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Abstract

We determine the impact of the θ-angle and axion physics on the near conformal dynamics of the
large-charge baryon sector of SU(2) gauge theories with Nf fermions in the fundamental representation.
We employ an effective approach featuring Goldstone and dilaton degrees of freedom augmented by
the topological terms in the theory. We investigate how different dilaton potentials, including the
ones for which a systematic counting scheme can be established, affects the results. Via state-operator
correspondence we compute the corrections to the would-be conformal dimensions of the lowest large-
charge operators as a function of the θ term and dilaton potential.
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1 Introduction

Understanding the non-perturbative dynamics of strongly coupled theories has proven a formidable chal-
lenge for theoretical physics. We concentrate here on gaining precious information on the near-conformal
strongly coupled dynamics of two-color QCD for previously inaccessible sectors of the theory, i.e. the ones
with large baryon charge and non-vanishing θ-angle [1] including the presence of axions [2–9]. We do so
by employing and extending the formalism developed in [10–12]. Here, the near-conformal dynamics is
enforced by introducing a dilaton state. This subject has received much attention over the years starting
from the early work where the dilaton state was introduced at the effective action level to saturate the
underlying trace anomaly for strongly coupled (supersymmetric) theories [13–22]. Recently attention has
shifted to include the dilaton [23–42] to investigate near-conformal strongly coupled dynamics of theo-
ries close to the lower end of the conformal window for arbitrary matter representations [43, 44]. For a
summary of lattice results as well as relevant physical applications see [45, 46].

For fixed charge physics [47–55] the dilaton (also referred to as the radial mode) was introduced [11,
12] in the absence of the topological θ term. The second ingredient is the interpretation via state-operator
correspondence [56, 57] of the ground state energy on the cylinder as the lowest conformal dimension of
the operators carrying nonzero baryon charge. We are, therefore, able to determine, for the first time, the
dependence of near-conformal scaling dimensions including the impact of the θ angle.

A novelty of the present work is the study of the impact of different dilaton potential models including
the ones for which a systematic counting scheme can be established.

The paper is organized as follows. In Section 2 we introduce the dilaton for the two-color low energy
effective theory at nonzero baryon chemical potential including the θ-angle operator and axion field. Here
we review the general dilaton theory emerging when deforming the underlying Conformal Field Theory
(CFT) away from the fixed point. We summarize different dilaton potentials, investigated in the literature,
encoding information on the conformal dimensions of the operators driving the CFT away from confor-
mality. Preparing for the state-operator correspondence we couple the theory to a nontrivial gravitational
background with cylindrical topology. The classical vacuum structure on the cylinder is determined in
Section 3 in an expansion in inverse powers of the baryon charge [12]. This allows us to determine the
θ dependence of the near-conformal scaling dimensions of the baryon charged operators, including the
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interplay on the quark and dilaton masses and potential. We further unveil a subtle dependence of the
dynamics of the superfluid phase on the anomalous dimension of the fermion condensate. The correc-
tions to the near-conformal scaling dimensions stemming from the quantum fluctuations arising from the
spectrum of the theory are evaluated in Section 4. We offer our conclusions in Section 5.

2 Chiral Lagrangian near the conformal window

2.1 Axion and θ-angle Chiral Lagrangian

Following [10], the effective Lagrangian describing two-color QCD at finite baryon density is

L = ν2Tr{∂µΣ∂µΣ†}+ 4µν2Tr{BΣ†∂0Σ}+m2
πν

2Tr{MΣ+M †Σ†}+ 2µ2ν2
[

Tr{ΣBTΣ†B}+ Tr{BB}
]

.

(1)

Here Σ(t, x) is a matrix field that transforms in the two-index antisymmetric representation of SU(2Nf ),
4πν is the energy scale of the chiral symmetry breaking and µ is the baryonic chemical potential. The
mass M and baryon charge B matrices are given by

M =

(

0 −1Nf

1Nf
0

)

, B = 1/2

(

1Nf
0

0 −1Nf

)

. (2)

In order to take into account the θ-angle physics and the axial anomaly, the above needs to be augmented
by the following term [58]

∆Lθ = −aν2
(

θ − i

4
Tr{log Σ− log Σ†}

)2

(3)

while in the presence of the Peccei-Quinn axion field N [2, 3] one has to add

∆Lâ = ν2PQ∂µN∂µN † − aν2
(

θ − i

4
Tr{log Σ− log Σ†} − i

4
aPQ(logN − logN †)

)2

, (4)

where
√
a and

√
aPQ are the scales of the anomalous U(1)A and U(1)PQ symmetries, respectively, while

νPQ is the scale of the spontaneous symmetry breaking of U(1)PQ.

2.2 Near-Conformal Chiral Lagrangian: The dilaton story

To smoothly approach the conformal phase of the theory we non-linearly realize scale invariance by dressing

our Lagrangian via a dilaton field σ(x), partially, serving as a conformal compensator [23, 59–66].
Therefore, under a scale transformation x 7→ eαx, each operator Ok of dimension k is assumed to

transform as follows
Ok 7→ e(k−4)σf Ok , (5)

where f is the order parameter of the spontaneous scale symmetry breaking whose pseudo-Goldstone
boson transforms as

σ 7→ σ − α

f
. (6)

We consider the fermion-induced mass term operator to have dimension y = 3 − γ, with γ being the
anomalous dimension of the fermion condensate constrained to be 0 < γ < 2 by the unitarity bound.
However, around γ ≃ 1 the underlying four fermion operator becomes near-marginal and therefore we will
concentrate our analysis in the interval 0 < γ < 1.

However, in the absence of the underlying quark mass, the underlying conformal symmetry can break
due to the emergence of another operator O with ∆O scaling dimensions just below the critical number
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of matter fields below which conformality is lost. This dynamics is encoded in the dilaton potential. This
amounts to adding to the CFT the following Lagrangian term:

δLO = λOO . (7)

Here λO is the associated coupling to the Lagrangian. One expects this operator to be, for example,
related to the emergence of a quasi-relevant four-fermion interaction [67–71].

The general form of the dilaton potential is

V (σ) = f−4 e−4σf
∞
∑

n=0

cn e
−n(∆O−4)fσ , (8)

as can be shown by introducing a spurion field taking into account the explicit breaking of conformal
symmetry [66, 72–74]. Here ∆O is the scaling dimension of O while the cn depend on the given theory.
Since we are interested in describing near-conformal dynamics we assume that the explicit breaking is
small. This can be realized when λO ≪ 1 and/or O is near marginal. In the former case one expects
cn ∼ λn

O.
Inspired by the above ordering one could truncate the expansion (8) to the first two terms and obtain

[66]

V (σ) =
m2

σe
−4fσ

4(4 −∆O)f2

(

1− 4

∆O
e−(∆O−4)fσ

)

+O(λ2
O) . (9)

Here the first two unknown coefficients have been fixed by requiring that the ground state occurs for
σ = 0 and that the mass squared of σ on the ground state is m2

σ. These constraints link the c0 and c1
coefficients as follows

c1
c0

= − 4

∆O
, with c0 =

f2m2
σ

4(4 −∆O)
. (10)

The coefficient of the cosmological constant c0 is thereby forced to be of the same order as the first
coefficient of the series c1 ∼ λO. This potential has been employed in recent investigations [74] including
comparisons with lattice simulations [75]. Assuming ∆O = 2 one recovers the usual φ4 Higgs-like potential
while in the ∆O → 0 limit one obtains

V∆O→0(σ) = − m2
σ

4∆Of2
− m2

σ

16f2

(

−4fσ − e−4fσ + 1
)

+O (∆O) (11)

The order O
(

∆0
O
)

term in the above expression coincides with the dilaton potential considered in the
pioneering work of Coleman [59].

Another interesting limit is the one for which the deformation itself is nearly marginal ∆O → 4. Here
one expands eq.(8) in powers of ∆O − 4 obtaining

V (σ) = −m2
σe

−4fσ

16f2
(1 + 4fσ) +O

(

(∆O − 4)2
)

. (12)

In fact, here one can abide the conditions that the potential is minimised for σ = 0 and that at the leading
order in ∆O−4 the mass for the dilaton is mσ without assuming an expansion in λO. The same potential
can be derived from (9) in the double limit ∆O → 4 and λO → 0.

The potential in (12) acquired central stage in a series of interesting papers by Golterman and Shamir
[26, 27, 30, 31, 33, 41, 42]. In these works the authors considered a dilaton EFT featuring the following
counting in the parameters p2 ∼ m ∼ Nf −N∗

f ∼ 1/Nc. N∗
f is taken to be the critical number of fermions

marking the onset of the IR fixed point, and m is the quark mass. The identification between the potential
in eq.(2) of [33] and ours (12) occurs via the following map fσ = −τ and m2

σ/4f
2 = f2

τBτc
GB
1 .

In this work, we consider the established potentials for ∆O → 4, ∆O = 2, and ∆O → 0. In the latter
case we disregard the divergent constant in eq.(11).
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2.3 Baryon charging the Dilaton-θ-Axion-Chiral Lagrangian

To access the (near) conformal dynamics of large charge operators we consider our system on a manifold
M with volume V and curvature R such that the underlying new scale of the theory is ΛQ = (Q/V )1/3

where Q is the fixed baryon charge. Concretely, we will take our manifold to be M = R×Sd−1 such that
we consider an approximate state-operator correspondence implying:

∆Q = Ṽ 1/3EQ , EQ = µQ− L , (13)

where ∆Q is the scaling dimension of the lowest-lying operator with baryon charge Q, EQ is the ground
state energy on R×Sd−1 at fixed charge, Ṽ 1/3 is the radius of Sd−1, and µ is the baryon chemical potential.

As customary, we introduce the chemical potential into the covariant derivative as the zero component
of a gauge field. The dynamics of the theory is controlled by various energy scales. These are the chemical
potential µ, the mass of the quarks m, the scale of the axial anomaly a, the scales of chiral and conformal
symmetry breaking ν and f , respectively, and the explicit conformal symmetry breaking scale mσ. One
can envision different counting schemes respecting the following hierarchy

mπ ,mσ ≪ µ ≪ 4πν , (14)

The first inequality implies that the theory is in the broken phase where pion condensation occurs [10]
while the last inequality ensures the applicability of the chiral EFT at finite chemical potential.

After taking into account the background geometry and the dressing with the dilaton we arrive at the
following two Lagrangians [11, 47, 59, 76, 77]

Lθ,σ = ν2Tr{∂µΣ∂µΣ†} e−2σf + 4µν2Tr{BΣ†∂0Σ} e−2σf +m2
πν

2Tr{MΣ+M †Σ†} e−yσf+

+ 2µ2ν2
[

Tr{ΣBTΣ†B}+ Tr{BB}
]

e−2σf − aν2
(

θ − i

4
Tr{log Σ− log Σ†}

)2

e−4σf+

+
1

2

(

∂µσ∂
µσ − R

6f2

)

e−2σf − V (σ)− Λ4
0 e−4σf ,

(15)

and

Lâ,σ = ν2Tr{∂µΣ∂µΣ†} e−2σf + 4µν2Tr{BΣ†∂0Σ} e−2σf +m2
πν

2Tr{MΣ+M †Σ†} e−yσf

+ 2µ2ν2
[

Tr{ΣBTΣ†B}+ Tr{BB}
]

e−2σf + ν2PQ∂µN∂µN † e−2σf+

− aν2
(

θ − i

4
Tr{log Σ− log Σ†} − i

4
aPQ(logN − logN †)

)2

e−4σf+

+
1

2

(

∂µσ∂
µσ − R

6f2

)

e−2σf − V (σ)− Λ4
0 e−4σf ,

(16)

where for later convenience we included the bare cosmological constant Λ0.

3 The vacuum structure and semiclassical expansion

In this section, we study the classical ground state energy of the theory which, according to the state-
operator correspondence, gives the leading order in the large-charge expansion for the scaling dimension
of the lowest-lying operator with baryon charge Q. As discussed in detail in [10] the ground state takes
the following form

Σ0 = U(αi)Σc (17)

with

U(αi) = diag{e−iα1 , . . . , e
−iαNf , e−iα1 , . . . , e

−iαNf } and

Σc =

(

0 1Nf

−1Nf
0

)

cosϕ+ i

(

I 0
0 I

)

sinϕ with I =

(

0 −1Nf/2

1Nf/2 0

)

, (18)
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where the alignment angle ϕ and the Witten variables αi are determined by the equations of motion
(EOMs).

Replacing this vacuum ansatz, the Lagrangian (15) becomes

Lθ,σ [Σ0, σ0] = −e−4fσ0Λ4
0 − V (σ0)−

R e−2fσ

12f2
+ 4m2

πν
2X cosϕ e−fσ0y

+ 2µ2Nfν
2e−2fσ0 sin2 ϕ− aν2e−4fσ0 θ̄2 ,

(19)

where

θ̄ ≡ θ −
Nf
∑

i

αi , X ≡
Nf
∑

i

cosαi . (20)

The respective equations of motion are

Nfµ
2e−2fσ0 cosϕ−m2

πXe−fσ0y = 0 (21)

ae−4fσ0 θ̄ − 2m2
π sinαi cosϕe

−fσ0y = 0 , i = 1, .., Nf (22)

Re−2fσ0

6f
+ 4afν2e−4fσ0Y 2 + 4fΛ4

0e
−4fσ0 − ∂V (σ)

∂σ

∣

∣

∣

∣

σ=σ0

+

−4fµ2Nfν
2e−2fσ0 sin2 ϕ− 4fm2

πν
2yX cosϕe−fσ0y = 0 (23)

4µNfν
2e−2fσ0 sin2 ϕ =

Q

V
. (24)

We solve these equations in the large Q expansion; focusing on the two extreme cases γ ≪ 1 and 1−γ ≪ 1,
we find the following expressions for the ground state energy

• V∆O→0(σ)

Eγ≪1 =
c4/3Q

4/3

Ṽ 1/3
+Q2/3Ṽ 1/3

{

c2/3R̃− X2
00

4π2N3
f c

4
4/3

(

9m2
π

32ν

)2
[

1− γ

(

2

3
logQ− log

(

32Nfν
2π2c4/3Ṽ

2/3

3

)

−X10

X00

)

+O
(

γ2
)

]}

− Ṽ logQ

{

16π2

9
Nfc2/3c4/3ν

2m2
σ − γ

3π2N4
f c

5
4/3

(

9m2
π

32ν

)2
[

5

8π2c44/3N
2
f

(

9m2
π

32ν

)2

X4
00

− c2/3R̃NfX
2
00 +

9X00X01

32c4/3

]

+O
(

γ2
)

}

+O
(

Q0
)

and

E1−γ≪1 =
c4/3Q

4/3

Ṽ 1/3
+ c2/3Q

2/3R̃Ṽ 1/3 −
[

16

9
π2m2

σNfc2/3c4/3ν
2 +

9(1− γ)X2
00m

4
π

64c34/3N
2
f

+O
(

(1− γ)2
)

]

Ṽ logQ+O
(

Q0
)

,

(25)

• V∆O=2(σ)

Eγ≪1 =
c4/3Q

4/3

Ṽ 1/3
+Q2/3Ṽ 1/3

{

c2/3R̃− 1

2
c2/3m

2
σ − X2

00

4π2N3
f c

4
4/3

(

9m2
π

32ν

)2 [

1− γ

(

2

3
logQ− X10

X00

− log

(

32Nfν
2π2c4/3Ṽ

2/3

3

)

+O
(

γ2
)

)]}

+

{

γ

3π2N4
f c

5
4/3

(

9m2
π

32ν

)2
[

5

8π2c44/3N
2
f

(

9m2
π

32ν

)2

X4
00

−c2/3R̃NfX
2
00 +

9X00X01

32c4/3

]

+O
(

γ2
)

}

Ṽ logQ+O
(

Q0
)

and

E1−γ≪1 =
c4/3

Ṽ 1/3
Q4/3 + c2/3Q

2/3R̃Ṽ 1/3 − m2
σc2/3Q

2/3Ṽ 1/3

2
−
[

9(1− γ)m4
πX

2
00

64N2
f c

3
4/3

+O
(

(1 − γ)2
)

]

Ṽ logQ+O
(

Q0
)

,

(26)
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• V∆O→4(σ)

Eγ≪1 =
c4/3Q

4/3

Ṽ 1/3



1 +m2
σ

c2/3

256π2ν2Nfc24/3



4 log





3
√

3
2Q

128π3c
3/2
4/3ν

3Ṽ N
3/2
f



− 3



+O
(

m4
σ

)





+ c2/3Q
2/3R̃Ṽ 1/3

{

1− X2
00

4π2N3
f c2/3c

4
4/3R̃

(

9m2
π

32ν

)2
[

1− γ

(

2

3
logQ− X10

X00
− log

(

32Nfν
2π2c4/3Ṽ

2/3

3

))]

− m2
σ

(8c4/3πν)2Nf
c2/3 log





3
√

3
2Q

128π3c
3/2
4/3ν

3Ṽ N
3/2
f



 +O
(

m4
σ,m

2
σγ, γ

2
)

}

+ Ṽ logQ

{

γ

3π2N4
f c

5
4/3

(

9m2
π

32ν

)2

×
[

5

8π2c44/3N
2
f

(

9m2
π

32ν

)2

X4
00 − c2/3R̃NfX

2
00 +

9X00X01

32c4/3

]

+
14c32/3m

2
σR̃

2

(32πν)2Nfc34/3

}

+O
(

Q0
)

E1−γ≪1 =
c4/3Q

4/3

Ṽ 1/3



1 +
m2

σc2/3

256π2Nfc24/3ν
2



4 log





3
√

3
2Q

128π3c
3/2
4/3ν

3Ṽ N
3/2
f



 − 3



+O
(

m4
σ

)





+ c2/3Q
2/3R̃Ṽ 1/3



1− c2/3m
2
σ

(8c4/3πν)2Nf
log





3
√

3
2Q

128π3c
3/2
4/3ν

3Ṽ N
3/2
f



+O
(

m4
σ

)





+ Ṽ logQ

{

14c22/3m
2
σR̃

2

(32πν)2Nfc34/3
− 9(1− γ)m4

πX
2
00

64N2
f c

3
4/3

+O
(

m4
σ,m

2
σ(1 − γ), (1− γ)2

)

}

+O
(

Q0
)

,

(27)

where we introduced

c4/3 =
3

8

(

Λ2

πNfν2

)2/3

, c2/3 =
1

4f2

(

π2

Nfν2Λ4

)1/3

, R̃ =
R

6
, Ṽ =

V

2π2
, Λ4 ≡















Λ4
0 +

m2

σ

16f2 ∆O → 0

Λ4
0 +

m2

σ

8f2 ∆O = 2

Λ4
0 ∆O → 4

(28)

and we double-expanded X first in γ and then also in 1/Q as follows

X = X0 +X1γ +O
(

γ2
)

, Xk = Xk0 +
Xk1

Q2/3
+O

(

Q−4/3
)

, for γ ≪ 1

X = X0 +X1(1− γ) +O
(

(1− γ)2
)

, Xk = Xk0 +
Xk1

Q4/3
+O

(

Q−2
)

, for 1− γ ≪ 1 . (29)

Within the same double expansion we will solve for θ̄. In particular, we will solve the equation of motion,
that at the leading order in this expansion, yields θ̄00(αi) = 0. Henceforth, the latter is interpreted as
double-expanding the αi. With a slight abuse of notation we use the same name for the coefficients of
the expansions around γ = 0 and 1 − γ = 0. Interestingly, in the latter case there is no term of order
O
(

Q−2/3
)

.
For θ = 0 eq.(25) reproduces the results in [12] 2. When the theory is conformal (i.e. mπ = mσ = 0),

the θ-dependence disappears and the scaling dimension depends only on dimensionless coefficients as

∆Q = Ṽ 1/3EQ = c4/3Q
4/3 + c2/3Q

2/3 +O
(

Q0
)

, (30)

in agreement with the general form of the large-charge expansion for generic non-supersymmetric CFTs
[53]. As first pointed out in [11], the deviations from conformality lead to corrections depending on the
background geometry and involve the appearance of logarithms of Q.

2 Our expression corrects a few misprints in eqs.(23) and (24) of [12]. We will give the corrected expression for θ = 0 in
Sec.3.1
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From eq.(25), we observe that θ does not affect the leading order in the large-charge expansion.
Moreover, we have that the θ-vacuum is determined by X00 which can be obtained by solving θ̄00(αi) = 0

in terms of the αi. In particular, X00 =
∑Nf

i cosαi00 (with the obvious notation) where the αi00s are the

solutions found in [10] for the αi variables at the leading order in m2
π
a and we will refer to such results in

the text. In particular, in the 1−γ ≪ 1 case, the minimum energy is achieved when X2
00 is maximized due

to the minus sign in front of the logQ term in the energy (25). It follows that the problem of maximizing
X00 in terms of the αi00 is equivalent to the problem studied in [10] of maximizing X2 in terms of the
αi which determines the vacuum structure of the superfluid phase of theory in absence of the dilaton. In
other words, the results of [10] apply here by replacing X → X00 and αi → αi00 and the θ-dependence of
the vacuum in the presence of the dilaton is identical to the case without it.

Interestingly, when γ ≪ 1 the situation is more subtle since the leading θ-dependent contribution is
of the form X2

00

(

2
3γ logQ− 1

)

. Therefore, at fixed γ there exists a critical charge below/above which the
θ-vacuum has to maximize/minimize X2

00. In other words, there is a phase transition in the large-charge
regime as Q crosses

Qc = e
3
2γ . (31)

Therefore, for Q < Qc the θ-vacuum will be analogous to the 1 − γ ≪ 1 case. We expect this to be the
natural limit here as well given that for very charges larger than Qc we should start exploring the UV
asymptotically free fixed point rather than the IR interacting one.

As we showed in [10], the αi00 assume the following expressions that solve eq.(22):

αi00 =

{

π − α, i = 1, . . . , n

α, i = n+ 1, . . . , Nf

(32)

where α is given by

α =
θ + (2k − n)π

(Nf − 2n)
, k = 0, . . . , Nf − 2n− 1 , n = 0, ...,

[

Nf − 1

2

]

. (33)

As discussed in [10], X2
00 is always maximized by solutions with n = 0. For even Nf the ground state

solutions have αi00 =
θ
Nf

in the interval θ ∈ [0, π] and αi00 =
θ−2π
Nf

for θ ∈ [π, 2π]. The energies stemming
from the two solutions cross at θ = π where for Nf > 2 we have spontaneous CP symmetry breaking. For
odd Nf , the solutions that maximize X2

00 are αi00 = θ
Nf

(for θ ∈ [0, π2 ]), αi00 = θ−π
Nf

+ π (for θ ∈ [π2 ,
3π
2 ])

, αi00 = θ−2π
Nf

(for θ ∈ [3π2 , 2π]). In particular, this entails that for odd Nf , CP is conserved at θ = π,

being the vacuum non-degenerate, while we have two first-order phase transitions at θ = π
2 and θ = 3π

2 .
We conclude this section by determining the θ-dependent parameters entering the ground state energy

for γ ≪ 1 case when Q < Qc where X00 = Nf cosα. We obtain

X00 = Nf cos

(

θ + 2kπ

Nf

)

(34)

X01 =
9m4

π sin
2
(

θ+2kπ
Nf

)

cos
(

θ+2kπ
Nf

)

8 a c24/3
(35)

θ̄01 =
m2

πX00 sin
(

θ+2πk
Nf

)

aNf
(36)

θ̄11 =

3m2
π sin

(

2(θ+2πk)
Nf

)

log

(

8192π2c3
4/3

N3
f v

6

27Q2

)

32 a c24/3
(37)

X10 = X11 = θ̄00 = θ̄10 = 0 (38)
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where the value of k relevant for a given value of θ has to be taken in accordance with the previous
discussion.

3.1 Ground state energy with the axion

In this section, we focus on the theory in the presence of the axion field described by eq.(16) and consider
the ansatz (18) for the ground state of Σ and [78]

〈N〉 = e−iδ/aPQ (39)

for the axion field. This leads us to study the following Lagrangian

L [Σ0, σ0, δ] = −aν2e−4fσ0(θ̄ − δ)2 − e−4fσ0

(

Λ4 − m2
σ

16f2

)

− V (σ0)+

+ 2ν2m2
πX cosϕ e−fσ0y + 2µ2ν2Nfe

−2fσ0 sin2 ϕ − Re−2fσ0

12f2

(40)

and the corresponding EOMs:

δL
δα

=
δL
δϕ

=
δL
δσ0

=
δL
δδ

= 0,
δL
δµ

=
Q

V
. (41)

The main difference with the axion-less case is expressed in the equations for the αi and δ:

ae−4fσ0(θ̄ − δ) − 2m2
π sinαi cosϕe

−fσ0y = 0 , i = 1, .., Nf (42)

δ − θ̄ = 0 . (43)

These equations can be solved as δ = θ and αi = 0. Thus the θ-dependence disappears from the ground
state energy and there is no CP violation since (θ̄− δ) = 0. In fact, by construction the axion realizes the
Peccei-Quinn solution of the strong CP problem [2, 3] and, as a consequence, the classical solutions are
equivalent to the ones at θ = 0 which are obtained by setting X00 = Nf and X01 = θ̄01 = 0 in eqs.(25),
(26), (27). For instance, in the V∆O=0(σ) case, one obtains the results in [12]

Eγ≪1 =
c4/3Q

4/3

Ṽ 1/3
+Q2/3Ṽ 1/3

{

c2/3R̃− 1

4π2Nfc44/3

(

9m2
π

32ν

)2
[

1− γ

(

2

3
logQ− log

(

32Nfν
2π2c4/3Ṽ

2/3

3

))]}

+

− Ṽ log(Q)

{

16π2

9
Nfc2/3c4/3ν

2m2
σ − γ

3π2N2
f c

5
4/3

(

9m2
π

32ν

)2
[

5

8π2c44/3

(

9m2
π

32ν

)2

− c2/3R̃Nf

]}

(44)

for the case of γ ≪ 1, while for 1− γ ≪ 1 we have

E1−γ≪1 =
c4/3Q

4/3

Ṽ 1/3
+ c2/3Q

2/3R̃Ṽ 1/3 − 9(1− γ)m4
πṼ logQ

64c34/3
− 16

9
π2m2

σNfc2/3c4/3ν
2Ṽ logQ . (45)

What differs from [12] is the presence in the spectrum of a light axion which we must take into account
when considering the second-order expansion.

4 Second-order expansion in the near-conformal regime

The spectrum of the theory in absence of the dilaton field has been detailed in [10]. There, we observed
that the theory is characterized by the following symmetry-breaking pattern

SU(2Nf )× U(1)A
2N2

f−Nf

 Sp(2Nf ) −→ SU(Nf )V × U(1)B

N2
f−Nf

2
 Sp(Nf )V (46)
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where  and −→ denote, respectively, spontaneous and explicit breaking. In fact, the axial symmetry
is explicitly broken by the anomaly and therefore the would-be Goldstone boson is massive. The further
explicit breaking is due to the introduction of a baryon charge while the last spontaneous breaking is
the superfluid transition. In the absence of the dilaton, the spectrum of light modes is composed of
1
2Nf (Nf − 1) massless Goldstones with speed vG = 1 that parameterizes the coset SU(Nf )

Sp(Nf )
. They arrange

themselves in the antisymmetric representation of the unbroken Sp(Nf ) plus a singlet which we denote

as π0. In addition, we find 1
2Nf (Nf − 1) − 1 pseudo-Goldstone with mass m2

πX
µNf

plus a pseudo-Goldstone

mode stemming from the would-be spontaneous breaking of U(1)A which we call the S (singlet) mode.
As mentioned above, the U(1)A symmetry is quantum mechanically anomalous, and therefore the latter
mode acquires a mass contribution proportional to the scale of the anomaly,

√
a.

The rest of the spectrum is given by gapped modes with a mass of order µ which we will not consider
here since they decouple from the large-charge dynamics. It is interesting to analyze how the spectrum
changes when (near)conformal dynamics is realized through the dilaton dressing. In particular, conformal
invariance dictates the existence of a massless mode with speed vG = 1√

d−1
= 1√

3
[11].

As we shall see, the latter arises from the mixing between the singlet mode π0 with the dilaton that
acts as its "radial mode" and changes its speed from vG = 1 to vG = 1√

3
. In general, the infrared

dynamics of this mode can be described by using a conformally invariant four derivative action of the
type LNLSM = k4(∂µχ∂

µχ)2. In turn, the latter can be seen as the heavy-dilaton limit of the two-
derivative action L2 = ν2(∂µχ∂

µχ) after we dress it with the dilaton [11, 47, 76, 77].
Having in mind the hierarchy of scales mπ,mσ ≪ √

a ≤ µ ≪ 4πν, we focus on the spectrum of light modes
i.e. the modes whose mass is smaller than the chemical potential in the large-charge limit. To this end,
we start by considering the modes with mass m2

πX
µNf

. These cannot mix with the dilaton and, therefore,
their dispersion relation in the near-conformal phase can be obtained by generalizing the non-conformal
expression of [10] to include the expectation value of the dilaton as

ω2
1 = k2 − m4

πX
2e−2fσ0(y−2)

µ2N2
f

, (47)

which matches eq.(59) of [10] when f = 0.

For y = 2 this mode has squared mass m4
πX

2

µ2N2
f

, whereas in the limit y = 3 we have

ω2
1 = k2 − 27m4

πX
2
00

512π2ν2N3
f c

3
4/3

+O
(

Q−2/3
)

. (48)

To study the remaining light modes, we expand around the vacuum solution as follows

Σ = eiΩΣ0e
iΩt

(49)

where Σ0 is the classical solution (18) while the fluctuations are organized in the matrix Ω as

Ω =

(

π 0
0 −πt

)

+ β̃S

(

1Nf
0

0 1Nf

)

, β̃ ≡ 1
√

2Nf

(50)
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here π =
∑

dim
U(Nf )

Sp(Nf )

a=0 πaTa belongs to the algebra of the coset space U(Nf )
Sp(Nf )

. The normalization condition

on the generators is 〈TaTb〉 = δab
2 . Using the results contained in App.A, we find

〈

∂µΣ∂
µΣ†

〉

= 4 sin2 ϕ ∂µπ
a∂µπa + 8Nf β̃

2∂µS∂
µS (51)

〈

BΣ∂0Σ
†
〉

= −2i
√

2Nf sin
2 ϕ∂0π

0 (52)

〈

MΣ+M †Σ†
〉

= 2Nf cosϕ

(

X cos

(√

2

Nf
S

)

+ Z sin

(√

2

Nf
S

))

(53)

〈

log Σ− log Σ†
〉

= 8iNf β̃S −
Nf
∑

i

αi , (54)

where we defined Z ≡∑Nf

i=1 sinαi. Finally, by expanding the dilaton field around its background solution
as σ → σ0 + σ̂(t,x), we obtain the following quadratic Lagrangian

L
4ν2 sin2 ϕ e−2σ0f

=
(

π0 σ̂ S
)

D−1





π0

σ̂
S



+

dim

( )

∑

a=1

∂µπa∂µπ
a (55)

with the inverse propagator D−1 defined as

D−1 =







ω2 − k2 iωµf
√

2Nf 0

−iωµf
√

2Nf
ω2−k2

8ν2 sin2 ϕ
−M2

σ
1
2Iσ̂s

0 1
2Iσ̂s

ω2−k2

sin2 ϕ
−M2

s






, Iσ̂S =

√
2fµ2m4

π

√

NfXyZ

m4
πX

2 − µ4N2
f e

2fσ0(y−2)
(56)

where the Lagrangian masses for the dilaton field are given by

• V∆O→0(σ)

M2
σ = −

f2µ2Nfe
−6fσ0

(

ν2m4
πX

2
(

y2 − 2
)

e6fσ0 + 2µ4ν2N2
f e

2fσ0(y+1) − 4Λ4µ2Nfe
2fσ0y

)

2ν2
(

µ4N2
f e

2fσ0(y−2) −m4
πX

2
) (57)

• V∆O=2(σ)

M2
σ = −µ2e−fσ0y

(

−8f2efσ0y
(

2µ2
(

av2θ̄2 + Λ4
)

+m4
πNfv

2X2
)

+ 4f2m4
πNfv

2X2y2e3fσ0 + µ2efσ0(y+2)
(

8f2µ2Nfv
2 +m2

σ

))

8v2 (µ4e2fσ0 −m4
πX

2)
(58)

• V∆O→4(σ)

M2
σ = −µ2

(

4f2
(

4µ2
(

av2θ̄2 + Λ4
)

+m4
πNfv

2X2
(

2− y2e−fσ0(y−3)
)

− 2µ4Nfv
2e2fσ0

)

− 4fµ2m2
σσ0 + µ2m2

σ

)

8v2 (m4
πX

2 − µ4e2fσ0)
(59)

while the mass of the S mode is the same for all three potentials and reads

M2
S =

aµ4N3
f e

2fσ0(y−1) + 2µ2m4
πX

2e4fσ0

2µ4N2
f e

2fσ0y − 2m4
πX

2e4fσ0
. (60)
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The πa represents Goldstone modes with sound speed vG=1 transforming in the antisymmetric representa-
tion of Sp(Nf ) analogous to the ones found in absence of the dilaton field in [10]. The π0 field corresponds

to the Goldstone mode of the coset SU(Nf )
Sp(Nf )

that transforms as a singlet of Sp(Nf ). For this reason, it

mixes with the dilaton and the S according to eq.(56). At this point, one can investigate whether eq.(60)
is in agreement with the Witten-Veneziano relation [79, 80]. The latter constrains the mass squared of
the S-particle to be proportional to the number of flavours and the topological susceptibility in the limit
mπ → 0. Indeed, this agrees with the following limit of eq.(60) 3

lim
σ0→0, mπ→0

(60) =⇒ M2
S =

aNf

2
. (61)

Additionally, for σ0 → 0 we have

lim
σ0→0

(60) =⇒ M2
S =

aµ4N3
f + 2µ2m4

πX
2

2µ4N2
f − 2m4

πX
2

, (62)

in agreement with eq.(64) of [10]. The remaining dispersion relations are obtained by solving the equation
det(D−1) = 0. As a result, we have one massless degree of freedom and two gapped modes. In what
follows we provide explicit expressions for the dispersion relations at the two extrema of the dimension
of the fermion condensate γ = 0 and γ = 1 in the limit of small momenta and within the large-charge
expansion. For the sake of simplicity, we consider only the case ∆O → 0. For the massless mode we obtain

γ = 0 : ω2 =

√

√

√

√

9f2m8
πX

2
0Z

2
0e

−4fσ0 − 2µ4M2
σM

2
SN

3
f sin

4 ϕ

9f2m8
πX

2
0Z

2
0e

−4fσ0 − 2µ4M2
SN

3
f sin

4 ϕ (2f2µ2Nf +M2
σ)

k +O
(

k2
)

(63)

γ = 1 : ω2 =

√

2f2m8
πNfX

2
0Z

2
0 − µ4M2

σM
2
S sin4 ϕ

2f2Nf

(

m8
πX

2
0Z

2
0 − µ6M2

S sin4 ϕ
)

− µ4M2
σM

2
S sin4 ϕ

k +O
(

k2
)

(64)

where we expanded Z in γ and 1−γ as for X in eq.(29) and kept only the leading term. In the large-charge
limit, the above reduces to

γ = 0 : ω2 = k





1√
3
+

√
3 X2

00

(2π2)2/3 c54/3N
3
f

(

9m2
π

128πν

)2 (
V

Q

)2/3

+ . . .



+O
(

k2
)

(65)

γ = 1 : ω2 = k

[

1√
3
+ 1

(

25/3c2/3ν
2m2

σ

3
√
3π2/3

+
9
√
3m4

πX
2
00

128 3
√
2π8/3c44/3N

2
f

)

(

V

Q

)4/3

+ . . .

]

+O
(

k2
)

. (66)

These results agree with those in [12] for θ = 0 i.e. X00 = Nf (see Sec.4.1 for further details). At the
conformal point mσ = mπ = 0, eqs.(65) and (66) describe the expected conformal phonon whose speed
approaches the value vG = 1√

3
as Q → ∞ [11].

For the massive modes described by eq.(56), we write the dispersion relations as an expansion for
small momenta

ω3 = M3 + v3k
2 + . . . (67)

ω4 = M4 + v4k
2 + . . . (68)

3 Our definition of MS differs by a factor of 2 from the usual conventions.
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In the γ = 0 case, we have

M3,4 =
1√
2

√

√

√

√

√8ν2 sin2 ϕ (2f2µ2Nf +M2
σ) +M2

S sin2 ϕ±

√

144f2ν2m8
πX

2
0Z

2
0e

−4fσ0 + µ4N3
f sin4 ϕ (M2

S − 8ν2 (2f2µ2Nf +M2
σ))

2

µ2N
3/2
f

(69)

v3,4 =
µ4N3

f e
4fσ0

(

−2M2
3,4 sin

2 ϕ
(

8ν2
(

f2µ2Nf +M2
σ

)

+M2
S

)

+ 3M4
3,4 + 8ν2M2

σM
2
S sin4 ϕ

)

− 36f2ν2m8
πX

2
0Z

2
0

2M3,4µ4N3
f e

4fσ0

(

8ν2 sin2 ϕ
(

M2
S sin2 ϕ− 2M2

3,4

)

(2f2µ2Nf +M2
σ)− 2lM2

3,4M
2
S sin2 ϕ+ 3M4

3,4

)

− 72M3,4f2ν2m8
πX

2
0Z

2
0

(70)

which in the large-charge limit yields

ω3 =
8 25/6π2/3fc4/3ν

√

Nf√
3

(

Q

V

)1/3

+

(

640π2k2N2
f c

3
4/3 − 567f2m4

πX
2
00

)

2048 25/6
√
3π8/3fc44/3νN

5/2
f

(

V

Q

)1/3

+ . . . (71)

ω4 =

√
3a

4 22/3π1/3√c4/3ν

(

Q

V

)1/3

+





9
√
3m4

πX
2
00

(

9a+ 256π2c34/3ν
2
)

4096 210/3π11/3
√
ac

11/2
4/3 ν3N3

f

+
25/3π1/3k2

√
c4/3ν√

3
√
a





(

V

Q

)1/3

+ . . . (72)

For the case γ = 1, the mass and speed of the massive modes are given by

M3,4 =
sinϕ√

2

√

√

√

√

√8ν2 (2f2µ2Nf +M2
σ) +M2

S ± sin2 ϕ

√

√

√

√

64f2ν2m8
πX

2
0Z

2
0 + µ4N3

f sin4 ϕ (M2
S − 8ν2 (2f2µ2Nf +M2

σ))
2

µ4N3
f sin8 ϕ

(73)

v3,4 =
µ4

(

−2M2
3,4 sin

2 ϕ
(

8ν2
(

f2µ2Nf +M2
σ

)

+M2
S

)

+ 3M4
3,4 + 8ν2M2

σM
2
S sin4 ϕ

)

− 16f2ν2m8
πNfX

2
0Z

2
0

Den
(74)

Den = 2M3
3,4µ

4
(

3M2
3,4 − 2M2

S sin2
ϕ
)

− 16M3,4ν
2
[

2f2
Nf

(

µ
6 sin2

ϕ
(

2M2
3,4 −M

2
S sin2

ϕ
)

m
8
πX

2
0Z

2
0

)

+ µ
4
M

2
σ sin2

ϕ
(

2M2
3,4 −M

2
S sin2

ϕ
) ]

(75)

whose large-charge limit gives

ω3 =
8 25/6π2/3fν

√

Nfc4/3√
3

(

Q

V

)1/3

+
5k2

16 25/6
√
3π2/3fν

√

Nfc4/3

(

V

Q

)1/3

+ . . . (76)

ω4 =

√
3a

4 22/3π1/3√c4/3ν

(

Q

V

)1/3

+
25/3π1/3k2

√
c4/3ν√

3
√
a

(

V

Q

)1/3

+ . . . (77)

Notice that the γ = 1 case leads to enhanced suppression of the θ-dependence in the large-charge limit
compared to the γ = 0 case as already observed at the classical level.

4.1 Second-order expansion with the axion

Similarly to the previous section, we parametrize the fluctuations of the Σ field as in (49) and we take
into account the fluctuations of the axion field that we write as [78]

N(x) = eiâ(x)/νPQ 〈N〉 (78)

with 〈N〉 given by eq.(39). Therefore, (16) gives another term to consider with respect to the previous
section which is

− i

2
aPQ(logN − logN †) =

aPQ

νPQ
â− δ . (79)

13



As a consequence, we again have modes with dispersion relation (47) with X00 = Nf , while the remaining
light fluctuations are described by the Lagrangian below

L = 4ν2 sin2 ϕ∂µπ
a∂µπae−2σf + 4ν2∂µS∂

µSe−2σf + 8
√
2Nµν2 sin2 ϕ ∂0π

0e−2σf + 2ν2µ2Nf sin
2 ϕe−2σf+

+ 2N2
f ν

2m2
π cosϕ cos

(√

2

Nf
S

)

e−yσf − aν2
(

θ̄ +
√

2NfS +
aPQ

2νPQ
â− δ

)2

e−2σf

− Λ4
0e

−4σf − R

12f2
e−2σf +

(

∂µâ ∂µâ
)

e−2σf +
1

2

(

∂µσ∂
µσ
)

e−2σf − V (σ) , (80)

from which we obtain the normalised quadratic Lagrangian as

L
4ν2 sin2 ϕ e−2σ0f

=
(

π0 σ̂ S â
)

D−1









π0

σ̂
S
â









+

dim

( )

∑

a=1

∂µπa∂µπ
a (81)

where the inverse propagator D−1 is given by

D−1 =











ω2 − k2 iωµf
√

2Nf 0 0

−iωµf
√

2Nf
ω2

−k2

8ν2 sin2 ϕ −M2
σ 0 0

0 0 ω2
−k2

sin2 ϕ −M2
S

ISâ

2

0 0 ISâ

2
ω2

−k2

4ν2 sin2 ϕ
−M2

â











. (82)

The Lagrangian masses appearing in D−1 are

• V∆O→0(σ)

M2
σ = −f2µ2e−2fσ0(y−2)

(

ν2m4
πNf

(

y2 − 2
)

e2fσ0(y−2) + 2µ4ν2Nfe
4fσ0(y−2) − 4Λ4µ2e2fσ0(2y−5)

)

2ν2
(

µ4e2fσ0(y−2) −m4
π

) , (83)

• V∆O=2(σ)

M2
σ = −4f2µ2ν2m4

πNf

(

y2 − 2
)

+ µ4e2fσ0(y−2)
(

8f2µ2ν2Nf +m2
σ

)

− 16f2Λ4µ4e2fσ0(y−3)

8ν2
(

µ4e2fσ0(y−2) −m4
π

) , (84)

• V∆O→4(σ)

M2
σ = −2f2µ2ν2m4

πNf

(

y2 − 2
)

+ µ4e2fσ0(y−3)
(

m2
σ(2fσ0 − 1)− 8f2Λ4

)

+ 4f2µ6ν2Nfe
2fσ0(y−2)

4ν2
(

µ4e2fσ0(y−2) −m4
π

) (85)

for the dilaton and

M2
S =

aµ4Nfe
2fσ0(y−1) + 2µ2m4

πe
4fσ0

2µ4e2fσ0y − 2m4
πe

4fσ0
, (86)

M2
â =

a a2PQe
−2fσ0

16ν2PQ

(

1− m4
πe

−2fσ0(y−2)

µ4

) (87)

for the remaining modes. The interaction term between the S-particle and the fluctuation of the axion â
is

ISâ = −
√

Nf aµ4aPQe
2fσ0(y−3)

2
√
2νPQ

(

µ4e2fσ0(y−2) −m4
π

) . (88)
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The inverse propagator (82) takes the form of a block matrix. The upper left 2× 2 block represents the
mixing between π0 and the σ̂ in the absence of the θ-angle. Diagonalizing it, we find both a massless and
a gapped mode with dispersion relations given by

ω5.6 =

√

√

√

√k2 + 4ν2 sin2 φ

(

2f2µ2Nf +M2
σ ±

√

f2k2µ2Nf csc2 φ

ν2
+ (2f2µ2Nf +M2

σ)
2

)

(89)

The spectrum in the ∆O → 0 case has been previously studied in [12]. In that case, the explicit
expression of the dispersion relation of the massless mode in the two extreme cases γ = 0 and γ = 1 reads

γ = 0 : ω5 =
k√
3
+ k

√
3

(2π2)
2/3

c54/3Nf

(

9m2
π

128πν

)2 (
V

Q

)2/3

+ . . . (90)

γ = 1 : ω5 =
k√
3
+ k

[

2 22/3c2/3ν
2m2

σNf

3
√
3π2/3

+
9
√
3m4

π

256 3
√
2π8/3c44/3

]

(

V

Q

)4/3

+ . . . (91)

The above results correct a typo in eqs.(53) and (54) of [12]. The gapped mode arising from the mixing
between π0 and the dilaton has a mass of order O (µ). The lower right 2× 2 block describes the mixing
between the S mode and the axion â and by diagonalizing it we obtain the dispersion relations of the
propagating modes which read

ω7,8 =
1

2

√

4k2 + 2 sin2 ϕ
(

4ν2M2
â +M2

S

)

± e−2fσ0

νPQ

√

2a2ν2Nfa
2
PQ + 4ν2PQ sin4 ϕ e4fσ0

(

M2
S − 4ν2M2

â

)2

(92)

For f = 0 the above reproduces the dispersion relations in absence of the dilaton, which were computed
in [10]. Finally, we provide explicit results for these dispersion relations in the ∆O → 0 case. For γ = 0
and in the large-charge expansion, we have

ω7 =

√

3aν̃
c4/3Nf

821/6π1/3νPQν

(

Q

V

)1/3

+
35

164

√
am4

π

√

ν̃PQ

22/3
√
3π11/3νPQc

11/2
4/3 ν3N

3/2
f

(

V

Q

)1/3

+

+

√

NfνPQ

[

ν2PQ

(

512π2k2c34/3ν
2Nf + 27m4

π

)

+ 256π2k2c34/3ν
4a2PQ

]

√
3aπ5/3c

5/2
4/3νν̃

3/2
PQ

(

V

Q

)1/3

+ . . . (93)

ω8 =

√

512π2k2c34/3Nf ν̃ + 27m4
πa

2
PQ

16πc
3/2
4/3

√

2ν̃Nf

+

+
33m8

πa
2
PQN

5/2
f

(

27aν̃2 − 2048π2ν4PQc
3
4/3ν

2N2
f

)

163 · 82 · 21/6π13/3ac
13/2
4/3 ν2ν̃5/2

√

512π2k2c34/3Nf ν̃ + 27m4
πa

2
PQ

(

V

Q

)2/3

+ . . . (94)

while for γ = 1 we obtain

ω7 =

√
3ν̃

8 · 21/6νPQπ1/3ν
√

Nfc4/3

(

Q

V

)1/3

+
4 · 21/6π1/3νPQk

2√c4/3ν
√

Nf√
3aν̃

(

V

Q

)1/3

+ . . . (95)

ω8 = k +
9ν2m4

πa
2
PQ

32 22/3π4/3kc24/3ν̃

(

V

Q

)2/3

+ . . . (96)

with ν̃ ≡ 2ν2PQNf + a2PQν
2.

The upshot of this subsection is that the effect of eliminating the θ-angle via the axion, in the large
charge regime, is the introduction of a new light state affecting the spectrum and dynamics of the theory
expressed in the new dispersion relations ω7 and ω8.
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4.2 Conformal dimension and vacuum energy of type I Goldstones

As eq.(30) illustrates, in the conformal limit mπ = mσ = 0, the scaling dimension of the lowest-lying
operator with baryon charge Q takes the form predicted by the large-charge EFT [47, 76]

∆Q = k4/3Q
4/3 + k2/3Q

2/3 + k0 logQ+O
(

Q0
)

, (97)

where the coefficients that appear should not be confused with c4/3 and c2/3 introduced in eq.(28). Instead
the latter should be viewed as the leading order of a semiclassical expansion of the former, generated by
integrating out the heavy degrees of freedom when building the large charge EFT. By inspection, we found
out that the parameter controlling the leading quantum correction to the classical result (25) is

c4/3

c2
2/3

=
6

π2
f4Λ4 . (98)

This can be traced back to the observations made in [11], where the authors mapped a dilaton-dressed
2-derivatives action with U(1) symmetry (analogous to the π0, σ̂ sub-sector of the present theory) to the
familiar λφ4 model with quartic coupling λ = f4Λ4. In fact, it is known that within this model the Wilson
coefficient of the large charge EFT can be computed as a semiclassical expansion in λ by considering the
double-scaling limit Q → ∞, λ → 0 with ’t Hooft-like coupling λQ fixed [51, 52]. The computation of
the leading quantum correction to ∆Q is lengthy and beyond the scope of the present work. However,
as observed in [81], the knowledge of the spectrum of gapless modes is enough to compute exactly the
k0 coefficient in eq.(97), which is related to the renormalization of their vacuum energy. In our case, the
massless spectrum described by the large charge EFT is composed of the 1

2Nf (Nf − 1) − 1 modes with
dispersion relation ω1and the 1

2Nf (Nf − 1) πa modes. In the conformal limit, these are N2
f − Nf − 1

type I Goldstone bosons of the spontaneous symmetry breaking (see [10] for details and transformation
properties)

SU(Nf )L × SU(Nf )R × U(1)B × U(1)A  Sp(Nf )L × Sp(Nf )R (99)

and all have sound speed vG = 1 with the exception of the conformal mode π0 with vG = 1√
3
. We do not

include the singlet mode S since it decouples due to the axial anomaly. Consider the action describing a
type I Goldstone field χ at low energy

SG =

∫

M
dtdx

(

1

2
(∂tχ)

2 +
v2G
2

(

∇χ
)2
)

, (100)

its one-loop vacuum energy reads

ECasimir =
1

2
Tr{log

(

− ∂2
t − v2G∇2

)

} =
1

4π

∫ ∞

−∞
dω
∑

p

log
(

ω2 + v2GE
2(p)

)

=
vG
2

∑

p

E(p) (101)

where E(p)2 are the eigenvalues of the Laplacian on the sphere, i.e. ∇2fp(r) + E2(p)fp(r) = 0. Being
this contribution of order Q0, in odd dimension is not renormalized by the classical vacuum energy and
is, therefore, universal to all the CFT whose large-charge dynamics realize the same conformal superfluid
phase [47, 53]. Conversely, in the case of an even number of spacetime dimensions, there is a universal
Q0 logQ term arising from the renormalization of the energy. In fact, as shown in [81], in dimensional
regularization EG has a pole for d → 4 which is linked to a calculable logarithm of the charge with
coefficient − vG

48 . Hence, we obtain

k0 = − 1

48

(

1√
3
+ (Nf + 1)(Nf − 2)

)

. (102)

This is a robust non-perturbative prediction of the large-charge approach which would be interesting to
test via lattice simulations.
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5 Conclusions and outlook

In this work we investigated the impact of the θ-angle and axion physics in the large-charge limit of near-
conformal symplectic gauge theories with fermion matter in the defining representation. The simplest
symplectic gauge theory is SU(2) with Nf fermions in the fundamental representation. We modelled the
underlying dynamics via an effective approach encapsulating the light degrees of freedom of the theory
augmented by a dilaton state and an eta-like prime state that ensures the axial-anomaly variation of
the underlying theory at the effective level. The large-charge approach is then employed to access non-
perturbative information of the (near) conformal fixed baryon-charge sector of the theory. Using the
state-operator correspondence we generalised the corrections determined in [11, 12] to the large-charge
quasi-anomalous dimension ∆ as a function of the dilaton, fermion mass, and background geometry to
include the impact of the θ angle, axion physics, and dilaton potential yielding:

V∆O→0(σ), γ ≪ 1

∆

∆∗
= 1−

(

9m2
π

32πν

)2 1− γ log
(

3ρ2/3

16(2π2)1/3c4/3ν2Nf

)

4c54/3Nf
cos2

(

θ + 2πk

Nf

)(

1

2π2ρ

)2/3

+
γ

c64/3Nf
cos2

(

θ + 2πk

Nf

)







27m4
π sin2

(

θ+2πk
Nf

)

256 a c34/3N
2
f

+
5
(

9m2

π

64πν

)2

cos2
(

θ+2πk
Nf

)

6c44/3Nf
− c2/3

2

(

2π2ρ

Q

)2/3







×
(

9m2
π

32πν

)2(
1

2π2ρ

)4/3

logQ−16

9
π2c2/3ν

2Nfm
2
σ

(

1

2π2ρ

)4/3

logQ (103)

V∆O→0(σ), (1− γ) ≪ 1

∆

∆∗
= 1− 9m4

π

64c44/3
(1 − γ) cos2

(

θ + 2πk

Nf

)(

1

2π2ρ

)4/3

logQ−16

9
π2c2/3ν

2Nfm
2
σ

(

1

2π2ρ

)4/3

logQ . (104)

V∆O=2(σ), γ ≪ 1

∆

∆∗
= 1−

(

9m2
π

32πν

)2 1− γ log
(

3ρ2/3

16(2π2)1/3c4/3ν2Nf

)

4c54/3Nf
cos2

(

θ + 2πk

Nf

)(

1

2π2ρ

)2/3

−c2/3m
2
σ

2c4/3

(

1

2π2ρ

)2/3

+
γ

c64/3Nf
cos2

(

θ + 2πk

Nf

)







27m4
π sin2

(

θ+2πk
Nf

)

256 a c34/3N
2
f

+
5
(

9m2

π

64πν

)2

cos2
(

θ+2πk
Nf

)

6c44/3Nf
− c2/3

2

(

2π2ρ

Q

)2/3







×
(

9m2
π

32πν

)2(
1

2π2ρ

)4/3

logQ (105)

V∆O=2(σ), (1− γ) ≪ 1

∆

∆∗
= 1−c2/3m

2
σ

2c4/3

(

1

2π2ρ

)2/3

− 9m4
π

64c44/3
(1− γ) cos2

(

θ + 2πk

Nf

)(

1

2π2ρ

)4/3

logQ . (106)
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V∆O→4(σ), γ ≪ 1

∆

∆∗
= 1− c2/3m

2
σ

256π2c24/3ν
2Nf



3− 4 log





3
√

3
2ρ

64πc
3/2
4/3ν

3N
3/2
f







+
c22/3m

2
σ

256π2c34/3ν
2Nf



3− 8 log





3
√

3
2ρ

64πc
3/2
4/3ν

3N
3/2
f









1

Q2/3

−
(

9m2
π

32πν

)2 1− γ log
(

3ρ2/3

16(2π2)1/3c4/3ν2Nf

)

4c54/3Nf
cos2

(

θ + 2πk

Nf

)(

1

2π2ρ

)2/3

(107)

V∆O→4(σ), (1− γ) ≪ 1

∆

∆∗
= 1− c2/3m

2
σ

256π2c24/3ν
2Nf



3− 4 log





3
√

3
2ρ

64πc
3/2
4/3ν

3N
3/2
f







+
c22/3m

2
σ

256π2c34/3ν
2Nf



3− 8 log





3
√

3
2ρ

64πc
3/2
4/3ν

3N
3/2
f









1

Q2/3

(108)

Here ∆∗ is the conformal dimension at the fixed point at leading order in the semiclassical expansion
and ρ ≡ Q/V is the charge density.

We summarise below our main results:

a) We determined the effects coming from different values of ∆O of the underlying operator responsible
for conformal breaking. These are encoded in the dilaton potential and their results are summarised
in the orange part of the deformed conformal dimensions. The first observation is that all corrections
are universally proportional to the dilaton squared mass while the dependence on ∆O is encoded
in both the coefficient and in the scaling dependence on the charge (density) of the m2

σ term. For
∆O → 0 the leading conformal breaking term scales with ν2ρ−4/3 logQ [11] while for ∆O = 2 and
∆O = 4 we have respectively, ρ−2/3 and ν−2 log

(

ρ/ν3
)

at fixed but large charge density.

b) Conformal breaking due to the introduction of the π mass, to the chiral and conformal lagrangian
order that we are considering, yields an additive contribution to the deformed anomalous dimensions
with respect to the dilaton one. This contribution is independent of the value of ∆O and it is
universally proportional to the fourth power of the pion mass (i.e. quadratic in the underlying
fermion masses). Its contribution depends, however, on the value of the anomalous dimension of
the fermion-antifermion condensate operator controlled by γ. In the ∆O → 0 case the zero θ-angle
expression was determined in [12] while here we provide, for the first time, its θ-angle dependence.
These terms are highlighted in red. For the ∆O → 4 we also have these terms but they are subleading
at large charge density with respect to the dilaton contribution. Nevertheless, they are naturally
there when the dilaton mass vanishes.
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APPENDIX

A Details of the second-order expansion

In this Appendix, we provide details on the derivation of the dispersion relations of the fluctuations that
we parametrize as

Σ = eiΩΣ0e
iΩt

(A.1)

where Σ0 corresponds to homogeneous ground state (18) while Ω has the form

Ω =

(

π 0
0 −πt

)

+ β̃S

(

1Nf
0

0 1Nf

)

= ν + β̃S 12Nf
, β̃ =

1
√

2Nf

(A.2)

here π =
∑

dim

a=0 π
aTa belongs to the algebra of the coset space U(Nf )

Sp(Nf )
. The normalization condition on

the generators is 〈TaTb〉 = δab
2 . Writing Σ = e2iβ̃SU(αi)Σ, we have that Σ can be written as

Σ = eiνΣce
iνt

=

(

eiπ 0

0 e−iπt

)((

0 1Nf

−1Nf
0

)

cosϕ+

(

σ2 ⊗ 1Nf/2 0
0 σ2 ⊗ 1Nf/2

)

sinϕ

)(

eiπ 0

0 e−iπt

)

=

(

eiπ 0

0 e−iπt

)(

0 1Nf

−1Nf
0

)(

eiπ
t

0
0 e−iπ

)

cosϕ

+

(

eiπ 0

0 e−iπt

)(

σ2 ⊗ 1Nf/2 0
0 σ2 ⊗ 1Nf/2

)(

eiπ
t

0
0 e−iπ

)

sinϕ

=

(

0 1Nf

−1Nf
0

)

cosϕ+ e2iν12 ⊗ σ2 ⊗ 1Nf/2 sinϕ. (A.3)

Using this expression is easy to show that (for simplicity of notation, henceforth we indicate the trace
operation with the brackets)

∂µΣ = 2ie2iν∂µν12 ⊗ σ2 ⊗ 1Nf/2 sinϕ, (A.4)

∂µΣ
†
= −2i12 ⊗ σ2 ⊗ 1Nf/2∂µνe

−2iν sinϕ, (A.5)

Σ∂0Σ
†
=

(

0 −σ2 ⊗ 1Nf
∂0π

te−2iπt

−σ2 ⊗ 1Nf
∂0πe

−2iπ 0

)

sinϕ cosϕ− 2i∂0ν sin
2 ϕ (A.6)

which implies
〈

∂µΣ∂
µΣ

†〉
= 8 sin2(ϕ) 〈∂µπ∂µπ〉 and

〈

BΣ∂0Σ
†〉

= −2i sin2(ϕ) 〈∂0π〉 where B = 1
2σ3 ⊗

1Nf
. Additionally we have

〈

MΣ+M †Σ
†〉

= 4Nf cosϕ (A.7)
〈

BΣBtΣ
†〉

=
〈

BeiνΣ0e
iνtBte−iνtΣ†

0e
−iν
〉

=
〈

BΣ0B
tΣ†

0

〉

(A.8)

since [B, ν] = 0.
Making use of the above results, we obtain that the matrix Σ satisfies

∂µΣ = e2iβ̃SU(αi)
(

2iβ̃∂µSΣ+ ∂µΣ
)

, (A.9)

∂µΣ
† = e−2iβ̃SU(αi)

(

−2iβ̃∂µSΣ
†
+ ∂µΣ

†)
(A.10)

Σ∂µΣ
† = −2iβ̃∂µS +Σ∂µΣ

†
. (A.11)
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From which we can obtain the relevant traces as
〈

∂µΣ∂
µΣ†

〉

=
〈

∂µΣ∂
µΣ

†〉
+ 4β̃2 〈∂µS∂µS〉+ 2iβ̃∂µS

〈

Σ∂µΣ
†〉

= 8 sin2 ϕ 〈∂µπ∂µπ〉+ 8Nf β̃
2∂µS∂

µS

= 4 sin2 ϕ ∂µπ
a∂µπa + 8Nf β̃

2∂µS∂
µS (A.12)

〈

BΣ∂0Σ
†
〉

=
〈

BΣ∂0Σ
†〉

= −2i sin2 ϕ 〈∂0π〉
= −2i

√

2Nf sin
2 ϕ ∂0π

0 (A.13)
〈

MΣ+M †Σ†
〉

=
〈

e2iβ̃SMU(αi)Σ + e−2iβ̃SM †U(αi)
†Σ

†〉

= 2Nf cosϕ

(

X cos

(√

2

Nf
S

)

+ Z sin

(√

2

Nf
S

))

(A.14)

〈

log Σ− log Σ†
〉

= 8iNf β̃S −
Nf
∑

i

αi . (A.15)

Finally, by plugging these results into the Lagrangian (15), we arrive at

L = 4ν2 sin2 ϕ∂µπ
a∂µπae−2σf + 4ν2∂µS∂

µSe−2σf + 8
√
2Nµν2 sin2 ϕ∂0π

0e−2σf

+ 2ν2µ2Nf sin
2 ϕe−2σf + 4Nfν

2m2
π cosϕ

[

X cos

(

√
2

√

1

Nf
S

)

+ Z sin

(

√
2

√

1

Nf
S

)]

e−yσf+

− av2(θ̄ +
√

2NfS)
2e−2σf − Λ4

0e
−4σf − R

12f2
e−2σf +

1

2

(

∂µσ∂
µσ
)

e−2σf − V (σ) . (A.16)

By expanding the above to the quadratic order in the fluctuations of the dilaton field, we obtain the
quadratic Lagrangian (55) considered in the main text.
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