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Abstract

A Dalitz plot analysis of the D+
s → π−π+π+ decay is presented. The analysis is based

on proton-proton collision data recorded by the LHCb experiment at a centre-of-
mass energy of 8 TeV and corresponding to an integrated luminosity of 1.5 fb−1. The
resonant structure of the decay is obtained using a quasi-model-independent partial-
wave analysis, in which the π+π− S-wave amplitude is parameterised as a generic
complex function determined by a fit to the data. The S-wave component is found
to be dominant, followed by the contribution from spin-2 resonances and a small
contribution from spin-1 resonances. The latter includes the first observation of the
D+
s → ω(782)π+ channel in the D+

s → π−π+π+ decay. The resonant structures of
the D+

s → π−π+π+ and D+→ π−π+π+ decays are compared, providing information
about the mechanisms for the hadron formation in these decays.
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1 Introduction

Decays of D mesons have unique features that can be explored for light-meson spectroscopy.
In particular, their decays into three pseudoscalar particles proceed mainly through scalar,
vector and tensor resonances, indicating that in these decays the dynamics of the final
states is mainly driven by meson-meson interactions. This is the main motivation for
the widely used isobar model in the analysis of D-meson decays [1]. The scalar mesons
are the main component of decays into final states with two identical particles, such as
D+ → K−K+K+, D+ → K−π+π+, and D+

(s) → π−π+π+ [2]. The amplitude analyses

of these decays therefore offer an opportunity to access the S-wave KK, Kπ and ππ
scattering amplitudes from a single reaction with a well-defined initial state, starting
from the corresponding invariant-mass threshold and continuing to ∼1.5–1.8 GeV. The
information about meson-meson interactions provided by the analysis of D-meson decays
is complementary to that from scattering experiments.

Although meson-meson scattering amplitudes play a key role in hadronic D-meson
decays they cannot be measured directly [3]. The D-meson decay is initiated by the
short-distance weak transition of the charm quark. The hadrons are formed from the
available quarks, and rescatter in all possible ways before reaching the detector. The
final-state strong interactions between the decay products allow the scattering amplitudes
to be assessed and, to a large extent, define the resonant structure of the final state.
Unfortunately, at present it is not possible to describe all stages of the decay from first
principles. Nevertheless, the measurement of the S-wave amplitude in different decay
modes provides valuable inputs for phenomenological models.

In this paper, the resonant structure of the D+
s → π−π+π+ decay is determined.1 The

analysis is based on proton-proton (pp) collision data collected by the LHCb experiment
at a centre-of-mass energy of 8 TeV corresponding to an integrated luminosity of 1.5 fb−1.
The main purpose of this work is to determine the resonant structure of the decay and
to measure the π+π− S-wave amplitude. The results are obtained using a quasi-model-
independent partial-wave analysis, in which the S-wave amplitude is parameterised as a
generic complex function determined by a fit to the data. The resonant structure of the
D+
s → π−π+π+ is compared to that of the D+→ π−π+π+ decay [4].

A particular feature of the D+
s → π−π+π+ decay is that while D+

s meson is a cs̄ state
and the decay occurs through the favoured transition c→ s, there are no strange particles
in the final state. The D+

s → π−π+π+ decay is, therefore, appropriate for studies of
resonances that couple to ππ and KK channels. This is the case of the f0(980), often
interpreted as a non-qq̄ state [2, 5]. Previous analyses of the D+

s → π−π+π+ [6, 7] and
D+→ π−π+π+ decays [8–10] demonstrated that in both cases the dominant component is
the S-wave amplitude, but with a different composition in each decay. In both cases, the
main decay mechanism is expected to be the tree-level external W -emission amplitude,
illustrated in Fig. 1. In the D+

s → π−π+π+ decay, the c→ s transition results in an ss̄ pair,
from which the resonances arise. The D+ meson is a cd̄ state and in the D+→ π−π+π+

decay the resonances are produced from a dd̄ pair, resulting from the c→ d transition.
The different initial states at the quark level lead to different resonant structures despite
the same final state. Therefore, the comparison between the resonant structures of the
D+→ π−π+π+ and D+

s → π−π+π+ decays, and in particular between the π+π− S-wave

1Charge conjugation is implicit throughout this paper, unless otherwise stated. Natural units are used.
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Figure 1: Dominant tree-level diagrams leading to the (left) D+
s → π−π+π+ and (right)

D+→ π−π+π+ decays. The resonances are produced from an ss̄ pair in the D+
s → π−π+π+

decay and from a dd̄ pair in the D+→ π−π+π+ decay. For both decays, the annihilation diagram
is suppressed.

amplitudes, can improve our understanding of the mechanisms of hadron formation in
nonleptonic decays of charm mesons.

2 LHCb detector and simulation

The LHCb detector [11,12] is a single-arm forward spectrometer covering the pseudorapidity
range 2 < η < 5, designed for the study of particles containing b or c quarks. The detector
includes a high-precision tracking system consisting of a silicon-strip vertex detector
surrounding the pp interaction region, a large-area silicon-strip detector located upstream
of a dipole magnet with a bending power of about 4 Tm, and three stations of silicon-
strip detectors and straw drift tubes placed downstream of the magnet. The tracking
system provides a measurement of the momentum, p, of charged particles with a relative
uncertainty that varies from 0.5% at low momentum to 1.0% at 200 GeV. The minimum
distance of a track to a primary pp collision vertex (PV), the impact parameter (IP),
is measured with a resolution of (15 + 29/pT) µm, where pT is the component of the
momentum transverse to the beam, in GeV. Different types of charged hadrons are
distinguished using information from two ring-imaging Cherenkov detectors. Photons,
electrons and hadrons are identified by a calorimeter system consisting of scintillating-
pad and preshower detectors, an electromagnetic and a hadronic calorimeter. Muons are
identified by a system composed of alternating layers of iron and multiwire proportional
chambers. The online event selection is performed by a trigger that consists of a hardware
stage, based on information from the calorimeter system, followed by a software stage,
which applies a full event reconstruction.

Simulations are used to model the effects of the geometrical acceptance of the detector
and the selection requirements, and to evaluate efficiency variation across the Dalitz
plot. In the simulation, pp collisions are generated using Pythia [13] with a specific
LHCb configuration [14]. Decays of unstable particles are described by EvtGen [15],
in which final-state radiation is generated using Photos [16]. The interaction of the
generated particles with the detector, and its response, are implemented using the Geant4
toolkit [17, 18] as described in Ref. [19].
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3 Candidate selection

The D+
s → π−π+π+ decay candidates are selected online by a dedicated software trigger

based on the decay topology. Requirements are also applied on the hardware trigger. In
order to avoid distortions in the Dalitz plot of the D+

s → π−π+π+ decay, the analysis
considers only events for which the hardware trigger decision was due to other particles
not related to the signal. Three charged particles identified as pions according to particle-
identification (PID) criteria are combined to form a good-quality decay vertex, detached
from the associated PV, which is chosen as the PV with the smallest value of χ2

IP. Here, χ2
IP

is defined as the difference in the vertex-fit χ2 of the PV reconstructed with and without
the particle under consideration, in this case the D+

s candidate. Further requirements are
applied on: the distance between the PV and the D+

s decay vertex, the flight distance;
the IP of the D+

s candidate; the angle between the reconstructed D+
s momentum vector

and the vector from the PV to the decay vertex; the χ2 of the D+
s decay vertex fit; the

distance of closest approach between any two final-state tracks; and the momentum, the
transverse momentum and the χ2

IP of the D+
s candidate and its decay products. The

invariant mass of each D+
s candidate is required to be within the interval 1910–2030 MeV.

Stringent PID requirements are applied to all three decay products, reducing to the
per cent level the cross-feed from other charm-hadron decays such as D0 → K−π+ with an
unrelated track, D+

(s) → π−π+µ+νµ and Λ+
c → pπ+π−. One important background from

D+
s → η′(→ π+π−γ)π+ decays, in which the photon is undetected, cannot be eliminated

with PID requirements. This background affects mostly the region of the three-pion
invariant mass region, m(π−π+π+), below the D+

s mass.
A multivariate analysis (MVA) is performed to further reduce the combinatorial

background. The MVA uses the gradient boosted decision tree BDTG classifier [20,21].
Only the quantities related to the three-track combinations described above are used in
the BDTG classifier, keeping the overall signal efficiency over the Dalitz plot as uniform
as possible. The BDTG classifier is trained using simulated D+

s → π−π+π+ decays for the
signal, and data from the m(π−π+π+) intervals 1920–1940 MeV and 2010–2030 MeV for
the background.

To improve the sample selection and the determination of the efficiency variation across
the Dalitz plot, the simulation is weighted using the gradient boosted reweighter (GB-
Reweighter) algorithm [22]. By applying the GB-Reweighter, residual differences between
data and simulation are minimized. The weighting includes the kinematic distributions
of the decay products. The target distributions are obtained from data with the sPlot
technique [23].

The invariant-mass distribution of D+
s → π−π+π+ candidates after the final selection is

shown in Figure 2 with the fit result superimposed. The signal is represented by the sum
of a Crystal Ball [24] and a Gaussian function, with an effective width of σeff = 8.9 MeV.
The background is modeled by an exponential function. The Dalitz plot analysis is
performed using candidates with m(π−π+π+) within ±2σeff of the known D+

s mass [2].
The requirement on the BDTG output is chosen to yield a sample of D+

s → π−π+π+

decays with 95% purity in this region. The efficiency drops rapidly for more stringent
BDTG requirements, with only a modest gain in purity. The target purity is chosen to
minimize the systematic uncertainty related to the background model. In approximately
0.5% of the events there is more than one signal candidate, and all are retained for further
analysis. The Dalitz plot of the selected candidates is shown in Fig. 3.
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Figure 2: Invariant-mass distribution of D+
s → π−π+π+ candidates after the final selection, with

the fit result superimposed.
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Figure 3: (Top) Dalitz plot from selected D+
s → π−π+π+ candidates in the signal region. The

colour scale indicates the density of candidates. (Bottom) Perspective view of the Dalitz plot.

4 Signal efficiency and background model

The efficiency for reconstructing and selecting a D+
s → π−π+π+ candidate varies across

the Dalitz plot.A combination of simulation and data-driven methods is used to determine
this efficiency as a function of the Dalitz plot variables s12 and s13, defined in Section 5.
Effects of the geometrical acceptance of the detector, reconstruction, trigger and selection
are included in the simulation, except for the particle identification. The PID efficiency
is determined from data calibration samples. Decays that can be reconstructed without
particle identification, such as the D∗+ → D0(→ K−π+)π+ chain, are used to determine
the efficiency as a function of momentum and pseudorapidity for each decay product. The
PID efficiency of the candidate is the product of the efficiency for each final-state particle
and is used to weight the simulated events that pass the remainder of the selection.

The signal efficiency as a function of the Dalitz plot coordinates is a two-dimensional
histogram with 15× 15 uniform bins. This histogram is smoothed by a 2D cubic spline to
avoid abrupt changes of the efficiency between neighboring bins. The smoothed efficiency
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histogram is shown in the left panel of Fig. 4.
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Figure 4: (Left) efficiency variation over the Dalitz plot and (right) background model for
D+
s → π−π+π+ decays.

The composition of the background varies across the π−π+π+ invariant-mass spectrum.
The background from other charm-hadron decays due to K → π misidentification is
reduced to a negligible level by the stringent PID requirements, but these cannot eliminate
contamination from the D+

s → η′(→ π+π−γ)π+ decays. Since the photon is not detected,
this background is present under the signal peak and extends to the lower sideband.
In the upper sideband, the decay chain D∗+ → D0(→ π−π+)π+ is removed by vetoing
candidates with a π+π− mass greater than 1835 MeV.

The background under the signal peak is modelled with a weighted average of data
from the upper and lower sidebands corresponding to the intervals 1920–1940 MeV and
2000–2020 MeV, respectively. In the default result, equal weights are used for the two
sidebands. Following the same procedure as for the efficiency, a histogram with 15× 15
uniform bins is formed with candidates from the upper and lower sidebands, and smoothed
by a 2D cubic spline. The final histogram is shown in the right panel of Fig. 4.

5 Formalism of the D+
s → π−π+π+ Dalitz plot fit

The D+
s → π−π+π+ decay amplitude is defined as a coherent sum of the S-wave component

,AS(s12, s13), and individual contributions from the P- and D-wave resonant amplitudes,

A (s12, s13) ≡ AS (s12, s13) +
∑
i

aie
iδiAi (s12, s13) + (s12 ↔ s13) , (1)

where s12 and s13 are the invariant masses squared of the π−1 π
+
2 and π−1 π

+
3 pairs. The decay

amplitude is symmetrised due to the presence of two identical particles in the final state.
In addition to the S-wave component, six intermediate states are considered: the vector
resonances ρ(770)0, ω(782), ρ(1450)0 and ρ(1700)0; and the tensor resonances f2(1270)
and f ′2(1525). The f2(1270)π+ channel is chosen as reference, for which the magnitude
and phase are set to 1 and 0, respectively. The magnitudes ai and relative phases δi of
the the other resonant amplitudes are free parameters. The resonance parameters used in
the fit are summarised in Table 1.
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The optimal values of the free parameters are obtained with an unbinned maximum-
likelihood fit to the Dalitz plot. The likelihood function is defined as a combination of the
signal and background probability density functions (PDFs), Psig and Pbkg,

L ≡
∏
j

[
fsig × Psig (sj12, s

j
13) + (1− fsig)× Pbkg (sj12, s

j
13)
]
, (2)

where fsig is the fraction of the signal, fixed at the value obtained from the fit to the
π−π+π+ mass spectrum, and j runs over the candidates in the sample. The background
PDF is determined from the sidebands, as described in Section 4. The set of optimal
parameters is determined by minimising the quantity −2 logL.

The normalised signal PDF is given by

Psig (s12, s13) =
1

Nsig

|A (s12, s13)|2 ε(s12, s13), (3)

Nsig =

∫
DP

|A (s12, s13)|2 ε (s12, s13) ds12ds13, (4)

where ε(s12, s13) is the signal efficiency and Nsig is the normalisation integral over the
Dalitz plot (DP).

The fit results are expressed in terms of the complex coefficients ai and δi for each
channel, and the corresponding fit fractions, FFi, which are computed by integrating the
squared modulus of the corresponding amplitude over the phase space, and dividing by
the integral of the total amplitude squared,

FFi =

∫
DP

∣∣aieiδiAi (s12, s13)
∣∣2 ds12ds13∫

DP
|A (s12, s13)|2 ds12ds13

. (5)

The fit fractions and relative phases between the amplitudes are normalisation-
independent quantities, allowing comparisons of results from different experiments. The
sum of the fit fractions often differs from unity as a result of interference between the
individual amplitudes. The interference fit fractions quantify the degree of interference
between two particular components in the amplitude,

FFij =

∫
DP

2 Re
[
aiaje

i(δi−δj)Ai (s12, s13)A∗j (s12, s13)
]

ds12ds13∫
DP
|A (s12, s13)|2 ds12ds13

. (6)

By construction, the sum of the fit fractions and interference terms is unity.

5.1 Parameterisation of the S-wave amplitude

The π+π− S-wave amplitude is represented by a generic complex function determined
from the data. The spectrum of the π−π+ invariant mass squared is divided into 50
intervals with approximately the same number of candidates. This approach ensures that
narrower intervals are chosen where the amplitude varies rapidly, e.g. around the f0(980)
peak. At the lower edge of the interval k, the S-wave amplitude is determined by two real
parameters, AkS (sπ+π−) = cke

iφk . Interpolations using one linear spline for the magnitude
and one for the phase define the S-wave amplitude at any point of the spectrum. The
set of 50 pairs (ck, φk) are fit parameters. At any given point in the Dalitz plot with
coordinates (s12, s13) the amplitude is given by

AS (s12, s13) = AS (s12) +AS (s13) . (7)

6



Table 1: Masses and widths of the resonances used in the fit [2]. Quoted uncertainties are used
to estimate systematic uncertainties.

Resonance m0 [MeV] Γ0 [MeV]

ρ(770)0 775.26± 0.23 149.1± 0.8
ω(782) 782.65± 0.13 8.49± 0.13
ρ(1450)0 1465± 25 400± 60
ρ(1700)0 1720± 20 250± 100
f2(1270) 1275.5± 0.8 186.7± 2.2
f ′2(1525) 1517.4± 2.5 86± 5

5.2 Parameterisation of the P- and D-waves

The amplitude for the resonant decay D+
s → Rπ+, R→ π+π− is written as a product of

form factors, FD and FR, a function accounting for the angular distribution of the decay
products, MJ(s12, s13), and a dynamical function describing the resonance line shape,
TR (s12),

Ai (s12, s13) = FDFRMJ(s12, s13) TR (s12) , s12 ↔ s13 . (8)

The terms FD and FR are the normalised Blatt–Weisskopf barrier factors [25] for the
decays D+

s → Rπ+ and R→ π−π+, respectively. The barrier factors account for the finite
dimension of the particles involved in the reaction. They ensure the correct behaviour
of the amplitude both at threshold and at the high end of the phase space, and depend
on the orbital angular momentum L of the decay products. Since the D+

s meson is a
spinless particle, the orbital angular momentum L is equal to the resonance spin J . The
normalised barrier factors are defined in terms of z ≡ pr, where p is the modulus of the
momentum of the decay products in the rest frame of the decaying particle, and r is a
parameter with dimension GeV−1. The normalisation factor is defined in terms of z0 ≡ p0r,
where p0 is the decay momentum when the mass of the resonant system is equal to the
known resonance mass. The values of the parameter r are fixed at r = rD = 5.0 GeV−1 for
the transition D+

s → Rπ+, and r = rR = 1.5 GeV−1 for the transition R→ π−π+. The
formulae for the form factors are summarised in Table 2.

The dynamical functions TR(sij) are parameterised by relativistic Breit–Wigner (RBW)
functions, with the exception of the ρ(770)0, for which the Gounaris–Sakurai function [26]
is used. The relativistic Breit–Wigner function is

TRBW(sij) =
1

m2
0 − sij − im0Γ(sij)

, (9)

where m0 and Γ(sij) are the known resonance mass and mass-dependent width, respectively.
The mass-dependent width is expressed as

Γ (sij) = Γ0

(
p

p0

)2J+1
m0√
sij
F 2
R(z), (10)

where Γ0 is the known value of the resonance width. The values m0 and Γ0 for all
resonances are fixed in the fit.
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Table 2: Spin-dependent Blatt–Weisskopf barrier factors. The normalisation ensures that the
barrier factors are equal to unity at the resonance mass.

Resonance spin Barrier factor

1 (1 + z2
0)1/2 × (1 + z2)−1/2

2 (z4
0 + 3z2

0 + 9)1/2 × (z4 + 3z2 + 9)−1/2

The ω(782) is a narrow resonance and the finite mass resolution of the detector cannot
be neglected. The mass resolution in the region around the ω(782) mass is 2.3 MeV and it
is accounted for by a convolution of the ω(782) Breit–Wigner distribution with a Gaussian
function [27].

The Gounaris–Sakurai function, a modification of the RBW commonly used to describe
the pion electromagnetic form factor, is given by

TGS(sij) =
1 + Γ0d/m0

(m2
0 − sij) + f(sij)− im0Γ(sij)

, (11)

where

f(sij) = Γ0
m2

0

p3
0

[
p2 (h(sij)− h0) +

(
m2

0 − sij
)
p2

0

dh

dsij

∣∣∣∣
m0

]
. (12)

The parameter h0 is the value of the function h(sij) when sij = m2
0. The function

h(sij) is given by

h(sij) =
2

π

p
√
sij

ln

(√
sij + 2p

2mπ

)
, (13)

where mπ is the pion mass with

dh

dsij

∣∣∣∣
m0

= h0

[
(8p2

0)−1 − (2m2
0)−1

]
+ (2πm2

0)−1 . (14)

The parameter d = f(0)/(Γ0m0) is given by

d =
3

π

m2
π

p2
0

ln

(
m0 + 2p0

2mπ

)
+

m0

2π p0

− m2
πm0

π p3
0

. (15)

The Lorentz-invariant functions MJ describe the angular distribution of the decay
products, accounting for the conservation of angular momentum. They are obtained using
the covariant tensor formalism [1]. For the general decay D → Rc, R→ ab, the explicit
form of the functions MJ are

M1 = sbc − sab +

(
1

sab
(m2

D −m2
c)(m

2
a −m2

b)

)
, (16)

for spin-1 resonances, and

M2 =M2
1 −

1

3

(
sab − 2m2

D −m2
c +

1

sab
(m2

D −m2
b)

2

)
×
(
sab − 2m2

a − 2m2
c +

1

sab
(m2

a −m2
b)

2

)
, (17)

for spin-2 resonances.
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5.3 Goodness-of-fit

To assess the goodness-of-fit, the Dalitz plot is divided into nb = 1600 bins containing
approximately 500 candidates, and a χ2 test statistic is computed. The test statistic is
defined as

χ2 ≡
nb∑
i=1

χ2
i =

nb∑
i=1

(Nfit
i −Nobs

i )2

Nobs
i

, (18)

where Nobs
i and Nfit

i are the observed number of candidates and the population estimated
by the fit in bin i, respectively. The quantity χ2/ndof is used as an estimator of the fit
quality. The number of degrees of freedom, ndof, is in the range [nb − np − 1, nb − 1],
with np = 110 being the number of free parameters. The distribution of the normalised

residuals (Nfit
i −Nobs

i )/
√
Nobs
i is also used as an indication of the fit quality.

6 Results

The projections of the data with the fit result superimposed are shown in Figs. 5 and 6.
Due to the two identical pions in the final state, the normalised residuals are computed
over the folded Dalitz plot. The fit results, expressed in terms of magnitudes, relative
phases and fit fractions of each resonant component, are summarised in Table 3. To allow
a comparison with previous results, the magnitude and phase of the S-wave amplitude are
displayed as a function of the π+π− mass, m(π+π−), and are presented in Fig. 7, with the
corresponding Argand plot shown in Fig. 8. The interference fit fractions are collected in
Table 4.

The main features of the default result are:

• The resonant structure is dominated by the S-wave component, with a fit fraction
of 85%, in agreement with previous determinations [6,7], followed by the D-wave
component and a small P-wave contribution.

• The magnitude of the S-wave component near threshold is small and nearly constant,
indicating a very small contribution from the f0(500) meson, also known as σ.

• The large phase variation and the peak in the magnitude near m(π+π−) ∼ 1 GeV
are signatures of a prominent contribution of the f0(980) meson.

• The rapid growth of the S-wave phase towards the end of the spectrum indicates the
presence of at least one more scalar resonance, which could be the f0(1370) meson,
the f0(1500) meson or a combination of both.

• The Argand plot exhibits two overlapping circles, supporting the existence of at
least one scalar resonance above 1 GeV.

• The D+
s → ω(782)π+, D+

s → ρ(1700)0π+ and D+
s → f ′2(1525)π+ channels are

observed for the first time in the D+
s → π−π+π+ decay.

• There is a small contribution from the ρ(770)0π+ amplitude, in agreement with
previous analyses and in contrast with the D+ decay, where the contribution of this
channel is 26.0% [4].

9



• The combined fit fraction of the ρ(1450)0 and ρ(1700)0 amplitudes is six times larger
than that of the ρ(770)0 contribution.
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Figure 5: (Left) Dalitz plot projections of the lowest two π+π− invariant masses squared; (right)
the highest of the two invariant masses squared.
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Figure 6: Fit results from the default model: (left) the projection of the π+π+ invariant masses
squared; (right) the distribution of the normalised residuals across the Dalitz plot.
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Table 3: Fit results with the default model. The row “combined” has the combined fit fractions
of the ρ(1450)0 and ρ(1700)0 contributions, including the interference between them. The
uncertainties are statistical.

Resonance Magnitude Phase [◦] Fit fraction (FF) [%]

S-wave 84.97± 0.14
ρ(770)0 0.1201± 0.0030 79.4± 1.8 1.038± 0.054
ω(782) 0.04001± 0.00090 −109.9± 1.7 0.360± 0.016

ρ(1450)0 1.277± 0.026 −115.2± 2.6 3.86± 0.15
ρ(1700)0 0.873± 0.061 −60.9± 6.1 0.365± 0.050
combined – – 6.14± 0.27

f2(1270) 1 (fixed) 0 (fixed) 13.69± 0.14
f ′2(1525) 0.1098± 0.0069 178.1± 4.2 0.0455± 0.0070

sum of fit fractions 104.3
χ2/ndof (range) [1.45− 1.57]

Table 4: Interference fit fractions (%) between the resonant amplitudes. Uncertainties are
statistical only.

ω(782) ρ(770)0 ρ(1450)0 ρ(1700)0

ω(782) 0.360± 0.016
ρ(770)0 0.128± 0.013 1.038± 0.054
ρ(1450)0 0.36± 0.14 0.148± 0.14 3.86± 0.15
ρ(1700)0 0.089± 0.010 −0.307± 0.0.55 1.92± 0.20 0.365± 0.050
f2(1270) −0.1540± 0.0040 0.280± 0.029 −1.10± 0.047 −0.376± 0.047
f ′2(1525) 0.00827± 0.00063 0.00283± 0.0038 0.066± 0.0021 0.0200± 0.0021
S-wave −0.053± 0.0099 0.804± 0.076 −1.520± 0.086 −0.934± 0.086

f2(1270) f ′2(1525) S-wave

f2(1270) 13.69± 0.14
f ′2(1525) −0.429± 0.072 0.0455± 0.0070
S-wave −3.460± 0.092 0.20± 0.013 84.97± 0.14

7 Systematic uncertainties

The systematic uncertainties are divided into two types: those related to experimental
effects and the ones associated with the parameters of the model. The experimental
systematic uncertainties account for the uncertainties on the efficiency, on the background
model, on the mass resolution and a possible bias from the fitting algorithm.

The systematic uncertainties on the efficiency include uncertainties on PID efficiencies,
the impact of the binning choice of the efficiency histogram before the 2D spline smoothing
and the uncertainties due to the limited size of the simulation sample. The uncertainties
on the PID efficiency are related to the finite size and the binning scheme of the calibration
samples. Alternative sets of PID efficiency weights are produced by varying the binning
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Figure 8: Argand plot of the π+π− S-wave amplitude. The values of m(π+π−) at the edge of
each interval are indicated next to the corresponding experimental point. The amplitude starts
at the point circled in red and undergoes two counterclockwise circles.

scheme and the candidate efficiency according to the statistical uncertainties of the
calibration samples. These alternative sets of PID weights are applied to the simulation
sample and the data are fitted using the resulting signal efficiency histograms. The
root mean square of of the resulting distribution of each fit parameter is assigned as the
systematic uncertainty. The systematic uncertainty due to the binning scheme of the
efficiency histogram is assessed by varying the number of bins (20× 20 and 25× 25 bins),
and for each fit parameter the largest deviation is assigned as the systematic uncertainty.
The impact of the limited size of the simulation sample is estimated by fitting the data
with 100 alternative efficiency histograms, in which the bin contents are varied according
to a Poisson distribution. The root mean square of the resulting distribution of each fit
parameter is assigned as the systematic uncertainty on each fit parameter. The systematic
uncertainty on the efficiency is the sum in quadrature of the various sources considered.

The uncertainties on the background model include the effect of the histogram binning
before the 2D-spline smoothing, the weights assigned to each sideband and the uncertainty
on the signal to background ratio from the π−π+π+ invariant-mass fit. Alternative
background histograms are produced using 20 × 20 and 25 × 25 bins, and for each
fit parameter the largest deviation from its default value is assigned as a systematic
uncertainty. The data are fitted with the weight of each sideband varied from 0% to
100% and the largest deviation is assigned as a systematic uncertainty. The signal to
background ratio is varied according to the uncertainty of the invariant-mass fit, and
the largest deviation is assigned as a systematic uncertainty. All the above uncertainties
are added in quadrature and the result is assigned as the systematic uncertainty on the
background.

The default result is obtained with a convolution of the Breit–Wigner representing
the ω(782) line shape with the mass resolution function. A systematic uncertainty is
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assigned by varying the width of the resolution function according to its uncertainty. The
differences with respect to the default fit are taken as systematic uncertainties.

Systematic uncertainties arising from biases in the fit algorithm are estimated using
an ensemble of 1000 pseudoexperiments generated according to the fitted values of the
parameters. The simulations include the background component and the effect of the
efficiency variation across the Dalitz plot. Each pseudoexperiment is fitted independently,
resulting in a distribution of fitted values for each parameter. The difference between
the mean of the distributions and the default value of each parameter is assigned as the
systematic uncertainty due to the fit bias.

The systematic uncertainty due to the decay amplitude model includes the uncertainties
on the masses and widths of the resonances, the choice of the number of intervals in the
model-independent description of the S-wave amplitude and the uncertainty on values
of the Blatt–Weisskopf parameters rR and rD. The masses and widths of the resonances
are always fixed in the fits, but their values are varied individually, according to their
uncertainty quoted in the PDG averages [2]. The largest deviations of the fit parameters
are taken as systematic uncertainties. The fit is repeated with the default model, dividing
the π+π− mass squared spectrum into 45 and 55 intervals. As before, the largest deviation
is assigned as systematic uncertainty on each parameter. Finally, the largest difference
from the default value of each fit parameter is assigned as a systematic uncertainty when
the values of the Blatt–Weisskopf parameters are varied in the range 1.0–2.0 GeV−1, for
rR, and 4.0–6.0 GeV−1, for rD. The systematic uncertainties due to the decay amplitude
model is the sum in quadrature of the above contributions.

The systematic uncertainties on the magnitudes, phases and fit fractions of P- and
D-wave resonances are summarised in Tables 5 and 6. The statistical uncertainties
are quoted in the last columns, showing that the measurement is dominated by the
systematic uncertainty. For most parameters, the background model is the dominant
source of experimental systematic uncertainty. For almost all amplitudes, the systematic
uncertainty due to the decay amplitude model is the dominant source.

Table 5: Summary of the systematic uncertainties on the magnitudes and phases of the complex
coefficients from the P- and D-wave amplitudes. The column “total exp.” is the sum in quadrature
of the first four columns. For comparison, the statistical uncertainties are included in the last
column.

parameter back. eff. fit bias mass res. total exp. model stat.

ρ(770)0 mag. 0.0034 0.0030 0.0021 0.0000 0.0050 0.0062 0.0030
ρ(770)0 ph. 6.1 4.6 1.1 0.016 7.8 4.4 1.8
ω(782) mag. 0.0017 0.00047 0.00041 0.00003 0.0018 0.00086 0.00090
ω(782) ph. 0.71 0.53 0.32 0.0030 0.94 1.4 1.7
ρ(1450)0 mag. 0.011 0.016 0.013 0.000 0.023 0.48 0.026
ρ(1450)0 ph. 1.2 0.72 2.5 0.011 2.83 10.4 2.6
ρ(1700)0 mag. 0.041 0.032 0.014 0.000 0.054 0.62 0.061
ρ(1700)0 ph. 3.1 3.5 4.7 0.017 6.7 12 6.1
f ′2(1525) mag. 0.0080 0.017 0.0031 0.0000 0.019 0.015 0.0069
f ′2(1525) ph. 8.5 7.9 1.2 0.012 12 7.0 4.2
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Table 6: Systematic uncertainties on the fit fractions (%). The combined fit fractions of the
ρ(1450)0π+ and ρ(1700)0π+ are quoted in the row “combined”.

amplitude back. eff. fit bias total exp. model stat.

S-wave 0.28 0.085 0.082 0.30 0.63 0.14
ρ(770)0π+ 0.066 0.061 0.037 0.097 0.11 0.054
ω(782)π+ 0.031 0.013 0.0072 0.034 0.016 0.016

ρ(1450)0π+ 0.041 0.10 0.078 0.14 2.0 0.15
ρ(1700)0π+ 0.035 0.027 0.0095 0.045 0.34 0.050
combined 0.10 0.20 0.26 0.34 1.9 0.27

f2(1270)π+ 0.12 0.19 0.0026 0.22 0.49 0.14
f ′2(1525)π+ 0.007 0.013 0.0029 0.015 0.0087 0.0070

8 The S-wave: comparison with D+→ π−π+π+ de-

cay

The Dalitz plots of the D+
s → π−π+π+ and D+→ π−π+π+ decays [4], shown in Fig. 9,

reveal different resonant structures. It is widely accepted that the tree-level W -emission
amplitude, illustrated in Fig. 10, is the dominant mechanism in D-meson decays. The
resonances would be produced from an ss̄ source in D+

s → π−π+π+ decays, and from
a dd̄ source in D+→ π−π+π+ decays. Similar differences in the resonant structure are
observed in the B0

(s) → J/ψπ+π− decays [28,29]. In these decays, the J/ψ recoils against

a dd̄ pair, in the case of the B0 decay, and against an ss̄ pair, in the case of the B0
s decay.

To a very good approximation, the interaction between the J/ψ and the π+π− system
can be ignored. The production of the π+π− system from ss̄ and dd̄ sources results in
different resonant structures.

A comparison between the S-wave magnitude and phase from the D+
s → π−π+π+ and

D+→ π−π+π+ decays is presented in Fig. 11. A broad structure in the magnitude of the
D+→ π−π+π+ S-wave is observed in the beginning of the π+π− spectrum but it is absent
in the D+

s decay. Model-dependent analyses [10] attribute this structure to the resonant
mode f0(500)π+. This channel accounts for nearly half the D+→ π−π+π+ decay rate,
but is consistent with zero in the D+

s → π−π+π+ decay [6]. In the latter, the f0(980)π+

mode is dominant, corresponding to approximately half the decay rate.
The vector and tensor resonances match the qq̄ states predicted by the quark model,

so they could therefore couple directly to the D meson. However, the overpopulation
of scalar states below 2 GeV suggests that at least some of these resonances may not be
regular qq̄ states. The f0(980) and the a0(980) states, for instance, are often interpreted as
compact tetraquark states, see “Note on Scalar Mesons Below 2 GeV” in Ref. [30], while
the f0(500) and the K∗(800) states could be dynamically generated poles of ππ → ππ
and Kπ → Kπ scattering [31], respectively.

The differences between the π+π− S-wave amplitudes in D+
s → π−π+π+ and

D+→ π−π+π+ decays may be understood in the framework of the unitary chiral model [32].
The production of a pair of pseudoscalar mesons with zero orbital angular momentum
could be energetically favoured compared to a scalar particle, e.g. quarks with spins
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Figure 9: (Left) Dalitz plot of the D+
s → π−π+π+ and (right) D+→ π−π+π+ decays [4]. The

colour scale indicates the density of candidates.
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Figure 10: Dominant amplitudes for the D+→ π−π+π+ and D+
s → π−π+π+ decays. The scalar

resonances are produced from rescattering of the two pseudoscalar mesons ab (a′b′) formed by a
qq̄ pair from the vacuum and the dd̄ (ss̄) pair from the decay of the c quark.

aligned in an L = 1 state. The scalar mesons would be produced by the rescattering of the
pair of pseudoscalar particles ab→ π+π− (a, b = π,K, η), as illustrated in Fig. 10. In this
picture, the dd̄ and ss̄ pairs combine with qq̄ pairs from the vacuum (q = u, d, s), giving
rise to different sets of pseudoscalar mesons and, therefore, to different S-wave amplitudes.

Considering the three possible light-quark pairs from the vacuum inserted between the
dd̄ pair, the D+ decay has

d(ūu+ d̄d+ s̄s)d̄ = dūud̄+ dd̄dd̄+ ds̄sd̄ , (19)

which, in terms of the pseudoscalar mesons, corresponds to∑
i

dq̄iqid̄ = π+π− + 1
2
π0π0 − 2√

6
π0η +K0K0 + 1

3
ηη . (20)

In the D+ → π−π+π+ decay, the S-wave would be formed by the reactions ab→ π+π−,
with ab = π+π−, π0π0, π0η,K0K0 and ηη. In the D+

s → π−π+π+ decay, s(ūu+ d̄d+ s̄s)s̄
corresponds to ∑

i

sq̄iqis̄ = K+K− +K0K0 + 1
3
ηη , (21)

leading to a different set of reactions a′b′ → π−π+, and therefore to different S-wave
amplitudes. In this picture, the lack of an f0(500) contribution in the D+

s decay supports
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Figure 11: (Left) Magnitude and (right) phase of the π−π+ S-wave amplitude for the
D+→ π−π+π+ (black line) and D+

s → π−π+π+ decays (blue dot).

to the interpretation of this resonance as a dynamical pole of the ππ scattering. The
f0(980) resonance is known to couple strongly to KK, which can explain the relative
prominence of this state in D+

s decays with respect to D+ decays.

9 The S-wave: comparison with π+π− scattering

In Figure 12, the phase of the S-wave amplitude from the D+
s → π−π+π+ decay is compared

to the scalar-isoscalar phase shift δ0
0 from π+π− → π+π− scattering [5]. Significant

differences between the two phases are observed. In π+π− → π+π− scattering, the phase
starts from zero at threshold, as required by chiral symmetry. In the D+

s → π−π+π+

decay, the phase starts at approximately −200◦, and this overall shift could be attributed
to the production of the π+π− pair. The differences in the shape of the two phases are
more evident when the phase from the D+

s decay is shifted by 210◦. The ππ scattering is
elastic up to the threshold of the KK channel. Near 1 GeV, where the phase is dominated
by the f0(980) resonance, the shape of the two phases is in qualitative agreement, but
below 1 GeV, where the ππ scattering is elastic, the two phases are clearly incompatible.
In the inelastic regime, the two phases can no longer be directly compared. Nevertheless,
in both cases an acceleration of the phase motion at higher values of m(π+π−) is observed,
indicating the presence of one or more scalar resonances.

Meson-meson interactions have a universal character, and this is the essence of Watson’s
theorem [35]. If this theorem were to hold in D meson decays, the phases δ0

0 and those of
the S-wave amplitude from the D+

s → π−π+π+ and D+→ π−π+π+ decays should be the
same. However, differences between these three phases are observed.

The primary source of scattering data is the reaction πN → ππN (or KN → KπN),
which, at low momentum transfer, is dominated by one-pion exchange. The virtual pion
is assumed to be nearly on-mass-shell, yielding the reaction π+π− → π+π−, where the
outgoing π+π− pair recoils against the nucleon. In the D+

s → π−π+π+ decay, the π+π−

pair is produced in a quite different environment. The π+π− pair is part of a three-body
system, and may be produced from processes such as D+

s → K+K−π+ → π−π+π+. In the
scenario where the scalar resonances arise from interactions of two pseudoscalar particles,
the phase of the S-wave amplitude obtained from D+

s → π−π+π+ decays results from a set
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Figure 12: (Left) Comparison of the π+π− S-wave phase from D+
s → π−π+π+ decays and the

phase from π+π− → π+π− scattering. Data on π+π− → π+π− scattering above 0.6 GeV are
from a re-analysis [5] of original data from [33], and below 0.4 GeV are from Ke4 decays [34].
(Right) The S-wave phase from the D+

s → π−π+π+ decay is shifted by 210◦.

of coupled channels, ab→ π+π− (a, b = π,K or η), in contrast with the δ0
0 phase, which

is obtained from a single reaction.

10 The P- and D-waves

A distinct feature of the π+π− P-wave amplitude in the D+
s → π−π+π+ decay is the small

contribution of the ρ(770)0π+ channel, with a fit fraction of (1.038± 0.050)%, compared
to (26.0± 0.3)% measured in the D+→ π−π+π+ decay. The small ρ(770)0 component in
the D+

s → π−π+π+ decay occurs because resonances with no strange quarks in the wave
function can only be formed through the suppressed W -annihilation amplitude.

In the P-wave amplitude, there is also a small contribution of (0.360± 0.016)% from
the D+

s → ω(782)π+ channel. The ω(782) → π+π− decay is isospin violating, with a
branching fraction of (1.53+0.11

−0.13)% [2]. Due to the small difference between the masses
of the u and d quarks, isospin symmetry is only approximate. The physical ρ(770)0 and
ω(782) resonances are linear combinations of the pure isovector and isoscalar SU(3) states
|ρI〉 and |ωI〉 [36],

|ρ(770)0〉 = |ρI〉 − ερω|ωI〉, |ω(782)〉 = ερω|ρI〉+ |ωI〉 , (22)

where ερω is a complex parameter associated with the mixing between the physical states.
The ω(782) → π+π− decay has been observed in different reactions [4, 28, 37–40],

always in conjunction with a prominent ρ(770)0 signal. In the D+ → π−π+π+ and
D+
s → π−π+π+ decays, the ω(782) signal may arise either through the ρ-ω mixing or

from the direct transition. In this work, the latter mechanism is assumed in the default
model, and is represented by a coherent sum of individual ρ(770)0π+ and ω(782)π+

amplitudes. An alternative fit was performed replacing the individual amplitudes by
the ρ–ω mixing amplitude used in Ref. [39], which ignores the direct ω(782) → π−π+

transition. The alternative and default fits have similar quality and yield the same S- and
D-wave amplitudes. The ρ–ω fit fraction is the same as that of the combined contributions
from the individual amplitudes in the default fit. The line shape and phase motion of
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the two parameterisations are nearly identical, preventing the separation of the direct
production ω(782) from the transition through ρ–ω mixing.

In the D+→ π−π+π+ decay [4], where the production of the ρ(770)0 is favoured,
the ratio between the ω(782) and ρ(770)0 fit fractions is approximately 250. A different
scenario is observed in the D+

s → π−π+π+ decay, where the contribution from the ρ(770)0

is only ∼ 1% and the ratio between the ω(782) and ρ(770)0 fit fractions is 3.1, suggesting
different mechanisms for the production of these resonances between both decays.

An alternative mechanism is proposed in Refs. [41] and [42]. The ω(782) meson
could also be produced by the final-state rescattering D+

s → η(η
′
)ρ(770)+ → ω(782)π+.

Due to G-parity conservation, the rescattering η(η
′
)ρ(770)+ → ρ(770)0π+ cannot occur.

Amplitudes of this type involve quantum loops that are suppressed, but there is a
compensation from the large branching fractions B(D+

s → ηρ(770)+) = (8.9 ± 0.8)%
and B(D+

s → η′ρ(770)+) = (5.8 ± 1.5)% [2]. This could explain why the fit fraction
of the ω(782)π+ amplitude is three times larger in the D+

s → π−π+π+ decay than in
D+→ π−π+π+ decay.

The most significant components of the P-wave amplitude are the ρ(1450)0π+ and
ρ(1700)0π+ channels, with similar contributions to the D+→ π−π+π+ and D+

s → π−π+π+

decays. There are a number of measurements, e.g. p̄d [43] and pp̄ [44] annihilation
at rest, τ− → π−π0ντ decays [45] and e+e− → π+π−γ cross-section with initial state
radiation [46], whose description requires two interfering vector resonances in the region
1.4 . m(π+π−) . 1.8 GeV.

The determination of the individual contributions of the ρ(1450)0 and ρ(1700)0 is
limited by a strong correlation between the fit fractions and the masses and widths of
these states. However, the combined fit fraction remains approximately constant when
different values of the masses and widths of theses states are used in the fit. Additionally,
the uncertainties on the masses and widths have a small impact on the S- and D-wave
amplitudes. The combined fit fractions are (6.14± 0.27)%, in the D+

s → π−π+π+ decay,
and (7.1 ± 0.9)% in the D+→ π−π+π+ decay, indicating that these resonances have a
significant ss̄ component in their wave functions. This is consistent with what is observed
in ππ scattering, where the inelasticity between 1 and 1.8 GeV is mostly due to the
threshold of the KK channel [33]. The analysis of ππ scattering data [47] reveals that
the inelasticity of the P-wave is close to one up to 1.4 GeV, after which it decreases to less
than 0.5 at ∼ 1.6 GeV, returning to one at 1.8 GeV. This behaviour can be explained by
the strong interference between the ρ(1450)0 and ρ(1700)0 with the KK channel [47].

The relatively large contribution of the two ρ-like resonances, approximately six times
greater than that of the ρ0(770) contribution in the D+

s → π−π+π+ decay, is inconsistent
with the interpretation of these states as the first radial and orbital excitations of the
ground state ρ0(770) meson [2]. The ρ(1450)0 and ρ(1700)0 states are well established,
but their nature is still uncertain.

The quark model predicts the existence of two spin-2 states with masses between 1.2
and 1.6 GeV and the same quantum numbers, JPC = 0++ [2]. The mixing of the two SU(3)
states gives rise to the physical mesons f2(1270) and f ′2(1525). The latter has a dominant
ss̄ component and a small dd̄+ uū component in its wave function, which implies a small
probability of the f ′2(1525) meson to decay into a pair of pions. Conversely, the f2(1270)
meson is mostly a dd̄+ uū state, with a small ss̄ component in its wave function. This
resonance should therefore decay mainly into a pair of pions. The assigned quark content
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of the two tensor states is consistent with the observed ratio of branching fractions (%) [2],

B(f2(1270)→ KK)

B(f2(1270)→ ππ)
=

4.6+0.5
−0.4

84.8+2.9
−0.9

,
B(f ′2(1525)→ KK)

B(f ′2(1525)→ ππ)
=

87.6± 2.2

0.83± 0.16
.

The very small fit fraction of the f ′2(1525)π+ channel in the D+
s → π−π+π+ decay is

consistent with this picture. One would expect the f2(1270) to be produced at a higher
rate from the dd̄ source in the D+→ π−π+π+ decay, compared to the rate from the ss̄
source in the D+

s → π−π+π+ decay. Surprisingly, the fit fraction of the f2(1270) resonance
is found to be the same in both decays.

11 Final results and conclusions

Based on a sample containing over 7 × 105 signal candidates with a purity of 95%, a
Dalitz plot analysis of the D+

s → π−π+π+ decay is performed and the resonant structure
and the π+π− amplitude in S-wave are determined. The data are described by a model
with contributions from S-, P- and D-waves. The S-wave contribution accounts for nearly
85% of the decay rate. The D-wave contribution contains two states, the f2(1270) and
f ′2(1525) resonances, and is the second largest component, with a fit fraction of 13.12%.
The P-wave contribution has four components, corresponding to the resonances ρ(770)0,
ω(782), ρ(1450)0 and ρ(1700)0, with a fit fraction of 8.55%. The final results, including
systematic uncertainties, are presented in Table 7. The results of this analysis are in
agreement with previous measurements, as shown in Fig. 13 and Table 8. The magnitudes
and phases of the S-wave contribution are given in Table 9.

Table 7: Final results of the D+
s → π−π+π+ Dalitz plot fit. The uncertainties are statistical,

experimental systematic and associated to the decay amplitude model, respectively.

Resonance Magnitude Phase [◦]

ρ(770)0 0.1201± 0.0030± 0.0050± 0.0062 79.4± 1.8± 7.8± 4.4
ω(782) 0.04001± 0.00090± 0.0018± 0.00086 −109.9± 1.7± 0.94± 1.4
ρ(1450)0 1.277± 0.026± 0.023± 0.48 −115.2± 2.6± 2.8± 10
ρ(1700)0 0.873± 0.061± 0.054± 0.62 −60.9± 6.1± 6.7± 12
f2(1270) 1 (fixed) 0 (fixed)
f ′2(1525) 0.1098± 0.0069± 0.019± 0.015 178.1± 4.2± 12± 7

Fit Fraction (FF) [%]

S-wave 84.97± 0.14± 0.30± 0.63
ρ(770)0 1.038± 0.054± 0.097± 0.11
ω(782) 0.360± 0.016± 0.034± 0.016

ρ(1450)0 3.86± 0.15± 0.14± 2.0
ρ(1700)0 0.365± 0.050± 0.045± 0.34
combined 6.14± 0.27± 0.34± 1.9

f2(1270) 13.69± 0.14± 0.22± 0.49
f ′2(1525) 0.0528± 0.0070± 0.015± 0.0087

19



Table 8: Resonant structure of the D+
s → π−π+π+ decay from this analysis compared to previous

determinations from BaBar [6] and BESIII [7]. The fit fractions are given in per cent. The
statistical and systematic uncertainties are added in quadrature.

mode this result BaBar BESIII

S-wave 84.97± 0.64 83.0± 2.1 84.2± 1.4
ρ(770)0π+ 1.04± 0.12 1.8± 1.1 0.9± 0.8
ω(782)π+ 0.360± 0.022 – –
ρ(1450)0π+ 3.86± 2.0 2.3± 1.9 1.3± 0.8
ρ(1700)0π+ 0.37± 0.34 – –
f2(1270)π+ 13.60± 0.50 10.1± 1.9 10.5± 1.4
f ′2(1525)π+ 0.045± 0.011 – –
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Figure 13: Comparison of π+π− S-wave amplitude from the D+
s → π−π+π+ decay with previous

results from BaBar [6] and BESIII [7].

Significant differences are found between the resonant structure of the D+
s → π−π+π+

and D+→ π−π+π+ decays, as summarized in Table 10. In the D+ S-wave amplitude, a
broad structure near threshold associated to the f0(500) resonance in model-dependent
analyses [6, 7], is observed. A corresponding structure is not found in the D+

s decay.
Conversely, the peak corresponding to the f0(980) meson is much more prominent in the
D+
s than in the D+ decay. In both decays there is an indiciation of at least one scalar

state at m(π+π−) ∼ 1.45 GeV. Significant differences are also found between the phase of
the S-wave and the phase shift δ0

0 of π+π− → π+π− scattering.
The observed differences in the S-wave could be explained by the hypothesis of the

scalar resonances being produced by rescattering of pseudoscalar mesons. The latter could
originate from a dd̄ source, in the case of the D+ decay, and from an ss̄ source in the
case of the D+

s decay. This mechanism would yield different sets of coupled channels,
resulting in a different composition of the π+π− S-wave component in D+→ π−π+π+ and
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Table 9: Magnitude and phase of the S-wave amplitude as a function of π−π+ invariant mass.
The uncertainties are statistical, experimental and model, respectively. The π+π− invariant
mass is expressed in GeV.

mππ Magnitude Phase [◦]

0.280 4.54± 0.15± 0.24± 0.46 176.8± 2.0± 3.5± 6.6
0.390 4.05± 0.12± 0.11± 0.50 152.8± 1.5± 2.3± 5.8
0.470 4.10± 0.12± 0.11± 0.46 147.6± 1.4± 2.1± 5.1
0.546 4.41± 0.11± 0.11± 0.42 146.4± 1.1± 1.7± 4.4
0.623 4.69± 0.10± 0.13± 0.34 149.6± 1.0± 1.3± 4.2
0.698 4.691± 0.092± 0.14± 0.28 157.4± 1.0± 1.4± 4.3
0.766 4.994± 0.079± 0.074± 0.16 169.5± 1.1± 1.1± 3.8
0.819 5.43± 0.072± 0.077± 0.13 −172.8± 1.3± 1.3± 3.7
0.865 6.405± 0.066± 0.068± 0.14 −152.0± 1.2± 1.5± 2.7
0.900 8.096± 0.069± 0.088± 0.20 −133.0± 1.1± 2.3± 1.6
0.925 10.624± 0.082± 0.090± 0.25 −116.5± 1.0± 1.8± 1.2
0.942 13.47± 0.10± 0.10± 0.29 −103.0± 1.0± 1.7± 0.8
0.955 16.56± 0.12± 0.13± 0.32 −88.8± 1.2± 1.6± 1.1
0.964 19.45± 0.14± 0.19± 0.42 −74.9± 1.2± 2.0± 0.95
0.972 22.15± 0.16± 0.27± 0.40 −59.5± 1.4± 1.5± 5.7
0.978 24.62± 0.17± 0.46± 0.68 −56.7± 1.4± 6.7± 11.8
0.983 26.95± 0.17± 0.42± 1.04 −21.8± 1.2± 4.2± 6.9
0.990 20.89± 0.14± 0.20± 0.90 −9.8± 1.1± 1.6± 2.8
1.001 13.695± 0.091± 0.13± 0.66 5.45± 0.92± 1.5± 2.3
1.023 10.995± 0.073± 0.10± 0.22 11.28± 0.76± 1.4± 1.3
1.051 9.593± 0.063± 0.11± 0.13 21.57± 0.72± 1.3± 0.93
1.083 8.731± 0.059± 0.072± 0.14 36.27± 0.65± 1.4± 0.80
1.116 7.606± 0.059± 0.038± 0.13 48.02± 0.68± 1.3± 0.66
1.149 6.961± 0.060± 0.043± 0.11 54.42± 0.71± 0.93± 1.2
1.179 6.515± 0.058± 0.043± 0.10 63.46± 0.79± 0.82± 2.0
1.205 6.506± 0.062± 0.033± 0.096 63.47± 0.79± 0.66± 2.05
1.227 6.264± 0.064± 0.034± 0.097 72.45± 0.89± 0.78± 2.0
1.245 6.125± 0.068± 0.025± 0.11 72.80± 0.94± 0.68± 1.4
1.261 6.081± 0.069± 0.034± 0.13 77.2± 1.0± 0.78± 1.07
1.276 6.071± 0.072± 0.036± 0.15 82.2± 1.0± 0.43± 0.95
1.289 5.912± 0.074± 0.067± 0.18 86.1± 1.0± 0.59± 1.1
1.302 5.893± 0.078± 0.099± 0.22 88.8± 1.0± 0.48± 1.1
1.314 5.901± 0.080± 0.12± 0.25 93.2± 1.1± 0.55± 1.3
1.326 6.031± 0.082± 0.095± 0.28 93.8± 1.1± 0.48± 1.06
1.338 5.904± 0.083± 0.067± 0.30 98.7± 1.1± 0.61± 1.1
1.351 6.086± 0.085± 0.056± 0.32 103.3± 1.0± 0.50± 1.3
1.363 6.181± 0.089± 0.075± 0.35 105.7± 1.1± 0.65± 1.5
1.375 6.185± 0.093± 0.087± 0.36 110.4± 1.1± 0.55± 1.6
1.387 6.60± 0.10± 0.091± 0.38 114.5± 1.0± 0.46± 1.4
1.399 6.63± 0.10± 0.085± 0.39 119.7± 1.0± 0.46± 1.7
1.411 6.90± 0.11± 0.080± 0.39 126.5± 1.0± 0.33± 2.0
1.424 7.14± 0.11± 0.11± 0.41 132.3± 1.0± 0.37± 2.4
1.437 7.22± 0.11± 0.11± 0.37 142.03± 0.92± 0.47± 3.0
1.450 7.56± 0.11± 0.12± 0.33 153.74± 0.86± 0.60± 3.5
1.465 7.33± 0.11± 0.13± 0.24 166.50± 0.83± 0.68± 4.1
1.484 7.13± 0.10± 0.15± 0.23 −172.15± 0.82± 0.81± 4.9
1.511 5.009± 0.078± 0.13± 0.37 −136.8± 1.1± 1.4± 5.2
1.554 2.456± 0.073± 0.14± 0.43 −126.8± 2.7± 2.9± 12.0
1.613 2.31± 0.11± 0.14± 0.66 −99.5± 2.8± 5.9± 5.8
1.823 3.75± 0.27± 0.32± 0.63 3.0± 4.2± 6.3± 17
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Table 10: Resonant structures of the D+
s → π−π+π+ and D+→ π−π+π+ [4] decays, expressed

fit fractions (%). Uncertainties are only statistical.

mode D+
s → π−π+π+ D+→ π−π+π+

S-wave 84.97± 0.14 61.82± 0.5
P-wave 8.55± 0.44 32.31± 0.64
D-wave 13.12± 0.02 13.8± 0.2

D+
s → π−π+π+ decays. It would also explain the difference with respect to the δ0

0 phase
shift of π+π− → π+π− scattering.

The ratio between the ρ(770)0π+ and ω(782)π+ fit fractions is approximately 3 in the
D+
s → π−π+π+ decay, compared to 0.004 in D+→ π−π+π+ decay. These results indicate

that the ω(782) is produced by different mechanisms in D+
s and D+ decays. In contrast

to the large difference in the ρ(770)0π+ fit fractions, the combined contributions of the
ρ(1450)0π+ and ρ(1700)0π+ channels are very similar, (6.14± 0.27)% in D+

s → π−π+π+

decay and (7.1±0.8)% in D+→ π−π+π+ decay. These results challenge the interpretation
of the ρ(1450)0 and ρ(1700)0 as excitations of the ground state ρ(770)0. The same fit
fraction of the f2(1270)π+ mode is measured in both decays. This is a surprising result,
since one would expect the f2(1270) to be produced at a higher rate from a dd̄ than from
an ss̄ source.

The determination of the π+π− S-wave from D+
s → π−π+π+ decay provides an

important input to phenomenological analyses, from which the scattering amplitudes
could be obtained. The comparison between the resonant structure of the D+

s → π−π+π+

and D+ → π−π+π+ decays provides valuable information for the understanding of the
hadron formation mechanisms in charm meson decays.
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[13] T. Sjöstrand, S. Mrenna, and P. Skands, A brief introduction to PYTHIA
8.1, Comput. Phys. Commun. 178 (2008) 852, arXiv:0710.3820; T. Sjöstrand,
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