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Graphs and Fornmlae for Calculating Coulomb Scattering

2. Theories of Scattering

When a charged particle traverses a piece of matter of finite thick­

ness it undergoes a number of small angular deflections. Each of these 

deflections is caused by an electromagnetic interaction between the particle 

and the Coulomb field of the nucleus modified by the screening effect of the 

electrons of the scatterer and at large angles by the form factor of the 

nuclei. As a consequence a beam of particles emerges from the scatterer 

with a certain angular distribution, an increased diameter and a larger momen­

tum spread. For the practical purposes under discussion theory is mainly 

required to yield with sufficient precision :

a) The mean projected angle of scattering of the emergent particle (arith­

metic mean of the projections of the angles between tangents to the particle 

trajectories before and after the scatterer onto a plane containing the 

initial trajectory).

b) The corresponding mean displacement in a plane perpendicular to the beam 

axis (beam blow-up).

c) The distribution function of the projected angle of scattering and of the 

spatial displacement.

A list of references to the treatments most commonly used is given on 

page 19. Most theories make simplifying assumptions. They assume in general 

that ∙
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1. Introduction

The effects of Coulomb scattering interest both experimental physicists 

engaged in nuclear experiments and engineers designing particle separators, 

vacuum systems for secondary beams, etc. In this paper, an attempt is made 

to present, in a condensed form, all necessary information to enable both 

groups to make the more standard calculations without any other reference.

To illustrate the use of the graphs and formulae given a few examples of 

calculations are presented in the Appendix.
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Depending mainly on the assumptions made for the detailed distribution of the 

screening electrons and on the method of integrating the individual scattering 

processes the resulting formulae yield more or less accurate results. Highest 

accuracy is obtained with the theory due to Moli⅛re (4)(5)(6). For the scatter­

ing in a fairly thick object the simpler formulae worked out by Rossi (3) may, 

however, in many cases yield satisfactory results. A recommended. compromise 

is to correct the value of the mean projected angle obtained according to Rossi 

with the aid of i¾liere,s theory as summarized on page 6.
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(i) The energy lost by the particle is negligible (traversing a scatterer

of thickness equal to 1⅛ of the range increases the mean spatial angle

by less than 1.5 %, see however ref. (j) p. 68 and (θ)).

o
(ii) The angle of scattering is at most about 50 ∙

(iii) The scatterer is infinitely wide (Overas (9) has worked out solutions 

for a number of cases of practical interest in which the scatterer has 

limited width).

(iv) The effect of the spin and of the magnetic moment of the scattered 

particle can be neglected.

(v) Relativistic effects of the screening electrons (due to their appreci­

able speed in the c∙m. system in case of energetic particle beams) 

may be neglected.

The probability of particles being scattered by more than a given angle or 

lateral displacement may be calculated most accurately with the graphs and 

formulae due to Snyder and Scott (7)(β) reproduced on pages IJ and 16.

It seems that there exists no precise experimental verification of any of 

these theories, for high-energy particles. In view of this, and the limi­

tations explained above, if an accuracy better than a few percent is required, 

it is suggested that the problem be studied in greater detail than is possible 

with the condensed information given here.
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3. Formulae according to Rossi

a) Mean projected angle of scattering f<,r negligible energy loss in scc.vtoror.

*∙ *
(la)

Th® Arithmetic mean of the absolute value of the projected angle of scattering

where

*byQ
y

of a particle of charge ze given
z12 ⅛v]

pcβ QιeVj
y

>
[radj

Q

pcβ

x

P

Xo

: Mean projected angle of scattering in rad

: In IIeV; numerically equal to p in rfeV∕c times 8
2

: Thickness of scatterer in gr/cm (thickness in cm x density p)

H
e’

see p. 4)(for air andin gr∕cm3

(see p. 4): Radiation length in gr/cm2

: Density of scatterer

□ gr/cm2

rx .∙ιrr∕ cm2

* In view of their later correction according to IIoliere (p. 6) Rossi’s Ecu.

2-16-8 aid 2-16-9

have been transformed into (la) by using the relation between the R.M.S> spatial 

angle of scattering and the mean projected angle given on p. 5 (Equ. 5)∙

(lb)

O 
L-

uliere

with

**Equ. (la) is a simplified version (see Ref.(>) p. 67) of

2
x =

Es
βcp

2

X
0

with E
s

= 21 IfeV

2>
y

Q 2 = 16 π N

1
π

Q O
2 x

Z2

A r
2

e

G 2

π

N
Z

me c
2

pcβ

r
e

: R.M.S. spatial angle of scattering per unit thieɪmess in gr/cm

: 5, 14159

Avogadro’s number = 6,024 1023

: Atomic number of scatterer )
: Atomic weight of scatterer )

: Rest energy of electron = 0,51079 IfeV

: In IfeV: numerically eoual to p in MeV/c times β

,2

In
c

2n
e

pcβ
196 (ZA) 4'6

molecules/gr. mole

mixtures see footnote
5on page

cm1310
143.3

A) 3
which is normally the case in

: Radius of electron = 2,8176

Equ. (lb) is applicable as long as pc IfeV
experiments with the CPS.
Eαu. (la) equals Eau. (lb) under the assumption that 196 = 183.

>6Z
A

Q
y

7 is less than 1 %, which
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It mav be seen that the resulting difference of <

is negligible in comparison with the other approximations of the theory.

<. Q

Q

A

X

x

Y

=

s

O

s

s
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3a) con’t.

Density P of air and H at various pressures at 20° C 
"^ w* *"* *-1 n i 1 y r--r-. —

The values of p were calculated as follows :

1 1 58

2 4 85

6 12 42,5

7,57 14,78 56,5

55,9

27,0

15 27 25,9

26 55,84 15,8

29 65,57 12,8

12,7

82 207,2 5,8
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Air : (Ref. (10) p. 2137)

He s (Ref. (10) p. 3188)

Qnm Hgl

mm Hg

S

S gr/cm3 = 0.2190 x 10
>4

P

gr/cm15 = 1.5849710-6 P

Radiation lengths for various scattering materials: (Fr ^m ref. (11) p. 266)

Scatterer

Al

Fe

Cu

Baryte concrete - See CPS User's
Handbook U 10

Pb

See CPS User’s
Handbook U 10

Normal concrete -

by weight

by weight

H

B
e

C

Air N 76,9%) 
0 21,8% ) 
A 1,5%)

Water H 11,1 %)
0 88,9 %)

Z A X
o

(gr/cm2 )

P jam I⅛Q

760 mm Hg

1 mm Ha­

mm Hse

mm Hg

mm Hg

1.205

1.585

1.585

1.585

1.585

1.664 10-4

^Air gr/cm'
5∙ He j⅛ cm5

10"5

10-6

10∏7

10-9

10 -12-610

10-5
10-1
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b) ⅛1at ion to other angles

placement y in a plane perpendicular to the beam arc represented in Rossi’s

Tlieory by a Gaussian function. Therefore

22

A

ii) the R.M.S. of the projected angle of scattering on a plane

containing the initial trajectory

(7)

c) R.ii.S. value of lateral displacement

(8)

Po/2925

y
The distribution of the projected angle of scattering and of the dis-

(2)

(3)

(4)

(5)

Furthermore one has

2 2 > = π < > 2O
y

< y >> = π
2

< y

<Q
y

< Q
s

2 7 = < 0 s7
2

2
xG

s
1
π

2
> =

2
< G

y

> one can therefore calculateFrom <

i) the R.II.S. spatial angle of scattering of a particle passing

(6)

g/ cm2** of scattererthrough a thickness of x

π <G
y

2G

V
Q

<θ
y

π
2

2G
y

The R.M.S. value of the lateral displacement in a plane perpendicular to

is given bythe beam <y
2

7

y
2

*
(To page 3)

For a mixture of i kinds of atoms A
becomesZ2

< G
y > xπ

66

3(χ)2Q
s

i
£ ni

Z2
i

i
n
i A i

where ni
is the

proportion of nuclei of the .i-thkind in one mole of mixture.

Q

x =

s

=

=
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4. Moliere,s Theory

a) Mean projected angle

Graphs M 10 ρ∙ 5-8 represent the corrections ε to be applied to the value 

of the mean projected angle of scattering, calculated from Equ. (la) p. 3

in order to obtain Moli⅛re,s more accurate value *

The values of ε are given as a function of

speed and charge as parameter, and for scatters with

According to ref. (12) one has

x

o
with β∕z, the ratio of particle

Z = 1, 6, 29 and 82.

<Θ7
y Mcliere

12 MeV
z

pcβ
JfeV

X

X
O

(1 + ε) = <0
y

> Rossi (1 + ε)

(p for air and He see page 4)

pcβ. : In JfeV; numerically equal to p. in MieV/c times β

W.H. Barkas gives for ε the relation (cp. ref. 6 and lθ).

: Charge of particles

s Radiation length (values p.4)

: Thickness of scatterer in gr/cmx

X0
ze

(9)

- 1 (10)

(11)

and 4,5 < B < 20. (For B outside those limits the curves on graphs M 10

pages 5 to 8 have been extended in dotted lines).

b) Relations to other angles

remains valid.

4 0 ≥ : Mean spatial angle

y J Projected angle on a plane containing the initial trajectory.

ps/2925

These graphs are due to U.H. Barkas of UCZtL and are reproduced here with

his kind permission.

< ɑ re 
j

40 > =
τr
2

4 © >
Ikwever, the general relation:

Y
The distribution function of underlying ifeliδre,s theory is not Gaussitm.

ε =

with B- In B = In

1
15

0,157 X
0

zz ÷ 17
A

B
2

6680 Z

A z
2 + Z

76
2

(Z + 1) X
0 x

X
0

1 + 0.982
B

0.117

B2

2

Y3
ß

Q

X

=

y
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5. Distribution Function (according to Snyder and Scott (δ))

Snydcr and Scott’s graphs* of the distribution function are given here be­

cause i) the same graph can be used for all kinds of scatterers and particles

ii) the curves are very smooth and easy tor extrapolation and interpolation 

iii) the precision is more or less the same as in Molibre's theory.

a) Angular deflection

Graph II 10 page 11 represents the probability of obtaining a projected angular 

deflection greater in absolute value than, a given angle δ as a function of the 

particle track length z’ in the scatterer.

For 500 ⅛V∕c. protons in 50 m air at atmospheric pressure one obtains

Notations:

PS/2925

2
gr/oɪn

(12)
1

λ

1

i λ
i

λ

(15)

1

λ
KX

4 π N Z θr
24/3

2α A β
2

137a =

z

λ

z
2

β
K

1z' =

z :

z ’ :

K.
1

K
1

*
* ■*

Iiere
2

<0,0.32For y/R
C

Reproduced with kind permission of H. Onyder.

(14)

z is Gtpproximately equal to the geometrical thickness y cf the seattereɪ
< 0.5, one has (ref. (9)) P. <εj>

ʌ
4/3z,

(see p. 14 for selected values)Constant for a given scatterer

4

A

r
2
e = 11.29 103(157) 2 π N Z4/3

Track length in terms of λ

Particle track length in gr/cm
2 *■*.

(for mixtures cf i kind of atoms

The unit for measuring thicknesses is the “scattering length"

and the other letters have the same meaning as on p. 3.

The normalized thickness becomes then

where

S
y

ζ ε ’ > 0.12%, which is negligible.

Ref. (9)

R0

ε

P

α 0

x y

p
-1

R
0

f p ,
xε /

P

<θ M
y

This
paper Meaning

range of the particle in the scatterer

mean increase of the track length due to 
mnl t iple s c ct-t ⅛ cτ iɪiɛ?

density of scatterer

Moliere,s mean square spatial scattering angle 
per unit thickness

geometrical thickness of scatterer

Units

gr/cm2

cm

3gr/cm
2 -2 4

cmgrrad

2gr/cm

=
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(15)

(16)

(17)

(18)

(19)

(2θ)

z’ =

z, =

z, =

z’ =

z* =

1

10

100

100 000

1000000

δ > 3

ð £ 9

δ 2. 11

δ > 16

δ £ 17

The accuracy of iSqu. (19) is about 5{>to 10⅛(judged by comparing the values

Tho inequality (2θ) occurs for

< 0,2provided
η,

2
6 z’ (in η, - θ.864θ)

15+
4δ4

In
2

δ z’ -2.28667 lnδ z' + 0.95952

- 0.6340lnδ z’1 + 24δ

1
22δ

and all letters have the same meaning as before.
<100
7100 000For z, probability values can be found from the asymptotic formula

’2
K is a constant for a given scattereris used as parameter in the graph where

(see p. 14).

K
2

1
4πN

m
e

c
2

Z r
e

= 2.53
A.
Z

z
K

2
n p c βλ

z

n

n
O

n
O

δ =
nf

z,

Instead of η,

η, :

: Angular displacement in radians

Angular displacement in terms of

η* = n
η 0

One defines :

Z :

pc :

η0

me
c2

: Rest mass of electron = 0.51079 IfeV

In MeV: same numerical value as p in lfev/c

Atomic cliarge of scatterer

me
137 p c

c
2

Z,1/3

Tlie unit of angular measurement is η 0

(for mixtures of i kind of atoms

22
η0
λ £

i

ηoi
λi

)

Pδ∕2925

calculated from this equation with Snyder and Scott’s value for z’ ≈ lθθ).

3

A=

= =



PROBABILITY P OF EXCEEDING AN ANGULAR DISPLACEMENT η, 
PLOTTED AS A FUNCTION OF THE PARTICLE TRACK LENGTH z, 

FOR VALUES OF 5 FROM 1 TO 20.

(See M10 page 9 for explanation.)
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Ifetorial

E

He

C

Ai:

Al

Cu

Pb

b) Lateral displacement

A

1.008

4.OO3

12.01

14.78

27

63.5

207.2

Z

1

2

6

7.37

13

29

82

1.32

1.01

0.69

0.44

2.54

2.53

1.46

2

3

3
3

3
19.39 10

15.82 10

12.78 IC

10.95 IC

10.24 103

,37.10 IC

1
K

11.19 10
3

for different Scatterering materials :Constants K
1 and K

2

cident particle is expressed by

x :

z :

η ɔ
: As before (p. i2)

Instead of /’

is used as parameter in graph M 10 p. 14. With Equ. (17)t Squ. (21) becomes

(22)

(21)

(see second footnote on p. 11)

P' = X

zηlo

Lateral displacement in gr/cm2

2Particle track Iengtli in gr/cm

ε =
/»

z,

X

zηo λ
IZ

Z

χpcβ
72

K
2

where all letters have the same meaning as on p. 11 and 12.

track length z’ in the scatterer. The unit to measure thickness is the same as 

before (p. 11). The lateral displacement in a plane perpendicular to the in-

2

2
instead of the

used by Rossi) as a function of the particlethickness of the scatterer in gr/cm

P-ELO p.14 represents the probability of obtaining a lateral displacement in a

plane perpendicular to the incident particle greater, in absolute value, than

a given value x (here x is the lateral displacement in gr cm

K2

r
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For z’ Probabilitv values Y car. be found from the asymptotic form

(23)

(24)

The equality (24) is fulfilled for

D. Dclckers* K.H. Reich

* On leave from I.I.S.N. ( BELGIUM).

z' ≈

z, =

Z ’ =

z' = 100 000

1

10

100

ɛ

ε

ε

>/ 1.4

7 5

> 6.5

>/ 13

< 0.2

z' - 1.61984 In ε z' - 0.10282
2

In

In ε z ’ ∙∙ 0.19695

provided
2

2
ε

In ε z, - 0.44693

V = 1
26ε

1 + 1
2

ε

< 100
/> 100 000

3ε
+

Distribution : (open)

MPS scientific staff
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PROBABILITY'^5 OF EXCEEDING A LATERAL DISPLACEMENT x 
PLOTTED AS A FUNCTION OF THE PARTICLE TRACK LENGTH 

z, FOR VALUES OF £ FROM 0,25 TO 10.

(See M10 pαge13for explanation.)
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in first approximation

examples

1∙ Protons cf 9 GeV/c passing through a foil of Ifylar 6∣ι. thick

rad ?

z’ = 6.ICH x 1.1 x 10.24 10
3

= 6.75

δ =
10 •5

6 IC-4 x 1.1
x 9 103

x 1.46 = 5.13

less than 3 %.

An upper limit for the increase of track length is, in this case, according 

to the relations of the footnote on page 11

One finds from extrapolation of the graph on page 13 that the probability is

It is assumed that Mylar is carbon of density 1.1 gr/cm

scatterer with an angle greater in absolute value than

a) VJhat is the value of the probability _f obtaining particles leaving the

2
(see 4b) pAge r.6 )

(see below for G

Thus the substitution of the thicl∑ness y for the track length x is entirely

justified.

b) The mean projected angle of scattering

From Equ. (la)

if Rossi’s theory is to be used.

For applying Ifoliδre,s correction one finds from graph M 10 p

ε = -0.52.

Ps/2925

The energy loss may be neglected (see p. 2)f

Hence

p(ε,)
y

2
>M and < G2

>M
4
π eə > 2*

M
4
π 4

π2 >
y

≈ 6.3 10
-1210

-120.32 π (2.5θ) 2p(εt)
y

= 5.2 10
-6

rad,
6.6 10-4

42.5

12

9 IC
R< 0

y

= 2.50 IC
-6

rad.

z
R0

being
4.3 103

< 10
-2-46.6 10

< 0 >
y M

= (1- 0.52)
y R

><0

has a Gaussian distribution, which we may assumeG2
is true ifMπ

(0 )4
M

*

G2(

y
)

0.32 <0

3

From Equ. (13) and (17) (Snyder and Scott)

-510

3=

s
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The probability is in this case 0.6 7o.

PS∕2925

c) The probability of obtaining particles coming out with an angular deflection
-5 rad ?greater than 2.10

The answer may be found from Equ. (19) because (see Equ. 2θ)

z∙ = 6.75

δ = 2 x 5.13 = 10.26

One obtains

F- 1

2(10.26) 2

15+
4(lO.26) 4

= 4.85 10-3

This is in good agreement with the result of extrapolation of the graph p. 13.

6.75 + 0.95952

In 10.26 ∕6.75, - 0.6340

6.75 - 2.28667 In 10.26

ɪ1 +
4(lO.26) 2

In
2

10.26

K mesons of 1 GeV/c passing through 30 m of2.

a) air at atmospheric pressure

c) He at atmospheric pressure

What is the probability of obtaining particles with a lateral displacement

greater than 5 cm ?

From Equ. (13) and (21)

-1 mm Hg pressureb) air at 10

From the graph on page 16 one sees that the probability iβ certainly less than 

0.1%, which is negligible.

c)

= 4000

= 5.61

(l.664 10-4 x 3000)
3 /2

ε ≈

z’ ≈
l.664 10-4 x 3000 x 7.1 103

0.8836

1.664 10 -4 x 5 x 103 x 0.94 x 2.53

(1.585 10-7 x 3OOO)

= 95.0

= 5.9

ε ≈

z, = 1.585 10
-7

x 3000 x 10.95 10
3

K585 IQ-7 x 5 103
0.8836

x 0.94 x 1.32

= 44 800

= 1.09

z’ =

a)
ε ≈

b)

From the graph on page 16 one finds that the probability is 44 ∕o∙

(1.205 IC -3 χ 3OOO)

1.205 10-3
x 10

3 x 5 x 0.94 x 1^2

310x 3000 x 10.95-3

3
/2

3

/2

0.8836
1.205 10



- 19 -

4. Mclibre G.

Z. Naturforsch. 2a p. 133 (1947)
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SYMBOLS

Po/2925

A : Atomic weight of scatterer

α :

β :

c :

δ :

ε :

ε :

<ε∙> :

1
137

velocity of the particle
velocity of light

v
c

Velocity of light
n, (see page 12)
z’

Correction to Rossi’s theory to obtain Molibre value
i

z'
(see page 14)

Mean increase of the track length of the particle in the
cm

cm/sec

scatterer

zη 0
(see page 14): x
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Here

x :

z :

Lateral displacement of the particle after passing 
through the scatterer

Track length of the particle in the scatterer;
(in practice equal to the thickness of the scatterer 
as shown on p. 11)

: Constant for a given scatterer (see iɔ. 14)

: Constant for a given scatterer (see p. 14)

: Scattering length (soe p. 11)

: Rest energy of electron ≈ 0,51079

: Unit of angular measurement in Snyder and Scott’s theory

: Angular displacement of the particle after passing 
through the scatterer

: Same angular displacement in terms of

: 3,14159

: Particle momentum

: Pressure of gaseous scatterer

: Density of scatterer

: Range of the particle in the given scatterer 
(see for instance UCRL 2726)

: Classical radius of electron = 2,8176

: Mean square spatial angle of scattering per unit 
thickness of scatterer

(here: X = thickness of scαtterer) 
: Mean projected angle of scattering

: Moliere’s value

: Rossi’s value

[rad]

K
2

λ
m ec2

η 0
η

η ∣
π

P

P

S
R

0

ɪ e

2
Q
s

20
s

20
s > R

<0
y

>

<e
y

> M

<0 >Ry

: Rossi’s value, x : Moliere’s value
2<e M

PS/2925

ηO

10-13 cm

gr/cm
2

gr/cm3
atm or mm Hg

∣MeV∕c

rad

MeV

rad

gr/cm2

gr/cm2

gr/cm2

2 -2 41rad gr cm
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ɪ : Thickness of scatterrr (Rossi’s theory)

x : Lateral displacement (SS’s theory)

Σ
o : Radiation length

y =<y> : Mean lateral displacement (Rossi’s theory)

z : Particle track length in the scatterer

(in most cases equal to the thickness of the

scatterer; see p. 11)

z’

ze

: Particle track length in terms

: Charge of scattered particle (z times the electron charge)

of λ z’ =
z

λ)(

eɪ cm2

gr/cm
2

gr/cm2

gr/cm

βgr∕c∏j
2

PS 925

2


