - -
o ¥i- q2c9sclyi-¥i) + adgclyi-¥y) = 0.

P-ve y _: transverse (h or v) deviation_from nominal

it, y : deviation of beam center, 2 : p-revolution

equency, Qg square of betatron wave number due to
«nternal focusing, Q§C = 4NrpR/2la(a+b)a213: p-p space-
charge, Qé = 4NirpRZi/2wai(ai+bi)921 : ion space-charge
on p-s, qic = 4NirpR(zi/Ai)/Zwai(ai+bi)82 : ion-ion
space-charge and qé = 4NrpRzi/21a(a+b)BZAi : the p
space-charge on the ion; Nj, Zj, Aj are the total
number, charge state and mass number of the ions, aj
(in the direction of y) and b; the effective transverse
radii of the ion cloud; N, a, b the corresponding quan-
tities of the p beam; Ip = 1.54:10718 m; 2xR the orbit
circumference. In the p equation the dot denotes the
totalé~5S d/dt = 9/0t +RQ(9/0s). Smooth approximation
has been used replacing localised external and space-
charge by ring averaged forces. Space-charge image
forces have been neglected.

The functions G and g express the nonlinearity,
G=g=1 for linear forces; Go depends on the external,

the others on the space-charge_fields. With a parabolic
density distribution® of both p and ions:

Gsc = 6(y-¥), Gc = G(y-¥j), 9sc = Glyi-¥i): 9c= Glyi-¥)

where

- 1 2a2+b; - 1 -

G(yi1-y2) = 1- - Z—(YVYz)z- - ——(z1-22}2.
6 aj(a,+b,) 2 b,{a,+b,)
For more general distributions higher powers in (yi-y2)
and (z4-z2) -~ the deviation in the other transverse
plane - appear. On the r.h.s. of Eq. 1, the integrated
electric field EgaAselWt of the shaking kicker (assumed
to be a 5§ function in azimuth) enters as

ivt -
353555___ __EEEEE__ [ ein(s/R)+iut,
lp192 lprZ 2¥R h=-e

Only the resonant harmonic with (n+(w/Q)) = Qp is re-
tained, such that

eEgasein(s/R)

Fs —m™m (2)
lprz 2%R

Dipole Mode

One solves Eq. 1 (without shaking i.e. F = 0)
assuming constant beam size and small oscillations of
the beam center y = y exp(in(s/R)-ivQet) for both ions
and p.*”S Nonlinearities are neglected except for the
calculation of the frequency spreads. Results are*~S:
instability can occur in a band where the ion bounce
frequency q is close to one of the p sideband frequen-
cies (n-Q): |q - (n-Q)| ¢ 8Q; 80 = qcQc//qcWs: 0Q° = QF
+ 02 - 0%ci q® = @2 - qic. The fastest growth rate oc-
occurring in the band center is 1/t = (2/2)6Q.

For realistic frequency distributions Landau
damping inside this band imposes three necessary condi-
tions on the spreads Ay and 4; in the frequencies
(n-Q) 9/Q¢ and q, respectively5:

85> [Q5c/Q|: i > |aic/a| and a--a; > |ad0i/a0). (4)

The first two are the well known? single beam condi-
tions requiring a frequency spread larger than the
modulus of the frequency shift. The third is the two-
beam condition of ref. 4. When the beam is cooled, the
space-charge term Q§C increases and the spread ap de-
decreases simultaneously, thus preventing (full) ndau
damping as the first condition is violated. For typical
AA parameters (3-Q mode, 9 ~ 2.25, qc = 0.75, A- = 3 =«
1073, 4; = 0.2 requiring Q¢ < 2:1073 from the 18st Eq.
4, the two-beam condition would suggest stability up to
a ring average neutralization of a few 10”3 but damping
is upset as in the cool beam Qgc/Q = 200raglett?3+1073.
This may explain why feedback has to be used in the AA,
even with good clearing, to cure dipolar modes.

Quadrupolar Modes

Both transverse planes (y, z) have now to be
treated jointly due to the coupling by space_charge. To
obtain beam envelope equations one insertst* y =z = 0,
y = ael® with 6a(1/a2). Linearizing for small devi-
ations(E, n) from a stable solution (ag, bg) one finds,

(5)

1 o - - - -
oz £ + 40% + x1Q§cE + xzogcn - x1Q§E1 - xzoéni =0 ;



a similar equation for &; (with Q - g, etc.) and a
similar system for the other transverse (n) envelopes
(with ag =« bo in the calculations of Qgq, etc.).

The factors ki = (2ap+bg)/(aptbp) and k2 =
ag/(apgtbp) are 3/, and '/, for equal beam radii ag=bg,
to be assumed hereafter for simplicity. Close to the

diagonal Qv =_0; a symmetric and an antisymmetric
mode with E ¢n occur. In this case Eq. 5 may be
written as:
%;  + 40% + 4pQicE - 4pQlEj = O
. (6)
5 4q%t; + 4pqlcEj - 4pglE = 0
with p =_1/2 in the symmetric, p = 1/4 in the antisym-

metric (E = -n) case. For largely different Qy * Q; one
obtains a more complicated set of equations whlch may
be reduced to the form (6) in other limiting cases,
e.g. that of a ribbon beam (by » ap) for which one
finds Eq. 6 with p = 1/4.

The system (6) may be treated in full analogy
to the dipole case (Eq. 1). One finds that the worst
case growth rate is smaller by 2p and the Q width of
the unstable band by p compared to the dipole case.
Landau damping conditions (4) become

2 2 2_2
Qsc dsc Qcldc
Aﬁ >p —6— ¢ bi > P —a— . Ap-Ai > p? —65—

where Ap and 4; are the spreads of ((n/2)-Q)2/2p and gq
(in the case of Qy = Q, = Q both Q spreads contribute).
Thus the required spreads are smaller by p and the
threshold neutralization (N; a« Qé) is higher by p~2.
This is consistent with the observation in the AA that
quadrupole modes occurred at 2 or 3 times higher
intensities.

] : . .

When the instability is caused by one short ion
pocket, stable conditions can be restored by choice of
the p-working point such that fast and slow wave fre-
quencies coincide. To illustrate this in a simple way
we neglect frequency spreads in Eq. 1 and/or Eq. 6
(i.e. we put y = y, etc.). For an ion pocket we modify
the coupling term

Q2 + Q2 s 8(s) = Q2 [ ein(s/R)

n=-e

with Qé the local and Qé = ﬁé(Aslsz) the ring averaged
coupling. Assuming that the ions oscillate with Y, =
yie'lvgﬂt the p response (from the first Eq. 1) is a
sum of terms with the usual Q2-(v-n)2 denominator (n =
0, #1...). Retaining the two terms with (v-n2) = Q and
(v-ny) = -Q closest to resonance we have

Y * -¥i(02/20)[1/(v=(n1-Q)) - 1/(v=(n2+Q))] .

Thus if the frequencies (ny-Q) and (n+Q) co-
incide (with a tolerance given by the width of the un-
stable band, 5Q = 1073 in the AA) then the coupling is
strongly reduced by *"fast wave/slow wave cancellation®.

For dipolar modes this requires half-integer
tunes Q which are excluded. For quadrupolar modes simi-
lar consideration - applied to Eqs. 5, 6 - suggest fast
wave/slow wave cancellation for quarter integer tunes
such that (ny-2Q) <+ (n2+2Q). Tuning the AA to Q + 2.25

- such that 5-2Q -+ -4+2Q0, 6-2Q0 + -3+2Q, etc. - quadru-
polar instability was successfully suppressed. This
indicates at the same time that an ion pocket pre-
ponderated. In fact, for an extended cloud or several
pockets the ions follow the pattern exp[i(ns/R-QQt)]
around the ring and coupling of different modes is
impossible or improbable.

Iheory of shaking

The purpose of shaking is to decrease Qé , es-
pecially in those places in the ring where the clearing
system cannot influence ions properly. We shake the_p
beam with the help of an rf electric field and the p
beam shakes the ions in any place we are concerned
with. This is most efficient_if the shaking frequency w
= vQ is close to one of the p frequencies (Q-n)Q and
close to the ion frequency qQo¢.

A nonlinearity will be taken into account only

for the ion movement. For the case we are interested
in, yj » y and y; » zj; so the frequency of the ion is:

&é = qz(1 - (ZAac/qC)):

Aqc/9c = ayi » O, (7

3qc/Byj = 28dc/Yj-

For the parabolic distribution a = (2a+b)/16a2(a+b).
Passing through Resonances

The frequency q. depends on the location of the
ions, q¢ = q¢(s), so for a given ion, qo varies in time
becaus¢ of its longitudinal movement. If dq./dt =
(aqc/as)v1 qecvi/h is big enough, the ion crosses the

resonance v = qo(s); A = qc/(3qc/0s). The influence of
the nonlinearity depends on the sign of dgq./dt: the
nonlinearity helps to cross the resonance when dq./dt<0
(qc decreases along the ion's trajectory) and resists
it in the case of dqc/dt > 0. The average result of
a single passing is

e~

veQ qc § 0 (8)
1(8qc/3y;) (3y;/0t) | " at

y?

w
oy -
T4 Igevi/Al ¢

laevi/Al > 1(89c/dy;) (3yi/3t) 1, By;i/dt ~ qcQy.

‘e 1 1lati £ 1

In the_conditions dqc/dt = (aqc/as)v‘l ¢ 0 and
lacvi/Al « |(aqc/ay1)(ay,/at)|. i.e. slow ions moving
in the direction of the gq. decrease, we can consider
the ions as motionless. From Eqs. 1 and 7, we have co-
herent oscillations y_= y, cos(wt+ns/R),

yi = yj cos(wt+ns/R),

Yi = Fa2/p ; y = F(a2 - vi)/p ;

D=(v?-qdl(v+n? -0l -02-qk;: (9

¥i/y = a3/(ad - v?) = q¥/1(aZ - v?) - 2q2(8qc/qc)).

In the purely linear case, « = O, the best
regime for the shaking is v = q¢, ¥ = O, yl = -F/Q2. 1f
a ¢+ 0 and v = g¢ (a pure resonance for small ion os-
cillations), some stable amplitudes Y1-Y will be estab-
lished after a time t ~ v/QAqc -~ [2v/(Rdgc/at))'/



-~ 1 ~ 3
;=-2u;a_9.;_(&)“.;:-2_(53)“ .
YA 9c ' fa \qc

(This is the resuli of a combination of (7) with (9)).
To obtain a large y; in the case of a small F we need
some small D in (9). Since v° - g¢c > O when vi - q9c =
0, the best regime is when

(v+n)?> (0 +0d). (1)

In the AA v must be higher than (Q¢-n), n = 2.

The natural condition |yl « |§i| needed during
the shaking coincides with the condition of the quasi-
linearity, 28qc/qc = 20y{ «_ 1. For a » b and a para-
bolic distribution it gives y; « 2a.

Lock-on Effect

In the case of slow
direction of the q. increase,

ions moving in the

lacvi/Al < 1(3gc/3yi)(3yi/3t)] , (3qc/ds5)Vj > O,

1.e. (for a parabolic distribution),

vildeh < 2(ayd)y/yi . (3qc/88)Vi > 0,  (12)

the ions are trapped into resonance:

- “2 qe(s) - v

9c = v ; qcl1 - “912.) =V Y aqc(s) (13)

The solution for §i is independent of § (in the condi-
tion of (12)).

The General Solution

Thus the fast ions will be heated by shaking
when passing through resonance, according to (8). The
slow ions will provide two different components of the
dipolar response y; = Yqo + Vi lock.{(qf: quasi-linear).
Since yj; jock does not depend on y, it simply changes
the effective electric field in expressions (1) and (9)

_FeFer =F ¢ 01 ¥j 1ock « (v+m? ¥ () +0d). (10

1qp and y depend now on Fef and can be analyzed from
(9).

We have two types of asymmetry: g longitudinal
right-left asymmetry because of (3q./8s)dvi ¢ O and an
up-down asymmetry of v with respect to the betatron
sideband (Q-n), (v+n)? ¥ (Q¢+0Q2).

lon Cooling

It can be deduced from Ref. 8 that for locked-
on ions the shaking creates a greater sgectrgl density
at the frequency gc = v(1-8); & ~ (y/yj) /3(ch/qc)2/3.
The effective width of the spectral density (A4) is much
smaller than vb6. If (Qg - n) = v(1 - &) we obtain a
resonance between free oscillations of antiprotons and

ions. The dipolar resonant response of the ions will
give Landau damping.

The random dipolar fluctuation of antiprotons
and the response of ions are of the order of

iz ei(wt+ns/R)l
N-

Ay =

o]

(15)

Byi = -i Y4/ E2 cilutens/R)

2 A Np

It is important that ion frequencies ic do not wvary
along s in the existence of the lock-on effect: qc = v.

The damping time of the ion cooling has a

natural statistical limit v = INB TL; YL - w/QA. Above
this limit
>
2 QoN W/t g ) T
T=—(A)Tgf. f =
v Av/ Qe 1, <
where 1y is the mixing time for betatron cooling.
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