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String and 5-brane junctions are shown to succinctly classify all known 8d NV =1 string vacua.
This requires an extension of the description for ordinary [p, ¢]-7-branes to consistently include
O7*-planes, which then naturally encodes the dynamics of sp,, gauge algebras, including their
p-form center symmetries. Central to this analysis are loop junctions, i.e., strings/5-branes
which encircle stacks of 7-branes and O7*’s. Loop junctions further signal the appearance of
affine symmetries of emergent 9d descriptions at the 8d moduli space’s boundaries. Such limits

reproduce all 9d string vacua, including the two disconnected rank (1,1) moduli components.
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1 Introduction

Supergravity theories in a large number of dimensions form an ideal laboratory to investigate
the manifestation of quantum gravitational consistency conditions in the low-energy limit of
string theory. In particular, they provide a concrete class of models which corroborates the
conjecture of “string universality”, or “string lamppost principle”, stating that all consistent
(super)gravity theories arise from string theory.

Formulating and sharpening the relevant conditions on consistent effective theories of quan-
tum gravity are at the heart of the Swampland Program [1,2]. Arguably, among the best
motivated of these constraints is that quantum gravity theories should have no exact global
symmetries. This statement can also be applied to higher-form global symmetries, such as
1-form center symmetries of non-Abelian gauge sectors. The condition demands that these
symmetries are either gauged or broken. However, if they are to be gauged, one needs to de-
mand the absence of obstructions/anomalies to turning on the gauge fields of these generalized
symmetries. This absence of anomalies of center 1-form symmetries can lead to severe restric-
tions on the global topology of the allowed gauge groups in supersymmetric theories [3,4].
Similarly, the absence of global symmetries requires certain topological invariants called bor-
dism groups to be trivial [5], once more leading to powerful constraints, in particular on
the total rank of the gauge symmetry, of consistent supergravity theories in more than six
dimensions [6}/7].

Being confronted with the set of supergravity models that pass the above consistency tests,
the remaining question is whether all of these can be realized in string theory. To answer this
we therefore need good control of the realization of the global form of the gauge groups, i.e.,
the fate of the center 1-form symmetries in string theory constructions. In the present work
we focus on compactifications to eight and nine dimensions (8d and 9d) with 16 supercharges
(ie, N =1).

A powerful approach that successfully utilizes the machinery of geometry is F-theory [8],
which ties the algebraic and arithmetic properties of elliptic K3-surfaces to 8d gauge theories
with ADE gauge algebras of total rank (2,18)E| In this context, the global gauge group
structure is encoded in the Mordell-Weil group of rational sections of the elliptic fibration
[9H11]. Under M-/F-theory duality, this can be phrased in terms of gauging and breaking
higher-form symmetries [12], that is reflected geometrically in the gluing of torsional homology
cycles in local patches containing the non-Abelian gauge dynamics [13|E| Moreover, through
suitable deformations that correspond to infinite distance points in the 8d moduli space, the

F-theory geometry also classifies 9d N =1 string vacua with gauge rank (1,17) [27,[28]. This

'Throughout this work, we collect the number @ of independent gravi-photons, and the maximal non-Abelian
gauge rank r into a pair (a,r), which we often refer to as the (total) gauge rank. At generic values of moduli,
the gauge algebra is hence u(1)**".

2The investigation of generalized symmetries within the geometric engineering framework has received broad
attention in recent literature [14H17}3/4,/18-21}(13}22H26].



is consistent with the dual heterotic description, where the 9d moduli space — described via
the rank (1,17) Narain lattice — is contained in that of the 8d moduli space, with a rank
(2,18) Narain lattice description (see [29] for a recent comprehensive study).

However, the dictionary between geometry and physics is less understood in the presence
of so-called frozen singularities [30-33]. While these are known to be the necessary ingredient
for an F-theory description of sp gauge algebras on the 8d A = 1 moduli branches of gauge
ranks (2,10) and (2,2), the characterization of, e.g., the gauge group topology is no longer
purely geometric (i.e., given by the Mordell-Weil group) [34]. Likewise, it is not immediately
clear how to identify decompactification limits on these moduli spaces. On the other hand,
advances in the Swampland program [35] strongly suggest, that all 84 A = 1 vacua should
have a characterization in terms of an elliptically-fibered K3.

As we will demonstrate in this work, string junctions provide a wunified framework that
encompasses all these features. In this description, the underlying elliptic K3 is encoded in
the configuration of [p,q]-7-branes of type IIB string theory, whose [p,q]-type are in one-to-
one correspondence to elliptic singularities characterized by an SL(2,Z)-monodromy M, [p.a]-
The junctions are then (p,q)-strings or -5-branes stretched between the 7-branes. In their
original formulation [36H38| that is equivalent to F-theory without frozen singularities, junc-
tions describe the 8d gauge dynamics with ADE gauge algebrasﬂ as well as their higher-form
symmetries |13]. To account for a junction description of all 8d A/ =1 vacua, we extend the
discussion to include O7*-planes, which are the IIB avatars of frozen singularities, and have
the same monodromy as an elliptic Dg singularity [30-32].

A concept that will be key to this work are so-called fractional null junctions, which
are certain fractional (and hence, unphysical) (% )-charges encircling all 7-branes, i.e., loop
junctions. In the absence of O7"-planes, these are known to be equivalent to Mordell-Weil
torsion of the underlying elliptic K3 [48,49]. To correctly account for the electric and magnetic
center symmetries and the gauge group topology for the sp gauge symmetries that arise in
the presence of O7*, it turns out to be instrumental to study separately (p,q)-strings and
-5-branes. The key difference is, while any integer number of 5-branes can end on an O7*, the
number of string-prongs there must be even. Indeed, with this modification, we find that the
junction description of 8d vacua with one O7* is equivalent to so-called CHL vacua [50,[51]
of rank (2,10), including the characterization of the global gauge group structure [34}/52].
Moreover, it is straightforward to include two O7*-planes, thereby giving a junction-esque
classification of 8d string vacua with gauge rank (2,2) including their gauge group topology,
for which there is no known heterotic or CHL string description.

In addition, we also propose a junction description for decompactification limits to 9d
including O7*-planes. Parallel to the 9d uplifts of the rank (2, 18) setting [27,28] (see also [53]

for a related discussion of 10d uplifts of 9d heterotic vacua), we identify the corresponding

3String junctions have been also used to construct lower-dimensional theories, see 139-47).



infinite distance limits with O7*-planes by the emergence of loop junctions that affinize the
8d gauge algebra. Again, the subtle differences from having modified boundary conditions for
strings and 5-branes can be cross-checked with the momentum lattice description of the CHL
string for uplifting 8d rank (2,10) theories to 9d rank (1,9) theories. Like in 8d, the junction
description naturally encodes the gauge group topology of 9d vacua. For the rank (2,2)
theories without a momentum lattice analog, the 9d theories with rank (1,1) that result from
the junction description live on two disconnected moduli branches that are only connected
through an S'-reduction to 8d, which matches other stringy constructions [54]. This further
establishes junctions as a complimentary framework to sharpen aspects of the Swampland
Distance conjecture [2] in string compactifications.

The rest of the paper is organized as follows. After reviewing the junction framework
with ordinary [p,q]-7-branes in Section [2| we discuss, in Section |3, the modified boundary
conditions for strings and 5-branes on an O7*-plane that give rise to the correct higher-form
symmetries of sp gauge algebras in 8d. In Section [4 we then describe global 8d models by
“oluing” together local patches with 7-brane stacks involving O7*-planes. A particular focus
will be on the gauge group topology that is encoded in the fractional null junctions. We
then examine, in Section [5] the infinite distance limits described via 7-branes and junctions
that correspond to 9d N = 1 vacua, for which we will also determine the global gauge group
structure. The appendices contain some technical aspects, as well as the full list of gauge group

topologies for all 8d vacua with maximally-enhanced non-Abelian symmetries in Appendix [C|

2 String and 5-brane junctions

String junctions provide an efficient way to classify electrically charged states with respect to
gauge symmetries localized on 7-brane stacks in type IIB string theory. Therefore, they also
contain information about the electric 1-form center symmetries and the global realization
of the 8d gauge group [48,49,|13]. The magnetically dual perspective is provided by 5-brane
webs, which can also be described by junctions [55-58].

In this section we recall some properties of string and 5-brane junctions in the presence
of a general [p,q]-7-brane stack. This provides a local construction of the charged states.
Importantly, the charge under the center symmetry is related to the appearance of certain
fractional junctions, the extended weight junctions, that determine the global properties of the
model |13]. We then generalize the discussion of string and 5-brane junctions to backgrounds
containing O7*-planes, whose geometric interpretation in F-theory is more challenging [32,33].
With the help of string junctions we can successfully extract the correct properties of these
configurations and identify the electric center symmetries also for symplectic gauge groups.
This analysis is repeated with 5-brane junctions, which, as opposed to the ADE algebras

realized without O7*’s, have a subtle distinction from string junctions that is precisely needed



to correctly account for the magnetic center symmetry.

2.1 Basics of [p, q]-7-branes and junctions

In this section we will recall the basics of the junction description for 8d N = 1 dynamics from
type IIB compactifications [36,38]. The key players are spacetime filling [p, ¢]-7-branes X, .1,
which we will denote with square brackets. A single 7-brane must have coprime p and ¢. In the
plane perpendicular to its worldvolume, X[, .} induces a singularity in the axio-dilaton profile
7 = Cp +ie~?, composed of the RR 0-form Cy and the dilaton field ¢, which is characterized
by an SL(2,Z) monodromy

2

l+pg -p
M[I’:Q] = ( 2 1— ) € SL(sz) ) (21)
q Pq

which acts on 7 by a Mdbius transformation, and in the doublet representation,

(gg ) = Mip.q) (53 ) J (2.2)

on the NSNS- and RR-2-form fields (B2, C2). This monodromy can be captured by a branch
cut in the perpendicular plane that emanates form the 7-brane. In the following it will
prove useful to introduce conventions for some special 7-branes, that will later appear in the

construction of non-Abelian gauge algebras

(2.3)

N=X M _(t o
T~ A0,1] " =17 1)

In a local model, where the perpendicular plane is non-compact (i.e., is R?> = C 3 z), it is
customary to extend the branch cuts all downwards (meeting at z = —ico, without crossing each
other before). Starting from a configuration describing a certain 8d vacuum, we can obtain

another one on the same 8d N = 1 moduli space by moving the 7-branes. When Xipr.a1]

crosses the branch cut of X from the left to right, the [p, ¢]-type changes according to:

P2,92]

Xp1,a11 X [p2,02] = X[p2,02] X[p1+Dps, g1+ Do) - (2.4)
—

where D = det (4} 52), and the arrow indicating the branch-cut-crossing 7-brane. Likewise,



when it crosses from right to left, one has

Xp2,g2]1 X p1,a1] = X[p1+Dps, q1+D-q2] X [p2,g2] - (2.5)
P

For any concrete configuration, we can arrange the 7-branes along a horizontal axis, and
1X( .. by labelling from left to right. The SL(2,Z) monodromy

around any (connected) part of this chain is the product of the individual monodromies of

denote them as X[

P1,q1]“>[p2,q2] *

the encircled branes from right to left. To obtain a valid global configuration (i.e., where the
perpendicular plane is P!) describing an 8d NV = 1 supergravity model, tadpole cancellation
requires exactly 24 [p, ¢]-7-branes, whose overall monodromy must be the identity. Note that,
while their relative [p, q]-types are pivotal for distinguishing different physical configurations,

an overall SL(2,2Z) > g transformation,
[1‘?2] =9 [I‘Z] ) M[pi:‘h'] e gM[p“qi]g_l for all 7, (2.6)

does not matter physically for a model (local or global) described by a collection of 7-branes
Xipiail-

BPS-particles in 8d arise from (p,q)-strings — a bound state of p fundamental and ¢
D-strings with electric charge (1) under (g; ) — anchored on the 7-branes of the same [p, q]-
type, and extending as a directed line into the perpendicular plane. Their magnetically dual
objects, which are four-dimensional in 8d, are given by (p,q)-5-branes — a bound state of
p NS5- and ¢ D5-branes with magnetic charge (%) under (g;) — that share four common
spatial directions as the 7-brane and also project to lines in the perpendicular plane. Since
strings and 5-branes can fuse and split, so long as the overall (% )-charge is conserved at every
vertex, they form junctions, see left of Figure [Il Note that, by flipping the direction on any
prong, its (})-charge acquires a minus signﬁ

As charged objects of the 2-form fields (Bsg,C>), strings and 5-branes also experience
SL(2,Z) monodromies as they are transported around 7-branes. This action can be repre-
sented in the perpendicular plane, after choosing the branch cuts, by an analogous transfor-

mation

()= (1) = Mpp gy () = (5) + (ar-ps) (7) (2.7)

on the (})-charges of a junction-prong as it crosses the branch cut of a [p,q]-7-brane, see
middle of Figure (1] Finally, in analogy to Hanany—Witten transitions [59], the same junction
can be expressed, by moving the branch-cut-crossing prong across the 7-brane, as a junction

with an additional prong on the 7-brane, see right of Figure [I}

“To make contact with the F-theory description of type IIB, note that (directed) junctions can be interpreted
as (oriented) 2-cycles in an elliptic K3, on which M2- and M5-branes can be wrapped, which are the objects
dual to strings and 5-branes under M-/F-theory duality. See, e.g., [13] for details of this correspondence.
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Figure 1: Strings and 5-branes, which are represented as lines in the perpendicular plane, form
junctions, where the (% )-charge at each vertex is conserved (left). In the presence of 7-branes,
they undergo monodromy transformations (2.7) when they cross a branch cut (middle). By

a Hanany—Witten transition, the same junction can be represented as having a prong on the
7-brane (right).

To have non-Abelian gauge dynamics in 8d, we have to collide 7-branes to form stacks.
Strings that stretch between different constituents of a stack then become light and form
massless W-bosons of the enhanced gauge symmetry. In terms of the 7-brane types ,
ADE-gauge algebras are realized when the following stacks fornﬂ

Lie algebra | brane constituents‘ monodromy ‘

1 -
sU, A" "
0 1

-1 n-4

509, A"BC

2 (0 -1 ) (2.8)

-2 2n-9

ensi A IBC? "
-1 n-5
-3 3n-11

en A"X, _11C

where we have used exponents to group the same type of branes that are appear consecutively.
The overall monodromy of a 7-brane stack is the product of the individual branes from right
to left7 e.g., M502n = M[lzl]M[lvfl]Mﬁ,O]'
ically equivalent, i.e., equal up to 7-brane moves inside the stack and SL(2,Z) conjugations,

The realizations of the exceptional algebras are phys-

for n > 2EI while ¢; = sug and ¢; 2 u(1); finally, the ¢y configuration corresponds to a trivial
gauge algebra. There are additional strongly coupled versions of the Lie algebra su,, with
n € {2,3} of the form A™*'C. In the remaining part of this section, we will focus mainly

on the “standard” cases su,, 509, and e¢,>¢, while ¢, will be relevant in Section [5. Of course

®We have chosen a particular SL(2,Z)-frame that is common in the literature, but any SL(2,Z)-conjugated
configuration would obviously give the same gauge algebra.
5We use the standard identifications e = sus @ u(l), ez = sug @ suz, ¢4 = SlUs, €5 = 5010.



there is a beautiful relation between the 7-branes stacks above with their induced SL(2,Z)
monodromies, and the classification of singularities in elliptic fibrations by Kodaira, which is
central in F-theory (see [60,61] for recent reviews and additional references). In the following,

we will focus solely on the junction perspective.

2.2 The junction lattice

In the following, we give an abstract definition of junctions as lines in the plane perpendicular
to the 7-branes satisfying the axioms above. In principle, one has to specify if they represent
(p, q)-strings or 5-brane webs to attach physical meaning to them.

Consider the junctions formed by a single prong extending from one 7-brane X, ,1, which

we denote with a lower case letter as x| and sometimes call a unit junction. In analogy to

p.al>
the different types defined in (2.3)), there are then also junctions

a’ b7 c? n. (2.9)

Since a general string or 5-brane junction takes the form of a linear combination of the indi-
vidual prongs, the set of all physical junctions (strings or 5-branes) on a 7-brane configuration,
X[ X[ .-, form a Z-module,

p17q1]X[p27Q2]" Piyqi]

Totys = {3 = D a'xpp, g |a’ € Z}. (2.10)

One important physical invariant is the net, or asymptotic (4 )-charge of a junction j, given
by (g)asymp = Zz ai gi )
One further defines a symmetric bi-linear pairing (.,.) on this module as follows. For the

basis junction x; note that the ordering of the 7-branes is important), one deﬁneﬂ

Piyqi] (

: - ) -1, ifi=j
X(ps,ails Xpinail) = X1 Xlpiail) = .
el P ad] = e D H Gl 1 o (221 i Xy, 0 s on the left of Xips0:]-

(2.11)

By linearly extending to the module Jpys, we endow it with a lattice structure, which will be
called the (physical) junction lattice. For example, consider an arrangement of only A, B and

C branes which are ordered “alphabetically”,

Aj-A,ByBgCp--C,. (2.12)

"Here, we simply present the rules as stated in [38]. It can be shown that they agree with the geometric
intersection pairing for the elliptic K3 of the dual F-theory description.



For this 7-brane configuration, we have

(acwaa’) = _6a,o¢’ y (bﬁvbﬁ’) = _5,3,,3' ’ (CW’ C’Y') = _5’)’7'}" ’

1 1 (2.13)
(aa,bg) =-5, (aa,cy) =3, (bg,cy)=1.

An important property of the pairing ([2.11)) is that it is invariant under 7-brane motions.
That is, given a fixed set of 7-branes X, .., the lattice (Jpnys, (,)) changes only up to a

unimodular transformation (i.e., change of basis) when we move the 7-branes. To see this

it suffices to consider a two-branes configuration Xy, 4,1X(ps,g0] With Jpnys = {alx[mm] +

a*X[p, 4]} for which the pairing matrix is (1;/12 12/12), with D = det (4} #2). After moving

Xipi,q1] across the branch cut to the right, as in (2.4) (the other direction, (£2.5]), works

analogously), the configuration Xy, 4,1 X(p,+Dps,q1+Dg] = X1 X has the lattice
D D
] -1 -% -\ -15 -1

Jonys = {ax; + arx, ), with (x4,%;) = ( IS i ) = ((‘1D (1)) ) (D 21)(‘1[) (1)) . (2.14)

D L

The unimodular transformation ( -p (1)) precisely traces how the original unit prongs {xp, 4.}
are expressed in terms of the new basis {x;,x,} after the 7-brane transition (2.4)),
X[

- -Dx;+%X,, X - X . (2.15)

P1,q1] P2,q2]

Loop junctions and their self-pairings

A junction type that will be particularly important to our discussions are loop junctions. These
are formed by encircling a collection of 7-branes with an (§)-charge, that undergoes SL(2,Z)
transformations as it crosses their branch cuts. As a convention for nomenclature, we use the
(§)-charge it starts out with to label the loop junction £, ,y, even if its (p,q)-type changes
after it comes back, see Figure [2| If the overall monodromy of the encircled stack is M, then
such a loop has asymptotic charge (§) = (M —1) (). For two loops, £(, ;) and £, .y, encircling
the same 7-branes, one clearly has £(, 5) + £(y4) = €(y1u,s+0)- 10 principle, any such loop can
be turned into the standard basis with prongs on 7-branes by pulling the loop across the
encircled 7-branes via a Hanany—Witten transition, which allows to compute pairings involving
loop junctions. However, since the loop does not touch the encircled 7-branes, but only sees
their overall monodromy, the self-pairing of a loop should be computable just with this data.

To do so, first consider the junction j = x[, 4] + X[ 5] @s depicted on the left of Figure
According to (2.11)), we have

.. b r
(JaJ) = (X[p,q]ax[p,q]) + (X[T,s]ax[r,s]) + 2(x[p,q]7x[r,s]) = -2 +det (q S) . (2'16)

As pointed out in [38], this result can also be interpreted as the sum of the contributions

from the two end points of the 7-branes (each contribution —1), and the contribution of the



Figure 2: A loop junction £, ;) around a collection of 7-branes with overall monodromy M.
The asymptotic charge (}) = (75”:) -(%5)=(M-1)(%) is in general non-zero.

3-pronged vertex. The latter must therefore be
det [P 7 =ps—rq=det ro=prr) = det “prr) p ) (2.17)
q s s —(q+s) —(g+s) q

i.e., the determinant of two of the three (4 )-charge vectors, arranged in their counter-clockwise

ordering (and all prongs either ingoing or outgoing).

()
() (040

Figure 3: The self-pairing of a 3-pronged junction (left) can be separated into contributions
from the ends on 7-branes and the vertex, see (2.16)). When there are no prongs ending on
7-branes, such as for loop juncions (right), the only contribution is that of the vertex.

This logic can now be easily applied to compute self-pairings of loop junctions. Since such
a junction has no endpoints on 7-branes, the only contribution to the self-pairing must come

from the 3-pronged vertex. For the junction £, ;) in Figure [2, this contribution evaluates to

10



(after accounting for the signs necessary to have all prongs in- or outgoing)

!
(Lrusyr £rsy) = det (p T) - —det (T T,) . (2.18)

q s s s

As a consistency check, consider a loop junction £, . around a single [p, ¢]-7-brane such that

the asymptotic charge is (1) (see right of Figure [3)), i.e.,

(Mg -1) (D) = (qr-ps) (2) 2 (5) < (qr-ps)=1, (2.19)

which always has a solution for (7, s) since the labels of a single X[p,q) Mmust be coprime. Then,
the self-pairing is (€(.s),£(r,s)) = det (§s) = ps —qr = =1 = (X[p 4], X[p,q])- This was expected,
since by construction, this loop is equivalent, by a Hanany—Witten transition, to the unit

junction Xy, 41-

(Co-)weight lattices from junctions

For a single brane stack of ADE type (2.8]), the physical junctions without asymptotic charges

are generated by

S5Up . O =a; — a4, ie{l,...,n—l},
§09,: «a;=a;—-a;41, t€{l,....,.n-1}, ap=a,-1+a,-b-c, (2.20)
¢nt oy=a;—ag, i€{l,....n-2}, ayp-1=a,2+a,1-b-c;, a,=c;-cy,

where we have indexed 7-branes and their associated unit junctions of the same [p, ¢]-type.

Computing their mutual bi-linear pairing of a; one finds
(04, a5) = Ajj (2.21)

with A;; the negative Cartan matrix. Indeed, strings represented by the junctions above are
associated to the W-bosons which lead to the enhanced gauge symmetry on the 7-brane stack.
We will call them root junctions for obvious reasons, and they span the root junction lattice
of the ADE algebra A, c Jypys.

In complete analogy to representation theory (save for a minus sign for the pairing), the
bi-linear pairing allows the definition of the coroot junctions, whose span is the coroot junction

lattice Ay, as follows

2
o)

i = mai- (2.22)

Since for ADE algebras all roots have length-square 2, these coincide with the root junctions.
However, physically, these should be thought of as the magnetically dual states, and hence

arise from 5-brane webs represented by the junctions. We can therefore also identify the

11



pairing between two junctions, where one represents a string and the other a 5-brane, as the
Dirac-pairing between electric and magnetic operators of the 8d gauge theory.
One further defines the weight junctions w;, which are dual to the coroot junctions with

respect to (.,.) (or, more precisely, its Q-linear extension),
(Wi, o)) = =0y . (2.23)

They span the weight junction lattice Ay, and correspond to the electric states of the gauge
symmetry if they represent a string. Similarly, one defines the coweight junctions w, and

their lattice Ay via
(Wi, @j) = =0s5, (2.24)

which, when representing a 5-brane, is a magnetic state.
Note that the (co-)weights and (co-)roots are in a very real sense localized degrees of

freedom. For any additional 7-brane X[, ,; that is added to the system, we can explicitly

Ty
compute from that (x[r,s],aév) ) = 0. Therefore, any junction that has no prong on the
7-brane stack represents an uncharged state under the gauge symmetry on that stack.

For ADE algebras the coweights and weights again agree, and there the distinction between
string and 5-brane junctions is only of formal nature. However, it will become important once
we include O7*-planes. Before that, we have to introduce the concept of so-called extended

(co-)weight junctions [38].

2.3 Extended (co-)weights and higher-form center symmetries

In general, the (co-)weight junctions,
w) =2 (A ey, wi= Y (-Aiaj (2.25)
j J

with Avij = (e, af), will have fractional coefficients in front of the unit prongs xp,, ;7. This
implies that they are not physical junctions on their own. However, they can be made physical
by adding certain other fractional junctions with non-zero asymptotic (% )-charges, resulting
in an integer (i.e., physical) junction with a prong that extends away from the 7-brane stack.
Equivalently, it formalizes the intuition that non-adjoint matter states (carrying weights that
are not roots) on a 7-brane stack arise from open strings that have ends on other 7-branes
(possibly at infinity).

As a simple example, consider g = s, realized on an AjAs-stack. While the (co-)weight
junction w(¥) = %(al — ag) without any asymptotic (p, ¢)-charge is non-physical, we can con-
sider the unit string junctions a; or ag, each of which carries an asymptotic (§) = (}) charge.

From (aj,a") = (a;,a; —ag) = —(az,a; —as) = -1, we expect these (string) junctions to be
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Figure 4: Construction of extended weight junctions. Since the (7} )-charges that appear in
the loop are in general fractional, the prongs ending on the 7-branes after pulling the loop
across also have fractional coefficients.

fundamental matter of the sus. Note that we can formally write
31:%(31 +a2)+w, aQZ%(al-f-ag)—W. (226)

Because %(al +ay) = w has asymptotic charge ({), and satisfies (w, ) = 0, we can interpret
the above rewriting as separating the sus gauge charges of the unit junctions, captured by
the summand proportional to w, from the asymptotic SL(2,Z)-charges, captured by w. By
linearity, this separation can be done for any physical junction j = nja; + ngas. For sus, the
state corresponding to j = sw + kw € Jphys is a weight of an spin-s/2 representation, which has
charge s mod 2 under the Zs-center. It is easy to see in this case, the physicality condition,
i.e., for j to have integer number of prongs on the 7-branes, relates s = k mod 2. Therefore,
the coefficient of any physical junction in front of w provides an equivalent way to encode the
center charge of that corresponding state. This line of argument can be generalized to any
ADE-stack [38].

First, notice that, by a Hanany-Witten transition, w = £ _1,) is a loop junction around
the A1As stack. For a general stack with monodromy M, one defines w, which are called
extended weight junctions, as the generators of all loop junctions £, ;) (with possibly fractional

(r,5)) encircling the stack that have integer asymptotic (% )-charge, i.e.,
(M-1)(%)eZ?. (2.27)

For the ADE algebras realized via the stacks as given in (2.8)), a standard basis for these are

denoted w, , with asymptotic charges

Wpi (Dasymp = (0) 5 @ai (Dagymp = (1) - (2.28)
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For su,, stacks, (M —1) has only rank 1, so there is only one generator, w, with asymptotic ()
charge. Due to the generally fractional (r,s)-prong that crosses the branch cuts, the prongs
that end on the constituent branes of the stack are also fractional after a Hanany—Witten

transition, see Figure 4} Explicitly, the extended weight junctions and their pairings are given

by

s

<
]
—_

st (A7) wp= Loy =5 28, (Wpwp) = -3,

wp =€ =i(b+c), 0 0
s09, (A"BC): b= b0 = 5 . ) (wa,wp) = ( . ) ’

wq = L(1-nfs 1) = 3(Xiai —b+c—-nwp), 0 %108
Wy = Lo =~ 57 ai+ ib+ 252 ar, L

¢6 (ABBCQ) p (0,1/3) 3521—1 3 23 Zz—l (wa,wﬁ) _ 31 5 7
wg=4£(-1,-1) = X ai —3b- ¥ ¢, -2 /.
wy=£ =156 a;,+2b+Y2 ¢, 14

er (AGBCQ) P (1/2,1/2) 232:1 21_12 (wa,wﬁ) _ ( 5 : ,
Wq = £(sp,3p2) = 5 Tis i~ b =235 i 13/
wp=4~ =-Y7 a;,+4b+2 2. ¢, 1 -5

8 (A7BC2) vy Z1717 - 2 (wa,wp) = ( 3 2) .
wg=£(7-3=3Lia-11b-5%7,c;, 3 T )

(2.29)

All physical junctions associated to a 7-brane stack, i.e., junctions with prongs of only integer
(¥)-charge, can be written uniquely in terms of a linear combination of weight and extended

weight junctions

j= Zaiwi+apwp+aqwq, at,aP,al e Z. (2.30)
i
Physically, this means that a physical (p, ¢)-string/-5-brane is fully characterized by its asymp-
totic electric/magnetic (4 )-charge under (Bz, C), and the weight/coweight charges under the
7-brane gauge algebras.

In turn, it can be verified that every possible weight junction w = ¥; a’w; (a® € Z) of the
gauge algebra g can be completed into a physical junction by the addition of an integer linear
combination j. = a’w, + a%w, of extended weights [38]. Such integer linear combination is not
unique and is determined only up to multiples n’w, +n%w, which have integer charges for each
prong. This non-uniqueness can be understood as the fact that j. is determined by the charge
of w under the center Z (é) of the simply-connected group G associated to g. Intuitively,
this is expected because the charge under the center of a specific state w is encoded in its
prefactors of the weight basis w;, which in turn introduces fractional prongs that can only be

cancelled by the extended weights. Analogously to how weights can be screened by the W-

8Note that we can infer (wp,wq) from the self-pairing of wy + wq = £(ry, ) +£€(rg.54) = L(rprrg.sp+se), Which
can be computed from the contribution of the single 3-pronged vertex, as in Figure
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bosons for observers “at infinity”, there are multiples of specific asymptotic (})-charges that
can be added and subtracted without affecting the local gauge dynamics on the 7—branesE|
The precise connection between higher-form symmetries and extended weights have been

described in |13]|. Formally, we can define the lattice,
Jext = {je = d’wp + awy | a0l e Z}, (2.31)

whose elements are arbitrary integer linear combinations of extended weights that may be frac-
tional. Then, the screening arguments for the center symmetries, together with the junction

characterization of gauge degrees of freedom, translates into:

weights  coweights Jext

Z(GapE) = (2.32)

)
roots coroots Jphys N Jext

where (JphysNJext) denotes extended weight junctions that are themselves physical, i.e., do not
contain fractional prongs. Note that, since wo = £(,, s,) are loop junctions of the form depicted
on the left of Figure 4 (Jpnys N Jext) are precisely the loops £(,. o) = nPl,. oy +n% . ) with
integer (r,s). Concretely, in terms of the extended weights summarized in ([2.29)), one finds

g Jext/(Jphys N Jext)
aPw
Sy, ﬁ ~ {ap mod n} ~Z,
P+l
% = {(a” mod 2,a% mod 2)} 2 Z, & Z,
b= 2.33
{aPwy + alw,} v q ( )
504149 ~ {2@ +a? mod 4} =7y
(2wp, 4wy, wp + 2wy)
p q
6 —{a wp + alw,} ~ {ap mod 3} % Z3
(Bwp, wq)
p q
e7 {aPwp + alw,} ;{ap+aq mon}EZQ
(2wp, 2wq, Wy + wy)

In the language of higher-form symmetries (see also [13]), a physical string/5-brane junction
j= Y a'w; + aPw, + alw, carries an electric/magnetic Z(G) 1-form/5-form symmetry charge

prescribed by (2.33)).

3 Junctions on O7* and center symmetries of sp dynamcis

So far, we have reviewed the junction framework for ordinary [p, ¢]-7-branes, which succinctly

encode the 8d A =1 gauge dynamics with simply-laced gauge algebras. However, field theo-

9Describing the gauge dynamics by F-theory on a non-compact K3, this is reflected by the homology of the
asymptotic boundary exhibiting discrete torsion, associated to the fact that n? x (A-cycle) + n? x (B-cycle) on
the generic torus fiber shrinks at the singularity [13].
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retically, one can also have sp,, algebras. In the type IIB string constructions these are linked
to the presence of O7*-planes, which was not considered systematically within the junction
framework previously. Therefore, we need to generalize the above analysis.

First, we note that the O7"-plane, unlike the the O7 -plane, does not split, at finite
string coupling, into constituents represented by ordinary [p, ¢]-7-branes. Therefore, we will
represent it by a single, albeit special, 7-brane. The monodromy generated by one O7"-plane
is in the same SL(2,Z) conjugacy class as a 7-brane stack with g = s016. In the following local

analysis, we use the same presentation as in (2.8]),

Mo+ = (_01 4 ) . (3.1)

-1

There are multiple ways of arguing for this physically. The prevalent interpretation of an O7*
in recent literature [30,31] is as the remnant of “freezing” the sojs gauge dynamics on an
ordinary 7-brane stack, see also [32,33].

However, even after two decades, the freezing operation remains somewhat mysterious.
In particular, a geometric derivation of its effect on higher-form symmetries in the M-theory
frame [15,/16] appears to be challenging. However, as we will argue now, one can obtain a
complete picture, at least in the IIB duality frame, of the mechanism using junctions. The
key distinction to [p, ¢]-branes is that the physicality condition for prongs that end on an O7*
differ between strings and 5-branes.

From the perturbative IIB picture, only pairs of fundamental strings can end on an O7*
[62], which one can see in a perturbative picture via Chan—Paton factors. Via various dualities
it can also be argued that only an even number of D-strings can end on the O7*-plane,
see |62,/63]. Thus, the physical string junctions emanating from the O7*-plane have (%)-
charge restricted by p,q € 2Z. In contrast, (p,q)-5-branes can end with any integer number
on O7*. This is relevant, e.g., in the construction of 5d SCFTs via 5-brane webs [64]. Hence,
a prong of a physical 5-brane junction can end with arbitrary integer (})-charge on an O7*.
As we will see momentarily, these conditions naturally give rise to a consistent description of
sp,, gauge algebras, including their center symmetries, from the junction lattice. Moreover,
once we have set up the notation in Section [} we can derive these conditions independently
in global models with one O7*-plane that realize 8d rank (2,10), by appealing to the dual
description of these models via the CHL-string (see Appendix [A)).

It is worthwhile to compare the boundary conditions for strings and 5-branes on O7* with
the unfrozen soqg-stack. First, since both generate the same monodromy, the loop junctions

that generate all integer asymptotic (4 )-charges in the presence of a single O7* are the same

as for an so016 stack (2.29),
Wt =Ly, @i =l - (3.2)
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We will call these the extended weight junctions of the O7", even though a single O7* (unlike
its unfrozen cousin) has no gauge dynamics, and hence no root or weight lattice to begin with.
By collapsing the loop or, equivalently, performing a Hanany—Witten transition across the
orientifold plane, these extended weight junctions have a () and a () prong, respectively, on
the O7*. The set of junctions ending/emanating from one O7*, which is entirely characterized

by its total () = (% )-charge, can therefore be written as
s or* or*
j=d’w," +ralw,", allaleZ. (3.3)

Physical string junctions must then have (a?,a?) = (0 mod 2,0 mod 2), which agrees with the
physicality condition for junctions on an sojg-stack that has no (unscreenable) gauge charge,
see . Equivalently, any string loop £, ;) that encircles the O7" is physical if and only if
r and s are both integer. In contrast, a physical 5-brane junction with odd (a”,a?), which can
end on an O7*, would not be admissible on an soj6-stack without picking up (unscreenable)
gauge charge. In particular, this means that physical 5-brane loops £, ;) around the or*
could have half-integer valued r and s.

To fully incorporate O7*’s in the junction framework, we also need to define the bi-linear
pairing. It is hard to come up with a rule for prongs ending on the O7* by appealing to
any geometric counterpart in a dual M-/F-theory picture, because of the presence of frozen
singularities there. However, since the extended weights can be viewed as loops which is only
sensitive to the induced SL(2,Z) monodromy M, but not the “microscopics” of a 7-brane
stack, one would naturally expect that the pairing of such junctions is insensitive to whether
M is sourced by an O7*, or an soig stack. Following the discussion around Figure [3| we
can therefore directly compute (rather than define, which would require further justifications)
from the loop junction representation:

(W wy™) =0, (W wiT) =1, (w7, W) =0. (3.4)

Considering O7*-planes together with general [r, s]-7-branes (which we assume to be on the
left of the O7"), one further finds

(w07+7 X[r,s]) == (w07+7x[r,s]) = % : (35)

3
p 2

sp gauge algebras and their higher-form symmetries from junctions

From the perturbative IIB picture, it is well-known that we can generate 8d sp,, gauge dy-

namics on a 7-brane stack formed by n A-branes on top of one O7*. This 7-brane stack, of
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the form A"OT*, has the same monodromy as an $01642, stack:

-1 4+n
Mgy, = Mpnor+ = ( 0 -1 ) : (3.6)

This allows us to straightforwardly define the extended weight junctions, as loops £(,. ;) around
the entire stack (including the O7*) such that an asymptotic (§)- (for wy) or ({)-charge (for
w,) remains. Then, after performing the suitable Hanany-Witten transitions, we find

n

Py, _ 1 o, 07", o7
v wo = hangu ) T 5 Z;al Wy twWgo - (3.7)
l:

P, _ _ ot
wy " = 0) =Wy

Since Msp = Msog,,,, the loop junctions look identical to those of s01642,. Hence, with
Joxt = {apwzp” + aqwgp" | aP,a? € Z}, the physicality condition on linear combinations of

extended junctions is captured by

{(ap mod 2,a? mod 2)} 2 ZyxZy, n even,

Jext/ Jext nJ hys, strin, ) = (38)
( P S {2a? + a? mod 4} = Z,, n odd.
On the other hand, for 5-brane junctions, we have

Jext/(Jext N Jphys, 5—branes) = {aq mod 2} = ZQ . (39)

Comparing to the discussion around , one might be tempted to identify Z(Sp(n))electric =
Zy x Zy or Zy, and Z(Sp(n))magnetic = Z2, which is clearly not correct.

To rectify this, we must instead consider in detail the role of the extended weights as
completing weights and coweights into physical strings and 5-branes, respectively. In analogy
to the ADE-stacks, we first construct the sp,, roots a; as string junctions with no asymptotic

(5)-charge, that stretch between the constituents of this stack. A basis for such junctions are
— ; _ or*

ai=a;-a, i€{l,....,n-1}, a,=2a,-2w,;" , (3.10)

see also Figure . With this and the bi-linear pairings in (3.4)), one straightforwardly verifies

-2 ) 1= ] )
(an,an) =4, (og,00) =201, (a4,05)=11, |i-j=1, 1<i,j<n-1, (3.11)
0, else,
which precisely reproduces the negative of the Cartan matrix of an sp,, algebra. In particular,
we see that, while the short roots (those with length squared 2) arise from single-pronged

strings between the A-branes, just as for ADE-algebras, the long root e, is only a generator

due to the evenness condition for strings ending on the O7*.
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Figure 5: Root junctions of sp algebra (the double arrow denotes the factor of 2 required by
evenness on O7").

As a non-simply-laced algebra, sp has different coroots than roots:

v 20¢; Q; 1<i<n-1,

o,

= = . (3.12)
—(ei, ;) sop=an,—wd" | i=n.

Since these are the magnetic objects in a gauge theory context, they arise from 5-brane

junctions, which, consistent with the boundary conditions, can have a single prong on the

O7" that is needed to form the short coroot ), with length squared 1.

The distinction between strings and 5-branes are of course also important for the weights
and coweights. The weight junctions are obtained as dual to the coroot junctions. Defining
the matrix xzfij = (a;/, ajv-), these can be written as

n

-1
> min{i, j} a; + imin{i,n} oy, . (3.13)
j=1

w;=(- X‘l)ij o = Zmin{i,j} o
J
Similarly, one obtains the coweight junctions as duals of the root junctions. With the negative
Cartan matrix A = (a4, ;) one has
S lmin{i,jlaY +iaY, i<n,
wY:(—Afl)ijajz = mini. g} e " (3.14)

n j v .
Zj:liaja t=n,

expressed as fractional linear combinations of coroots.

In terms of the junctions, the electric center symmetry,

{gan}

(an)

Z(Sp(n)) = weights/roots = 2 Zy, (3.15)

is precisely generated by multiples of %an =a, —w07+, which is unphysical as a string junction

P
because of the odd prong on the O7*. To obtain a physical junction with the same sp,, gauge
charge, we must therefore add linear combinations of the extended weights with integer
prongs on A, and odd numbers of prong of (%) = ({)-charge on the O7*. For even n, this
requirement is met by apw;p” +aqw2p" with a? =1 mod 2 and a? = 0 mod 2, whereas for odd n,
we need 2a” +a? = 2 mod 4. Each of these generate a Zs-subgroup of the putative center ,
x Z(Sp(n)). The mismatch from

is because not all integer linear combinations of extended weight junctions can be completed

which is the correct presentation of Z (Sp(n))

electric
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into a physical string junction with an sp,, weight. For the magnetic center symmetry,

k \%
Hom(Z(Sp(n)),Z) = Z(Sp(n)) = coweights/coroots {hw,} , (3.16)
coroots
the unphysical 5-brane coweight junctions come from the half-integer valued prongs in
LA n + +
W%zZ%aiV:%Zai—gwgﬁ = wiPr — w7, (3.17)

which can be made physical by adding apwff" + aqwgp” with a? = 1 mod 2.
In summary, for a physical string junction that ends on an sp,, stack, which can be uniquely

decomposed as
J= Z a'w; + aPwPr + adwiPn (3.18)
1

in terms of the extended weights (3.7) and weight junctions (3.13)), the Zy charge of the

corresponding state under the electric center symmetry is

a? mod 2, n even,

(3.19)
af + %aq mod 2, n odd (then a? must be even).

For a physical 5-brane junction, decomposed into extended weights and coweights (3.14)),

J= Zaiwiv +alwi + alwin (3.20)
(2

its magnetic Zs-center charge is
a? mod 2. (3.21)

This completes the list of local building blocks of simple gauge algebras that can be com-
bined into a global model describing 8d supergravity. As we will discuss now, the consistent
combination of the individual brane stacks then determines the global structure of the gauge

dynamics in these models.

4 8d string vacua and their global structure from junctions

In this section, we combine the above local descriptions of simple gauge algebras into a compact
setting, to classify all 8d A = 1 string vacua using junctions. These vacua fall into three
moduli branches, which have gauge rank (2,18), (2,10), and (2,2), respectively. As shown
in [35], the gauge symmetries of the effective supergravity descriptions can be classified by
the SL(2,Z) monodromies assoiated with each simple gauge factor, with a few additional

consistency conditions. In theories of rank (2,18), which enjoy a description as F-theory on
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an elliptically-fibered K3 surface, these restrictions are met by 24 [p, q]-7-branes with trivial
total monodromy [65H67]. Via the freezing procedure [30,32,:33], one can further obtain all
rank (2,10) or (2,2) vacua, if one replaces any rank (2,18) 7-brane configuration with one
or two §016+2, Stacks with the corresponding frozen sp,, algebra that contains an O7* [35].
Based on this, junctions provide a unified description of the gauge dynamics, in particular,
the gauge group topology, for all these vacua.

Before we dive into the details, let us give a schematic description of this approach. For a
given 7-brane configuration (with or without O7%) in a global model, the set of characters or
cocharacters (i.e., a sublattice of the weight or coweight lattice that is occupied by dynamical
states) correspond to physical (string or 5-brane) junctions that have zero asymptotic (§)-
charge. Since the (})-charge of a prong ending on a stack is entirely captured by extended
weight junctions, which in turn encodes the center charge of the (co-)characters represented
by the junction, enumerating all linear combinations of extended weights from different stacks

that add up to zero (%) also enumerates the center charge of all dynamical gauge charges.

asym
In particular, computingyt}fe center charges of all string junctions that have no u(1)-charges
determines Z(G), and those of 5-brane junctions determine m(G) 2 Z, where G = G/Z is the
physically realized non-Abelian gauge group, with simply-connected cover G.

For the rank (2,18) branch, the information about Z has been shown to be conveniently
encoded in so-called fractional null junctions |49, which are certain fractional multiples of
physical loop junctions Zé\; ) around all 7-branes (with trivial total monodromy). As we will
see, this correspondence continues in realizations of rank (2,10) with one O7*-plane, and rank
(2,2) theories with two O7*’s. While for rank (2,10), we can crosscheck the results with
those obtained from a dual CHL string description [52,34], the junction description provides
a prediction for the gauge group topology of rank (2,2) vacua which are inaccessible via the
heterotic/CHL string. To illustrate the procedure we will explicitly work out an example for

each of the three branches of the 8d moduli space.

4.1 Gauge group topology from global null junctions

The construction of supersymmetric 8d theories with a dynamical gravity sector and rank
(2,18 - 8k) gauge sector requires the identification of a set of (24 — 10k) [p, ¢]-7-branes and k
O7*-planes with vanishing overall monodromy. These configurations can then be placed on a
P! which compactifies the underlying type IIB theory from ten to eight dimension@
Following the conventions laid out in the previous section, we arrange the 7-branes along a
horizontal axis in the perpendicular plane (which is now a compact Pl), and enumerate (from
the left to right) the ordinary [p,q]-7-branes and the O7*’s separately. Within the vector

space of all possible junctions (which carries a pairing given by simply linearly-extending the

10T he number of branes in the setup can also be understood as the demand that their cumulative gravitational
backreaction in terms of the induced deficit angle adds up to 47 as appropriate for the 2-sphere S% ~ P!,
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rules and .

24-10k k. ot ..
J:{ N Z(bprubqu )|a bfbfeq} (4.1)
i=1 -1
string junctions giving rise to the electrically charged states must have integral number of
prongs on 7-branes, with “integrality” on the O7* being defined as having even number of
prongs. Analogously, magnetically charged states are described by physical 5-branes with inte-
gral number of prongs on all 7-branes, including the O7"’s. However, since the 7-branes move
on a compact P!, physical junctions must have vanishing asymptotic (5)-charge, i.e., have no
open ends. This means that the physical string / 5-brane junction lattice, corresponding to

dynamical electric / magnetic states of the 8d supergravity theory, is

P R R GO AR D N
with a', b, 6" € Z,  Y;a'pi+ ;200 =0, Y;a'q+X;26 =0
) ) (4.2)
e | IR e (7 )
with a*, b/, b € Z, Y;a'pi+¥;VV =0, ¥;a'q+X;t =0

Obviously, these lattices are of rank 24 — 10k — 2 = 22 — 10k.

Furthermore, by Hanany—Witten transitions, different elements in these lattices can rep-
resent the same physical junction. Equivalently, we can add arbitrary multiples of so-called
(global) integer null junctions,

JN ,el/mag {6(7« S) el/mag

it Jonys ‘ 5(7, s) = £(r,5) loops around all 7—branes} , (4.3)

where it is understood that, a priori, there are different integral null junctions for strings and
5-branes. Because of the compactness, such a loop can be shrunk to a point “on the other side”
of the P! without crossing any 7-branes, and thus are physically trivial. However, they would
appear as a non-trivial element in Jppys after pulling them through the 7-branes, which must
therefore be modded out before we can identify the junction lattice with the physical charge

has trivial pairing with any other 8 ¢ Jljr\lft,

lattice. Note that, by construction, 5(T 5) Jmt
as well as no asymptotic (7 )-charge (since they encircle a configuration with trivial overall

it if and only if j has zero asymptotic

monodromy). Moreover, (5(7« s),J) =0 for all 6( 5 € JN
charge [38]. Hence, 5(7« 5) € Jl]r\lft has trivial pairing with all physical junctions, explaining the
prefix “null”. As a notational convention, we shall denote any loop junctions £, ) with no
asymptotic charge by 8. ).

This allows us now to identify the (co-)character lattice A, (Acc), the lattice of all electri-
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cally (magnetically) charged states present in the supergravity theory, as

~ T hys/JN el’ Acc ~ Jmag/JN mag (44)

int phys/ “int

which are rank 20 — 8% lattices. Since we mod out a sublattice which is null, the junction

pairing on (4.1)) induces a non-degenerate pairing on these lattices, whose signature can be

el/mag
€ Jphys ’

integrality of the Dirac pairing requires (je,jm) € Z. Moreover, the Completeness Hypothesis

shown to be (2,18 — 8k). For [je] € Ac and [ji,] € Acc with representatives je,jm

for quantum gravity implies that the two lattices are dual to each other, A. = (A¢c)”, i.e., for
any [je] there is a [j,,] such that (je,jm) =1 and vice versa. This can be explicitly checked,
as we will discuss later.

Now suppose that the 7-branes give rise to the full 8d gauge algebra
g=Bg,ou(1)®4, with ry =20-8k-) rank(g,). (4.5)
g a
(v)

Since for each 7-brane stack with gauge factor g,, we have (co-)weight junctions w Wi bo =

1,...,rank(gy ), we can uniquely (up to global null junctions) decompos@

Je(m) =2, (Z af;’wg +abwy +afw ) + Z bsXs € JSLy?ag) , (4.6)

where s labels the remaining 7-branes (including potential O7*’s) that are not part of the
non-Abelian stacks, on which the prongs must be integral, bs € Z (or satisfy the corresponding

integrality condition on O7*’s). Since gauge charges under g, are carried by the (co-)weights

w¥)

07,’

the states with only Abelian charges live in the subspace orthogonal to the (co-)weights,

T/ {PA(Je(m)) | Je(m) € Jiﬁag)}phys = {Z (abwy +afwy) + Zb XS} N, (A7)

where P4 is the projection onto the orthogonal complement of the non-Abelian (co-)weights.

In particular, since global null junctions have zero pairing with all physical junctions, we have

JN el/mag el/mag
int A :

Because the overall (4) charge of any physical junction must be zero, only specific linear
combinations of extended weights, and therefore, only (co-)weights of g, with specific center
charges, can be completed into a physical junction in with the available singlet branes.
If the resulting string junctions give rise to representations that are all invariant under a

subgroup Z of the center, then the gauge group has some non-trivial global structure.

"'Note that each stack o can appear with a monodromy that is conjugated by go € SL(2,Z) compared to the
“standard frame” ([2.8)) or (3.6) chosen in the previous section, so that the extended weights have (p, ¢)-charges
go (§) for wy and g, (9) for w, respectively.
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More precisely, the most general global gauge group structure is

(1, Go/Z] x U (1)

G: Z, )

(4.8)

where G, is the simply-connected realization of the gauge algebra g,. The finite group Z
embeds into the overall center [], Z(G,) of the non-Abelian factors with trivial map to the
Abelian groups, whereas Z’ does have a non-trivial map into the Abelian sector. We will now
explain how to extract these discrete groups from junctions.

We first focus on the factor Z, which demands that electric states can appear only in
certain irreducible representations under Haé that are invariant under Z. Equivalently,
this can be understood as the existence of magnetic states [j2*] € Acc charged only under the
non-Abelian gauge factors, which via the Dirac pairing condition (je,jh ) € Z enforces the
absence of electric states that are not invariant under Z c [, Z(G,). Decomposing such a

junction,

=3 (Zaf;’w;;id +abwp +alw ) + Eb Xs € Jpee (4.9)
o io

the assumption that this junction is only charged under the non-Abelian factors implies that

the Abelian part,

> (aBwy +alwd) + Y bxs € J}E®Q, (4.10)

g

has also zero pairing with every junction in leag. However, this is only possible if it is
proportional to a linear combination of global integer null junction with rational coefficients,

ie.,
) =Y (abwd +alwd ) + szs_b 80 ys Oph oy €S b eQ. (4.11)

Considering such decompositions for all 5-brane junctions j?n e J* with no Abelian

phys
charge, one obtains the lattice
Jfg;;?ag {b J(Tm Sm) Z Zasz + bméé\imﬁm) € nglli‘/gs} D Ji]r\lft’mag, (412)
O iy

of what is called (global) fractional null junctions [48.|49]. Let us further denote the smallest

positive integer n,, such that 7,0, 5?; o) € Jljr\lftmag. Since the prongs on X, are already
integral, due to the physmahty of jy A n,, is also the smallest positive integer such that

N (abw? + agw") € is physical on every non-Abelian stack o. At the same

P hys 5-branes
time, according to the discussions around (2.33)) and (3.21]), the coefficients (ak,al) specify
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an element

=(20) €[] ﬁ =[] 2(G,). (4.13)

o phys ext o
Since the set of all such z,, generate the discrete factor Z in (4.8]), we find

JN,mag

Zz ﬁ (4.14)

int
The main advantage of this formula is that we can conveniently compute Jﬁr]i";nag from

pulling the two generators 62 of JIJL 8 across all 7-brane stacks, which yields

N m
00’ = U (chiof +Clipto]) + 2 cmaxs € T (4.15)
g
Then Jf]r e ® is generated by Q-linear combinations,

MY + X285 = 3 (M, + dadh, Jwd + (Arel, + Aack w) + D (Mcrs + Ao )xs, (4.16)
o s

such that (Alcp + Agcp ) ()\10({;0 + )\ch;o) are integer, and ()\161;8 + )\202;5) satisfies the
physicality condition on X;. As advertised, this procedure applies indiscriminately to config-
urations with or without O7*-planes, as long as the integrality conditions on O7*’s and sp,,
stacks follow the prescription in Section

The second discrete factor 2’ c [, Z(G,) x U(1)" in correlates the representations
under the non-Abelian factors [], G, of electric states to their u(1) charges, such that their
transformation under [, Z(G,) is compensated by a Z’ subgroup in U(1)"4. Analogously as
above, this subgroup can be viewed as being enforced by the presence of magnetic states, now

with non-trivial U(1)-charges, and hence have a junction representation [j,] € Acc with

J;lggsa‘]m Z(Zaz"w +abwy +alw )+Zb X —ZZ(L?W;% +JAm (4.17)
o i
where jam = Pa(jm) € Ja ® Q is no longer a null junction. Nevertheless, as the mismatch of
Jjam from being a physical junction is still determined by the coefficients (ab,ad), we have
mag
Pa (JphyS)

mag
JA

Z' = (4.18)

Intuitively, this measures the “fractionality” of the u(1)-charges of all magnetic objects (living

in J;E;i) with respect to the charges of those that are uncharged under any non-Abelian

symmetry (and hence live in J}*®). Note that, since P4 (Ji;) = the null junctions do not

1nt’

affect these quotients.
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4.2 Duality to heterotic and CHL descriptions

Theories of rank (2, 18) and (2, 10) have a dual construction in terms of the heterotic and CHL
string, respectively, which provides a crosscheck for the junction description. In both cases,
electrically charged states are identified as elements from a momentum lattice for perturbative
string excitations. For the heterotic string the momentum lattice is the so-called Narain

lattice [68]:
ANarain = (_ES) 2] (_ES) eUaU, (419)

with (-Eg) the negative of the Eg root lattice and U the hyperpolic lattice defined by the

0 1
U: (1 0). (4.20)

The CHL string is determined by the Mikhailov lattice [69]

bi-linear form

AMikhailov = (-Dg) @ U e U = (-Eg)e U a U(2), (4.21)

with the negative Spin(16) root lattice (-Dg). Here, U(x) denotes a lattice of rank two with
bi-linear form multiplied by .

Following the notation of [13], we will denote them collectively as Ag. Then, if the duality
holds, we expect Ag = A.. Equivalently, points in the dual momentum latticﬂ correspond
to physical magnetically charged states and therefore must be associated to 5-brane junctions
(modulo null junctions) in A¢.. The non-Abelian gauge factors are then specified by an em-
bedding of the corresponding (negative) root lattice into Ag; the coroot lattice then naturally
embeds in the dual lattice Ag. It is worth noting that the computation of the gauge group
topologies from this data [29,/52,/13] is in a sense complimentary to the junctions approach
outlined above. While in both scenarios, the setting is fully characterized by the non-Abelian
gauge algebras (by specifying either the 7-brane stacks or the embedding of the (co-)root lat-
tices), the gauge group is concisely encoded in the projection of the full physical lattice onto
the Abelian junctions (see and (4.18)), the methods in [29[52[13] extract the gauge
group from the projection onto the (co-)root lattice.

To corroborate the equivalence of the two approaches, we describe in the following the
precise identification of the momentum lattices with string junctions on 7-brane configurations

with zero or one O7"-plane.

2Note that AXarain = ANarain 18 self-dual while Ajfixhailov # AMikhailoy 1S NOt.
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Narain lattice from junctions

To construct the Narain lattice from junctions, it is easiest to find a 7-brane configu-
ration in which the two (—Eg) factors are manifest via the root junctions on two eg 7-brane
stacks, and make use of the fact that the lattice structure does not change as we move 7-branes.
Each of these eg stacks contains ten 7-branes, leaving a remaining four branes to specify the
compact type IIB background. A convenient configuration of this sort has been presented in

Section 7 of [70], and takes the form
A(A"BCC)X[3)A'(A'BCC)'X{, 1, (4.22)

up to possible SL(2,Z) conjugations. In fact, the above configuration has two identical parts,
consisting of A(A7BCC)X[3,1], each having a trivial SL(2,Z) monodromym In addition, by
pushing the twelve branes onto a single stack, one enhances the symmetry to the so-called
double loop algebra eg, whose significance we will explain further in Section In an F-
theory description, one may interpret this configuration as a stable degeneration limit of the
elliptically-fibered K3 into two dPy surfaces.

Note that for eg, whose extended weights are physical, roots and weights junctions
agree, so the span of all physical string prongs on each eg stack (with decomposition as in
(2.30])) contains two copies of the (—Eg)-lattice. Next we need to find the factor U @ U in the
orthogonal complement of the eg root lattices. A convenient set of generators for these two
hyperbolic lattices can be expressed aﬁ

U (8.0):001.0) +X(3.1] = X[3.1]) (4.23)

U: (5(371) ,6(371) —a+a') .

Here 6(,.5) = £(;.s) denotes a (r,s)-string loop around one A(A7BCC)X[3’1] configuration,
which has no asymptotic charge since this stack has no overall monodromy. Its orthogonality
to the eg root lattice is evident from the fact that this junction has no prongs on any of the two
stacks. Note that, as is evident from Figure [0, such a loop automatically encircles the other
A(A7BCC)X[371] configuration. Using Hanany—Witten transition one can rewrite them in

terms of integer strings ending on the brane constituents in the interior (say, on the left in

Figure @, e.g.,

8(1,0) = 3wy’ + W —X[317, (4.24)
O31) = —atwy’,

or equivalently for the primed stack.

3Note however that the Spin cover of the monodromy is non-trivial and given by (-1)¥ € Mp(2,2), see
e.g. |T1H73].
"“This is the same result as in [70] (see their Figure 8).
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Figure 6: String junction lattice for rank (2,18) theories.

This accounts for a rank 20 sublattice (~Eg)®% @ U®? of the full string junction lattice

Jphys The remaining two directions are spanned by the global null junctions Jmt, for which
the canonical basis is
(5 (3w°8+w28)+x31 _(3w€é+weg)+xl ;
(1,0) = D q [3.1] P q [3,1] (4.25)

830 1) = —a+ 10w + 3w —3x( 1) — & + 10wp" + 3w — 3x[5 .

Since these have trivial pairing with all physical junctions, the lattice pairing of the above
generators (including the eg roots and those of the U-lattices) desecend, without modification,

to the quotient

Jo (-Eg)®2 @ U®2 @ JNO
AC - JI])V};? JN’el T = ANarain . (426)

int int

Since there are no O7"-planes, the 5-brane junction lattices are the same as their stringy

counterparts, so we immediately find

_ ymag NmagN e NelN A%
- Jphys/‘]lnt J; hys/‘]mt ¢ ANarain = ANarain . (427)

Mikhailov lattice from junctions

The Mikhailov lattice describing the momentum lattice for the 8d CHL string is obtained as
follows. We keep one of the ¢ configurations unchanged, which still leads to an (-Eg) factor
in the string junction lattice. On the other side, we remove a C brane from the eg stack, but
add to it the singlet A-brane, which leads to an so0;1¢ brane stack, which we then “freeze” into

an O7*-plane:

AE;X[3,= A(A'BCC)X 3] > (A*BC)CX3,] > OT ' CX[31]. (4.28)
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The resulting complete 7-brane configuration,
07" CXy31)A'(A™BC*) Xy 1, (4.29)

and is depicted in Figure[7] The total rank of the junction lattice is now 14.

9(1,0) d(3,1)

Figure 7: String junction lattice for rank (2,10) theories.

Inside the string junction lattice JSLyS of this configuration, we now need to identify U &
U(2) orthogonal to the eg roots. Given the similarities to the rank (2,18) configuration, a
natural choice for the generators would be a variation of . While the first set exists
also for the frozen configuration, the second U-factor has a generator with a single a-prong,
which would become part of the O7", and not be physical. Therefore, the set of generators

orthogonal to the Eg root lattce are

/

U: (81.0)>8(10) + X[31] = X[3,1]) -

o (4.30)
U2): (81),203,1) +2w, -2a’),

where the second generator of U(2) is primitive because of the evenness condition for strings

ending on O7*. These have an equivalent representation with

81,0y = 2wy +C-x[31],

N N (4.31)
d(31) = —2w197 - 2@?7 +2c.
After quotienting out the global null junctions Jﬁj’;i, with generators
65\{70) = 2w —c+xp31) - (Bwp +w®) + X[3.1]5 (432
835 1) = 4607 ~ 2w 4 5c - 3x(31) &’ + 10w + 3w - 3x]y )
one finds
Ac = (-Es) ® U @ U(2) = Amikhailov - (4.33)

29



In this case it is interesting to also analyze the 5-brane junctions that correspond to the dual
lattice. Here, it is important to remember that 5-branes have different physicality conditions,
which allow for an arbitrary integer number of them to end on the O7*-plane. This does not

affect the eg root junctions, and the U-factor in (4.30), but does imply that &3y in (4.31)) is

no longer a primitive 5-brane junction. Instead, it is a multiple of

%(5(371) = (5(3/2’1/2) = —wl?7+ - qu7+ +C. (4.34)

This implies that the there is an overlattice of U(2) in (4.30]) inside the physical 5-brane

junction lattice, given by
U(3): (38s1).0@1 +w,’ —a). (4.35)

Note that the null junction lattice spanned by (4.32)) remain primitive as a sublattice of J;?ggs )

Therefore one has for the magnetic 5-brane junction lattice
Ace = (-Es) @ U@ U(3) = Mrixalor » (4.36)
which precisely coincides with the dual of the Mikhailov lattice (4.21]).

4.3 A rank (2,2) momentum lattice

8d rank (2,2) string vacua have no known constructions as T2 or S'-reductions of the heterotic
or CHL string. However, using the junctions, we propose an analogue of a momentum lattice
description, which can be applied, in particular, to determine the gauge group topologies of
these theories. To this end, we start with a 7-brane configuration with two O7"’s, that we
obtain from further freezing an soig stack on the primed side of . The overall brane

configuration is then given by
O7'CX[31107"'C'X{y 3, (4.37)

and is depicted in Figure [§
The string junction lattice in this case has rank 6, whose non-null directions are isomorphic

to
UaU(2). (4.38)
The explicit generators in terms of physical string junctions are given by

U: (80y,8(10) +X[31] = X[3,1]) »

or+ ort’ (4.39)
U(2) : ((5(371) ,2(5(371) + 2wp - 2wp ) s
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(1,0 JERY

Figure 8: String junction lattice for rank (2,2) theories.

where the loop junctions satisfy the same relation as in (4.31)). The string null junctions Jé\}fl’;’l

have generators

80 o) = 2w —c x0T — ¢+ x5, (4.40)
N o7+ o7+ o7’ o7’ ’
do1y =4wy " —2w/ " +5c-3x31) tAw, | - 2w, + 5¢’ — 3x6371] .

The full physical string junction lattice is therefore JSilys =UaU(2)® Jé\{l’i.
As for the rank (10, 2) case above, we find that for 5-branes the U(2) turns into a U(%), ie.,

Jg}lf;i =UeU(3)® Jé\}fl’;slag. A novel modification that will affect the gauge group computation

is that also the null junctions are refined. Namely, the generators of Jé\{lfslag are
o7+ o7+ o7+’ o7+’
%(55\1{70) + 5%71)) = 65\1[/271/2) = w, [ w, T 42— X[3,1] + Wy T W, T roc - XE3,1] ,
o7+ oT7* o7+’ o7+’
%(5?{70) - 5%71)) = 5?1[/27_1/2) = —3wp [ W, T _3c- 2x[371] - 3wp [ Wy T o3+ 2x[371] .
(4.41)
In summary, after modding out the null junctions, we have
Ac=UU(2), Aw=UU(3)=A}. (4.42)

4.4 Examples

Using the techniques outlined in Section we can determine the brane configurations and
the resulting gauge group topologies for all 8d A/ = 1 string vacua. This is done explicitly for all
maximally-enhanced cases on each branch of the moduli space, as summarized in Appendix [C|
In the following we demonstrate the general procedure in specific examples. For convenience,
we focus 8d theories that were discussed in [52}34] from the perspective of the heterotic or
CHL momentum lattice. The generalization to rank (2,2) theories is, to our knowledge, the
first time in the literature the global gauge group topology has been computed for these string

vacua.
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4.4.1 A rank (2,18) example

The non-Abelian gauge algebra of the model is given by
g = 5090 ® sUy ® SUUy S SU S Suy, (4.43)
which can be generated by the following brane configuration:
(ABC)N*X{, X7, 5C?. (4.44)

Note that for a consistent overall monodromy, the su algebras are not associated to a stack
of A-branes, but rather in some SL(2,Z) conjugated frame. Accordingly, the associated
extended weight junctions summarized in (2.29)) need to be conjugated, and are given by

10
soy0 (AYBC): w =%(b+c) wq=%2ai—3b—2c,
i1
4
SuUy (N4) : w(oyl) = i;ni,
4 1<
sus (Xfa): @as) =12, X3 (4.45)
i
2
suy (X)) Ws) =30 X[2504 0

~
Il
—_

D=
e
g

~
Il
—_

Suo (CQ): W(,1) =

where w(,, o) is the extended weight of the corresponding su-stack with asymptotic (5)-charge.

In terms of these extended weights the two linearly independent integer null junctions are given
by

6(1 0) pr — 4&)(0’1) + 4(4)(1’3) — 2(.()(275) + 2&)(1,1) s (446)
6(0 1= 6wp 2wq + 24&)(0’1) - 20(4)(1’3) + 8(.0(2’5) - 2&)(1’1) .

Notice how, in both junctions, the greatest common divisor of the coefficients is 2. Therefore,

the fractional null junctions are generated by

N,m
Thae = {)\(1 0) 8010y + 20,1y (0.1) ‘ ALoys Mo.) € 52}7 (4.47)

and the global realization of the non-Abelian gauge group is determined by

R 1o le2) {ofly lvez)

Z - _
Tt (1.0 (800.1))

= 22 X 22 . (448)

32



Moreover, the coefficients in front of the extended weights in %(SN determine, according to
[2.33)), the generators of Z c Z(Spin(20)) x Z(SU(4))? x Z(SU(2))? to be

3000y = (1,0:2:2;1;1) € (Za x Zg) x Zy x Zy x Z x Z3,

LN (4.49)
56(0’1) ~ (1,1;0;2;0;1) € (Zag x Zo) x Zy x Zy x Zo x Zs .

Beyond the non-Abelian gauge factors, the theory contains two gravi-photons generating
two u(1) gauge factors. These arise from Abelian junctions (4.7 that are not null junctions,
which for the present model can be easily determined, from (4.45)), to be linear combinations
of

u = 4((4)(071) + L«J(Lg) - w(275) + w(u)) = 4V1 s (4 50)

uy = 4(w(g,1) ~wq) =4va.
Vg, while themselves non-physical, can be made physical by adding coweight junctions, so
lie in PA(J52%). At the same time, there are no “finer” coweights to make fractions of v,

phys
physical, so v, generate PA(JII:;;gS ). Then, the Abelian quotient Z’, according to (4.18)), is

o Paligd) favi|eez) {yvolyez)
Jat (u1) (u2)

=ZyxZy4. (4.51)

The generators of Z’ are

vi~(0,0:1515151 | €7%:1) € (Zo x Zo) x Zy x Zy x Zy x Za x U(1)1 x U(1)3, (452)
, 4.52
vo = (0,1;1;0;0;0 | 1;¢™?) € (Zo x Zo) x Zy x Zy x Zy x Zo x U(1)1 x U(1)a,
where we have used a vertical line to separate the finite groups from the U(1)’s, whose trivial
element is 1.

Consequently, the global form of the gauge group is given by

[(Spin(20) x SU(2)? x SU(4)?) [ (Z2 x Z5)] x U(1)?
Z4 X Z4 ’

(4.53)
in perfect agreement with the heterotic analysis in [34].

4.4.2 A rank (2,10) example

Since the brane configuration above already containes an so1¢ stack we can simply reinterpret

this as an O7*-plane, leading to the brane configuration

(A?O7")N'X(, X7, 5 C. (4.54)
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This setup has a non-Abelian gauge algebra given by
g = 5Py ® SUy ® Sy ® Sy S Sy, (4.55)

leading to a model with rank (2,10) dual to a specific CHL background. Except for the sp
factor, the extended weights are the same as in (4.45)). For the sp algebra one has

spy (A2O7Y): w,= w197+ . W= %(al +ag) - ""1(7)7+ + qu7+ . (4.56)

Formally, the global null junctions 65\; g) e the same as in (4.46]), except that the w,,

appearing there are now the extended weight junctions of sp. Again, we can divide both by

)

2, obtaining the fractional 5-brane junctions

N,ma,
Thae = {)‘(1 0) 5(1 o)+ )‘(0 1) (0 1) ‘ )‘(1 0)> >‘(o 1) € %2}7 (4.57)
implying Z ¢ Zy x Zs, with generators

5(1 0y = (0322 151) € Zy x Zy x Zy x Zy x Zy = Z(Sp(2) x SU(4)” x SU(2)?) , (15%)
58
50001y = (150;2;0;1) € Zy x Zy x Zy x Zy x Z = Z(Sp(2) x SU(4)* x SU(2)?),

where the entry for Zy = Z(Sp(2)) is determined only by the coefficient in front of wy, see
B21).
In a similar way, there are two u(1) generators that formally are the same as in (4.50)).

Since (uj,v1) have no prongs on the sp stack, we get a Z4 factor in Z’, with generator
vie (05131151 | €721) € Zyx Z2 x Z2 x U (1)1 x U(1)s. (4.59)

Moreover, since vo has an order-4 prong that is not on the O7*, physicality conditions do not

change the fact that we obtain another Z4 factor in Z’, now with generator
vo = (1;1;0;0;0 | 1;e™?) € Zy x Z2x Z2 x U (1)1 x U(1)s. (4.60)

To summarize, the global gauge group of this rank (2,10) model is

[(Sp(2) x SU(2)? x SU(4)?) | (Z2 x Z2) ]| x U(1)?
Z4 X Z4 ’

(4.61)
agreeing with the CHL result computed in [34].

4.4.3 A rank (2,2) example

The rank (2,2) moduli branch has six special points with non-Abelian symmetry enhancements

[35]. We have enumerated the 7-brane configurations for all of these, as well as the resulting
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gauge group topologies in Appendix [C.4]
It turns out that there is only one whose non-Abelian gauge group is non-simply-connected.

For illustration, we consider this example in more detail. The brane configuration is
o7'07"'B%C?, (4.62)

where the monodromy of the O7*" is SL(2,Z) conjugated to be ( 7, 18 ) Notice that, since
the extended weights of O7* generate all (4 )-charges, whose parity is invariant under SL(2,Z)
conjugation, we use the canonical basis wgg+’ for the O7*', which have (}) and (9) prongs,
respectively.

The non-Abelian gauge algebra of (4.62)) is suy @ suy, with extended weights

suy  (B?): W(1,-1) = Wp = %(bl +bg),

) ) (4.63)
sup (C): w1y =we=35(c1+ca).
The physical 5-brane null junctions Jé\}[l’;slag (see (4.41)) are then
N _,,07* or* o’ o7’
Oy =Wy ~Wq twyl —wg — 2w, (4.64)
65\1[/27_1/2) = —3w1?7 + wgﬁ - 7pr7 + 5qu7 + 8wy + 2w,
from which we find that the fractional null junctions ij\;,mag is generated by
%(6?{/271/2) + 6?{/27_1/2)) = 65\1]/270) = —wp07 - 3(4)2)07 + 2qu7 + 3(.|Jb + We . (465)
It corresponds to the generator
(3 mod 2,1 mod 2) = (1,1) e Zo x Zy = Z(SU(2) x SU(2)) (4.66)
N,m N,m
of Z = Jfrac ag/Jph}’sag =2s.
Together with the null junctions, the Abelian junction lattice Jilnag is generated by
u; :2V1 :2(—w197+ +w;)7+ +Wb), u9 :2V2 :2(—w]())7+ —w;)7+ +wc). (467)

Clearly, this leads to Z’ = Zy x Z5, with generators

vi~(1;0] -1;1)

vo= (01 ] 1i-1) } €ZyxZyxU(1)1 xU(1)2 = Z(SU(2)B x SU(2)c x U(1)1 x U(1)2).

(4.68)

5This can be viewed as freezing both so01s algebras of the rank (2,18) configuration
(A®BC)(X},,_11BX[3,-1))B*C>.
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The full gauge group is thus

[SU(2) x SU(2)]/Z2 x U(1)?
22 X 22 .

(4.69)

5 9d vacua via affine 7-brane stacks

Recently, it was argued that one can recover any 9d N = 1 string vacuum with gauge rank
(1,17) from F-theory on a suitably degenerated K3 geometry that lies at infinite distance in
the complex structure moduli space [27,28]. As shown in these works, such decompactification
limits have a particularly convenient description in terms of [p, ¢]-7-branes and junctions that
realize affine algebras. In the following, we demonstrate how the methods from the previous
sections naturally apply also to these limiting configurations, and compute the 9d gauge group
topologies for rank (1,17) vacua.

Since the affinization is characterized entirely by the SL(2,Z) monodromy, a natural propo-
sition is that these configurations also describe 9d uplifts when we include O7*-planes. In-
deed, (after resolving an ambiguity by string dualities) this straightforwardly reproduces the
landscape of 9d rank (1,9) vacua [52], including their global gauge group structures. More-
over, applying the same reasoning to configurations with two O7*’s, we consistently find two
branches of 9d rank (1,1) vacua [54], which are only connected through circle-reductions to
8d.

The key ingredient that enters the description for all ranks are 7-brane stacks realizing an
affine Lie algebra ¢, which we will now briefly recall.

As found in [74}75,/70], the e, and ¢, algebras can be enhanced to their affine versions, by

including a specific 7-brane on top:

E.»1 =A"'BC?X[3 ;= A" 'BCBC,
| —
E,
Epns0 =A"Xpp 11C X4
[ —

En

Note that for n > 2, these are equivalent up to 7-brane moves and SL(2,Z) conjugations |75].

It is straightforward to check that, in this SL(2,Z)-frame, they have monodromy

M(B,) = M(En) - ((1] 91”) . (5.2)

The hallmark of these stacks is the existence of a special loop junction §(; gy = § around them

(with no asymptotic charge), satisfying (8,68) = (8, ;) = 0, with «; the root junctions of E,
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or E,,. By a Hanany Witten transition, one finds the equivalent presentation [70]
6E = X[371] -b- C1 —Co = bg + Co — b1 —-C, 5@ = X[471] -2c— X[27_1] . (5.3)

Representation theoretically, § plays the role of the imaginary root required for the affiniza-
tion of e, or ¢,. They generate an infinite dimensional Kac—-Moody algebra with roots
{a+kéd |k eZ}, where v is any root of e, or ¢,. When we seperate the affinizing X-branes in
from the e, or ¢, stacks, these junctions, as strings, give rise to BPS states with masses
proportional to k. In the affine limit, we thus obtain an infinite tower of massless BPS states.
Physically, string junctions of these type give rise to an infinite tower of massless BPS states.

A special extension exists for n = 8. Here, by adding an A-brane from the left to the Eg or
Eg, the monodromy becomes 1 = M(Eg) = M (Eg). This would give rise to two independent
towers of massless BPS states from loops of ({) and () string junctions, which lead to the
double loop enhancement of eg. These special enhancements reflect a decompactification to
10d [27,128]. For discussions of 9d vacua, we will not consider such double loop brane-stacks,
but the necessary constituent branes form one half of the rank (2,18) configuration
that correspond geometrically to the singular fibers of a dPy surface.

Among the various types of infinite distance limits of F-theory compactified on K3 surfaces,
those describing decompactification from 8d to 9d are captured by so-called Kulikov models
of type IIl.a [27,28]. In these geometries, the complex structure moduli have been tuned
such that the K3 degenerates into a collection of intersecting elliptic and/or rational surfaces.
While we refer to those references for details, the relevant fact about these deformations is
that they correspond to brane motions which generate one or two 7-brane stacks carrying an
T, Or ¢y, algebra (with n < 8). The tower of massless states from the imaginary root may then
be identified with the momentum states of a Kaluza—Klein (KK) tower on a circle whose size
becomes infinite at the infinite distance limit. In the case with two affine stacks, the individual
imaginary root junctions turn out to be identical in the global setting, consistent with having

just one KK-tower [28].

5.1 Global structure of 9d vacua of rank 17

As for the classification of 8d vacua, one can also categorize all brane configurations with
such affine stacks. Then, if the non-Abelian brane stacks correspond to the algebra h @ g, or
b@gn@gm (where € = ¢ or ¢) for some finite semi-simple, simply-laced algebra b, the associated
non-Abelian gauge algebra in 9d is h@ &, or h & &, & &, respectively [27,28]. This reproduces,
e.g., all the maximally enhanced non-Abelian algebras (i.e., with rank 17) determined in the
dual heterotic frame [29].

To also analyze the gauge group topologies in this description, we need to examine the full

junction lattice, including the branes away from the affine stack. An important detail here
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is that the overall gauge rank reduces by 2 as we decompactify from 8d to 9d, corresponding
to the re-interpretation of the KK-states (which become massless) and the decoupling of the
winding states (which become infinitely heavy) as we increase the size of the compactification
circle. In the momentum lattice description of the 8d and 9d theories of rank (2,18) and

(1,17), respective, we have
A =AM e U = AR 2 ANY/U, (5.4)

with U the rank 2 hyperbolic lattice that is spanned by the KK and winding states. Since

the momentum lattice is equivalently described by junctions J% = J7% = Abet g N with

phys phys phys?
the KK-tower being generated by the junction §, there must exist another non-null junction

€ that generates this U factor with 4, i.e., satisfying

(6,€)=1, (8,0)=(e,€)=(4,j)=(ej)=0, (5.5)

for j any (co-)weight or (co-)root junction, or a non-null generator of the Abelian junctions
Ja. Such a e-junction always exists, but the details depend on the specific configuration.

Since the junction lattice reproduces the 9d momentum lattice, it must also encode the
global structure of the gauge group. In particular, it allows us to use the intuition in terms of
fractional null junctions to re-derive the results of [29]. Let us demonstrate this for 9d models
with maximally enhanced non-Abelian symmetries, for which there are two classes of 8d brane
configurations [28].

In the first class, the non-Abelian algebra (with the place holder £ = ¢ or ¢) is
08d,00 = SU18—m—n ® En®&, = 0o =S8 mn®Em®Er, MyNE {0,1,3,...,8}, (5.6)

whose brane configurations (together with the U-lattice generators) are

Em E,

m2nz2l: AlS_m_n(Am_lX[n—lo,uX%n—sg]X[n—6,1])(An_lBCQX[?,,l]) , (5.7a)

(6,€) = (551,0), (n- 5)52,0) + Ef%,l) +X[n-6,1] ~ X[3,1]) »

E: ]’:50
—_——
m=1n=0: A"(Xpo-11X% 11 X[6-11) (Xp2-1)CX117) (5.7b)

(6,€) = (5&0)7 —1Twa +X[10,-1] + 2X[4,1] — c),

m#1l Eo

m>n=0; m#1: A18_m(AmX[11,—1]X[s,—1]X[5,—1])(X[2,—1]CX[4,1]) ; (5.7¢)

=

(6,€) = (5?1,0)a ‘5(Pi,o) +X[5,-1] = 2X[2,-1] =€) -

where 8% and £ are loop junction that encircle counterclockwise around the second affine

38



stack. Note that, because the () loop is mutually-local with respect to the A-branes, it is
evident that, by pulling d(; ) across these, one obtains a loop junction around the other affine
stack, showing explicitly that imaginary roots of each affine stack are identical.

The second class has non-Abelian gauge algebras
Osdoo =50340s @&y = 0od = 50342k ®E, 0<k<8,k#2, (5.8)

whose brane configurations (and U-lattice generators) are

D17 Ey
—_—
k=1,3,...,8: (A "Xp 100X kos1) Xk 8,1](Ak‘1BC2XE1) ])XEQ)] (5.92)
1) @)
(6,€) = (5(1 0) 5(1 0) T X3, ~ X, 1])
D7 Bo
—_—
k=0: (ATXp0 ] X(l) )X( 11 (Xp2 -1 CX )Xz (5.9b)

(d,€) = (5(1 07 —25(170) + Xgll] = 3X[2,-1] — 2X[1,1]) 5

again, with the imaginary root junction 530) being the (§)-loop around the affine stack to
the right.

By separating the X-brane responsible for the affinization from each affine stack, we obtain
a genuine 8d configuration. For these configurations, we can apply the same procedure as in
the previous section, and construct the global fractional null junctions that encode to the
cocharacters of the 8d gauge symmetry. Since the affinization mods out by physical
junctions that are orthogonal to the root lattices of the 9d gauge factors, it does not affect the
coefficients of global null junctions in front of the extended weights. Therefore, the fractional
null junctions are the same for the 8d configuration as for its affinized version.

As a concrete example, consider with k& =7, which in 9d gives rise to ggg = §020 @ ¢7.

Separating the singlet brane responsible for the affinization,

(A"X 3 )X [2117) X[ (AGBCQ)X(D X(2) ; (5.10)
Ny [3,1]
14 E?
D,

we find the sogp-stack to have monodromy (7 &) in this SL(2,Z) frame, with extended

weight junctions w! , carrying asymptotic (1 )-charges as follows:

2
wI'J: (3) w;: ($2). (5.11)

The two global null junctions 5(1 0) and 82 || can be then expressed in terms of the extended

(0,1)
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weights wzlnq of s099 and w4 of e7 as

N  _ / (1) (2)
5(170) = —2w,, - X[_1,1] — dwp —wg + X311 T X[30) (5.12)
N 1 2 ’
d0.1) = 2w;, = 2w, + 5X[_1 1] + 17wy + 3wy + XES?” + XE37)1J )
It is easy to see that the fractional null junctions are then multiples of
1 2
%(65\1{70) + 5%71)) = —w, +2X[_1 1] + 6wy, + w, + XEB?l] + XES?H . (5.13)
By ([2.33]), this corresponds to the central element
(0,1;1) € Z5 x Zy = Z(Spin(20) x Er), (5.14)

which leads to the 9d non-Abelian gauge group [Spin(20) x E7]/Z,.

To determine the full gauge group, including the gravi-photon U (1), we must first find the
non-null generator of the Abelian junction lattice that is orthogonal to the U-lattice spanned
by (d,€). In this example, it can be easily determined (by avoiding prongs on the e; stack or

the X3 1] branes),
u=2v=2(w, +w, - X[_11]), (5.15)
which immediately gives Z’ = Z5, with generator
v~ (1,1;0 | €™) e Z(Spin(20) x Er x U(1)). (5.16)

Therefore, the 9d gauge group is

[Spin(20) x E7]/Za x U(1)
Zy ’

(5.17)

By analogous computations, we compute the non-Abelian gauge groups of all models with
maximally enhanced non-Abelian symmetry (summarized in Table , which agree with results

from the heterotic picture [29].

5.2 9d CHL vacua via junctions

Having reproduced the maximal rank branch of the 9d moduli space, we would like to extend
the junction method also to rank-reduced theories. We start by matching the known circle
compactification of the 9d CHL string in terms of junctions in the presence of a single O7*-
plane, focusing again on the cases with maximal non-Abelian gauge rank.

A key assumption here is that the decompactification limit of 8d vacua, even in the presence
of O7*-planes, is characterized by the appearance of singularities in the axio-dilaton profile

that induce SL(2,Z) monodromy of affine type. Though we do not have a proof for this,
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(994, ™1 (Goq)) FNJ (99d, 71 (Goa)) FNJ
98d,00 = SU18—m-n & BT,
(eg @ e @ sz, —) - (e6 @ 5U3 @ sUY ® U9, Z3) d01)/3
(eg ® 7 ® suz, —) - (¢6 @ sUp @ S5U11,—) -
(eg @ e @ 51Uy, —) - (e6 ® st112,Z3) 55\6,1)/3
(eg ® 5010 @ sup, —) - (5010 ® 5010 ® SUs, Z4) 55\1[,1)/4
(eg ® sus @ sug, —) - (5010 ® s5U5 @ SUY, —) -
(eg @ sugz @ sUy @ sU7, —) - (5010 ® sU3 @ SU @ SU10, Z2) (1 1)/2
(eg @ sUg @ sUo, —) - (5010 ® suUp ® sU12, Z4) (1 1)/4
(es ® su10,—) - (5010 ® su13,—)
(e7 @ e7 ® s1y,Z7) 6?{ 1y/2 (su5 @ su5 @ su10,Zs5) 55\1[ 9)/5
(e7 ® eg ® 5Us5,—) - (sus @ suz @ sig ® Suq7, —) -
(e7 ® 5010 ® sU6,Z2) 65\17771)/2 (sus ® sug @ suy3, —) -
(¢7 ® sus @ suy, —) - (sus @ suqq, —) -
(e7 @ su3 @ sUo ® SUg, Zo) (1 (/2 || ((sus @ suz) @ (sus @ su2) ® 5112, Z6) (3 (5.1)/6
(e7 ® su9 ® sU10, Zo) o1 1)/2 ((su3 @ suy) ® suy @ suyg, Zo) (1 1)/2
(e7 ® su1p, —) - ((suz ® suy) ® suy5,7Z3 9, 1)/3
(e6 ® e @ sug,Z3) 6%71)/3 (suz @ suy @ suye,Zy) (17_1)/4
(e ® 5010 @ sU7,—) - (suz @ su17,-) -
(e6 ® sus @ sug, —) - (su1g,7Z3) 9, 1)/3
08d,00 = 50342 DT
(es ® 5018, —) - (sus @ s026, —) -
(e7 ® 5020, 2Z2) 55\1[71)/2 ((suz ® suz) ® s098,7Z2) f\{l)/Q
(¢6 ® 5092, —) - (su2 ® 5032, 2Z2) o, 1)/2
(5010 ® 5024, 7Z2) (1 1)/2 (s034,—) -

Table 1: Non-Abelian gauge group Ggq of all maximally-enhanced 9d rank (1,17) string
vacua, seen as dimensional uplifts of 8d string junction vacua. The generator of w1 (Goq) = Zy
is represented as a fractional null junction (FNJ) 6% /¢ = 5(1)/[ g

(P,9)
we expect the identification of the resulting loop junctions as the only BPS-tower compatible
with decompactification to be valid also with O7*-planes, given that the loop can be thought
of as a (p,q)-string that is only sensitive to the monodromy, but not the details of the 7-
branes. Moreover, as we will see below, the results following this assumption agree with the
momentum lattice description for the 8d and 9d CHL string [69,52].

Analogous to the procedure in previous sections of describing the O7* as freezing a soi¢

2

stack in an “ordinary” rank (2,18) setting, we therefore focus on those brane configurations

in (5.7) and (5.9), whose non-Abelian stack can host a soj6. This is only possible if the
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configuration includes a D,sg or Eg brane stack. While for , there is only one rank
(2,18) configuration, with ggq..o = Sus ®¢g ®¢g, there is an ambiguity for the class (5.9), in
that we can naively embed the O7" inside the ¢g or the so stack. However, inspecting the set
of allowed string and 5-brane junctions reveals a striking difference between the two options.

If we embed the O7" inside the so-stack, the freezing of the so16 subalgebra and the
modified boundary conditions for the junctions do not affect the U lattice. This is made
explicit in , since d and € junctions only have prongs on the affine stack, which remains
unmodified. On the other hand, if we would embed the O7* inside an Eg, then the freezing
procedure restricts the set of allowed string junctions to be orthogonal to the soig roots,
and have even prongs on the orientifold plane. As we will explain in detail in Appendix [B]
the result is that we can no longer consistently define a U-lattice from the allowed junctions.
Instead, the evenness condition can at most accommodate a stretched hyperbolic lattice U(2).

Based on the dual CHL string description, we propose that only the embeddings with a
modified U lattice gives a consistent 9d uplift. Namely, unlike the maximal rank case, the
momentum lattice ASI = (-Eg) @ U @ U(2) of 8d CHL vacua is no longer self-dual, whereas
the corresponding 9d lattice ASHY = (~Eg) @ U is [69]. The additional U(2) in 8d arises
from the winding and KK-states of the CHL string, and must therefore be represented in
terms of the imaginary root junction around the affine stack, and another string junction that
emanates from it. If we embed the O7* inside the Dy7_j stack of instead, we would
have an unstretched U-lattice for winding and KK-states. Moreover, if we would naively
identify the would-be 9d gauge algebra with that of 8d (replacing the affine symmetry with
its non-affine version), this kind of embedding would lead to an sp algebra in 9d, which again
is not compatible with the CHL string. While these arguments provide strong evidence in
favor of the proposal, we leave a rigorous proof for future works, and discuss the resulting
characterization of 9d CHL vacua in terms of string junctions.

Let us start from the 8d rank (2,18) configuration with n = 8, which, if we moved
X[2,1] from E,, across the branch cut of E,_g, becomes with k = 8. Using the brane
moves described in Appendix |[Bl we can turn the Eg into an SL(2,Z)-conjugated Eg stack:

B Dg
Am_m(Am_lX[—2,1]X%o,1]X[2,1]) X?071]X[1,4]X[1,2] X[1,2] - (5.18)
EéEEg

The E,, stack can be conjugated by g = (1) to obtain the standard form from Section [2| In
particular, this means that the standard extended weight junctions now carry asymptotic (%)

charge given as

wim:s g (=), wmi g (D =(F). (5.19)
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The Dyg stack can be conjugated by g’ = (3 ) to the standard representation, g M(Dg)g' ! =

M(A®BC). Introducing the O7, i.e., X?o 1]X[174]X[172] - OT7"" (where we use the prime to

denote the non-standard SL(2,Z)-frame), we obtain

B
AT ATy 11Xy 1 X(2,1) OT X197 - (5.20)
—_———
En NEégﬁg

Compared to the standard presentations discussed in Section [2f (i.e., where the monodromy of
O7*is M(O7") = (¢ 4)), the O7* monodromy in this SL(2,Z) frame is

M(OT) =g ' M(OT*)g' = (1 %), (5.21)
and the standard extended weights "";(a),z have asymptotic (% )-charges
-1 -1
w,ig' (5)=(%), weig (§)=(3), (5.22)

for which the pairing relations (3.4]) hold. We can pull the imaginary root junction 4 = 5(Pi 0)

across the branch-cuts, and obtain the equivalence
0= 2(—w;—w;+x[172]), (523)

which consistently has only even number of prongs on O7"'. Moreover, the pairings are
(wpyX[1,2]) = —(w;)7+,x[172]) = %, and assert, together with (3.4), that (§,6) = 0. The e-
junction from ([5.7a)) cannot be realized as a string junction in the presence of the O7*, because
it requires a net () = () charge to end on O7*'X; o) (see Appendix Bl for details). Instead,
the prongs of any physical string junction on the O7+’X[172] stack must be

2wy, + 20wy + AX[1 9], ApgpA€Z, (5.24)

which necessarily has even g-charge, as well as even pairing with 4. This means that, orthog-
onal to the suig_, ® ¢, weight junctions in , we must have a U(2) lattice, spanned by
string junctions & and €' = =8 + 6wy, + 4x[q 9] — 2X[2,1]-

In the magnetically dual picture, any integer number of 5-brane prongs can end on O7*'.
In particular, 5-brane junctions corresponding to %5 and %e’ are then physical, and would
span a squeezed hyperbolic lattice U (%) This is consistent with the fact that in the 9d uplift

of CHL vacua, the momentum lattice “loses” a U (%) factor [69):
(AT = (-Es)eUeU(3), (AS) =ASi= =2 (-Es)@U. (5.25)

The remaining moduli available in 9d are then the deformations that move the 7-branes out-
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side the O7 +'X[172] stack. The resulting maximal non-Abelian enhancements can be equally
characterized by an 8d configuration of type (5.7a) (with n = 8) or (5.9a)) (with k£ = 8), but
with Eg frozen via the embedding of an O7* described above (as summarized in Table .

The null junctions for ([5.20) are

(5(1 0) = 3(4);"‘ — w;m +X[2,1] ~ 2w;, - 2w¢; + 2X[172] , (5 26)
6(071) = (m = 10)wey + (18 = m)wy™ + 3wg™ — 3X[21] + 4«11'J + 2w; - Z[1,2] 5 .

from which one can straightforwardly determine the non-Abelian gauge group structure for
specific m. It so happens that they are all trivial in the maximally enhanced cases, which

agrees with the CHL-string computations [52].

g%ﬂ 71(Goq) 08d,00 8d brane config.

TR 0 SUqg +¢g 5.7d), n=8
Slg @ Sy 0 sug ®@e; deg | (5.7d), m=1, n=8
S5U7 @ sug @ sug 0 suy ©e3 ey 5.7a), m=3, n=38
Sug @ S 0 sug®eysdeg | (5.74), m=4, n=8
suUs @ 5019 0 sus ®@es deg | (5.74), m=5 n=8
s5uy @ ¢g 0 sl e ey 5.7a), m=6, n=38
su3 @ ey 0 suz@erdeg | (5.7d), m=7, n=8
S5uUg @ eg 0 Sllo ey D ey 5.7a), m=8, n=38

5018 0 5018 Beg 5.9qa)), k=38

Table 2: Maximal non-Abelian enhancements on the 9d rank (1,9) moduli space that has a
dual description in terms of the CHL string, obtained from an affine 8d realization in which
an ¢g is frozen. Note that all cases have trivial non-Abelian gauge group topology 71 (Goq).

5.3 Disconnected moduli branches for 9d rank (1,1) vacua

The description of 9d rank (1,9) theories presented above has a clear interpretation in terms of
“freezing”, i.e., introducing an O7*-plane into the 7-brane system that describes a rank (1,17)
theory. In parallel to the construction of 8d vacua discussed in Section [4] it then is natural to
propose that 9d rank (1,1) theories arise by a further freezing. Moreover, the duality to the
CHL string strongly suggests that, in 9d, the freezing process requires an ¢g affine algebra, in
which the eg root junctions, as well as odd multiples of the winding-state-junction (i.e., €) are
projected out. Therefore, from the maximally-enhanced cases in Table [2], only the second to
last (with brane configuration (5.20)), but not the last entry, can undergo a further freezing.

After repeating the brane motions discussed in Appendix [B] now for the first affine stack
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in (5.20)), the corresponding (doubly) frozen configuration looks like
AA (OT"X(1 ) (O7T"'X[1 9)) (5.27)

where the M (O7%) = (3, %) is the monodromy of the left O7*-plane in this SL(2,Z)-frame.
We obtain an enhanced g = sus non-Abelian symmetry when the two A-branes are moved on
top of each other, which is the maximal enhancement we can have in 9d. In fact, if one could
separate the two X-branes from their corresponding O7* (making the KK modes massive),
and move them next to each other, they would be locally-mutual, thus allowing for another
sty enhancement — this would be nothing but the 8d rank (2,2) example studied in
the previous section, which had an SU(2)?/Z, non-Abelian gauge group. However, since for
the 9d uplift, one of them must be broken, the fractional null junction that generated this Z,
quotient no longer exists for the configuration . Hence, the 9d non-Abelian gauge group
must be SU(2).

It is suggestive that this doubly frozen, rank (1,1) moduli branch corresponds to M-
theory on a Klein-bottle [54]. Namely, starting from the rank (1,17) theories with heterotic
description, which is dual to M-theory on a cylinder, the first freezing led to CHL vacua in 9d,
which are equivalent to M-theory on a Mobius strip, or a cylinder with one cross-cap. Freezing
once more, i.e., adding another cross-cap on the other side, then produces a Klein-bottle.

However, as pointed out in [54], there is a second branch of 9d rank (1,1) moduli space
that is disconnected from M-theory on a Klein-bottle. That is, it cannot be realized as freezing
9d rank (1,9) models. However, since after an S'-reduction, the 8d rank (2,2) moduli space
is connected, there should exist a junction description for this 9d branch, as a suitable infinite
distance limit in which KK-states become light.

In fact, starting from the general 8d configuration with two O7*’s, depicted in Figure
it is not hard to identify such potential limits. Starting from O7+CX[371] O7+CX[3,1], where
both O7’s now have the standard monodromy, we can either push the C-branes from the left

on top of the orientifolds,

(O7+C)X[371] (O7+C)X[3’1], (5.28)
affine affine

which is just a slightly rearranged version of (5.27)), or we can generate a E, = BCCX[3

stack, by moving 7-branes as

O7* CX[3,) 07" CX[3,) — OT COT BCXpy

— 07" 07" X3 1)BCX (3] — O7 07" (BCCX3,)). (5.29)
I [

First, notice that one cannot transition between (5.28) and ([5.29) without separating
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branes making up the affine stack. In other words, these configurations are connected only

via the 8d moduli space. Second, by the brane move CX(3 ] — BC inside the affine stack,

P A—

we find that E; = BCCX3,) ~ (BC)(BC) is the strong-coupling version of two O7 -planes
on top of each other. Therefore, is T-dual to ITA on an interval with O8*’s at each
end, which further dualizes to the 9d Dabholkar—Park background in type IIB [76,,30]. This
is indeed the branch of 9d rank (1,1) moduli space that is disconnected from M-theory on a
Klein-bottle [54].

6 Conclusions and outlook

In this work, we have extended the framework of string junctions on [p, ¢]-7-branes [36-38] to
include O7*-planes. The key difference is the distinction between physical (p, ¢)-strings and
5-branes that can end on the O7*: while the latter can end with arbitrary integer (1 )-charges
on the O7*, only even numbers of integer (p,q)-strings may do so. When applied to the
construction of 8d N =1 gauge theories on stacks including both ordinary [p, ¢]-7-branes and
O7"’s, this modification consistently reproduces the root and coroot lattices of non-simply-
laced sp-algebras, as well as their electric 1-form- and magnetic 5-form center symmetries.
Furthermore, this provides a junction description for all 8d rank (2,10) string compactifica-
tions with a dual CHL-string description [52}/13], including their gauge group topologies that
are succinctly characterized by loop junctions encircling all 7-branes. In addition, using junc-
tions, we find a previously unknown lattice description for 8d string vacua of rank (2,2), that
is analogous to the Narain lattice characterization of 8d and 9d heterotic/CHL vacua. This
establishes junctions as a unifying framework to describe gauge enhancements (including the
global gauge group structure) of all 8d string vacua.

Moreover, in synergy with Swampland ideas [27},28], we have discovered a full classification
of 9d N =1 string vacua, including their global gauge group structures, by 7-brane configura-
tions with affine stacks characterized by loop junctions for their imaginary roots. Again, the
consistent inclusion of O7"-planes in the analysis of potential infinite distance limits on the
8d moduli space turns out to be vital to capture subtleties, such as the two components of
the 9d rank (1,1) moduli space that are connected only through an S!-reduction to 8d [54].

The 9d results motivate a string-independent classification of the 9d A = 1 supergrav-
ity landscape in a similar fashion to 35|, where the 8d landscape was classified based on a
Swampland “translation” of the SL(2,Z) characterization of 7-branes and O7*-planes. While
perhaps unexpected from their direct constructions, our work shows that 9d string compactifi-
cations also admit a completely analogous characterization. Hence, it is suggestive that there
should also be a parallel story for the moduli space of 9d instantons that can be studied by
SL(2,Z) monodromies. In particular, such a bottom-up analysis could provide an explanation

independent of the CHL-string, for why the 9d analog of the freezing mechanism can only be
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performed with an Eg, but not an D,,>g stack.

Another useful insight from the junction perspective is on the stringy origin of center
symmetries in 8d gauge theories with non-simply-laced algebra. Via dualities, it would be
interesting if one can use this insight to generalize the geometric engineering framework for
higher-form symmetries in M- and F-theory [15,/16,34] to include frozen singularities. This may
have promising applications to the study of 6d SCFTs constructed on such singularities [33]
as well as lower dimensional SCFTs, obtained either from dimensionally reducing 6d theories,

or directly engineering them with junction techniques [41,43]45,46].
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A Deriving the evenness condition on O7* via 8d CHL strings

In this appendix, we present a derivation of the evenness condition for string junctions the
O7*-plane in 8d rank (2,10) models. This proof utilizes the known equivalence between the
heterotic Narain lattice and the junction lattice (modulo null junctions) on 24 ordinary
7-branes, and the construction Anfikhailov = ANarain Of the Mikhailov lattice, describing states
of rank (2,10) vacua, as a sublattice [69], also known as “freezing” [52}/77].

Assuming that the freezing mechanism in the IIB / 7-brane picture is a local operation,
Dg = A’BC — OT", we show that the evenness condition discussed in Section |3 is the
necessary and sufficient condition for the string junction lattice on the O7* and the unaffected
7-branes to agree with the Mikhailov lattice.

To this end, first recall that there is a particular so16 root lattice (-Dg) ¢ Anarain along
which one defines an orthogonal projection P [69] (see also [34]). Since P(Dg) = 0, this
5016 is interpreted as projected out from, or “frozen” inside the heterotic model. Then,

AMikhailov € ANarain is the image of P inside ANarain, i€,

[.]] € AMikhailov ~ El[.]] € ANarain : [.]] = P(lj]) € ANarain . (Al)

This is a non-trivial condition on the choice of [j], since not all elements of Anarain map to
integer lattice points under P.

To make contact with the junction description, it is important to remember that any
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elemnt of the Narain lattice corresponds to an equivalence class of physical junctions modulo

null junctions. Therefore, we first identify3 € Jp as a physical string junction in a rank

hys
(2,18) T-brane configuration with a Dg stack. Now, as explained in Section the junction

Jj, prior to freezing, enjoys a decomposition into an integer linear combination,

oo

z; Wi + aPwp’® + afwy e +5" (A.2)
where j7’ has no prongs on Dg. This decomposition is unique only up to the addition of physical

null junctions 8V : however, because such junctions carry no physical charge their prongs

(p.a)’
on the Dg stack must induce no so1g center charges, which, according to , requires even

5016

multiples of w5°16 and wy Hence, any representativej of the equivalence class [j] modulo

null junctions takes the form

8 .
j+oN =Y a'wi + (aP + 2P )Wl + (al + 2n )W + (A.3)
i=1
for some junction j' that has no prongs on the Ds.
As this stack will be replaced with the O7*, the Dg root lattice defining the projection
in the momentum lattice description is identified with the root junction lattice of this stack.

The representative for P([j]) is then
P(j) = (aP + 2nP)wp™e + (a? + 2nT)wy’1 +j, dPnPalnleZ. (A4)

Therefore, the condition P([j]) € ANarain translates into P(J) i.e., its prongs on the Dg

h s
stack must satisfy the physicality conditions. Since, by construé)tlyon, j’ has no prongs on the
Dyg stack, this means that o, a? € 2Z. As we identify the extended weights of s016 with those
of the O7* after freezing (see Section , we conclude that the junction P(j) representing an
element of Ayfikhailoy must have even (1 )-charge.

Finally, it is straightforward to verify the condition for the magnetically dual 5-brane
junctions from the lattice description of the dual Mikhailov lattice, which in terms of the
above projection map is given by Afjgaior = £ (ANarain) [695[13]. Since the projection simply
removes the terms proportional to the so16 weights in from any physical junction jin

the rank (2,18) configuration, it is obvious that one ends up with any integer-valued a?, a?.

B Embedding O7* into Eg

In this appendix, we discuss the junctions resulting from embedding an O7* into an Eg
stack. First describe the embedding soi6 — ¢ in terms of 7-branes. To this end, we use the
equivalence Eg =~ Eg of 7-brane stacks [74,70], where Eg is conjugate to ASBC?, see .
In this presentation, it is straightforward to identify the soig subalgebra as the Dg = A’BC
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part. By the “freezing” procedure, the Eg stack becomes an O7*C stack. Now, due to the
evenness condition discussed in Section [2] only a subset of string junctions that were allowed
to end on Eg prior to freezing are allowed in the presence of the O7*.

One such junction that we will focus on in the following is the e-junction given in .
This junction has a unit (3 )-prong on the X(3,1]-brane that affinizes the stack — however,

this is in the realization Eg! To connect the two descriptions, we repeatedly use brane moves

(2.4) and (2.5), to obtain

Es = ATBC?X[3,) -~ ATBCBC
~ BX[;,;CBC -~ BCA'BC
~ CX[3]A™BC » CA'™X[_,;1BC » CA'BX_; 43C
—~ CA™BCX[y_;] > CA'BX[( ) X[12] > CA'X[(JAX 15 (B.1)
- XEO,I]CX[OJ]AX[M] g Xs[go,1]X[1,2]AX[1,z]

8 (1) (2) _
- X[o,l]X[lA]X[Lz] X[1,2] =Ey.

=Dé

In each step, it is easy to track the changes of the prongs of the e-junction that starts out with
a unit x[3 1)-prong, simply by requiring that the prongs on the two moving branes change in
such a way that the net (4 )-charge remains invariant. For example, after the first step, we

have x[3 1] = bz + 2cy. After the whole process, we end up with

(8)

X[3,1] = ~X[o1] 2X[1 4] + 4x® XEQ) (B.2)

[1,2] 1,2]°

Since the first three summands end on the Dg stack, one can decompose their sum using
the extended weights of so14 and the weight junctions; the important thing to track here is
that the net ()-charge of this part is ( % ). However, after introducing the O77, i.e., replace
Dg - O7 *'which removes the so1g weights, there is an odd ¢-charge emanating via this
junction from the orientifold, which is not allowed for a string junction. Indeed, it is easy
to check that any physical string junction leaving the Egs - O7+'X[1,2] stack must have even
g-charge. Therefore, only even multiples of € are physical string junctions after freezing. On

the other hand, this prong, and therefore also € would be acceptable as a 5-brane junction.

C All 8d supergravity vacua via [p, q]-7-branes

In this appendix, we give the full catalog of maximally-enhanced 7-brane configurations real-
izing 8d string vacua of maximal non-Abelian rank for all three classes of models, i.e. total
rank (2,18), (2,10), and (2,2). We further determine global structure of their non-Abelian

subgroup given by Z and the explicit realization of the fracrtional null junction.
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Before we provide the classification we further describe a procedure that allows to incor-

porate the non-maximally-enhanced cases, with additional u(1) factors.

C.1 Non-maximally-enhanced cases

In principle, the process of obtaining the global gauge group topology for the non-maximally
enhanced cases is equivalent to what was described in the main text: First one obtains the
associated brane configuration, with which one has access to the discrete quotients Z via the
fractional null junctions as in as well as Z’ as in Even though one cannot avoid
repeating the computations of Z and Z’, one fortunately can take a shortcut of finding the
corresponding brane configurations (which is technically the most challenging step) by starting
from the maximally-enhanced setups and suitably splitting the brane stacks.

Here we stress that, given a single non-Abelian brane stack, all of the natural brane split-
tings corresponds to Higgs transition with W-boson vacuum expectation values that decrease
the rank by 1. Adjoint Higgsing that preserves the rank (such as es — s01¢), on the other
hand, are not guaranteed to admit a realization in a specific brane configuration. Even in
brane configurations where such adjoint Higgsings are possible, it would necessarily involve
not only the constituent branes in the stack but also some additional branes (Eg = ATBC?
and Dg = A®BC in the example). For this reason, we focus on the W-boson Higgsing, which

is guaranteed to have a straightforward brane realizations.
e Splitting suy:  suy — swy @ sup_p: AF - AF 4 AR
e Splitting sp;:  sp, — sup @ sp,_: AlOTH - AV + APV OTY
e Splitting s09,,:

— 5§09, = Si,,: A"BC - A" +BC
— 509, — 28Uy ® 5lt,,_o: ATBC ~ A™2N2C? > A" 2+ N? + C?
— 509, — 5Uy @ Slyy_g: ATBC > A™?N?C? » A" 3C X [39) > A3+ C' + X359

— 5097, = $09 ® Sy (A<M’ <m-1): A"BC - A™BC + A
e Splitting ey,:

— ep > sy A"TTBC? 2 A"X[3 1N > A" + X3 _1)+ N (see (2.12) of [75])

— ¢y —> 509,-92: A"1BC? 5> A™'BC+C

— ¢, > Sl ®su, 1 A"IBC? > A"+ B+ C?

— ¢y = Sy BSsU3DSU, 3(~ e3®su, 3): ATIBC?2 > A3+ ABC2~ A3+ CAC? ~
A3+ N2C? > A3+ N2+ C?

— ey — SU5 D SUy_g(2 g D Slly_g): A"IBC2 5> A"+ ASBC2 ~ A" 4 X[LQJCE’ -
At X2, b
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— ¢p = S0710 ®5un_5('1 (43 ®5un_5)2 A" IBC? 5> A"+ A‘BC? ~ A" 4+ CBAX[LQ]
(see (2.11) of [75]).

— ey ey @Sy, (6<n/ <n-1): A"IBC? > A" + AVIBC?

These splittings matches with the “substitution rules” as given in Table 2.2 of [7§].
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C.2 No O7*

We give all possible brane configurations with rank (2,18) realizing maximally-enhanced non-Abelian gauge algebras. Our list reproduces the
mathematical classification of |78 of the ADE-singularities of elliptically-fibered K3 surfaces. This is an expected result, since the junctions
describe the same physics in a type IIB perspective. For each brane configuration, we give not only the non-Abelian fundamental group
71(Gna) = Z but also its particular embedding into the center 71(Gpa) = Z(G) using string junctions, where G is the simply-connected cover

of the no-Abelian gauge algebra G, = énA/Z.

Table 3: All 8d maximally-enhanced rank (2, 18) brane configurations. For each entry, we present the brane configuration, the non-Abelian
gauge algebra gya and Z = m(Gya), generators of its associated fractional null junctions (FNJ), and the embedding 71 (Gna) = Z(Gna)
of the fundamental group into the center of the simply-connected cover Gna of the non-Abelian symmetry. For the last entry, the values
are ordered in alignment with the “brane configuration” column rather than the g column.

7I-1(G1nA) ing Z( nA)

No. g m1(Gna) Brane Config. FNJ
(Order via Brane Config.)
4 0,3,1,2,1,1),
1 Gsuy ZyxZ4 A'BIN'XY, CIX, ) <1 o/t | :
’ ’ (0 1)/4 (37370737372)
ENECE &) 2 52 N
3 25u3 @ 251y © 25U5 - APNPXY, X7 X [191C" - -
oN /2 0,3,1,3,1,0
4 35Uy @ 3sug Zs ><Z6 A6X€ ]NQCGX% ]X[g o] (1 O)/ ( y9y Ly Iy Ly )7
(0 1)/6 (5,2,0,5,1,1)
3, 4,1,2,0,1,0),
5 4sus @ 2sug Zs x Z3 BINPCOASXY, ,XP, §;°>/ ( )
6(0 1)/3 (4,0,4,2,0,2)
6+ 6
6 suy ® 3sug Zg A X[ ]N X[l 3]X[ ]X[371] (3 1)/6 (5, 5,2,2)
2 (0,1,2,3,0,2)
6N\ 24X 6 2 4 (10)/ )ty Ey Iy &),
7 25U9 @ 25Uy D 251 Zo xZs A°N-“C X[271]X[572]X[3’1] 6% 1)/2 (3.0.2.0.1,2)

8 5lly @ 26U3 © 51Uy @ 256 Zs APNOXP , C'XY, X o d(1.1)/6 (1,1,2,2,5,0)




€9

9 25U5 @ 2816 - AXPy X5, o)NXP) 51X [25] - ]
10 25U3 @ S5 B 261g Z3 APXP, NOX o 51 XP) 1 X5 4 (1 (1y/3 (2,0,2,2,1)
11 Sty @ Sl @ Sus @ 251G Z A5X[1’2]CGX[2 1]X[5 Q]X[B,l] (1 0)/2 (0,3,3,0,2)
12 | sus @ suz ® 25114 @ sus @ Slig Z .A?’Nﬁxf1 3] [ ]C4X‘[12 1 d1. 0)/2 (0,3,1,0,2,2)
13 3su7 Z; C'A"B"X[1 9 X251 X[11,13] A (2,6,3)

14 261y ® 25U3 ® 2517 - ATN?C X 11 X0 1 X 7 o - -

15 21y @ 2517 - ATB'N'X[| X231 X[41] - -

16 sU3 @ sus @ 25Uy - ATX[; 9 C° X[3 1]X[10 3]X?471] - -

17 25Uy @ suz © 25U5  SU7 - APNPXT, X7, 5 C°XEy - -

18 Sliy @ siiy @ 25Us @ Sy - A X%27_1]B4N X[l,g]X[%] - -

19 Su3 @ 25Uy ® Sus ® Suy - APN°X[y5) E 2]C4X‘[12’1] - -

20 | sug @ 2sus @ sty D SUs D SU7 - A3X? ]N7X%1 3] X‘[1 ]X? 4] - .

21 25U @ 25Ug D Uy Z A7N206X[ ]X[ ]X[3 1 a7, 0)/2 (0,1,3,1,3)
22 Sliy @ 2514 @ Slig © Sliy Zy A'B’N'X( 01 XP) 51X (28] db.1)/2 (2,1,0,2,3)
23 | suy @ sus @ sus @ Slg D Sily - A Xf4’_1]X%3,_1]N X*["173]X[2,5] - -

24 sy © 5U5 @ Sug @ Sy - (ATX[3_91B”)X[35] C4X?271] - _

25 4suy ® 28y ZyxZ4 ASXE, X5, BPCPXE 2 ‘3; 421 Eg (1) ;L 1 (1] 3
26a 2513 © 2sus - APNPXP, ]CSX[g 21 X[4,1] -
26b 2613 © 25y Z, APBCXY, | X7 51X}5 ag{ 1y/2 (4,0,4,0)
27 Sllp @ 11y @ 25Ug Zs APBIN*C?X[7 51 X[5 1] (5 1y/8 (7,1,5,1)
28 25U © 35114 ® S Zyx 24 A'B'X? _,N®X? . C* So/t | 0.11,2,1,1),

(01)/2 (2,2,1,0,1,2)

29 sUz ® 35Uy ® Sug Z, A3N8X[1,4]X[ ]C4X‘[12 1] 31, 0)/4 (0,2,2,1,1)




¥4

30 25U3 @ sty @ sli5 © Sug - APNX?, X7, 1 CP Xy g -

31 | 25us @ su3 @ siy @ sus ® Sug Z ASX?2 1]B‘*NSX?I 4]X?1 3] (0,1,2,4,0,1)

32 Sy ® 2516 ® SUg Z A8B2X[17_4]X[2’_9]N X411 (4,1,3,0)
8NT2 M6 2 4 (07173717172))

33 3519 @ SsuUy @ sug D Sug Zo x 2o A°N-“C X[ ]X[3 1]X[471] (4’ 0.3,0.1, 0)

34 | sup @ suz @ suy @ sug @ Sug Z AGNQC‘lXé[3 1 X, 3]Xz[)’3 1 (3,1,0,4,0)

35 25Uy @ SU5 @ Slig ® SUg Z ASN2C? X[ X5, ]X[3 1 (3,1,0,4,0)

36 Ssus @ sus @ sug D sug - Al X[27_3] FL 2]N X[l S]X[ -

37 sliy © 2513 @ sUu7 @ Suig - APN2CX [, 1 X103 XY, -

38 25115 @ S114 @ 57 @ SUg Z ASBQX‘[1 ]X?l 5]N7X[471] (4,1,2,1,0)

39 SU3 @ Sly D Sly @ Slig - APNTX [ 5)CPXy, 3]X‘[1 1 _

40 SUo @ Sus ® Su7 ® Slig - APXp, 2]C7X[ 1 X[s, ]X[3 5 -

41 S5Ug @ suy © sug - A7X[37_1]B X[17_2]X[172]X[ 3] -

42a 25115 @ 25119 - (A9B02)(X9 X3, 4]x§7 2) _

42b 25uo @ 2sug Zs A X[3 1]B X[3 4]N X[S 1] (3,0,0,0)

43 Sty ® 35Uz ® SUy D Slig Zs3 A9NQC3X?5 1]X?11 2]X‘E 5 (3,0,2,1,1,0)

44 25l ® 2515 @ Slig - A'X(1y X} N?COXF, -

45 3su3 @ SU5 @ slg Z3 APXP, NX g XP) X (2,0,3,1,1)

46 | sup @ suz @ suy ® sus @ sy - APXE 0 Xy g NXP) 51X (25 -

47 Sty ® 25U3 ® Sug @ Sllg Zs3 A9X[3,_1]B6N3C3X%3 3 (6,4,0,2,0)

48 su3 ® siy @ st @ sty Z3 AXp5 ) BX s gN'XF, o (4,6,0,2)

49 SUg @ sus @ Sug @ Sulg - A? X[G 1] [ ]N X[l S]X[ -

50 25119 @ Sliz @ Sl7 @ Sy - A X[l’z]C7X[372]X?471]Xi[”571] -

51 Sliy ® 5y @ 57 © Sl - ATNIX XY X2 X4 -

[1,3]°M1,2]




qq

52 sli5 @ sty © Silg - A™X[7 91 X(s X, o N"X[ g - -

53 Sliy ® 5U3 @ SUg © Sl - ABPXY, X, N X - -

54a 25110 - A 6 11X (5N X g 61X [1.3] - -

54b 25u10 Zs Ao 01X [2, 211N X 2,91 X1 2] 55\1[,2)/5 (6,2)
55 Slig @ suz ® 25Uy @ Sl Z A4B2X*E’L_ 4]X[L_G]Nlox‘fm 5@0) /2 (0,1,0,5,2)
56 2619 @ 2513 @ 51y D SUq Z, AlONZC‘Q’XZ[”S’l]X?5’1]X‘[1671] 55\1[,1)/2 (5,1,0,0,0,2)
57 Sty @ 2615 @ Sl Zs AXo X7, 1 X2 COXE (1 9)/5 (6,1,4,0)
58 35U9 @ su3 @ sty ® Sl Z Aloxfﬁrl]xfgﬁuNQC‘”’X%&Z] 65\1{,1) /2 (5,1,0,1,0,1)
59 25115 @ 11y @ S5 @ Sllq Z A5X%2’_1]B4N10X%176]X[1’4] 6?1’70)/2 (0,1,2,5,0)
60 251 @ 5U3 @ S © SU1p Zy ANZXE) 1 COX g 51X, d01)/2 (5,0,0,3,0)
61 Sty @ Sl ® Sug @ Sl Z A4B2N6X[4713]XEf,S]X[%] 5%71) /2 (2,1,0,5)
62a sli5 @ Slig © Sit10 - ABX [ 111 Xp, 31 X3 21X - -

62b st5 @ sl @ Sl Z- A6X[27_1]N5X[4713]X%1073]X[275] 5%,1) /2 (3,0,5)
63 351y @ SU7 @ Sl Z, A'X[5 g X[y BC?XF, 31 0)/2 (0,5,1,1,1)
64 5lly @ SU3 @ SUU7 ® 5L - A5 1 INXT5 1 XF 051X r o1 - -

65 Sl @ S5U7 D Sl - ATNYCYX 591X (731X[5.1] - -

66 SU3 @ SUg ® 5140 - APX[ g N Xy 13X () 51X [25) - -

67 Sty @ Sl @ Sl1g - A9X[4’,1]Xf27_1]NlOX[LG]X[Lg] - -

68 sU3 @ 251y @ 51} - APN'X [ 51CM X[y 31Xy - -

69 Slo @ 25U3 @ Sl @ Sl - A11N3X‘[1172]C3X?4’1]X[671] - -

70 25U5 @ sy - AMX [ 1B X3 51X 12,11 X s 1 - -

71 2513 @ Slls @ Sl - A3X[1,_3]Xi[”17_5]N”X?LS]X[%] - -

72 2519 @ SuU3 @ SUus @ Sl - AHX[LQ]C5X%371]X%671]X:[)’771] - -

73 Slly © Sty © Suu5 ® 5111 - A'B’NYX( XY 51 X (25 - -

[




9¢

74

Suo @ suz @ sug @ sy

X2, 1 X3 T ANBOX g 111X [9_3)

[2,1]°7[3,1]
75 51y @ Sitg © Sl - A X6 11X (3 )N'XP) 1 X (23] - -
76 251y ® SU7 @ Sl - AN X[ C7 X[775]X[2’1]X[771] ; _
77 SU3 © 5U7 @ 5Uqq - AN X[ 5 C7X[1077]X[8,5]X?271] - -
78 Sty ® sUg @ Sl - AHX[LQ]CSX%4’3]X[371]X[771] - -
79 Slig @ S1iyq - AN X5 11CX (501X 751X [5.1] - -
80 SUg @ 3513 ® Sl Zs Xif ]A12B3X%L_2]C3X[875] ag{ /3 (2,8,1,0,0)
81 35Uy @ 25U3 @ SU1) Zs APXE X NPCPXE (3 1y/6 (10,1,2,1,1,0)
82 Sllo @ 26Uy @ Sl Z, A12N4X%173]C4X[371]X[771] (1 3)/4 (3,1,0,2)
83a 253 @ Sy @ SU1o Z3 APXo 1 X[e )N'X}) 51X, o (0 /3 (8,0,2,2)
83b 2613 © Sl D Sl1o Zs AN C' X (10,7 X 8.5 X 11 ( A (10,2,2,1)
84a 25Uo @ SU3 @ 51y ® SUqo Z AHXf ]Xf ]BC4X% 1] (1 /2 (6,1,0,0,1)
84b 2519 @ S5U3 @ 51y O Sio Zy A”N‘*X?1 3] [3 7]C X741 (1 3)/4 (3,1,0,1,1)
85 35Uy @ Suus @ Slio Zs AIQNQCE’X?”)]X[M]X[m] a1, 1)/2 (6,1,0,0,1)
86 Sliy ® SU3 S5 @ 5o - APC*X 7 X5 1 X 731X s 1 - -
87a 26119 ® Sl @ Sli1o Z, APNEXE 5 COX 5 11X 7] (1 /2 (6,1,1,0)
87b 2513 @ Sl © SU1o Zs APNOX?) 1 X415 X[2,5)C ( 11)/6 (10,4,1,1)
88 SU3 @ 5UG @ 5t Z3 APNOX (X471 X 5,8 C? 81 1/3 (8,2,0)
89 Sty @ SU7 @ Sli1o - ATX [ NP2C*X (7 51X [51] - -
90 25119 @ 2513 D Sl 3 - A13X%5,_1]X:[”4,_1]NQC3X[4’1] - -
91 Sl @ SU3 @ Siy @ SUq3 - A13X[6 X[ - ]N3X% ]X‘[l:,),l] - -
92 2519 @ Sl @ Sli3 - X5, 1]Al‘{‘)’BCQX[3 1 X012 - -
93 53 @ slis © 51413 - APX[ 01 CXPy 11X 511X 0,1 - -
94 Sly ® 5UG @ 5U13 - AX (91 COXE o X (511X [9.1] - -

[5:3]




LG

95 | su7 @ sup3 - ABBX( 31C X (43X 31] - -

96a Sllo @ 25U3 @ Sl - AMX 5 1 B*CPX g, 5]X?271] - -

96b SUy © 2613 @ Sy Z, AMNPCPXP, X [5.11 X 0.1] o 1)/2 (7,1,0,0)
97 35U9 @ SU3 @ Slij4 Z X[ﬁ’l]Xf“]AMBCQX%SJ] 65\1’ /2 (1,0,7,0,0)
98 261y @ Suuy © ity Z, AMNCIXE X s, ]X[9 1] (1 1)/2 (7,1,0,0)
99 SU3 @ Sl D Slgy - Al BX;, 3]C Xis,5X [2 1 -

100a, Sl @ SU5 © Sl - AMX 1 21C7XF 11X (6,11 X[0.1) - -

100b Sl @ SUt5 © Sty Zy AMX o ) XF o N"X 211X 6] (0.1)/2 (7,1,0)
101 Stlg @ Sliiy - AMX (5 1B X o 51X 211X 5.1 - -

102 2513 @ 115 Z3 APN3C3 X (7 41X 5,21 X [4.1]

103a 251y @ Su3 © S5 - APNACP X (411X (911X [11,2) - -

103b 281y @ sU3 ® 5115 Z3 APN2CPXE, 1 X611 X[0.1] 0.)/3 (10,0,2,0)
104 Sty ® SUy @ Slys - APN2C* X (311X 8,11 X 11,1 - -

105 sl @ Sl - APB X5 31X (311X (6,11X[10,1] - -

106 3sug @ sU16 Z4 APBC*XF, | XE 1 X7 805104 (12,1,0,1)

107a Sliy @ sz ® Sl - AN2C?* Xy 11X 511X 11,1 -

107b Slp @ 5U3 ® Sliig Z, A16BC2X?371]X[5’1]X[9,1] a1, 1)/2 (8,0,0)
108 sy @ Sle Zy AC X 11X (75X 15,31 X [3.1] (1,1)/4 (12,2)
109 25Uy @ SUq7 - A”BCQX%SJ]X[Q%]X[9’2] - -

110 SU3 @ SUy7 - C A X135 11X 10,11 X [5,-11X[1,-1] - -

111a sy © Siuyg - APBC?X (4 11X (311X [11,1] -

111b 5l @ Slig Z3 APX 3 INXF X617 X (9,13 3(0.1) /3 (12,0)

12 | st | A X XX X X - :
113 2515 @ 2501 - A5(C5AX[172])X (X[7 1Xp1Xprs) - -




8¢

114 sy @ 25U @ 501 Z (A"BC)N®X 5 lo]x?173]x‘[1172] (10)/2 (2,3,3,0)
115 25us5 @ sug @ 5010 - A°(CPAX( )X[3 1]X[17,5]X‘E’772] - -

116 | sus @ suy @ sus @ sug @ 5010 Zs (A5BC)N6X ]X[3 10]X‘[ll,g] a0, 0)/2 (2,3,1,2)
117 sliy ® 2617 @ 5010 - (A5BC)N7X 279]X[717 X7 - -

118 2513 @ 511y @ SU7 D §07 - (A5BC)N7X?174]X‘[1277]X:E’173] - -

119 | sus @ sus @ sz @ suy ® 501 - A5(C5AX[1,2])X[7371]X%10’3]Xf772] ; _

120 SU3 @ Sug ® suy @ 5070 - (A5BC)N7X[277]X?Lg]X:[”LQ] ; _

121 slly @ SUg ® 25010 Zy AS(X53 AX (7 9 )(CPAX[ 5 )Xﬁm (3 1)/4 (6,1,1,0)
122 | sup @ su3 @ suy @ sug ® 5019 Z, (A5BC)N8X[1 51Xt X 1) (1 /4 (3,2,3,1,0)
123 2515 @ Slis @ Siig @ 5010 Z (A5BC)N8X%175]X%A]X%l’g] a7, 0)/2 (2,4,1,0,1)
124 sty @ 2501 - AX (5 4 (XP o AX (5,-21) (C°AX[q 97) - -

125 Sliy @ SUs @ Slg ® 50710 - A’(CPAX (12 )X[3 1]X[1374]X?772] ; _

126 Sl1g @ Sllg ® §010 - (A5BC)N6X 9 7]X[113]X[2’5] - -

127 25U3 @ Sli10 @ 5010 - (A5BC)N10X[1 X151 X o1 - -

128 2511y @ Sli3 @ S110 D 501 Z (AIOX[47_1] s _1])(C AX[; o )XQ3 3 a1, 1)/2 (5,1,0,2,0)
129 Sllp @ Sy @ SUpo D 5010 Z (A5BC)N10X2 ]X[ ]X[M] (1,0)/2 (2,5,1,0)
130 Sls @ Sl D $010 - AlOX[5 )X (C AX[1 ) X410 - .

131 SUy @ SU3 @ 511 D 5010 - AHX%3 1] (C AX [y 9)X 41 ; _

132 25U9 D Suq9 @ 5010 Za Al X[57 X (C AX[; 2])X[3 1 (3 1)/4 (9,1,1,0)
133 Ay @ 513 @ 5010 Z, (A5BC)N12X 18X X 5 /2 (2.6,0)
134 sy @ stz ® 5010 - APXy X, (CPAXp 5) Xy - -

135 sy @ 5010 - (AMX (611X (3,-17) (CPAX (1 2)) X [41] - -

136 3501 70 % Z, (ASBC)(N®X(, A)(COAX], 51) (1 0/2: | ((1,1),(1,0),(1,0)),

((0,1), (1,1),(0,1))




69

137

25u4 @ 25019

ZQX22

(A’BC)X{, B (X} BX[3 5)

65\1{70) /2,

((17 1)72’ 2, (17 1))7

2, -2 6%’1)/2 ((071)70727 (071))
138 25u3 @ 25U5 @ 5012 - (AGBC)N5X[1 21 X}5.5C° - -
N
2 1,1),3,0,0,3),
139 251 ® 251G ® 5012 Zyx Zs (A’BC)N°X?, , X7, ,C° <1 o/% | (LD )
' ’ (0 1)/2 ((071)70717173)
oN /2 1,1),3,1,0,2
140 | sus @ 2sus ®sug 5012 | Zo x Zo (ASBC)N®X?, ,X{, ,,C* <1 of% | ((1,1),3,1,0.2),
’ ' (0 1)/2 ((071)a0a17272)
141 Sty @ Sls @ Slg ® 5012 Z (ABC)N°X, 5]X? ]04 30, 1)/2 ((0,1),0,3,2)
142 257 @ 5019 - (A’BO)X[y _g)N'X[| 1 X[23] - -
143 SU3 @ SUs D Sly B 5019 - (ASBC)X? Lis) X[g 7/ B'N? - -
144 Sllp ® 25U3 @ Sug ® 5012 Z (AGBC)NSX*E’I ]Xf ]C3 a7, 1)/2 ((1,0),4,0,1)
145 SU3 @ Sl © Sug ® 5012 Z; (A’BC)N®*X 4]X[1 2]c 55{ 0)/2 ((1,1),4,0,2)
146 1y @ SU5 © SUug ® 5012 Z; (ABC)X(;_3N® X[1 3]X[ 5 a7, 1)/2 ((1,0),4,0,1)
147 S5U5 @ sUg @ 5012 - AX [1,2] c’ (X[3 1]X[13 4] [7,2 ]) [5,1] - -
148 SUy @ SU3 @ Sl D 5012 Zs (A6BC)N10Xf177]X[ 61X[1.2] 65\1’ 0)/2 ((1,1),5,1,0)
149 Sl @ Sl © 5012 Z (AﬁBC)X[L_g]Nlox[m]x[l,g] a7, 1)/2 ((1,0),5,0)
150 susg @ suy; @ 5019 - (AGBC)NHXUJ]XUA]CS
151 SUo D SuU1o D 5019 Zs (AGBC)X[LQ]ClQX[574]X%372] 55\1[ 0)/2 ((1, 1),6,0)
152 Su13 @ 5019 - (AGBC)X[L_g]X[L_mN13X[172] -
153 su3 @ slig ® 5010 © 5012 Z, ASXPy (XD, 1 AX[5 ) (C°AX[ 97) (1 1y/2 (3,0,(0,1),2)
154 Sy @ 5010 D 5012 Z; (C°AX[9))A®X 5 _1)(B°AX[5 o)) 3, 1)/2 (2,4,(1,1))
155 2613 © 25014 - (ABO) (X, 11 X3, 2)A)X]; B’ - -
156 SUz ® 35Uy ® 5014 Z, (A7BC)B4X[L_2]X‘[1L_3]N4 55\1’72) /4 (1,1,0,3,1)
157 Sly @ 5Ug @ 25U5 © 5074 - (ATBC)B*N°X?, . X? - -

[1,3]°71,2]
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158 SU3 @ 5Uy O Sy ® 5014 - (A7BC)B3N7X§L5]X[1,3J - -
159 Sty ® SU5 ® SUy @ 5014 - ATX(; 5C° (X[3 1]X[BA]X[ZQ])X%M - -
160 Sllg @ sU7 ® 5014 - (A7BC)B7X L_QJXE 21X [23] - _
161 2511y @ 5U3 © SUg 5014 Zy APN?C* (X, 11X 13,41 X[7,2) X7y 1 (1 01y/2 (4,1,0,2,1)
162 Sy @ S1iy ® SUg D 5014 Z4 (A7BC)B4X%17_2]N8X[L2] a0, 2)/4 (1,1,0,2)
163 26Uy @ U1 5014 Z, (ABC)XY; 1 X 71X (5 11X s 1] 30) (2,0,5,1)
164 Su3 @ suqg @ s014 - (A7BC)B3X[17_3]N10X[172] - -
165 SUg @ suUp1 D S04 - A'X [3,-1 N(X[S I]X[1374]X[772])X?471] - -
166 SuU19 ® 5014 Z4 (A7BC)X 1,2] [5 6]012X[3 2] (1 2)/4 (]., 9)
167 Sty @ Slg @ 5010 D 5014 Z (C°AX[; 9 )A6X (B AX(3 o)) a7, 1)/2 (2,3,1,2)
168 Sl ® 5019 @ 5014 Z; (AGBC)(N7AX 1,-2] )X 21 X[2.3) 5% /2 ((0,1),2,3)
2, 1,0),(1,1),1,1),
169 251y @ 25016 Zy x Zy (A®BC)(X}, ,BX[31))B*C <0 o/ ((1,0),(1,1), 1,1)
(1 1)/2 ((071)7(071)7070)
170 25113 @ 25114 5016 Zs (ASBC)B3N4X[1 2](33 (0 1)/2 ((1,0),0,2,2,0)
171 2sug ® 5016 Zy (ASBC)BGX[L,Q]C X[g,Q] (1 0)/2 ((1, 1), 3, 3)
oN /2, 1,0),2,1,0,1
172 | 2sus @ sus D sug ®5016 | Za x Zo (A®BC)BX}, ,N°C? <0 v/ ((1,0),2,1,0,1),
’ (1 1)/2 ((071)a0a17370)
173 Sty @ SUi5 © Sl ® 5016 Z, (A®BC)B°X[, 5 N°C? 30, 1)/2 ((1,0),3,0,1)
174 2513 @ sy @ 5016 - (ASBC)B3N3C7X[372] - -
175 Slp @ Sl @ SUg @ 5016 Z (A®BC)B*X[; _5N°C? gl)/z ((0,1),0,4,0)
176 SuUo @ suqg @ S01¢ Zo (ASBC)X ClOX[ ]}(%3 1] (1 0)/2 ((1,1),5,1)
177 25010 ® 5016 Z, (A®BC)(Xp, 11X (1,11 X[3,1])(N°CB) | §({,,/2 ((1,0),2,2)
2 1,0),(1,1),2,0),
178 | sur ®suy @502 5016 | ZaxZo (A®BC)(X}, 11X [1,-17X[3-1]) BN (01>/ ((1,0),(1,1),2,0)

511/

((0,1),(1,0),0,1)
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179 25015 - (ABC)B(CYAX[; 9))X[32) - -
180 Sl @ 25U3 @ SUs D 5013 - (AQBC)X51 2] :[3 ]Xﬁ,’ 5](33 - -
181 Sllp @ 51y @ Sl D 5015 Zy (A9BC)N6X[1 51 [2 91 X[1.2] (1.0)/2 (2,3,2,1)
182 Slis @ Slug © 5018 - (A9BC)C(X[371] [17,5]X£["7’2]) - -
183 Sliy @ U3 @ SUU7 © 5013 - (A’BC)CX], 1X?, 3]Xf7 2] - -
184 25l ® 5Ug 5018 Z, (A’BO)N®X | X7, ;,C? 0 0)/2 (2,4,1,1)
185 Slly @ Slg B 5018 - (A"BC)CXY; 11X 13 41X7; 59 - -
186 s5u1p @ 5018 - (AQBC)C(X[?) 1] [19,6]X[10,3]) - -
187 SUs @ 5010 D 5013 - (A9BC)(Xf27_1]BX 3 -1)N°X[; o1 - _
2’ 170 725071)07
188 25115 @ 2514 @ 5099 Zy x Zy (AYBC)N'X{, , X, C? <1 an/ ((1,0) )
' ' (0 1)/2 ((071)a0127071)
189 25115 @ 5090 - (AlOBC)X[Q 3] C X[5 1]X[1673] - -
190 Sliy ® Sl S5 © 5020 Zy (A"BO)N'X?) 1 C°X 3 (1 /2 ((1,0),2,1,0)
2’ 170 73707070 ’
191 35ty @ slig ® 502 Zy x Zs (A'"BC)NOX?, X7 ,,C” g; .0/ ((1.0) )
, , oN /2 ((0,1),0,1,1,1)
(o 1)
192 s114 @ SUg ® §020 Z; (AlOBC)BX[3’5]C4X?271] a1, 1)/2 ((1,0),0,3)
193 5U3 @ suy @ 5020 - (AlOBC)(X[374]C7X:[32’1])X[5,1] - -
194 Sug @ S§090 - (AIOBC)X 4, 1]X[1’_2]N9X[173] - -
195 slly @ 5U3 © 5010 @ 5090 Z; (A10BC)(X[2 1]BX[3’_1])N3C2 (O 1)/2 ((0,1),2,0,1)
196 SU3 @ 5012 ® 5090 Z (AlOBC)(X ,. 11BX (3-11)B*C (1 1)/2 ((1,0),(1,0),0)
197 Sly @ 5014 @ 5090 Z; (AlOBC)X[3 1]N(X[2 1 X X)) 30, 1)/2 ((0,1),1,2)
198 25113 @ 51y S 5099 - (AHBC)(N“C?’X?’2 1) X[5.1] - -
199 Sug @ sug @ sus @ s092 - (AHBC)X 2,3 C5X?5 1] [6 1] - -
200 SU3 @ Sug D S029 - (AHBC)CX 9,2] [5 1] % 1] - -




201

SuUo @ Ssu7 @ $099

(A"BC)C(Xpy1 9 X )X

c9

13,2]
202 2511y @ 2513 @ 5094 Zy (AlQB(j)NBC?Xf5 HXfﬁ 3 ((1,0),0,1,1,0)
203 Slly @ 5U3 © Sl @ 5004 Z, (AlQBC)NQC‘lX[ 11X (4] ((1,0),0,2,0)
204 25U ® S5 S 5024 Z (A”BC)X[_4, CZX[2 I]Xﬁ; 2] ((1,0),1,0,1)
205 suy ® D5 @ 5004 Z; (AmBC)(X o XX 1] PDNZXpo 1) ((1,0),2,0)
206 5012 ® 5094 Z (A12BC)(X fo 11 X1, ] (3,-11)NX[4 1] ((1,0),(1,1))
207 Slig @ SUs @ 5096 - (A13BC)C(X 11,91 X [6 1])X[8 1 _
208 slig @ 5096 - (APBC)BX 55 COX 3 1] -
209 5010 © 5096 - (APBC)(N"AX[ _91)X (2,15 X[1,6] -
210 2su3 @ 5028 - (AMBC)X o) N*C*X3 1 -
211 25Uy @ 5U3 @ 5098 Z (AMBC)X[_y41)C? X[2 1]X[4 3 ((0,1),1,0,0)
212 Slly @ Sl @ 5098 Z (A14BC)X[,471]X[271]X[471]X%972] ((0,1),0,1)
213 Sli5 ® 5093 - (AMBC)CX 991X 75 11 X[s.1] -
214 Sllo @ SU3 @ 5030 - (A15BC)CX%&”X%&”X[QJ] -
215 25115 5032 Z (ABC)X [y 11X, ]Xf ]Xf 1] ((1,0),0,0)
216 sU3 @ 5032 Zs (ABC)X[4 NX[2 11 X[4.1] ((1,0),0)
217 Sty @ 5034 - (A"BC)X[5 11X [2,-1)C* X3 1] -
218 5036 - (A®BC)CX [y 11X (511X [11,1] -
219 3ep Z3 (A5BC2)(A5BC2)(X52’1]X[572]A2) (1,1,1)
220 254 @ 2¢6 - AYABC)X (g 1 (X5 11X 13,41 X7 07) _
221 Sllo @ Sl ® 25Us D e - A Xf ]Xf B4(A5BCQ) -
222 sly @ sUg © 2¢6 Z3 (A"X(y X7, 1])A6(A5BC2)X[3 1 (1,4,1,0)
223 sliz ® 256 @ e Zs3 AGX:[)’37_1]XF27_1] (3,-2](A°BC?) (4,0,2,1)
224 25113 @ 5114 @ SUg D eg Z3 Aﬁxf&_l]xfz_l]B3(A5Bc2) (4,0,1,2,1)




€9

225 sty @ sus @ Sug D eg A%X [ 5)C° X (X X[, 4]X%772]) _
226 su7 ® 2e6 AT(APX 5y B2)(A5BC2)X [41] -
227 | sup @ su3 @ suy @ suy ® eg X[4 1]A7X?2 1](AE’BC )X[3 3 _
228 2519 @ S5 @ Siy D eg A7X‘E’ 1]ng’_l]BQ(A5BCQ) -
229 SU3 @ Sus ® SU7 ® e A’ X[2 X 1B?(A°BC?) -
230 sliy @ Sl @ 5U7 ® ¢6 (A5BC?)A6X[2 B X[, 9 -
231 Sllp ® 5U5 © 5Ug @ ¢ (A°X[p )X [4,1])A X 1’2]C5X%371] _
232 slig © Siig ® ¢ (ABC?)APX (5 _11BX [y o -
233 25U3 ® Sllg D 6 (ABC*)AX[3 ) B°N? (1,6,2,0)
234 2511y @ 5U3 ® Slg D ¢6 (APX[9; X[4 1])A9N203X[ 5 (1,6,0,2,0)
235 Slp @ 51y @ Sllg D eg A'BC? X (X 1 X[, 4]XW] ) _
236 sli5 ® Sllg ® ¢6 A%X (5, 2]B5(A5BC2)X[471] -
237 Sliy ® SUiz @ S0 D e AX?, \BY(A’BC?)Xy -
238 Sl @ Sl D g A0 X[g’_l]NX[&l](X?371]X[1374]X%772]) _
239 25U @ SU11 D e AYXE X, 5 (A’BCHXY | -
240 sU3 @ 5111 ® e (A°BC?*) A" X6 _11X[o_1)N? -
241a Sllp © 5Up9 © eg A?X (5 _11B*(A°BC?) X[y 1] -
241b Sllp @ 112 @ eg APX (5 11 X[3-0)(A BC2)X[3 1 (8,1,0)
242 sti13 @ eg ABX (5 11X (2,1 (A’BC?) X[y 1 -
243 sy @ Suu5 @ 5010  ¢6 AP(C°AX )X[3 11 (X511 X 13,4 X 7 o7) -
244 Sty @ 5U7 © 5010 © ¢6 (A°X[p )X )A7(C AX 1’2])Xf371] -
245 sUg ® 5010 ® ¢6 NSC(X 2. 1] BX[37_1])(N5CB2) -
246 5012 ® 2¢6 (A5BCQ)(C6AX[L2])(Xfmx[mA?) -
247 Sl @ U5 @ 5012 D ¢ A’B?(NCAX(; _5))(A°NX? -

2.17)
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248 Sy @ 5010 @ ¢g - (A5Nxf 1])A7B(C6AX[172]) - -

249 SUy ® SUus ® 5014 @ ¢6 - (APNX?, 1) A’N?(CTAX | 91) - _

250 5010 ® 5014 ® ¢g - (ABC?)(A'BC)(N°AX[_q 9)) - -

251 SUs @ 5016 @ ¢6 - (ABC?)(A®BC)N°X | 3 - -

252 Sty @ 5U3 © 5018 D ¢g - (ASBC?)(ABC)B2N? - -

253 5y @ 5018 @ ¢ - (A"BC)CX{, 11(XPs 11X [13.41XF7 57) - _

254 Slo @ 5092 ® eg - (A’BC?)(AMBC)X [y _1)N? - -

255 5094 ® ¢ - (APBC*)(A°CXY, 11)X[61] - R

256 25u3 @ 2e7 - A3(A6Bc2)x (X 1 Xps, 4]Xfm]) - -

257 SUy ® S1y ® 27 Z; A4(A6X[37_1 B2)(A6BCQ)X[371] a0, 1)/2 (2,1,1,0)
258 sty @ 2e7 - A°(ASX (5 _11N?)(APBC?) X[y 1 -

259 Sty ® 251y ® suUs @ e7 Z (AGBCQ)A‘*BE’X%L_Q]N4 a0, 1)/2 (1,2,0,1,2)
260 25u3 @ Uiy ® U5 @ ¢7 - A°X{, | B°N?(A°BC?) - -

261 25114 @ SUg ® e7 Z; A'B*X[; 3 N°(ASBC?) (1 1)/2 (2,0,3,1)
262 | suo @ sus @ suy © Sug ® ey Z; X‘[1 AGBQ(AGBCZ)XEJ] (1 1)/2 (2,3,1,0)
263 25Uy @ U5 ® SUg @ e7 Zy (A°BC?*)A°X?, |\B°N? o312 (1,3,1,0,1)
264 Sli3 @ sus @ Sug ® ey - A5X:E’ ]B X[1,-2)(A'BC?) - -

265 Sliy @ 25U3 @ suy @ ey - A7N2(33X?3 3 (X[3 I]X[1374]X%772]) ; _

266 SU3 @ Sl D SU7 D o7 - A'B7X[y _3N?(ASBC?) - -

267 5l @ S5 @ U7 © e7 - (AX [y 1 N2)A5X t. 1B X[, 2 - -

268 Slig ® su7 @ ey - (ASX [y 1 IN?)ATX (5 11 BOX [y o - -

269 25u3 @ slig @ e7 - (A6BC2)X:[)’3, f’ ]ASX[Q 1) - -

270 251y @ U3 © SUg @ €7 Zy AXP (X7 (ASBC?)XE, | (1 1y/2 (4,0,1,1,0)
271 sl @ 5y @ Slig © e7 Z, (A°BC*)A®BX7, ,/C’ d(11)/2 (1,4,1,0)
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272 sU5 ® sug © 7 - A®X [y _)N°(A’BC?) X[y - -

273 Sliy @ sliz @ Slg @ ey - A'B?N?(ASBC?)X 4 ] - -

274 s1y @ Slg @ ey - (ASBC?)A*X[; 91 X[ 9C? - -

275 2519 @ SU10 © e7 - A"X[5 _1B*(A°BC*)XF, | - -
276a su3 @ s @ ey - AX s NXPy (X5 1 X s, 4]Xfm]) - -
276b su3 ® siqg @ e7 Z, (A6BC2)A10X[57_1]BC o312 (1,5,0)
277 Sty ® Sliy; ® e7 - A X[y ]N?(APBC?) X[y 1 - -

278 Siyo @ 7 - A2X(, 1/ B(ASBC?)X (4 1 -

279 508 @ 2¢7 Z; (ASBC?)(ASBC?)(ABC) o 1)/2 (1,1,(1,0))
280 suU3 @ 5U5 © 5010 @ e7 - AP(CPAX[ )X (X 1 Xs, 4]Xf7 2) -

281 iy @ Slg @ 5010 D 7 Z AS(B°AX[3 - )(A6BC2)X[3 1 o, 1)/2 (3,2,1,0)
282 su7 @ 5010 @ e7 - AT(N°AX[; _5))(ASBC?) X4 1 -

283 sU3 @ 5y © 5010 @ e7 Z; A'B?(NSAX[; _5))(ABC?) (1 1)/2 (2,0,(0,1),1)
284 Slg © 5012 ® e7 Z (ABC?)ASB(C°AX| 5)) (1 1)/2 (1,3,(1,1))
285 5010 ® 5012 ® e7 Z; (A’BC?)(ASBC)(C°AX[ 9)) (1 01y/2 (1,(1,0),2)
286 iy @ 5y © 5014 @ e7 Z; (ASBC?)A'N?(C"AX[; 9)) a1, 1)/2 (1,2,1,2)
287 SU5 ® 5014 @ e7 - (AX [y _1]N?)(ATBC)B°X[; 9 - -

288 Sl @ SUz @ 5016 @ e7 Z; (ASBC?)(A®BC)N2C3 (1.1)/2 (1,(0,1),1,0)
289 slig ® 5013 @ ¢7 - (A"BC)CXY, 1(XPy 11X 13.41XF7 57) - -

290 Slly @ 5090 @ 7 Z; (AlOBC)B(AﬁBC2)X%371] (1)/2 ((1,0),1,0)
291 5009 ® ¢7 - (AHBC)C(AﬁNX?m)X[m - _

292 sU3 @ 5y © e @ e7 - A3(A6BCQ)X‘[1371] (X‘E’371]X[13’4]X%772]) - _

293 Sllp @ S @ e ® o7 - A5(A5X[3’_1]B2)(A6BCQ)X%371] - _

294 slig ® e @ ¢7 - AP(APX [y _1)N?)(APBC?)X 41 - -
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295 5010 @ ¢g ® 7 (AGBCQ)(X 1AX 32 )(X[3 5 X(7.2]A?)
296 25Uy @ 2eg A2(A7BCQ)X 11 (X511 X 18,4 X7 o7)
297 su3 @ 23 A3(A7BCQ)(A7BC2)X[4,1]

298 25U3 @ 2514 @ g (ATBC*)A'N’X/, ,,C°

299 25115 @ 2515 @ eg (ATBC?)A°B2N°C?

300 | sup @ su3 @ suy @ Sus @ eg (ATBC?*)A°X}, |;B'N?

301 2516 ® eg (ATBC?)ABC®X; 5

302 SU3 @ Sily O Sl @ g A'B’N°X[; 5)(ATBC?)

303 Slp @ Sls @ Sug @ eg A®X [ 5)C° X (X 1 X3, 4]Xfm])
304 25U3 ® su7 ® eg (A7BCQ)A7BX1[” 2 C’

305 2519  SU3 © SU7 B e3 APN?CXF, (X5 1 X130 XF7 o7)
306 Sl @ Sily O sUy @ eg (A7BC2)A4NZC7X[372]

307 Sl @ 5U7 © eg ATN?X (1 5)(ATBC?)X 4 ]

308 Sly © SU3 ® SUg ® eg ASN?C3(A"BC?) X[y 1

309 25U @ ity © ey A'BC?*X?, | (X[5 1 X134 XF; 1)
310 SU3 @ Slg ® eg (A7BC2)A3X[172]C X[3,2]

311 Sly @ Sluqo ® ey AlOBCQ(A7BCQ)X[4’1]

312 sup; @ eg AMX 53 )N(ATBC?) X[y 1

313 25010 @ eg (A"X[3_1)B?)(A’BC)(N°AX(; )
314 Sty @ SUus @ 5010 © eg A5(C5AX[1’2])X%3,1](X[73’1]X[13,4]X?7,2])
315 Sl @ 5010 @ g A%(C°AX[; ) (ATBC?)X 4 1]
316 2513 ® 5012 @ g APN?(CPAX 2)(ATBC?)

317 S5 @ 5010 @ eg (ATBC?)(A’BC)C X3 9]

318 Slly @ 5U3 © 5014 D eg (A7BCQ)X? ]X:[” ](A7CX[3’1])
319 Sl ® 5018 @ g (A9BC)CX (X 10X, 4]Xfm])
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320 5090 @ eg (AYBC)C(A"BC*)X |41

321 Slly @ 5y © e ® eg A2(A7BCQ)X‘[13’1] (X?371]X[1374]X%772])
322 Sl5 ® eg D eg (ATBC?)(A’BC*)XY, 11 X521
323 505 ® ¢6 @ eg (A"X[51]N?)(A’BC?)(A*NX[5 1)
324 5l @ 5liz  e7 © ey A?(ATBC*)XP, 1 (XP5 1 X 13,41 X 7 07)
325 1y ® e7 ® eg (A"BC?)(A’BC?)C'X39)




39

C.3 Omne O7+

We proceed in this part to give the full list to brane configurations with a single O7" realizing maximally-enhanced 8d vacua of rank (2,10).
This list precisely matches our previous results in 8d CHL strings in Appendix B of [34]. For each such brane configuration, in addition to
giving all the information as provided in the previous table, we also refer to its particular “uplift” to rank (2,18), namely the rank (2,18)

configuration that one gets by unfreezing the A”O7" stack into a A"**BC stack.

Table 4: All 8d maximally-enhanced rank (2,10) brane configurations, in similar convention as the above rank (2,18) catalog.

# | #rk 20 79 (9) 71(Gna) Brane Config. FNJ 71(Gnp) = Z(@nA)
1| 320 eg @ 5Py /(5020) 0 (A207")C(A'BC?*)X[4 ) - -

2 | 319 es @ 5p;/(s5018) @ su2 0 (AO7*)CX (X (511X, 4]X%7 2) - -

3| 291 e7 @ 5p3/(5092) 0 (A3O7+)C(A6NX2 1)X[5.1] - -

4 | 290 ¢7 @ 5py/(5020) @ sUp Z; (A207+)B(A6B02)X 1] o .1)/2 (1,1,0)
5| 289 e7 @ 5p1/(s018) @ su3 0 (AO7+)CX (X 11 X3, 4]xf7’2] ) - _

6 | 288 (5016®)e7 @ SU3 B SUio Z; (AGBC2)O7+NQC3 O3 .12 (1,1,0)
7 | 255 eg @ 5P,/ (5024) 0 (A4O7+)(A5CXf371])X[6’1] - -

8 | 254 ¢6 ® 5p3/(5092) @ sU2 0 (ABC?)(A*O7")X [ _1)N? - -

9 | 253 ¢6 @ 5pq/(s018) @ s114 0 (AO7+)CX (X 1 X3, 4]X%7’2]) - _

10 | 252 ¢6 @ 5p,/(5018) @ sU3 S SU9 0 (A5BCQ)(AO7+)B2N3 - -

11| 251 (5016®)ep ® su5 0 (A’BC?)O7"N°X |y 31 - -

12 | 218 sp10/(5036) 0 (A07")CXpy 11X (5,11 X 11,1] - -

13| 217 spg/(5034) ® sUp 0 (A?O7") X5 11 X[2,-1]C*X 31 - -

14 | 216 spg/(5032) ® su3 Z (ABOT") X[y 1) NX [y, 1]x[ﬁ 3 30, 1)/2 (1,0)
15| 215 spg/(5032) @ 25u9 Zy (APOT") X[y 1) X, ]X[4 1]X[6 1] (071)/2 (1,0,0)
16 | 214 spr/(8030) ® sUU3 @ SU9 0 (A7O7*)CX Xf 11 X[0.1] - -

17| 213 spg/(5028) ® su5 0 (ASO7")CX[g o X[m]x[&” - -
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18 | 212 5pg/(5028) © S14 @ SUy Zy (APOT)X 4 1 Xp X}, 11X g d01)/2 (1,0,1)

19 210 5]36/(5028) ® 2su3 0 (A607+)X[2 1]N3CSX[3 1] - -

20 | 211 spg/(5028) ® sU3 @ 2519 Zy (ASO7")X[ 4 11C*XF, X7, 55\5,1)/2 (1,1,0,0)

21| 209 sp5/(5026) ® 5010 0 (APBC)(NPAX[y _97) X 2,151 X[1,6] - -

22 | 208 sp5/(5026) @ sug 0 (APOT7")BX[53CX 3 1] - -

23 | 207 sp5/(5026) ® S5 @ SU2 0 (A*O7")C(X11,9 X5 )X[S 1 -

24 | 206 sp4/(5004) ® 5010 Z, (A*O7")(XP, X, 11X s 1)NX[a1) | 9(1)/2 (1,(1,1))

25 | 205 sp,/(5024) ® 5010 ® SU2 Zy (A4O7+)(X[2 XX )N X 5{5 1y/2 (1,2,0)

26 | 204 5py/(5024) @ sU5 B 2617 Zy (A'OT")X (4 11C* X}, 11 XF; o Ob.1)/2 (1,1,0,1)

27 | 203 | spy/(5024) @ SU4 D SU3 © SU Zy (A4o7+)N2c4Xf ]X[4 1] 5% /2 (1,0,2,0)

28 | 202 5py/(5024) @ 253 ® 2517 Zy (A407+)N302X?5 1 X6 db.1)/2 ((1,0,1,1,0)

29 | 201 sp3/(5022) @ s17 @ 5L 0 (APO7")C(X[1 91X 671 )X21372] - _

30 | 200 sp3/(5022) @ sl @ SU3 (APO7")CX {9 91X (5 11X 511 - -

31| 199 sp3/(5022) @ s1i5 @ 5U3  SUUy 0 (APO7")X[3 C5X[ ]X:[)’ 1 - -

32| 198 sp3/(s5022) @ sy @ 25u3 (A307+)(N4C3X3 X511 - -

33| 197 sPy/(8020) ® 5014 © SU2 Zy (A207+)X[ N(X[2 1 XX ss)) (O 1)/2 (1,1,2)

34 | 196 5Py /(5020) ® 5012 ® SU3 Zy (A207+)(X62 X X(3-17)B*C (1 1)/2 (1,(1,0),0)

35| 195 | spy/(5020) @ 5010 ® SU3 B Stlo Zy (A207+)(X[2 X, _HX[&_H)NSC? 30, 1)/2 (1,2,0,1)

36 194 5p2/(5020) @ sug 0 (A207+)X 4,-1 X[l Q]NQX[l 3] - -

37 193 5p2/(5020) ® suy @ sug 0 (A2O7+)(X 3,4] C7X )X 5,1] - -

38 | 192 spy/(5020) @ sUG D SUY Zs (A207")BX[35 C X[Z,l] (1 1)/2 (1,0,3)

/2, (1,3,0,0,0)

39 | 191 5Py /(5020) @ 16 ® 35U ZyxZ A207THNOX2 X2 . C? % P
Pa/(5020) @ sig 2 27 o2 ( IN'X{1 51X 1g) 800,112 (1,0,1,1,1)

40 189 5p2/(5020) D 25Ll5 0 (A2O7+)X_[2 3]C X[5 1] [16,3] - -




0.

41 | 190 | spy/(s090) @ sus5 @ SUg © SUz Zy (A2O7+)N4X%172]C5X[3,1] (1 /2 (1,0,2,1)
/2, (1,2,0,1,0)
42 | 188 5P,/ (5090) © 2514 ® 251 ZyxZ A’OT")N'X{, X3, ,,C? % T
P2/ (5020) @ 2514 ® 25U 2% Z3 ( INTX[ 51X 2,5 ANE (1,0,2,0,1)
43 179 ﬁpl/(ﬁolg) @D 5018 0 (AO7+)B(CQAX[1,2])X[372] - -
44 | 187 spy/(s5018) ® 5010 @ 5U5 0 (AOT") (X}, 11BX[3 11)NX[; o - .
45 186 Spl/(ﬁolg) @51110 0 (AO7+)C(X10 [19,6]X[10,3]) - -
46 | 185 sp1/(s018) @ Slg @ SU2 0 (AO7+)CX[3 1 [1374]X%772] - -
47 | 184 sp,/(s018) ® sug @ 25Uy Zy (AO7")N®X 4]X%2 5]02 (1.0)/2 (0,4,1,1)
48 | 183 | spy/(s018) ® su7 ® sugz @ sus 0 (AO7+)CXF3 S [10 3] [72] - R
49 | 182 sp1/(5018) ® sup ® su5 (AOT")C(XY, [17’5]Xf’772]) - -
50 | 181 | spy/(s018) ® sug @ sug ® Sy Zy (AO7+)N6X[1 5] ?2 9] X[1,9] (10)/2 (0,3,2,1)
51| 180 | spy/(s018) ® sus @ 2s5u3 ® suy 0 (AO7+)X[1 2] [5 o] [ ]Cg - -
/2, ((1,1),1,1)
52 | 169 5016®)5016 ® 251 ZyxZ O7" (X8, Xy _11X[5_11)B2C? (01> ECRG
(50168)5016 2 2 X £2 ( [2,-1]°2[1,-1]42 (3, 1) (1 1)/2 ((0,1),0,0)
/2, ((1,1),2,0)
53| 178 5016@)5012 ® Sliy @ U ZyxZ o7 (X8, X _11X[3_17)B*N? (01> RO
(5016®)5012 ® SUg D SU> 2% 42 (XX -1 Xp3-11) (1 01y/2 ((1,0),0,1)
54 | 177 (5016®)25010 Zy o7 (X2 XX )(N5CB) d0, 1)/2 (2,2)
55 176 (50160 )sU10 @ SU2 Zy or7* X[, 2]C X[g 2] X [3 1] (Sé\lf 0)/2 (5,1)
56 | 175 (5016®)s1g @ sU3 @ SUy Zs O7'B*X[; _3N®C? a0, 1)/2 (0,4,0)
57 | 174 (5016®)su7 ® 25u3 0 O7'B’N’CTX3 o - -
58 | 171 (5016®)2sU6 Z, O7'BOX [y _91CX[3 9] (1 0)/2 (3,3)
59 | 173 (5016®)5UG ® SU5 @ Slo Zy O7'BX[, 5 N°C? agg 1y/2 (3,0,1)
2 2,1,0,1),
60 | 172 (5016@)s16 © sl & 25Us Zy%xZy O7'B'X?, ,N°C? (0 0/ ( :
’ (1 1)/2 (07 17370)




12

61 170

(501669)25114 @ 2su3 Zo

3
O7'B°N'X{, ,,C

6%71)/2

(07 27 27 O)

C.4 Two OT7+’s

Finally, we give all six vacua in the rank (2,2) branch via brane configurations, this time no longer restricting to maximally-enhanced cases.

This is the first time that the global structure of such string vacua without a heterotic or CHL description has been computed.

# | #Frk12 | Frko (9, 2)(2,18) Brane Config. FNJ | m1(Gna) = Z(Gna)
1 - - (25016, 2Z2) O7'BO7"X[;_;1BC - -

2 - - (25016, -) O7'BCOT[}, 1710171AX[1,2] - -

3 - - (25016 ® su2, Z3) O7*BO7'BC? - -

4| 52 | 169 || (25016 ® 2su2,Zy x Zo) 0707}, _1111.07B*C? d(1.1)/2 (1,1)

5 - - (5018 ® 5016, —) AOT'B(C 073[171]7[0’1]])X[3’2] - ;

6 | 43 179 (25018, —) (A OT")B(C 07}y 1 10.17) X[3.2] - -

Table 5: All 6 vacua of 8d rank (2,2) with two O7"-planes, not limited to maximally-enhanced vacua. We give their rank (2, 18) and rank (2, 10)
uplift for the two maximally-enhanced vacua. Here the two O7" could be mutually non-locally, and in this case the subscript [[p,q], [, s]]

+

with ps — gr = 1) stands for the SL(2,Z) transformation that ones need to transform a standard O7* into a O7 .
[[p.q],[r,s]]
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