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Graphs and Formulae for Calculating Coulomb Scattering

1, Introduction
The effects of Coulomb scattering interest both experimental physicists
engaged in nuclear experiments'and engineers designing particle separators,
vacuum systems for secondary beams, etc, In this paper, an attempt is made
to present, in a condensed form, all necessary information to emable both
groups to make the more standard calculations without any other reference.
To illustrate the use of the graphs and formulae given a few examples of

calculations are presented in the Appendix.

2. Theories of Scattering

When a charged particle traverses a piece of matter of finite thiex-
ness it undergoes a number of small angular deflections. Each of these
deflections is caused by an electromagnetic interaction between the particle
and the Coulomb field of the nucleus modified by the screening effect of the
electrons of the scatterer and at large angles by the form factor of the
nuclei. As a consequence a beam of particles emerges from the scatterer
with a certain angular distribution, an increased diameter and a larger momen-
tum spréad. For the practical purposes under discussion theory is mainly

required to yield with sufficient precision @

a) The mean projected angle of scattering of the emergent particle (arith-
metic mean of the projections of the angles between tangents to the particle
trajectories before and after the scatterer onto a plane containing the

initial trajectory).

b) The corresponding mean displacement in a plane perpendicuiar to the beam

axis (beam blow-up).

c) The distribution function of the projected angle of scattering and of the
spatial displacement.

A list of references to the treatments most commonly used is given on
page 19, Most theories meke simplifying assumptions, They assume in general

that :
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(i) The energy lost by the perticle is negligivle (traversing a scatterer
of thickness equal to 1Y% of the ronge increases the mean spatial angle
by less than 1.5 Z, see however ref. (3) P 68 and (9)).

¢}
(ii) The angle of scattering is at most about 50 .

(iii) The scatterer is infinitely wide (Bveras (9) has worked out solutions

for a number of cases of practical interest in which the scatterer has

limited width).

(iv) The effect of the spin and of the magnetic moment of the scattered

particle can be neglected.

(v) Relativistic effects of the screening electrons (due tc¢ their appreci-
able speed in the c.m. system in case cf energetic particle beams)

may be neglected.

Depending mainly on the assumptions made for the detailed distribution of the
screening electrons and on the method of integrating the individual scattering
processes the resulting formulae yield more or less accurate results, Highest
accuracy is cbtained with the theory due o lolidre (4)(5)(6). For the geatter—
ing in a fairly thick object +the simpler formulae werked out by Rossi (3) may,
howvever, in many cases yield satisfactory results. - A recomnended compromise
is t¢ correct the value of the mean projected angle obtained according to Rossi

with the aid of iblidre's thecry as swmarized on page 6.

The probability of particles being scattered by more than a given angle or
lateral displacement may be calculated most accurately with the graphs and
formulae due to Snyder and Scott (7)(8) reproduced on pages 1% and 16.

It seems that there exists no precise experimental verification of any of
these theories, for high-energy particles. In view of this, and the limi-
tations explained above, if an accuracy better than a few percent is required,
it is suggested that the problem be studied in greater detail than is possible

with the condensed information given here,
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3. Fcriulae accerding to Rossi

a) Mean projected angle of scotvering for nesligible cnergy loss in sci.cterer.

. = m

The -rithmetic wean of the absvlute volue of the projected angle of scatter:ing

Oy of a particle of charge ze given by*

20 [Flefe’) -

<o > ; (1a)
pop Eﬁﬂj v Ao[ér/cmz}

[?ad]

where
Ov ¢ DMean projected angle of scattering in rad
p;ﬂ ¢ In ileV; numerically equal to p %n HeV/c times B
X ¢ Thickness of scatterer in gr/cmL (thickness in cm x density p)
p ¢ Density of scatterer in vr/cn (for air and H o1 S€e P. 4)
Xo : Radiation length in gr/cu (see P. 4)

* In view of their later correctiocn accerding to liclidre (p. 6) Rossi's Equ.
2-16~8 and 2-16-9 5
92x={-i"—s- L yith E =21 MeV
s Bep X s
: )
have been transformed into (la) by using the relation between the ReM.Se spatial
angle of scattering and the mean projected angle given cn p. 5 (Equ. 5).

*Equ, (la) is a simplified versiui: (sce Ref.(3) p. 67) of

< oy>2 = -11;052 x (1b)
with 2\
02 16nnE 52 (?31) 1n [196 (za) "'/6]
s A “e \pcB

ilere

CSZ :  R.M.S. spatial angle of scattering per unit thickness in gr/cm

n : 3, 14159

N +  Avogadro's number = 6,024 lO23 molecules/gr. mole

Z ¢+ Atomic number of scattcrer ) nmixtures sec footnote

A :+ Atomic weight of scatterer ) on page 5

mec2 ¢ Rest energy cf electron = 0,51079 MeV

pch ¢+ In leV; numerically ecual tc p in MeV/c times P

r :  Radius of electrcn = 2,8176 10 3

N &zﬁ
Equ, (1v) is applicable as long as pCr. /‘ ) which is normally thc case in
(V]

cxperiments with the CPS. 16
Equ. (1a) equals Equ. (1b) under the asswiption that 196( } = 183,

It may be seen that the resulting difference cof < Oy 7 is less than 1'79, which
is negligible in comparison with the other arproximations of the theory.
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3a) con't.

0
Density p of air and H at varicus pressures at 20 C
- e e e v w .

The values of p were calculated as follows ¢

Air : (Ref. (10) p. 2137)
' -6

He : (Ref. (10) p. 3138)
-6
%E;r /cm3] = 0,2190 x 10 P[m Hg}

P [m Hg] Q Air I:gr/ cm3] He [gr/ cm3_]

760 mn Hg 1.205 107 1.664 1074
1 mn Hg 1.585 107

107 m He 1.585 1077

107 mn Hg 1.585 107

107 m B 1.585 1071°

Radiation lengths for various scattering meterials: (From ref. (11) p. 266)

Scatterer Z A Xo (gr/ cm2)
H 1 1 ' 58
He 4 : 85
c 6 12 42,5
Air N 76,9 %)
021,8%) by weight 7,37 14,78 36,5
A 1,5%)
Water H 11,1 %) . .
0 88.9 %) by weight 35,9
Normal ccncrete - See CPS User's
Handbook U 10 27,0
Al 13 27 23,9
Fe 26 55,84 13,8
Cu 29 63,57 12,8
Baryte concrete - See CPS User's
Handbock U 10 12,7
Pb &2 207,2 5,8
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b) ILiclation t¢ other angles

The distribution of the projected ongle of scattering Oy and f the dis-
placement - in a plane perpendicular to the beam arc represented in Rossi's

Theory b a Goussian function., Therefore

2 2

2 <0 =7 #]
y> <o > (2)
2 2

2y y=n Ly (3)

FMurther:sore one has

2, _ 4 2

<os7—ﬂ<os> (4)
2 1 .2

<oy>_2 6" x (5)

From € Ov Y one can therefcre calculate
i) the R.ILS. spetial angle of scottering of a particle passing

thrceugh a thiclmess of x Eg/ cmZ] of scatterer

/6%z = /x <o > (6)

ii) the R.M.S. of the projected ungle of scattering on a plane

centaining the initizl trajectory
/e% =/E Lo > (7)
J 2 y

c) R.11L.S, value of lateral displacement

The R.M.S. value of the lateral displacement in a plane perpendicular to

the beam / <y 7 is given by

2 '02(;{)5 7
/<Y = S =/~E<oy>x (8)

(To page 3) 22 % n, p
For a mixture of i kinds of atoms r becomes '—é"-""‘ where ni is the

- n, A,

i7i71

preportion of nuclei of the i~thkind in onc mole of mixture.
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4. Molidre's Theory
a) an projected angle

Graphs M 10 ps 5-8 represent the ccrrections € to be applied to the value
of the mean projected angle of scattering, calculated frcm Equ. (18) p. 3

in order to obtain Molidre's morc accurate value .

The values of € are given as a function of ';c'('with B/ z, the ratio of particle

0
speed and charge as parameter, and for scatters with Z =1, 6, 29 and 82.

According to ref. (12) one hes

<9 —-l-z-ghﬂ—z' /x (1+¢)= 0>Rossi (1 +5¢€) (9)

y7mcliére ~ pcp (V]

x ¢ Thickness of scatterer in gr/ cn” (p for air and He see page 4)
X : Rodiation length (values p.4)

()
ze ¢ Charge of particles
pef. ¢ In MeV; numerically equal to p. in MeV/c times B

W.H. Barkas gives for € the relation (cp. ref. 6 and 10).
{15\/0 157 X -i———-]’)-/_' 1+O-'-982 021 H 1 (10)

66aozy3(z+1)xo x

B - &) s,

and 4,5 ¢ B < 20. (For B outside those limits the curves on graphs M 10

(11)

vith B 1In B=1n

pages 5 to 8 have been extended in dotted lines).

D) Relotions tu other cnsles

The distribution functicn of Q_J uncerlving liclidére's theory is not Gaussiun,

hirever, the general relation:
T

£6 > = 5 <6 2 remeins valid.

£ O 2 : iean spatial angle

< C;_r7 t Projected angle on a plane cunteining the initial trajectory.

- - -

¥ These graphs are due to W.l. Darlas of UCAL cnd are reprcduced here with

bis kind vermissicn.
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5. Distribution Function (according to Snyder and Scott (8))

*

Snyder and Scott's graphs® of the distribution function are given here be--

cause i) the same graph can be used for all kinds of scatterers and particles
ii) the curves are very smocth and easy “our extirapclotion ond interpolation

iii) the precision is wore or less the same as in Molidre's theory.

a) Angular deflection

Graph ! 10 page 11 reprcsents the probability of obtaining a projected angular
deflection greater in absolute vealue than a given angle 6 as & function of the

particle track length z' in the scatterer.

The unit for measuring thickncsses is the “scattering length" A [g!/om2} v
[

l 4nKNZ 3r§ 1 1
- = > 5 (for mixtures ¢f i kind of atoms — = jg:.—') (12)
A o AP A i Ai
vwhere a = y137 and the other letters have the same meaning as on p. 3.
The normalized thickness becomes then
gt = 2 = Z.. X
- - 1
A g2 (13)
2 K
z ¢ Particle track length in gr/cm
z' ¢ Track length in terms of A
Kl : Constant for a given scattercr (see p7 14 for selected values)
2 4/3 2 4/3
NZ 7,
k= AT NI Cneg10® AC (14)
A it

®  Reprcduced with kind periissicn of . Gnyder.
* ¥ z is approximately equal tc the geumetriccl thiclmess y of the scatterer.
Tor y/R < 0.5, one has (ref. (9)) o4& /. . 2
]/ C 59 ( ( )) ...{.c'_,,‘, .0‘32 (O ) . .
v fiiliere
Tor 500 MeV/c. protons in 50 m air at atmeospheric pressure one obtains

Q .
Sy { 0.12%, which is negligible.

Notations: ' Thie - —
Ref. Meani .
Ref (9)4paper leaning Units
RO RO range of the particle in the scatterer gr/cm2
€ {s'} mean increase of the track length due to cm
_ multiple scattering
P p density of scatterer gr/cmJ
o p"l <Oz>w Molidre's mean squarc spatial scattering angle rad2gr~2cm4
**E;‘- per unit thickness
X v geometrical thickness of scatterer gr/cm2

Ps/2925
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The unit of ongular measurement is no

- V. 2 . 2
"= T3 p e (for mixtures of i kind of atoms 7\_0- =iE ;\-]?_-1- ) (15)
mec2 ¢ Rest mass of electron = 0,51079 MeV
pc ¢ In MeV; same numerical value as p in I‘ieV/ c
Z ¢ Atomic charge of scatterer
One defines : 1! =31 (16)
Mo

n : Angular displacement in radians
n' ¢ Angular displacement in terms of n,
Instead of 7! N

5=l o ."1_/2 =JJ._D_.£.EK2 (17)

vzt MoV 2 ﬁ

is used as parameter in the graph where K, is a constant for a given scatterer

(see p. 14). 2 n
A 1 LY
K, '/4nN 5 =2.53 % (18)
m ¢ Zr
e e
and all letters have the same meaning as before.
<100 cr .
For z! 100 000 probability values F”can be found frum the asymptotic formula
? =% {1 s~ [16 a7 - 0.6340]
26 46
faaan |
+':-L'5' [ln2 ) \/z' ~2.28667 1né [z’ +O.95952] (19)
A |
' . 5
provided &% (o o' - 0.6640) 0,2 (20)
2
n' .
( z' = 1 5 2.3
z' = 10 629
The inequality (20) occurs for { z' = 100 8 2 11
z' = 100 000 5% 16
z' = 1000000 &5 2 17

The accuracy of lqu. (19) is about 5‘(,1;0 10 % (judged by comparing the values
calculated from this equation with Snyder and Scott's value for z' = 100).
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Censtants Kl and K2 for different scatterering materials ¢

. -

Meotorinl K I Z A
1, 2

5 11.19 10 2.54 1 1.008
He 7.10 10° 2.5% 2 4.003
o 10.24 10° 1.46 6 12.01
Adr 10,95 10° 1.52 731 14.78
M 12.78 10° 1.01 13 27

Cu 15.82 10° 0.69 29 63.5
b 19.39 10° 0.44 82 207.2

b) Lateral displacement

MO p.14 reprcsents the probability of obtaining a lateral displacement in a
plane perpendicular to the incident particle greater, in absclute value, than

a given value x (here x is the latcral displacement in gr/cm2 instead of the
thickness of the scatterer in gr/cm2 used by Rossi) as a function of the particle
track length z' in the scatterer. The unit to measure thickness is the same as

before (p. 11). The lateral displacement in a plane perpendicular to the in-

—

zn,

cident particle is expressed by ¢‘ X

x ¢ Lateral displacement in g:r/cm2
2
Z ¢ Particle track length in gr/cm (see second footnote on P. ll)

n, ¢+ As before (p. 12)

L]
B _x__
Instcad of §' e = I = = (21)
z Z”ojx
is used as parameter in graph M 10 p. 14. With Equ. (17), Bqu. (21) becomes
= el K, (22)
9/2
Z

where all letters have the same mcaning as on p. 11 and 12,

Ps/2925
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F ! ; igg 000 probability values P con be found from the asymptotic form

€

6e
v =2 [ln2 e [a" - 1.61984 1n e far - 0.10282J4k . (23)

b3
provided ‘2‘2‘ [ 1n e/; - C.44691} < 0.2 (24)
€
ARES 1 ¢ %7 1.4
z' = 10 € 2 5
The equality (24) is fulfilled for e 100 € 3 6.5

z' = 100 000 €

Vv
=
W

D. Dckkers* K.H. Reich

* On leave from I,I,S.N, ( BELGIUM).

Digtribution : (open)
MPS scientific staff
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EXMELLS

1. Frotons cf 9 GeV/c passing through a foil of Iylar 6). thick

a) Vhat is the volue of the probabilits .f obtaining particles leaving the
scattercr with an angle greater in absclute value than ZLO'.5 rad ?

It is assumed that Mylar is carben of density 1.1 gr/cm3.

From Equ. (1%3) and (17) (Snyder and Scctt)

-4

z' =6.,10 3

x 1.1 x 10,24 10

10‘5

6 = FiEe——= X 9107 x 146 = 5.13
v6 10 7 x 1.1
One finds from extrapolaticn of the graph on page 13 that the probability is
less than 3%,

= 6-75

An upper’ 1limit for the inercase of trrck length is, in this case, according
to the relations of the foctnote on page 11

2 2
1 ) o*
le; <0.32 <92)M and < 6% ), sqf:<o >y = %{:— <oy) (see 4b) pige=6 )

. 2 . -12 ) -12
-"—(;—)-< 0.32 = (2.50)° 10 = 6,3 10 (see below for ©

Thus the substitution of the thicimess y for the track length x is entircly

justified.
b) The mean rrojected angle of scattering

Frcem Equ. (1a)

-6

$:6 10 =5.2 10 = rad,

42.5

12
9 10°

<oy, =

if Rossi's theory is to be usecd.

For applying lMolidre's currection onc finds from graph M 10 p

€ = -0.52,
Hence < © % = (1 -0.52)<0 ¥ =2.50 107 rad.
y M y R -4
. 0 -2
The cnergy loss may be ncglected (sce p. 2), £ being'é—é;Lf:' C 10
R 4.3 10’

g

*‘(02)_ ="dL (o )2 is true if @ has a Gaussian distribution, wvhich ve may assume
M = M s

in first approximation
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c¢) The probability of obtaining particles c.ming cut with on angular deflection
-5 ‘

greater than 2,10 © rad ?

The answer may be found from Equ. ( 19) because  (see Equ, 20)
= 6075
6 =2 x5.13 = 10.26

One obtains

B =—2 RE +-—-3-—-—2—- [ln 10.26 [6.75" - 0.6340]
2(10.26) 4(10.26)
+—-1-5-—-Z {mz 10.26 [6.75 = 2.268667 1n 10.26 [6.75 + 0.95952“>
4(10.26)
= 4.85 107

Thié is in good agreement with the result of extrapolation of the graph p. 13.

K mesons of 1 GeV/c passing through 30 m _of

a) air at atmospheric pressurc
b) air at 10"'1 mn Hg pressure

c) He at atmospheric pressure
What is the probability of obtaining particles with a lateral displacement

greater than 5 cm ?
From Equ. (13) and (21)

-3 3
1.205 107 x 3000 x 10.95 10° _
) z2' = 08836 = 44 800
a
. L @10 x 10 ggxo%xl,z - 1.09
(1.205 1o3x3000)/

From the graph on page 16 one finds that thc probability is 44%.

1.585 lO x 3000 x __.25______
0.8836
3

-7
e = 0 _x510 x0O. xl.2=95.0'

3 /2
(1.585 2077 x 3000)
From the graph on pagc 16 one sees that the probability is certainly less than

b)

[ )
0.1%, which is negligible.

-4 3
, _ 1,664 10 " x 3000 x 7.1 107 _
| z' = o 556 = 4000
c 3
e 1.664 10 " x5 x 107 x 0334 X 233 _ 5.61
2

(1.664 10™* x 3000)
The probability is in this case 0.6%.
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SiBOLS
A ¢ Atomic weight of scatterer el
1 i )
N f 1T
B . ¥ yvelocity of the particle 3 1
e velocity of light L J
: Velocity of light -cm/secJ
1] .
8 : o (see page 12)

/z’?

€ ¢ Correction to Rossi's theory to cbtain Molidre value

€ : £ (see page 14) [-—-—]
lz|

{e') ¢ llean incrcasc of the track length of the particle in the
scatterer [ cm ]

g : - (see pege 14) [ ]
=,
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Here
x ¢ Lateral displacement of the particle after passing 5
through the scatterer {gr/ cm ]
z ¢ Track length of the particle in the scatterer; L /cmZ]
(in practice equal to the thickness cf the scatterer &x.

as shown on p. 11)

K1 : Constant for a given scattercr (see Ps 14)

K2 : Constant for a given scatterer (see Pe 14)
A : Scattering length (see P. 11) Egr/cmzj
mec2 ¢ Rest energy of electron = 0,51079 [MeV]
n, Unit of angulor measurement in Snyder and Scott's theory ['Iad]
] ¢ Angular displacement of the particle after passing

through the scatterer [rad]
n' : Same angular displacement in terms of , [—--——-3
T ¢ 3,14159
P ¢+ Particle momentum (MeV/ c]
P ¢ Pressure of gaseous scéatterer Ea.tm or mm Hg]
< ¢ Density of scatterer %r/ cm3]
Ro ¢ Range of the particle in the given scatterer [gr/ cmz]

(see for instance UCRL 2726)
r, : Classical radius of eleciron = 2,8176 1070 [§m]
2 .. 2 . . .
Os =R ¢ OS> ¢ Mean square spatial angle of scattering per unit 5 w4

thickness of scattcrer \rad"gr “cm ]
(Oi )R ¢ Rossi's value, <027D/x : Molidre's value
(here: x = thickness c¢f scatterer)
(Oy? ¢ Mean projected angle of scattering [rad]
. 4 1
4 Oy)M : Molidre's value
» 3! o c

(Oy)R ¢ Rossi's value

Ps/2925
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P4 KM

N <

ze
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Thickness of scattercr (Rcssi's theory)
Lateral displacement (ss's theory)
Radiation length

Mean latoral displacement (Rcssi's theory)
Particle track length in the scatterer

(in most casos equal to the thickness of the
scatterer; sec p. ll)

Particle track length in terms of A (z' = 3)

L&/ en® ]
[er/cn’ ]
(ex/ e’ ]

Egr/cm2]

[er/en’]
{—-]

Charge of scattered perticle (z times the electron charge)



