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1 Introduction

The axion was first introduced as the angular degree of freedom of an approximate global
U(1) symmetry to address the strong CP problem in QCD [1-4]. In modern cosmology,
this concept has been generalized to axion-like particles which have been postulated to play
a key role in string theory [5-7], inflation [8, 9], baryogenesis [10, 11], dark matter [12-14]
and in cosmological approaches to the hierarchy problem [15]. At the level of quantum
field theory, these axion-like particles (axions for short in following) are pseudoscalars
which couple to fermions and gauge fields only through derivative couplings. Of particular
phenomenological interest are couplings to the fermions and gauge groups of the Standard

1

Model (SM), in particular the electromagnetic sector.” In this case, the gauge fields,

charged fermions and the axion form a coupled system linked by non-linear interactions.

LAt energies above the electroweak phase transition, the relevant Abelian gauge group is hypercharge.
For simplicity, we will use the notation familiar from electromagnetism throughout this paper, though of
course the discussion applies to any Abelian gauge group with charged fermions. For non-Abelian gauge
groups, see e.g. [16, 17].



For example, a non-vanishing axion velocity can trigger a tachyonic instability in one of
the gauge field helicity modes [18, 19], Schwinger pair production of charged fermions in
background gauge fields [20, 21] leads to an induced current which dampens this tachyonic
instability [22-24], and the gauge fields in turn back-react as an effective friction to the
axion motion [25]. Moreover, it was recently pointed out that a non-vanishing axion velocity
has the intriguing property of boosting the Schwinger pair production of charged fermions
in an electric field [26]. In the azion-assisted Schwinger effect [26] a sufficiently large
constant axion velocity can exponentially enhance the Schwinger production rate for finite
fermion momentum in the final state whereas the azion-driven pair production [27] relies
a non-vanishing acceleration of the axion field.

In the literature, particle production is usually discussed in terms of the asymptotic
initial and final states, where the particles and antiparticles are well defined. Starting
in a ground state in the asymptotic past, the electromagnetic and/or axion background
fields are switched on for some finite time, and the final state in the asymptotic future, after
switching off the background fields, is determined by solving the equations of motion for the
Bogoliubov coefficients. The time-dependence of the background fields, i.e. the mismatch of
the ground state in the asymptotic past and future, is the origin of the fermion production.
On the other hand, transient effects occurring when the external fields are active are
more subtle. At this intermediate stage, the definition of particles and antiparticles is
ambiguous and the divergences associated with the external fields call for an appropriate
regularization scheme. In a practical computation, one may select a particular basis of
creation/annihilation operators, which however results in seemingly very different transient
effects for different choices of basis, as is well known in the case of Schwinger production
in time-dependent electric fields [28-30]. However, physical quantities such as the fermion
current and energy density should not depend on such unphysical reparametrizations of
the theory.

In this paper, we extend the existing results in a three-fold way. Firstly, we point out
that in order to compute backreaction effects in the coupled axion, gauge field and fermion
system, it is insufficient to focus on results for the asymptotic future, it becomes instead
crucial to correctly capture transient phenomena. We demonstrate explicitly that including
vacuum contributions and an appropriate regularization scheme, the apparent differences
caused by the choice of basis are merely differences in interpretation, i.e. labeling terms
as vacuum contribution, time-dependent Bogoliubov coefficients or higher-dimensional op-
erators, while the physical observables are unaffected by these different basis choices —
as they should. We secondly use this opportunity to compare different approaches in the
existing literature, in particular [26, 27] and [31]. In this context, we highlight the im-
portance of choosing a regularization scheme which respects the symmetries of the theory
and the benefits of making use of the Adler-Bell-Jackiw anomaly equation [32, 33| as a
necessary verification of this. Thirdly, we numerically and analytically compute the tran-
sient contributions to fermion production in the presence of a background axion field. We
show that e.g. the fermion energy in the limit of large axion velocities can be exponen-
tially enhanced, even in the absence of electromagnetic background fields. However, we
note that the dominant contribution can be interpreted as dimension-eight operator in the



axion effective theory. This proves that the transient effects in the axion-fermion system
cannot be reliably computed without knowledge of the UV properties of the theory, i.e. a
particular realization of the Peccei Quinn theory.

The remainder of this paper is organized as follows. After reviewing the key ingredients
of the axion assisted Schwinger effect in section 2, we discuss in some detail different basis
choices and regularization schemes in section 3. The computation of transient phenomena
in observable quantities is presented in section 4, including a discussion on the UV sensi-
tivity. We conclude in section 5. Various technical details are relegated to the appendices.
Appendix A specifies our notation and conventions, while appendix B gives the necessary
details on the solutions of the Dirac equation.

2 Fermion production in a gauge field and axion background

In this section we review the axion assisted Schwinger effect [26]. We consider the following
action:
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where ¢ is the axion field with its potential V' (¢) and its decay constant f,, A, is the U(1)
gauge field with its field strength F},,, and v is a fermion with the mass m whose production
we will discuss in detail. The covariant derivative is defined by D, = 0, + igQA,,, where
g is the gauge coupling with o = ¢2/47? and @ is the charge of the fermion. The dual
field strength tensor is defined as F/w = €uvpaFP7 /2 with €123 = +1. Finally, ¢, ca and
¢5 are the coupling constants between the axion and the gauge fields/fermions. The Dirac
equation reads

[llD — me?¥ms 4 8,&57“75] Y =0, (2.2)

where we denote 6; = c¢;¢/f,. We solve this equation in the presence of background
electromagnetic fields and a homogeneous axion field with ¢ # 0.

It is well known that a strong electric field creates pairs of fermions and anti-fermions
through the Schwinger effect [20, 21]. The production rate I' is proportional to

2
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where pr is the transverse momentum, e.g. p%p = p+ pz if the electric field is in 2-
direction. Note that beyond the fermion mass suppression, the production of the modes
with large transverse momentum is exponentially further suppressed. As however recently
demonstrated in [26] this suppression from the transverse momentum disappears once the
axion velocity is large enough, and the rate eventually becomes
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where 054, = (¢5 + ¢m)d/ fo. This enhances the Schwinger effect for non-zero transverse
momentum and was hence dubbed the axion assisted Schwinger effect. The purpose of this
section is to summarize the key ingredients of this effect (see [26] and appendix B for more
details).

In anticipation of our later discussion, we note that eq. (2.2) has a redundancy. Indeed,
the couplings shift under the chiral rotation ¢ — e%®/fa¥sq) ag

c5 — C5—C, Cm — Cm+cC. (2.5)

This indicates that only the combination c5 + ¢, is physical, and one can eliminate either
¢5 Or ¢y, by a chiral rotation. In this section we focus on the ¢; = 0 basis following [26],
and comment on the ¢, = 0 basis at the end of section 2.2. A particular basis choice
implies a natural definition of particles and antiparticles by the corresponding positive
and negative frequency modes. Hence, throughout this paper, we identify the basis choice
with respect to the redundancy under a chiral rotation with a particular choice of cre-
ation/annihilation operators, although these two concepts are not equal, strictly speaking.
This basis transformation is a key topic of section 3.

2.1 Dirac equation with electric field and axion

In this section, we focus on the case with a background electric field and axion velocity, with-
out any magnetic field. We consider background gauge and axion fields parameterized by

AF=(0,0,0,4,()), ¢ = o(1), (2.6)

where the electric field is given by E = —A,. Without loss of generality we take E > 0.
We will take this background to be constant at some initial and final time, ¢ = 0, A = 0,
with a time-dependence at intermediate times. The Dirac equation is then given by
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We solve this equation with the Bogoliubov coefficient method, which describes the mixing
of the positive and negative frequency modes. The Bogoliubov coefficients «) and 3y evolve
as (see appendix B for derivation)
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where I, = p, — gQA., ph = p2 + p2, m3 = ph +m?, Q= /12 + m%, and © = [*dt Q.
We solve these equations with two different initial conditions,

agl) = 17 agl) = %1) = 51) = 0’ and aéZ) = 1, 0452) == ﬁ£2) - /852) =0. (29)

Using the Bogoliubov coeﬂicients, we quantize the fermion as

o=

where u) and vy are the solutions of the Dirac equation for the constant background fields.
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Note that we have extracted the factor €57 to eliminate the derivative coupling between
the axion and the fermion current, i.e. ¢s = 0 in this basis. The creation and annihilation
operators at the intermediate times, B) and D), are expressed as

/ A )\/ * A )\/ )\/ *
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(2.11)
where by and d) are the creation and annihilation operators in the infinite past. We impose
the anti-commutation relation as

{0x @), )} = {0 ), d}, ()} = 27)*0x, 2,09 (5~ 1), (2.12)
{0 @), dL, () } = {br, (), dr, ()} = 0. (2.13)

It then follows from eq. (2.8) that By and D) satisfy the same equal time anti-commutation
relations, i.e.,

{B)\l (tﬁ% BI@(t,ﬁ)} = {D/\l (tamv Df\Q(taﬁ)} (27T) 6)\1)\25(3)(5_ ﬁ)ﬂ (214)
{Bu(t:9), DL, (6,5) } = {Bx, (£,5), Day (t:7)} = 0. (2.15)
2.2 Axion assisted Schwinger effect

We now turn to the fermion pair production in the presence of a background electric field
and axion velocity. We focus on the axion assisted Schwinger effect, and thus take the axion
velocity to be constant.? It is well known that the notion of particles is ill-defined in the
time-dependent background, and thus we turn on and off the external electric and axion
fields adiabatically at i, and tmax, respectively. To be specific, we take the background

fields as
A 90 t — tmin t — tmax
%m_4p+mm(T,ﬂp_mm(jj>y

[1+t ( Ttmlr‘)] {1 — tanh (’f_;fna")] (2.16)

2If the axion velocity is exactly constant, the axion field by itself cannot produce fermions, it can only

enhance the production driven by the electric field. In other words, the production rate vanishes for £ = 0
for constant ¢. If ¢ # 0, the axion can produce fermions independently of the background gauge field, which
includes the standard particle production by an oscillating axion background field decaying into fermions
as well as axion-driven pair production.
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Figure 1. Numerical solutions for the total number of produced particles after turning off the
background fields. Left: spectrum of produced particles for different values of the background
axion velocity 6y as a function of the fermion momentum p.. The gray dashed line corresponds to
the standard Schwinger effect formula, ny, = 2exp(—mm?%/g|Q| Eo), where the factor 2 accounts
for the chirality. Right: the height of the spectrum (at p, = —50+/¢ Q| Eo) as a function of 3. The
blue line corresponds to the numerical solution of the time evolution equation of the Bogoliubov
coefficients, while the gray dashed line shows the analytical expression (2.17). In both figures, we
take m = 1.5 and pr = 2 in units of ¢|Q| Ey = 1.

and start to solve the system well before ¢,,;,. Here we restrict ourselves to evaluate the
particle number ny = 3y v |ﬁ§\/\l) |2 only well after .. We will study physical observables
at the intermediate times in the subsequent sections.

In figure 1 we show a numerical solution of the equation of motion. We take ¢, = 0,
tmax = 1001/ Q[ Eo, T = 1/50/g]Q] Eo, and evaluated the spectrum at t = 1.5tyax. In the
left panel, we show the spectrum for @ = +1, m = 1.5 and py = 2 in the unit g |Q| Ey =1
for different values of 6 (see [26] for several other values of pr and m). The enhanced part
of the spectrum corresponds to the modes that cross II, = 0. Since the gap size between
the positive and negative frequency modes is smallest at II, = 0 (for 0y < pr), the modes
are most easily excited at this point. The height of the plateau is enhanced for non-zero 6
compared to the standard Schwinger effect formula, ny, = 2 exp(—mm# /g |Q| Eo) (which we
show as the dashed line), corresponding to the axion assisted Schwinger effect. In order to
take a closer look at this enhancement, in the right panel, we plot the height of the plateau
versus 2. As one can sce, the envelope eventually approaches to exp(—mm?/g|Q| Ey) for
large enough 6p. In other words, the suppression from the transverse momentum is absent
for a sufficiently large axion velocity. On top of this enhancement, the height of the plateau

strongly oscillates as a function of fy. As demonstrated in [26] this result is well reproduced
by the analytical expression
2
s dIT
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3Here we assume that 6o is positive. If 6o is negative, we should replace 2_ by Q.
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which we show as the gray line in the right panel. Here we have defined

2
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The latter corresponds to the solution of Q_(II,) = 0 in the complex II,-plane. This

suggests that the dispersion relation )_ is crucial for the axion assisted Schwinger effect.
Indeed, as shown in [26], this dispersion relation arises due to spin-momentum interaction
induced by the axion in the non-relativistic limit of the fermion.

Ref. [27] confirms this result in the ¢, = 0 basis. Indeed, one can eliminate ¢, by the
chiral rotation ¢ — e~*n754). The Bogoliubov coefficients in this basis satisfy

ay 0 Aei®+=6-) B 20+ _(ei®++6-)\ [
G —Ae~i(©+-6-) 0 _(Cei©+40-) g 26— a.
G|~ Bie %9+ (emi(O++6-) 0 Ac—i@—0-) | [ 5, | (2.19)
5_ Ce—i0++6-) B =20_ _ £.i(04-6-) 0 5—
where .
O, — / Q.dt. (2.20)

See appendix B for the explicit forms of A, B and C, which are irrelevant for our purpose
here. The key point is that the above equation explicitly involves €24, and thus it is more
straightforward to see the importance of 2+ on particle production with, e.g. the WKB
method [27]. However, this basis has its own subtlety, related to the regularization and
renormalization, and demonstrating this point is our main goal in section 3. There we
will see that each basis has its own advantages and pitfalls; the WKB analysis of particle
production is more straightforward in the ¢, = 0 basis, while the c5 = 0 basis is more
suitable for regularizing and renormalizing the theory.

3 Basis choice and regularization

As shown above, the axion assisted Schwinger effect may be more transparent in the basis
¢m = 0 (which we will refer to as the fermion current basis) than in the basis ¢5 = 0 (which
we will call the Hamiltonian basis). However, there is a subtlety in the fermion current basis
related to regularization. Physical observables are independent of the choice of basis and in
principle one can of course work in any basis. In reality, however, physical observables are
often divergent and require regularization and renormalization. A regularization scheme
should preserve the symmetries of the theory as much as possible, which is straightforward
in the Hamiltonian basis while can be more subtle in the fermion current basis. The key
point is that the Hamiltonian basis diagonalizes the fermion energy density operator (as
the name suggests), while the fermion current basis does not. The purpose of this section
is to demonstrate this point in detail, by taking the anomaly equation as an example.

We emphasize that the regularization and renormalization are not only of academic
interest. If we focus only on physical quantities in the asymptotic future, after turning off
the external fields (as we did in section 2), there are no complications. However, if we follow



the time evolution of the physical quantities at intermediate times, we necessarily have to
deal with divergences, regularization and renormalization. Since physical quantities such
as the induced current and the axial charge at intermediate times are crucial to study, e.g.
the backreaction of the fermion production to the axion and gauge field dynamics, a proper
treatment of the renormalization and regularization is phenomenologically relevant.

3.1 Basis choice and Hamiltonian

A fermion chiral rotation 1 — €‘¥54) shifts the couplings as c5 — c5 — ¢ and ¢, — ¢, + C.
This redundancy corresponds to the basis choice of the fermion that one works with. In
ref. [26] we take the Hamiltonian basis (¢5 = 0), while ref. [27] takes the fermion current
basis (¢, = 0).* Our goal here is to see that the fermion energy density operator is
diagonalized only in the Hamiltonian basis, and not in the fermion current basis, which
is crucial for our study of the anomaly equation in section 3.2. Since we will discuss the
anomaly equation, we now include the magnetic field (anti-)parallel to the electric field.®
We take the background fields as

At = (0,0, B:E7AZ) ) ¢ = ¢(t)> (31)

which corresponds to E=E;=—-A,2and B = B2z, where the magnetic field B is taken
constant. This configuration has

F, F" = —4E-B #0, (3.2)

which makes the anomaly equation non-trivial at the intermediate times.

In the presence of the magnetic field, a charged particle follows a circular trajectory in
the plane orthogonal to the magnetic field. This transverse motion is quantized in quantum
mechanics, resulting in discrete Landau levels. The mode without transverse motion is
called the lowest Landau level, while those with transverse motion are called higher Landau
levels. Therefore, in the presence of a magnetic field, the fermion is quantized as

= /d(l;?!d‘)zzei(pyy-ﬁ-pz3)6i7595
T
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« )\/ 12 )\/ *
Df = Bobo + agdh, Di = > [67(1)\)[)71,)\/ + (=) afz,x) djw,x} ’ (3.5)
N=1,2

4More generally, we can take a basis with both non-zero ¢s and ¢,,. This choice simply makes the
equations more involved and we do not see any benefit, and thus we focus only on the Hamiltonian and
fermion current basis in this paper.

®Gauge field production towards the end of axion inflation provides this configuration [9], so the inclusion
of the magnetic field also has a phenomenological motivation.



in the Hamiltonian basis, and
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Df = Bobo + agdl, Dl =3 [BNboy +alVdl ] (3.8)
N=+

in the fermion current basis, respectively (see appendix B for definitions and the derivation).
The integer n labels the discrete Landau levels, n = 0 corresponding to the lowest Landau
level while n = 1,2, --- refers to the higher Landau levels. Notice that the higher Landau
levels are analogous to the situation without a magnetic field; the only difference is whether
the transverse momentum is quantized or not. The frequencies in the decomposition are
different in the two bases. They are obtained as

=\/II2+m2, Q,=/II2+m2, (3.9)
with mp = /m?2+m%, mp = /2ng|QB], ©9 = ftdth and O, = ftdtﬂn in the

Hamiltonian basis, and

Qs = /(L — s050)2 + M2, Qur = /(T + M n)2 + m2, (3.10)

with IT = /TI2 + m%, s = sign(QB), O¢ s = ft dt Qs and ©,, \ = ft dt Qy, » in the fermion
current basis, respectively. Finally the creation and annihilation operators satisfy

{bn1,>\1 (ﬁ)a blz Ao (ﬁ)} = {dn1,)\1 (ﬁ)) dj@z Ao (ﬁ)} (27T) 6)\1)\257117125(2) (ﬁ_ }5’)7 (3'11)
{ n1,A1 (mvan )\2 } = {bﬂl,h ﬁ) dn2,>\2 (ﬁ)} 0, (3'12)

and B, D, B and D satisfy the same equal-time anti-commutators. As usual, we assume
that there is no external field in the infinite past. This allows us to uniquely define the
0) = dp|0) = d,, A|0) = 0. The physical quantities are then evaluated

vacuum as by|0) = by,
as the expectation value of the corresponding operators with respect to this vacuum.

Let us now study the Hamiltonian. The conjugate momentum follows from eq. (2.1)
as

Ty = ¢+ 7 297 59, Ty =iy°, ma, = —F%+eca—r s ¢>60”ij1€7 (3.13)

and thus the Hamiltonian density operator is given by®

"= %gzs? £ V(6) 4+t (i60 + 03s) ¥ + = (E2 + B2, (3.14)

50One can check that this follows also from taking the variation with respect to the vierbein.



where we have assumed that the fermion satisfies the Dirac equation, and substituted our
configuration of the axion and gauge field. Thus we define the fermion energy density
operator as

Hy= %/d% [z/ﬂ, (i80 1 ém) zp} : (3.15)

where we have anti-symmetrized the operator. Note that H, contains not only the time
derivative of the fermion but also 85 explicitly.” In the Hamiltonian basis, by substituting
eq. (3.3), we obtain

1 [ dp,dp.
szi/ éir)g Qo([B&Bo}+[Dg,Do])+%Qn({Bl7/\,Bn,A}+[DIM,DW\D
(3.16)

This shows that the Hamiltonian basis diagonalizes the fermion energy density operator
even at the intermediate times for a time-dependent background, as the name already
indicated. In particular, ¢ and €,, are the energy eigenvalues, which we can then use for
regularization without spoiling any symmetry. On the other hand, in the fermion current
basis , the fermion energy density operator is expressed by substituting eq. (3.6) as

e i (T (s ]+ 1)
e (20 3] Df] + ()
o | e (8] B + DL Dua]
+””£ij“ (e [B] . DI ] + (h.c.))] } . (3.17)

This shows that the fermion current basis does not diagonalize the fermion energy density
operator. The off-diagonal parts (the second and fourth terms) originate from the second
term in eq. (3.15). This in particular means that g ¢ and €2, + are not energy eigenvalues.
We may then anticipate that the use of regulator functions based on these frequencies will
fail to produce the correct regularized theory. We will investigate this point in section 3.2,
using the anomaly equation as an explicit example.

"While we derived the Hamltonian by treating the axion as a dynamical field in eq. (3.14), here we
have anticipated that in the following, we will consider the axion field as a classical background field, and
thus included the é5—dependent term in the fermion energy density operator. As we will see below, the
eigenvalues of this fermion energy density operator can be used to regulate the UV divergences of theory
to correctly obtain the chiral anomaly equation. This is no longer the case if the term proportional to 65
is dropped in Hy. A more rigorous derivation of eq. (3.15), with special care about subtleties regarding
background field versus dynamical fields, is beyond the scope of the present paper.
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3.2 Regularization and anomaly equation

It is well-known that the chiral rotation is anomalous in the presence of an gauge field. As
a result, the divergence of the axial current JL' satisfies the anomaly equation:

2@2
8 2

where JE' = Yy"y51p. The anomaly equation is an operator relation and thus must hold

OpJt = —Z 2 F F™ + 2mpe®m5irysap, (3.18)

in any background field configuration. This relation provides a non-trivial check of the
computation, in particular of the regularization procedure, since an improper regularization
easily destroys the anomaly equation.

As demonstrated in ref. [26] the regularization based on the Hamiltonian basis correctly
reproduces the anomaly equation, as we briefly review here. We consider the spatially-
averaged version of the anomaly equation. With our gauge field configuration (3.1) this is

given by
2 2EB - )
% +2m <¢e219m75z75¢> : (3.19)

where we have replaced F),, by the electric and magnetic fields, and

0= gy J S ([Whm]). (e ingy) = s [ ata([inse ).

gs =

(3.20)
The lowest Landau level contribution to the chiral charge is given by
QB SH m * —21 * 7
5‘LLL g’ | /d |: (2 |/8 | ) + Qﬁ (Oéoﬁoe 2100 + 0406062 90):| s (321)
0

where we have introduced the regulator function R = R(p). In particular, normal ordering

corresponds to R = 0. The time derivative is given by
B 11, . . .
Gsloer, = 9 |Q | /d l “(1-R)— SgTZR — 2im (aoﬁge—zzeo _ amoemeo)] 7
(3.22)

where we have used the time evolution equation of the Bogoliubov coefficients. We thus
obtain

B
dslLLL = gQ /d [

The integral does not depend on the explicit form of R = R()) as long as it is a function

R) — R} +2m <we2zem75w5w>’ (3.23)

Qo LLL

of Q. Indeed, we can show that

11, m? I, dR I,
dp. =gQF | dIl, E dH —R| =
/p l 2 1 9 / lQ?*RJ“QdH} 9Q / {QOR] 0
(3.24)
where we changed the integration variable from p, to II, and used the chain rule for the

time derivative acting on R in the first equality, and used that R vanishes in the limit
IT, — o0 as this function regulates the UV behavior in the last equality. Thus we obtain

¢’Q’EB

Gl =755 +2m <¢€2i9’"%i%¢>‘ (3.25)

LLL
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This shows that the anomalous term is supplied solely by the lowest Landau level. Indeed
one can see that the higher Landau level satisfies

slirr, = 2m (e misipn)| (3.26)

HLL

We have thus proven that the anomaly equation (3.19) indeed holds.

We now study the anomaly equation in the fermion current basis. We saw that the
fermion current basis does not diagonalize the fermion energy density operator. It is then
naturally expected that the frequencies in this basis, {2 s and €, », are not suitable for
regularization as they are not related to the energy eigenvalues. Indeed, in the following, we
will see that the anomaly equation does not hold if one uses )y s and 2, ) as the argument
of the regulator function. This highlights the main point of this section; the regularization
is straightforward in the Hamiltonian basis, but is more tricky in the fermion current basis.

If we use g s and €, ) for regularization, the lowest Landau level contribution may
be written as

QB s O51m 2 .
sl = 9|98 dp lQO5+ ( ‘50‘ — R(Q s)) mRe [aoﬁoez QO’SH ,

472
(3.27)
with a regulator function R. Notice that this includes the normal ordering in the fermion

current basis as a special case for R = 0. By taking the time derivative and using the time
evolution equation of the Bogoliubov coefficients, we obtain

g =222 fa, [P0 tloun) (1 oo )y (gt

(3.28)

The integral again does not depend on the explicit form of R as long as R= R(Qo, s), and
we obtain QB

Gslrer, = g ( QE — 895+m) +2m <1/_J€2i9’"75i75¢>‘LLL- (3.29)

Note the additional term proportional t0 054m. One can check (after a somewhat tedious
computation) that the contributions from the higher Landau levels do not cancel this addi-
tional term. Therefore, the regularization based on the frequencies in the fermion current
basis, o5 and €, , does not reproduce the anomaly equation. This is understandable
because the fermion current basis does not diagonalize the fermion energy density opera-
tor, and thus the regularization with 1o, and (2, x does not necessarily preserve all the
symmetries that one wants to preserve. This is in contrast to the Hamiltonian basis; the
Hamiltonian is invariant under all the (internal) symmetries by definition, and thus the
regularization with the energy eigenvalues, i.e., the frequencies in the Hamiltonian basis,
automatically preserves all the symmetries. Needless to say, if we use the same regulariza-
tion as the Hamiltonian basis,® we correctly reproduce the anomaly equation in the fermion
current basis as well, as the physics is independent of the basis choice. The point here is
that the regularization is straightforward in the Hamiltonian basis, but requires special

8This corresponds to subtracting exactly the same contribution as obtained using, e.g., normal ordering
in the Hamiltonian basis.
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care in the fermion current basis. One may prefer to work in the fermion current basis
to study particle production (see the end of section 2.2), but may prefer to work in the
Hamiltonian basis to regularize and renormalize the theory.

Before closing this section, we would like to comment on ref. [31], which computed
the fermion contribution to the divergence of the axial current in the fermion current basis
with dimensional regularization. The authors obtained a term with derivatives acting on
the axion that does not vanish even in the massless fermion limit, on top of the standard
Chern-Simons contribution. From the point of view presented here, this is simply because
the regularization scheme employed in [31] does not respect all the symmetries. Indeed, as
the authors noted in the paper, the terms that they got can be canceled by adding local
counter terms to the action, called an irrelevant anomaly, indicating that there is a better
regularization scheme. This cancellation is not a coincidence or fine tuning, but a reflection
of the fact that the contribution from c5 + ¢, vanishes in the massless limit due to the
chiral rotation invariance of the theory. Therefore, there is a special reason to choose,
among others, the regularization that preserves this property. Nevertheless, we agree that
there exists a subtlety on higher dimensional operators related to the UV completion, and
we discuss this point in the next section.

4 Transient phenomena and UV sensitivity

In section 3 we demonstrated that the regularization is straightforward in the Hamiltonian
basis but requires a special care in the fermion current basis, giving the anomaly equation
as an example. Armed with the proper understanding of the regularization, we now study
another interesting property of the physical quantities at the intermediate times: exponen-
tially enhanced transient fermion energy density production for finite fermion masses.

As eq. (2.4) suggests, although the axion assisted Schwinger effect lifts the suppression
from the transverse momentum, the production rate is still suppressed exponentially by
the fermion mass m for m? > ¢|Q| E. However, eq. (2.4) describes the spectrum only at
the infinite future, after turning off the external fields, and the physical quantities at the
intermediate times do not necessarily feature this suppression factor. Indeed, as we will see,
if the axion velocity is large enough, the fermion energy density develops a component that
is not exponentially suppressed even for m? > ¢|Q| E. With the proper regularization,
we will check that the same result is obtained in both the Hamiltonian and the fermion
current bases (as it should), although their appearance is very different; the transient
feature originates from the Bogoliubov coefficients in the Hamiltonian basis while it comes
from the vacuum contribution in the fermion current basis.

This phenomena is related to higher dimensional operators in the axion effective the-
ory after integrating out fermions. At the intermediate times, the physical quantities
often contain components that are suppressed only by a power, not an exponential, of
the fermion mass in the heavy fermion limit. These components are in general identified
with higher dimensional operators that arise after integrating out the fermion, such as the
Euler-Heisenberg Lagrangian, as described in detail in refs. [23, 34]. We will see that the
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transient effect that we study here also corresponds to higher dimensional operators in the
axion effective theory.

Identified with higher dimensional operators, this transient effect is actually degenerate
with a choice of the UV theory. The effective theory with the axion is non-renormalizable,
and thus there is in general no reason to prohibit adding higher dimensional operators by
hand. These higher dimensional operators contribute in the same way as the transient
effect that we discuss here, and thus giving any physical meaning to the transient effect
requires specifying the UV theory. We believe that it is worth clarifying these points,
also to avoid any possible future confusion in literature (see, e.g. refs. [35—41] for a similar
confusion on the induced current from the Schwinger effect, which turns out to originate
merely from the Euler-Heisenberg Lagrangian [23, 34]). Therefore, we explain all the above
points in detail in this section.

4.1 Transient effects and basis choice independence

We now study the fermion production for a large axion velocity. For our purpose in
this section, we do not actually need any external electric nor magnetic fields, and thus
we set £ = B = 0 for simplicity. In this case there is no particle production at the
infinite future, nevertheless the physical quantities show non-trivial transient behaviors
at the intermediate times as we will see. One can verify that these transient effects also
occur if the electromagnetic fields are present. Without external electromagnetic fields, the
equations of the Bogoliubov coefficients are simplified as

__m Pz rr

aq mr ) m %6 aq
: p; m sz m 210
2l g | mr a0 mge @2 (4.1)
51 m %e—Qze 0 m % pr ﬁl ) .
B 0 —me20 Thr _mip i
2 Q mrT mrT Q 2
in the Hamiltonian basis, and
s mbsiy 901 3 s mbsym 9014 49
Q) = ——(-5— exp[2i0,] By, Br= 5— exp [—2i0,] @y, (4.2)
205 205

in the fermion current basis, respectively, where we replace I, — p, and II — p. We first
study the system in the Hamiltonian basis, and then in the fermion current basis.
Hamiltonian basis. We show our numerical results for ny =37, \/ | ﬁ/(\/\l) |? as a function
of time in the left panel of figure 2. We fix p, = 0, tmin = 0, tmax = 100 and T' = /50, and
take several different values of m and 6y in the unit pr = 1. As one can see, even though
the fermion mass is large and there is no external electric field, n,, becomes of O(1) in the
intermediate times. This is the transient effect that we study in this section. Although n,
itself is not a physical quantity, the same feature appears in the physical quantities such as
the energy density. The fermion energy density in the Hamiltonian basis is expressed as

1 (reg) (vac)
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Figure 2. Left: time evolution of the occupation number n, in the Hamiltonian basis for a
large axion velocity 6y and vanishing electromagnetic fields. Although approaching to zero at the
asymptotic future, n, is O(1) at the intermediate time for large y. We fix p, = 0, and show
the results for several different values of m and 6 in the unit pr = 1. Right: time evolution of
the regularized (differential) energy density deE;Cg) /dpedp, in the Hamiltonian basis with a large
axion velocity, where we integrate over p, in the range of —150 to 150. This clearly shows that the

transient effect in n,, is reflected in the physical energy density.

where the regularized part pgeg) and the vacuum part p(vac) are respectively given by
pm@:/'&pQszﬂxw Mmﬂ:—g/(m’ﬁ. (4.4)
¥ (2m)? Y A (2m)?®

We may employ normal ordering to renormalize the energy density, corresponding to drop-
ping p(vac) (or taking R = 0). Recall that the normal ordering in the Hamiltonian basis
indeed correctly reproduces the anomaly equation (see section 3.2). In the right panel of
figure 2, we plot the time evolution of the differential energy density dngeg) /dp.dpy (inte-
grated from p, = —150 to 150). We see that the energy density shows the same transient

effect as n.

Fermion current basis. We now study the same phenomena in the fermion current
basis. In the left panel of figure 3, we plot the time evolution of 7y, = 37, \/ | B/(\/\/)P, with
the parameters as in figure 2. It is clear that 7, is well suppressed and does not show
this transient effect.” Since i, is not a physical quantity, this by itself does not imply any
contradiction in our computation. In order to investigate the origin of the transient effect in
the fermion current basis, we take a closer look at the renormalization of the energy density.
In the fermion current basis, we may decompose the fermion energy density (before the
renormalization) as

~(r diff V.
pp = 0 + oI 4 phee) (4.5)

9The peaks at t ~ tmin and tmax are induced by non-zero fs.,,, which depends on the details of turning
on and off the axion velocity and is not in the focus of our interest here. Note that the spectrum is well
below O(1) even at the peaks.
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Figure 3. Left: time evolution of the occupation number 7, in the fermion current basis with
a large axion velocity. Even for a large axion velocity, 7, is well suppressed and does not show
the transient effect that shows up in ny in the Hamiltonian basis. Right: time evolution of the

vacuum contribution to the energy density d%;}diﬁ) /dpzdp,, again integrated over p, = —150 to
150 in the unit pr = 1, in the fermion current basis with a large axion velocity. This component

features the transient effect, making the total energy density basis-independent (where pi}diﬂ?) gives

the dominant contribution and [)f;eg) is negligible in the fermion current basis). The parameters

are the same as figure 2.

where

T ‘d(xx)r + 5w>

~(re d? 24+ m2+ b m {15\
pf;,g)ZZ/ p[p pls (‘Bﬁ)

_ 295+mgﬁRe [621'@)\5[&)\,)*6&)\,)}] , (46)
A
(diff) _ / Bp (p? +m? + Aplsim e (@7)
Py — | () 0, ' '

and p(VaC) is as in eq. (4.4). Here ﬁgeg) corresponds to the normal ordering contribution in
the fermion current basis (corresponding to taking R= 0), while pfz}diﬁ) corresponds to the
difference of the normal orderings in the Hamiltonian and the fermion current basis. After
renormalizing the energy density by dropping pf/j’ac), this difference pgl M) till contributes
to the energy density. In fact it is this term that gives the transient effect in the fermion
current basis, as one can see in the right panel of figure 3. Note that, as we saw in section 3.2,
the normal ordering in the fermion current basis does not correctly reproduce the anomaly
equation, and thus one needs to take pfﬂdiﬁ) into account. We stress that once pfpdiﬁ) is
included, we obtain the same results with both basis choices, providing further indication
that our regularization and renormalization procedure is consistent. This includes the
results for the anomaly equations as well as the transient behaviour of the fermion energy

density, see right panels in figures 2 and 3.
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The momentum integral of pfbdiff) can be done exactly, and we obtain

242 2 14
(diffy ™M 05 1m A 05+
Py — = T2 log <m2 + 472’ (4.8)

where we have used a hard UV cut-off A for the momentum integral. The first term cor-
responds to the fermion contribution of the axion wavefunction renormalization: including
the axion contribution to the energy density, we have

22 2 14
(diﬁ):}Z 2Ly m65+m1 A* 05 m 10
Py + Py 5 260" +V(O) + — 5 log | —5 | + -5, (4.9)
where we include the axion wavefunction renormalization Z;. By expanding Zy = 1+ 0y,
we obtain the divergent part of the counter term as

(s + Cm)? m? A2
96l aiv. = — T o2 TglOg 3 (4.10)

This agrees with the standard Feynman diagrammatic computation (see, e.g. ref. [31]). The
second term in (4.8) is an axion dimension-eight effective operator. It is trivial to check
that the second term reproduces the transient effects that we observed numerically. ' Thus,
we conclude that the transient effect can be interpreted as an axion higher dimensional
operator. Armed with this understanding, in the next subsection, we discuss the resulting
UV sensitivity of this transient effect.

Massless limit. As an aside, it is probably appropriate here to comment on the massless
limit m — 0, before discussing the UV sensitivity. In this limit, all the effects of 95+m should
disappear as the axion-fermion coupling is unphysical in this limit.

In the Hamiltonian basis, this is trivial to check. The Bogoliubov coefficient 8 simply
vanishes in the limit m — 0 which we have checked numerically. The situation is more
non-trivial in the fermion current basis, as eq. (4.8) in the massless limit reads

14
lim [p§"] = 92;;”, (4.11)

m—0

which does not vanish. In the massless limit, there is however another contribution from
f)geg), and we will see in the following that this contribution cancels the contribution of
eq. (4.11). By noting that

.om :
77lllgrlo o =7I(p+ N54m), (4.12)

we see that eq. (4.2) is non-trivial only for |p + Msi.m| < m as m — 0. In this region, the
phase factors in eq. (4.2) are approximately constant and hence irrelevant for!!

m? < |Os4m. (4.13)

0There are other higher dimensional operators that arise from ﬁf;eg), but they are subdominant in the

present case.

1To see this, let us take 651 as a time variable, i.e., f dtQy = f db51m Q)\/é5+m. For |p + A95+m| <m,
we have Qx ~ m and 65, varies by Afs4,, ~ m. Thus the change in the phase factor during |p + A\054m| <
m is roughly Aé5+m X Q)\/é5+m ~ m2/55+m.
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Therefore in the limit m? < \95+m], we can separate the time domain into two parts,
Ip+ Aé5+m| 2 mand |p + A95+m] < m. In the former case &) and ) do not evolve in time.
A nontrivial evolution happens only for the latter case, where the equations are given by

5[}\ _ _é5+m . m B}\ E}\ _ é5+m ‘ m B
2 (p + >\05+m)2 + m2 , 2 (p + /\95+m)2 + m2

. (4.14)

where we have dropped the phase factors. It is convenient to first assume that 95+m is
a monotonic function. Later we will see that we can drop this assumption. If 95+m is
monotonic, we can change the time variable from ¢ to 95+m. The equations can be then
solved analytically. With the initial condition that &, = 1, Sy = 0, and 95+m = 0, the
solutions in the massless limit are

ax =0+ Msim), Br=0(=MNs1m — D). (4.15)

We now come back to the assumption that é5+m is monotonic. Even if 95+m is not mono-
tonic, we can consider the time domains between §5+m = 0 separately. In each domain
95+m is a good time variable and thus we can repeat the same computation as above. It
is then clear that, for a given mode with fixed p, the interchange of &), = 1, By = 0 and
@y = 0,3, = 1 happens every time p + A95+m crosses zero. If p+ A95+m Crosses zero an
even number of times, then @, = 1 and By = 0 in the end, while for an odd number of
times we have &), = 0 and B,\ = 1. We assume that 95+m = (0 at the beginning, then the
mode with p + A95+m > 0 at a given time should cross the point p + A95+m = (0 an even
number of times before the given time, while the one with p + A95+m < 0 should cross the
point odd times, independently of the detailed time evolution of 95+m. Thus we conclude
that eq. (4.15) is correct independent of the time dependence of 95+m in the massless limit.
We have also checked that the numerical solution agrees well with eq. (4.15) in the massless
limit. Assuming 95+m > 0 for definiteness, we obtain

d’*p p—6; : 03
lim |5(e®) :2/ A O (s — p) = — 2T 4.1
0 [f’w } (27) |p_95+m|p®( s+m —P) 472 (4.16)
We thus see that
[o(reg) | (diff)] _
i, [+ 5] =0 (a.17)

so that the total energy density vanishes in the massless limit in the fermion current basis
as well, providing further evidence for the consistency of our regularization and renormal-

ization. As soon as the fermion mass becomes finite, the contribution from ﬁgeg) is well

suppressed and pq(ﬂdiﬁ) dominates, as we saw in figure 3. Thus, contrary to ref. [31], we find
the expected decoupling of the fermions in the massless limit without the need to introduce

any counter terms (see also discussion below).

4.2 Higher dimensional operator and UV sensitivity

In the previous subsection, we have seen that the transient effect in the fermion energy
density can be identified with a higher dimensional operator. In the fermion current basis,
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this arises due to the difference of the vacuum contribution with respect to the normal
ordering prescription in the Hamiltonian basis and takes the form

; 29'2 A2 9'4
pl(pd M) _ M 754m log <> 4+ Stm (4.18)

472 m?2 472

Identifying the second term with a higher dimensional operator, this is actually degenerate
with the choice of the UV theory. The low energy effective field theory describing the axion
is non-renormalizable, and thus there is a priori no constraint to adding higher dimensional
operators by hand, on top of the transient effect discussed here. Note that the situation
is different for the Euler-Heisenberg Lagrangian. In the case of the Euler-Heisenberg La-
grangian, the theory is renormalizable before integrating out a heavy particle,'? and it
makes sense to set all the higher dimensional operators to vanish before integrating out the
heavy particle. One can then uniquely determine the coefficients of the higher dimensional
operators after integrating out the heavy particle.

Thus, our conclusion is that a computation of transient effects in the axion effective
theory requires the specification of the UV theory. In the limit 65, < fa, our computation
of the transient effects within the axion effective field theory is valid. In the opposite case,
the axion effective field theory expansion is invalid. One then must go back to the original
UV theory and study the dynamics within the UV theory.

Before concluding, let us briefly comment on other regularization schemes. In partic-
ular, in the fermion current basis, we can evaluate the axion effective action

L[¢] = —iTrlog [id — m + 8,054mV" 5] , (4.19)

by expanding in powers of é5+m /m and evaluating the resulting terms using dimensional
regularization. Treating the -5 matrices using the t’Hooft-Veltman prescription [42], we
reproduce the first term in eq. (4.8) but obtain a vanishing coefficient for the term pro-
portional to 02,., in contrast to the second term in eq. (4.8). This may also be related
to somewhat surprising results in the literature, such as the non-restoration of the axial
symmetry in the massless fermion limit found in [31] using dimensional regularization. In
fact, the latter result demonstrates that this regularization scheme does not respect the
chiral symmetry of the theory in the massless limit (adding to the list of difficulties of
dimensional regularization for chiral theories [42]), thus violating a key requirement of a
‘good’ regularization scheme.

5 Conclusions

In this paper, we have studied fermion production in the presence of a background axion
field with non-vanishing velocity and/or electromagnetic fields. We have included general
dimension-five axion-fermion couplings and thus considered the Dirac equation of the form

{zID — me2fmrs 4 0ubsy!ys| ¢ =0, (5.1)

128trictly speaking there exists the Landau pole which suggests a new scale, but we ignore this subtlety
here.
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where 0; = ¢;¢/ fo, with ¢ being the axion. While the spectrum of the produced fermion at
the infinite future, after turning off the external fields, is studied in detail in [26], here we
have put more focus on physical quantities at intermediate times, obtained before turning
off the external fields. These physical quantities at the intermediate times are of great
phenomenological interest. For instance, in the context of axion inflation, the fermion
production backreacts to the axion-gauge field system in the form of physical quantities
such as the induced current, which in turn determines the production of gauge fields,
gravitational waves and primordial density fluctuations.

In general, physical quantities are divergent in the presence of the external fields, and
thus a proper understanding of regularization and renormalization is necessary to evaluate
the physical quantities at the intermediate times. In particular, a proper regularization
scheme must preserve the symmetries of the theory as much as possible, such as the chiral
rotation invariance as reflected in the Adler-Bell-Jackiw anomaly equation, and it can be
highly non-trivial to find such a proper regularization scheme (see e.g. [31] for a related
discussion). The main observation of this paper is that the theory is most straightforwardly
regularized and renormalized in the ¢5 = 0 basis (or the Hamiltonian basis). A chiral
rotation 1) — e/ fa¥54) shifts the couplings as ¢5 — ¢5 —c and ¢, — ¢m +¢, and a different
choice of ¢ corresponds to a different choice of the fermion basis that one works with. This
rotation is merely a redundancy of the theory and the final result are not be affected by
this choice. Nevertheless the Hamiltonian basis is more convenient for regularizing and
renormalizing the theory, as the fermion energy density operator is diagonalized only in
the Hamiltonian basis and not in other bases including the ¢, = 0 basis (or the fermion
current basis) employed in [27]. We have supported our observation by showing that the
regularization using a regulator function depending on the frequencies in the Hamiltonian
basis (corresponding to the energy eigenvalues) correctly reproduces the anomaly equation,
while the regularization using the frequencies appearing in the fermion current basis does
not. We also demonstrate that with an appropriate regularization function (using the
expressions for the frequencies found in the Hamiltonian basis) all results obtained in the
Hamiltonian basis can be reproduced in the fermion current basis.

With the proper understanding of the regularization and the renormalization, we have
studied transient effects in the fermion energy density with a large axion velocity. We
have seen that, in the presence of a large axion velocity, the fermion energy density py,
at intermediate times is no longer exponentially suppressed by the fermion mass, but is
significantly enhanced even in the absence of external electromagnetic fields and even for
constant axion velocity. This should be compared with the usual formula for the Schwinger
effect, py o exp(—mm?/g|Q| E), which indicates an exponential suppression of the energy
density at the infinite future. We have confirmed that the same result follows in both
the Hamiltonian and fermion current bases although its appearance is very different; the
transient effect originates from the Bogoliubov coefficients in the Hamiltonian basis, while
it stems from a vacuum contribution in the fermion current basis. The latter expression
allows us to identify the transient effect with an axion higher dimensional operator. We
stress that although this operator is degenerate with the choice of UV completion, one
can study the transient effect using our prescription for regularization and renormalization
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once one specifies the UV completion of the theory. We did not discuss in any detail
phenomenological applications of these transient effects. One obvious obstacle is that a
significant enhancement of the fermion energy density, as observed in figure 2, requires a
very large axion velocity. This is not only difficult to achieve in realistic models, but also
per se indicates a breakdown of the axion effective theory. A phenomenological analysis
of this transient effect should thus be conducted in the framework of the original Peccei-
Quinn theory, whenever it is relevant. On the other hand, our results also show that in
the limit of small axion velocities, 95+m < fa, transient effects can be reliably computed
in the axion effective field theory.
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A Notation and conventions

Here we summarize our notation and conventions in this paper. We take the mostly minus
convention and define the anti-commutator of the gamma matrices as

{,ylt7,yl/} = 77’“’» Nuv = diag(L -1, _L _1)' (Al)

It then follows that «° is hermitian while 4* is anti-hermitian. Unless specified otherwise,
we work with the Weyl representation, given by

= = A2
7 <1 0/’ i —0; 0] ( )

where o; denotes the Pauli matrices, given by

o1 = <(1) (1)> , 09 = <(Z) _OZ> , o03= (é 01> . (A.3)

We define 75 as

i - .

Vs = =5 e = 177, (A.4)
where €P? is the totally anti-symmetric tensor with €923 = —egi93 = 1. In the Weyl
representation -y is given by

-10
= . A.5
= (0Y) (A5)
The covariant derivative is given by
iD,, =10, — gQA,. (A.6)
The field strength is defined as F,, = 9,4, — 0, A, and its dual as
~ €,
F. = %F’”. (A.7)
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B Technical details on solutions of Dirac equation

In this appendix we summarize the technical details omitted in the main text. In particular,
we explain in detail the solutions of the Dirac equation in the Hamiltonian and the fermion
current bases.

B.1 Dirac equation with electric field

We first consider the case with only the electric field and the axion. The Dirac equation is

given by

{zﬁ — me2fmrs 4 8M057”75} 1 =0, (B.1)
and we take the background fields as

A* = (0,0,0,A,(1)), o = o(t). (B.2)

Since the background fields do not depend on the space coordinate, we can move to Fourier

space as
0.0 = [ e ot B3
x,t) = [ —=e .
) (27_(_)3 p7 9y
where p'= (pz, Dy, p-). The Dirac equation then reads
i0o+ 1, — 05  py— ipy . —me%itm 0
pe +ip, 10y — 1L, — B 0 —me2im
0=1 " 5 o ~ N (B.4)
—me 4Wm 0 i0g — I, + 05 —(p. — zpy)
0 —me~20m  _(p, + ipy) 100 + 11, + 05

We solve this equation in the Hamiltonian basis ¢s = 0 and the fermion current basis
¢ = 0.

In the Hamiltonian basis, we eliminate c5 by 1) — €%5751). The solutions of the Dirac
equation for constant ¢ and A, are then given by

mr (m + mT)
—(pz + ipy) (Q+11,)

- (pac - Z.py)TnT

e~ 115054m (Q + Hz) (m + mT)

e~ 1505+m o —ipp
ul —_ y UQ = —

N (px - 7;py) (Q + Hz)
mr (m + mT)

—(pz —ipy) (2 +1L,)
—mrT (m + mT)
N _(poc - ipy)mT
(Q+11L;) (m + my)

e~ 115054m
m=————=—

with

N:2\/Q(Q+HZ)(m+mT)mT, px—ipy:pTe*wp, mT:\/p%—Fm?.

N (Q+1IL) (m+myp) |’
(px + ipy)mT
(B.5)
(Q+11,) (m + mp)
(px + 'ipy)mT
N —my (m +mr)
(2 + ipy) (2 +11L;)
(B.6)

e~ 1505+m o —ipp
V)=

(B.7)
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Once we turn on the time dependence of A, and ¢, the Bogoliubov coefficients evolve as

: __m Il T m ,2i©
Oél mr Qz mr Qe 0
: pr om Il _m ,2i0
Q2 [ i0 mrp myp 0 Q¢
sl Stm | m ,—2i0 0 m I,  pr
'1 Q mr mr
_m,—2©0 pr _ m I,

BZ 0 Qe mr mr

0 0 —e® 0 ai

: 2i0
+mTHZ 0 0 0 e a9 (B.8)
202 | e 20 0 0 G|’ '
0 e 20 ¢ 0 B

where © = [*dt Q. We solve these equations with two different initial conditions,
agl) =1, agl) = 651) = ﬁél) =0, and agQ) =1, ag2) = 652) = 652) =0. (B.9)

The former corresponds to the mode which is initially u;, while the latter is the one which
is initially uo. The Bogoliubov coefficients then describe the mixing of these two positive
frequency modes with the others at a later time. In terms of the original field in the
coordinate space, the fermion is thus quantized as'?

Cp 5 ioss
_ ip-T i B.1
v=[ G (8.10)
X Z [uxe_ig (a()‘ )b,\/ — (—)“A'ﬁ&” di\/) +upe® (59 )b)\’ +(—))\+X0‘g\)\) di\')} :
AN=1,2

In the fermion current basis, we instead eliminate ¢, by © — e~ m¥%4). In this case
we may define the solutions of the Dirac equation for constant A, and ¢ as'4

~(Pa — py) (4 + T+ O54m) (P — ipy)m
i = 1 (T4 TL)(Q4 + T+ O54m) s b (I —I)m
Ny —(px — ipy)m ’ N_ (p:v - ipy)(Q— +1I— Q5+m) ’
(II+1I,)m (II-1L,)(Q2— + I — O54-m)
(B.11)
(px - ipy)m _(p:r - ipy)(Q— +1II - é5+m)
by = 1 —(II+1I,)m ‘ 5 — 1 (I =TL)(Q- + I = O54m)
Ny | =(pe — ipy)(Q+ +1I +. O51m) ’ N_ (P2 — ipy)m ’
(IT+ IL) (4 + I + O514) (I —1II;)m
(B.12)

13Note that the phase factor reduces to (—1))‘+*/ =1 in the case 054m = 0, as the Bogoliubov coefficients
are decoupled into two pairs, i.e. ail x 5,{ and Bi‘/ x Ji/, in this case.

"Eqgs. (B.5) and (B.6) are solutions to the Dirac equation for constant ¢, whereas egs. (B.11) and (B.11)
are solutions to the Dirac equation for constant ¢> This is not inconsistent, but simply selects two possible
basis choices which can be used to express the exact solution of the time dependent Dirac equation. In
general, we have a choice in decomposing the full solution of the Dirac equation into the mode functions
and the Bogoliubov coefficients. For any choice of a complete set of mode functions, the time evolution of
the Bogoliubov coefficients is defined so that the mode expansion satisfies the full Dirac equation without
any assumptions on the time dependence of ¢ (and A.), as we do here.
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with

M=\ I2p24p2, Q=1 (Tkbsy)2+m2  No=2\TI(IEIL )2 (4 + T+ 051),
(B.13)
and O = [ YQ.,dt. Once we turn on the time dependence of the background fields, the

Bogoliubov coefficients satisfy

R

& 0 Aet©®+—6-) —B+e2i9+ _Oei(©4+6-)

+ Q-
o —Ae~(O+-0-) 0 —Cel®+16-)  _B_ %0~ a
B, = Bie 20+ (Ce-i(@++6-) 0 Ae—i(01+-6-) A | (B.14)
BL— Ce~(04+10-) B =20_  _ 4,i(04-6_) 0 B_
where
_ gQEme Q+ + Q_ + 211 (B 15)
4112,/ Q- : : ’ ’
(Q+ + 1T+ 95+m) (Q— + 10— 95+m)
II,
By = ﬁ QQE + 05+m )
B gQFE pr [(QJF + I+ 95+m> (Q, + II — 95+m) — mﬂ (B.16)
ATT2 \/Q+Q_ (2 + T+ b5 ) (O + 11— O510)
We solve these equations with two different initial conditions,
aP =1, aP =" =50 —0,  and aD=1, al=p50=5"=
(B. 17)
In this basis the Dirac field is quantized as
d3
= / p e = 10ms Z [uAe O (aA ﬁ/\ df\,) + 0,69 (B)\ b>\/+ozg\ ) d;,)}
AN =+
(B.18)

where we use that (G,da_, G4, )T and (=B, —f_, a4, a_)" satisfy the same equation.
We do not put tildes on the creation and annihilation operators here. Since these are
the operators at the infinite past where we assume there is no external field, these are
equivalent to those in the Hamiltonian basis (up to linear transformation in the case of
degenerate eigenvalues).

The creation and annihilation operators at the infinite past are quantized as

{bx (), 5} (ﬁ)} = {dn @), d}, ()} = (27)*6,2,09 (5 - ), (B.19)
{0 ), 45, ()} = {b3, (), dr, ()} =0, (B.20)

It then follows from the time evolution of the Bogoliubov coefficients that By, D), B, and
D, satisfy the same equal time anti-commutation relations. The proof is rather lengthy,
and we refer interested readers to appendix D of [26], where it is shown explicitly that the
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creation and annihillation operators in the Hamiltonian basis, By and D), satisfy the same
equal-time anti-commutators as by and dy. One can then show that By and DA satisfy the
same equal-time anti-commutators by expressing them in terms of B) and D), with the
help of the completeness condition

Z [U)\ui\ + U)\’Uq =14. (B.21)
A

B.2 Dirac equation with electric and magnetic field

We now include the magnetic field. We take the background fields as
A* = (0,0, Bz, A,), o= P(t). (B.22)

The background fields do not explicitly depend on y and z, and thus we perform the Fourier
transformation as

dpydp.
v= [ POy, py ) (B.23)

By using the explicit forms of the gamma matrices, we obtain

. . —S_sa+ Ssal 0
0= |il40 \/2 B
|:L 4 0+7' g‘Q ’ < 0 S_Sd_SS&T>
0 0 e\ . (=10
II, — . 0 B.24
! (0 —03> " (6_219”” 0 ) i ( 0 1)1 v (20

1
7= a1QB] (= o). Si= (o1 +io), (B.25)

1
a=— 0z, + Ts) at =

where

(—0z, + 7s), (B.26)

[\
Sl -
\)

and s = sgn(@B). We expand the modes as
w Z T/fn s/ XS/ )7 (B27)

n,s’ A

where h,, is related to the Hermite polynomial H,, as

L (9l@BINYT LN e
() = (2 ) e () (B.28)
and satisfies

ah, = \/ﬁhn_l, &Thn =+vn+1hyt1, /dmhn(i‘s)hn/ (Es) = Opn’ - (B.QQ)

The spinor x is given by
XP=aoo00”, yP=01007 xXP=0o010" xP=0001"
(B.30)
The operator Sga' changes s’ = —s — s and n — n + 1, while S_,a changes s’ = s — —s

and n — n — 1, and the combination 2n + 1 — ss’ is invariant under both operations. It
then follows that only the modes with the same value of 2n + 1 — ss’ mix with each other.
The mode with 2n + 1 — ss’ =0, i.e., n = 0 and s’ = s corresponds to the lowest Landau
level, while the others are the higher Landau levels.
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Lowest Landau level. The equation of motion of the lowest Landau level is given by

o [100+sT. =05 —meim Y (B.31)
—me~20m 9y — ST, + O (()11) : )

In the Hamiltonian basis, we eliminate c5 by a chiral rotation. The solutions of the Dirac
equation for constant ¢ and A, are then given by

e~ 15054m
= (B) 4 (Q9 + sIL) X P | h
10T 20, o + s [t + (0 +10:) 4] o
e~ 11505+m
= Qo + sIL) B — my )| hy, B.32
W = e (0 + X —mad g (B.32)

where Qg = /112 + m?. After turning on the background fields, the Bogoliubov coefficients
evolve as

Qo = 7]95+m9702a0 - (52932 + Za5+mQO> e*9 (B.33)
. iy slII, mf[z iy m —2i0
Bo = _205+m97060 + (3293 - Z‘95+mQO> e “"Cag, (B.34)

where ©¢g = [ tdtQy. We solve this equation with o9 = 1 and Sy = 0 as the initial
condition. The lowest Landau level is then quantized in the Hamiltonian basis as

o = Z w(()j\s)hoxg)‘) = 5% Kaobo - Bgdg) upe 190 4 (5060 + aédé) voeieo} . (B.3b)
A

In the fermion current basis, the solution of the Dirac equation for constant ¢ and A,

is given by
5 ngL) + (QO,S + sII, — 95+m) XgR) B (QO + sII, — é5+m> XgL) - ngR)
Uy = ho, o = ho,
\/29075 (Qo,s + sll, — 95+m) \/QQO,S (Qo,s + slI, — 95+m)
(B.36)
where Qg s = \/ (IL, — s05,m)2 + m2. The Bogoliubov coefficients evolve as
m (Sﬂz - é5+m> . ~ L m <5ﬂz - é5+m) .
A — 2160,3 — —2290’3 ~ B
T 202, e Bos  Bo=+ 207, e o, (B.37)
where O = ft dt Qp,s. The fermion is then quantized as
Yo = e~ 10m [(dobo - Ba‘dé) fige 90 + (5050 + dgdj)) @Oei@o’s] : (B.38)
The creation and annihilation operators satisfy
{b0(@), 658 } = {do(@), d(#)} = (2m)26P (7~ ), (B.39)
{b0@), dj@)} = {bo(B), do(#)} = 0, (B.40)

and By, Do, By and Dy satisfy the same equal-time anti-commutators, which one can show
by noting that

2 2~ 2,13

laol® + 180l = laol® + || = 1. (BA1)
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Higher Landau levels. The equation of motion of the higher Landau levels is given by

iy + sIL, — O5 impg —me?im 0 q(st)
—imp 109 — sll, — 95 0 —me2im 1/17(1[;)1 s
0= it o : . (R) , (B.42)
me 0 i0p — sll, + 05 mmp wn,s
0 —me2i0m imp 10p + sII, + 95 1/,7(113)1 .

forn=1,2,... and mp = v/2ng |@B]. In the Hamiltonian basis, the solutions of the Dirac

equation for constant ¢ and A, are given by

e~ 115054m ‘
Un,l = [sz (—megL) + (2 + s1L) XgR)) hn
o mrx ) o] (B.43)

+ (m + myp) ((Qn + sI1,) x

(L) 4 (Q, + sII,) XgR)> hy,

je~15054m
Unp2 = T [(m + mT) (mTXs
timp (2 + sTL) X = max ) by (B.44)
ie—15054m ‘
Ung = [—ZmB ((Qn + sTL) XV + megR)) hn
+ (m -+ mp) (—max % + (20 + 5T X)) ] (B.45)
je—15054m
vnz = i |(m+mz) (@ + sTL) X = mrx)
—imp (mox®) + (0 + 1) X ) b (B.46)
where m2T =m?+ mQB and Q, = /112 + mQT The normalization factor is given by
(B.47)

N = 2\/Qn (Qp + sIL,) mp (m + mp).

After turning on the time dependence of the background fields, the time evolution of the

Bogoliubov coefficients is given by

: __m sl mp m ,2i©
Oén71 mr an mTH Qn € ! 0 20
. mp m s _m 2
Oén72 J— ,1/9 mr mT an 0 Qn € "
B = 5+m m ,—2i0n 0 _m_sll, mp
'n,l Qn mr Qn mr
B 0 —m =20 mp _m_sll,
n,2 Qn, mr mr Sp
0 0 e2®n 0 1
smll, 0 0 0 —e?®n .2 (B.48)
292 —210, ’ .
o e 0 0 0 Bn,1
0 e 20 0 B2
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where ©,, = [ Y dt Q,,. Notice that this is equivalent to the case without the magnetic field
after replacing mp — pr. Finally the fermion is quantized as

n = [N + Y haeix Y]

A

= > [un,Ae_i@" (a,(mf;)bn,,\/ — (—1)MN Br(z),\;\)*d;rz,/\’>
AN=1,2

ton e @ (B box + (1) ol dl )] (B.49)

Here the superscript indicates the initial conditions for o and /3, that is,

1

—

o) =1, ol =M =50 =0, (B.50)
o) =1, o) = 8% = 5% =0, (B.51)

)

at the initial time.
In the fermion current basis, the solutions of the Dirac equation for constant ¢ and A,
are given by

Up,4+ = i [—z’mB ((Qn+ +1IIp + 95+m> Xg ) + mx( )) hy,

Ny
(I + TL) (g + T + G50 ) X5+ mx D) by ] (B.52)
Up,— = % [imB (mng) + (QTL,— +1IIp — 95+m> XgR)) hn
+ (g — sTL) (mx ™) + (- 4 T = B4 ) XD ) B (B.53)
Up 4 = Z\i [imB (ngL) (Qn7+ +1IIp + 95+m> XgR)) hy,
+ (Mg + 5L (—mx™) + (s + T+ 0500 ) XD ], (B54)
Up— = % [imB (— (Qn,, +1IIg — 95+m> (£ + mxg )> hy,
+ (g = L) (= (- + T — b5 ) X+ mx )] (B.55)
where IIp = \/m, Qs = \/(HB 4+ 05.m)2+m2, and Ni =

2\/1'[3 (Ilp £ sI1,) Qp, + (Qn,:t +1IIp + 95+m). The time evolution equations for the

Bogoliubov coefficients are given by

Qi+ 0 A,,e(On+=6n-) _Bn7+62’i®n,+ —C,ei(On+10n.-)
O?n,— - _Ane_z(en,+_@n,*) 0 _Cne'l(en,"r"l‘@n,—) _Bn77€216n,,
By Bn,+€_21e"’+ Cne—z(en,++9n,_) 0 Ane—z(@n,+—®n,_)
B C,e~ On++6n,-) Bn,_e*%@n’— — A, (@nt+—6n) 0
O+
Oty —
15| (B.56)
n,+
Bn,—

~ 98 —



where

E Q, Q, _ +2II
A, = smg% el SRl L . (BST)
BV it i, \/<Qn+ +1Ip + 95+m> (Qn,— +1Ip — 95+m>
m II,
B4+ =t—5— E+05.m ),
+ 202 < ~9Q 5+ >
gQE’mB [(Qn—i- +1Ip + 95+m) (Qn,— +1Ip — 95+m) - mﬂ
Cp=s . (B.58)
411% \/Qn,-l-ﬂn,— (Qn,+ +1p + 95+m> (Qn,— +1p — 95+m)
We solve these equations with two different initial conditions,
afl=1, aP =" =5 =0, and a=1, al)=57)=5"=0.
(B.59)

The Dirac field is quantized as

. _ o - . ~ )\/ - )\/
Vn=e 10ms Z [um)\e SIS (a( N — ,8 n X) _’_vn)\ez@n,)\ (57(17)\)19717)\’+017(1,)\)*d:2’)\,>} '
A=+

Finally, the creation and annihilation operators satisfy

{Bnins 0, 8]0, ()} = {0 (), 0, ()} = (277002000100 P (5= 7). (B.6L)
{ n1,A1 (ﬁ)?dng )\2 } = {an)\l ﬁ) dnz,)\z( )} =0, (B'62)

and B, D, B and D satisfy the same equal-time anti-commutators, which one can show in

=L

L

the same as the case without the magnetic field.

Summary. In summary, in the presence of the magnetic field, the fermion is quantized
as

dp,dp. y |
Y= / —utls p ¢iPuyp=2) 1505 {(aobo—ﬁa‘dg)uoe ©0 4 (Bobo + ) voe'®  (B.63)

5 o o )
n,A\ A\

. >\/ ’ >\/ *
+Up 26" (6,(Z,A)bn,x+(—1)AH Oéfm) dib,x)}
in the Hamiltonian basis, and

= / dpydpz ¢ Pr+P=2) =i756m {(@obo—ﬁadg))ﬂoe_ieo’s+(Bobo+@3d$)@0€i®°’s (B.64)

I Z [un)\e O (~( ) by — B(A )*dr’gA/)+@n7/\ei@n,A (B,(L?;)bnx+dff,\) dr];,Xﬂ ’
nAN

in the fermion current basis, respectively.

~ 99 —



B.3 Physical quantities

For convenience, we summarize the physical quantities expressed in terms of the Bogoliubov
coefficients in both the Hamiltonian and the fermion current bases in this appendix. We
focus on the energy density, the induced current, the axial charge and the chiral mass
operator, which are defined as

Pe = 2\/01 (Ry) /dg (2" G0+ 6530) 0]
<Jz>zwo1 iy ] e ([P]) (B.65)
= 2vO1 / @ ([ 0]).

(o) =t o).

Below give the expressions both cases, without and with the magnetic field, separately.
Without magnetic field. The averaged energy density of the fermion is given as the

expectation value of the fermion energy density operator as py, = (Hy)/Vol(R3). This is
given by

Py = / (g L0 “ﬁ,\ 0 2} (B.67)

o
-/ |

where here and in the following, the first line is computed in the Hamiltonian basis and

H2+m +A95+m (‘B()\/

2 ) ANF <~y .
) T 277l95+m Re |:C¥(>\ ) Bg\A )62Z®>‘
Qx

Oy A

_ ‘ ~(\)

)\ A
the second line is computed in the fermion current basis. The induced current is given by
2 2m ’ N oo
> + JRG [ay‘ )*By\ )6216H

o= [ 5 [ (4 g
- [ {5 [T e (50 - o) + e e a5

pr m(Q+ —Q_+ 295+m)Re [ei(@+_@7) (B(}/)*B.(:\/) _ d()\/)*d(j\/))]

e

- |

+ < 0
L 207 (R F T O54) (- + 1T = G5m) + 2
1T N
XRe [¢i0++0-) (3750 1 5*50)] } , (B.68)
where
N = \/Q+Q—(Q+ T+ O540m) (- + 11— O514). (B.69)
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The axial charge is given by

/ o) Z{ (‘agx') 2

o)

_’51'

2pT A A)* o\ 2m e (A RN .
] e (o o) 2]
)\H+9 m ~ (N 2 =(\ 2 2m () 50\ ;
/ 2”32[ - (‘O‘g) —|" )_mRe a3 e @AH- (B.70)
AN

Finally the chiral mass operator is given by
— 43 . . .
<w6210m’y51751/}> _ 2/ P3 Zlm {(agx) 59) B agx) 59)) 6216]
/ E 3 Im [ ) Me2ion] . (B.71)

AN

Notice that we do not perform the regularization and renormalization of these quantities
in this appendix.

With magnetic field. The averaged energy density of the fermion is given by'®

o5 %
Pw _g /dpz [QO |,80| — |yl )—|— )\ZXQ (‘ﬁ _’Ch(@):)\) )

B 12 +m2—sf . 2mé .
_gle5] dpz{ T Z(’BO‘ _\070!2)+m 5+mRe[do*ﬁ062Z@O’s]

(B.72)

)

47T2 9075 9078

1% +m2+Ms 115 (‘B(AQ 2

2>+2Wé5+m { B0
Qn,/\

Qn,)\

+ 2

7,

~(\)
- ‘an,)\

The induced current is given by

00222 [ {0
+ 3 [ = |8

-2 o [
+Z lzl sII, H+S;\f5+m (’57%)

mp Mt = Qoo+ Wsim) 100400, ) (GO 50Y)
+ﬁ Nn Re |:6 + (ﬁ ﬂ

= 150~ aol?] + - Re [a360e®]

2 ()\/)

2] 2mp (V) g(V) ,2i00
]+ ML Re [al2) 50 ]

‘5’0‘2 — |l ] + —Re { 85062i60‘5}

Qo
251, m ~ (V) 3(V)
>+ o QMRe[ozmA BYY]

2 ~()\/)
%N

"We note that [*_dzdpy |hn(zs)* = [~ dp, = g|QB| [~_dz
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2mp (Ut + T+ O5100m) (U + 1T = O54) +m?

xRe [¢/(Onr 0 (a0 500 + 60050 | } ’ (B.73)
where
Ny = /20t Qo (g + T O ) (R + 11— Bs4). (B.74)
The axial charge is expressed as
a5 = QS’LLL + Q5‘HLL7 (B.75)

where

a5l = g|QB| /d [ ’50’ — |av| )+—Re[ 350@21@0}}

gIQB\/d [ — Osm (’5‘ —\ao!) Q;” [@3506%9078}], (B.76)

and

g|QB
%’HLL ’ |/d

2mB

2

m slI, <‘a()‘/) 2

n,1

_ ‘B(A’)

n,1

- ]aiﬁ%ﬁ }573?3)2) (B.77)

3

o, { vt ) - 2 o

_ngB| /d [)\H3+95+m (‘Q(A,
n,A N

(V) g _ )+ (A)) zi@nH

n,1 n 2

2 N ~(\/ .
) e a5 .

Qn,)\ n,A ’ n )\ Qn,)\

Finally the chiral mass operator is expressed as

T 9 . B * i * * i
(3e0omings) = 1981 [ 1 |—agsnc?® + 3 (a00780Y - o 23) ]

A

9|QB| /d —agfoe? s + 3 G BN 22@“] - (BT8)

A\

Again we do not perform the regularization and renormalization of these quantities here.
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