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We use the Hamiltonian formulation of kinetic theory to perform a stability analysis of non-thermal fixed
points in a non-Abelian plasma. We construct a perturbative expansion of the Fokker-Planck collision kernel
in an adiabatic approximation and show that the (next-to-)leading order solutions reproduce the known non-
thermal fixed point scaling exponents. Working at next-to-leading order, we derive the stability equations for
scaling exponents and find the relaxation rate to the non-thermal fixed point. This approach provides the basis
for an understanding of the prescaling phenomena observed in QCD kinetic theory and non-relativistic Bose gas

systems.

I. INTRODUCTION

Dynamics of isolated quantum many-body systems
quenched far from equilibrium has been an object of inten-
sive study during recent years. Examples range from the dy-
namics of quark-gluon matter created in heavy-ion collisions
[1, 2] to quenches in ultracold atomic systems [3, 4]. Starting
from a far-from-equilibrium initial condition, these systems
may exhibit a transient regime of self-similar evolution asso-
ciated to a non-thermal fixed point [5, 6]. As a result of such
self-similarity, the nonequilibrium dynamics is fully encoded
in a set of universal scaling exponents and functions. Over
the last decade, the existence of non-thermal fixed points has
been confirmed both experimentally [7-9] and in numerical
studies [10-13]. On the theoretical side, progress has been
made in predicting and explaining the observed scaling expo-
nents using various techniques such as 1/N-resummed kinetic
theory [14, 15], low-energy effective description [16], and the
functional renormalization group [17].

However, much less is known about how a general system
evolves to such a self-similar regime. In [12] and [18], it was
proposed that already before achieving fully developed scal-
ing the system may exhibit a dramatic reduction in complexity
such that its dynamics can be described by a few slowly evolv-
ing quantities. In particular, numerically solving the leading-
order QCD kinetic theory [19] it was observed that much be-
fore the scaling with universal exponents is established, the
evolution is already governed by the fixed-point scaling func-
tion with time-dependent scaling exponents [18]. In this work,
we are going to consider a toy model of an expanding Yang-
Mills plasma and derive approximate equations that govern
the dynamics of its scaling exponents. In particular, we derive
the stability equations for scaling exponents, which can be in-
terpreted as relaxation equations to non-thermal fixed point
and demonstrate for the first time that the non-thermal fixed
point is stable under small perturbations.

II. PRELIMINARY THEORY
A. Prescaling

We begin our discussion with a quick overview of the con-
cept of (pre)scaling, in particular in the context of heavy-ion
collisions. At sufficiently high energies, where the gauge cou-
pling is small due to asymptotic freedom [20, 21], the time
evolution of gluons (g) and quarks (q) is described by dis-
tribution functions f, , (7, pr, p;). Since the system is longi-
tudinally expanding, the distributions depend on transverse
(pr) and longitudinal momenta (p,), and on proper time (1)
[22, 23]. In the scaling regime, the original gluon distribution
obeys

sclaing

f@pr.p) =" 1 fs (PPpr. T ps), (1

with dimensionless 7 — 7/7yf and pr, — pr./Q; in terms of
some (arbitrary) time 7.¢ and characteristic momentum scale
Q;. The exponents a, B, and y are universal, and the non-
thermal fixed-point distribution fs is universal up to normal-
izations [24], which has been established numerically using
classical-statistical lattice simulations [1]. The exponents are
expected to be apmss = —2/3, Bemss = 0, and ypmss = 1/3
according to the first stage of the “bottom-up” thermaliza-
tion scenario [2] based on number-conserving and small-angle
scatterings, or agp = —3/4, Bep = 0, ¥gp = 1/4 in a variant
of bottom-up including the effects of plasma instabilities [25].

Similarly, during prescaling the gluon distribution satisfies
PO T s (P Opr 7). @)
with non-universal time-dependent exponents a(7), 8(7), and
(7). One can therefore regard prescaling as a partial fixed
point at which the scaling function fs has already reached its
fixed-point form, whereas the scaling exponents «, 3, and y
still deviate from their asymptotic values.

f(T7 pT’ pZ)

B. Hamiltonian formulation of Kinetic theory

In order to derive equations governing the prescaling dy-
namics, we are going to employ the Hamiltonian formulation



of kinetic theory [26-28], the key points of which we will
briefly summarize in this section. We start off with the gen-
eral Boltzmann equation of a boost-invariant (in z-direction)
and transversally homogeneous system [29]:

o, - P4
T

.| f (T, po pr) = =CLf]1 (7, P2, PT) - 3
Here, f is a distribution density, C[f] is a collision integral,
7 is the longitudinal proper time, and p, and pr are longitu-
dinal and traversal momenta, respectively. For the following
discussion of prescaling, it will prove convenient to recast our
problem into an (infinite) set of ordinary differential equations
for moments of the occupation number f,

dp 5 o
OE f o )dpi (T, P2 1) - (4)

Although for a general collision integral the expression

dd
f(z I))dpz pTC[f] (T Pz pT) (5)

does not have a simple form in terms of the moments n,_,, in
this work, we are going to consider the kernel that is linear

in f,

Clfl= —qV f, (6)
and thus allows to reformulate the problem in the form
Orog tnm = =Homip ot » @)
with
Homwm = 20+ D)6 S — 74[2020 — 1)8 -1 1 O

+ m2611,n’61n—2,m’] . (8)

Here, summation over repeated indices is implied and the
momentum diffusion parameter § is parametrically given by
[30, 31]

o 2A2 dp
4(t) ~ a;N; (2n)df (T, pz, pr) €))

for SU(N,) gauge theories in the limit of high occupancies.
The Fokker-Planck-type collision integral (6) often serves as
a toy model in the context of the bottom-up thermalization
scenario. In the highly anisotropic limit one may, furthermore,
neglect the transversal part, i.e., take C[f] = —51(927, so that the
“Hamiltonian” reduces to )

(}—{n,n;n’,m’ = [(271 + 1)6}1,/1’ - 612”(2” - 1)611—1,n’] 6m,m’ (10)

and acquires a block diagonal structure. Here, for further con-
venience we have also introduced g = 74.
Adopting Dirac notation we may write

ayl)=-Hl), y=logt/t, (11

with

nn,m = <I’l, m|'r//> s 7-(n,m;n’m’ = < s /> s (12)

where the inner product is given by 2 (Zso X Zsp) and
{ln,m) = |n) ® [m)} span the respective natural basis,

S o =
S o=
oS = O
SO =

0,0)=|o|®|0]|, 11,O)=}o|®|0], --- (13)

Equation (11) with the Hamiltonian (10) will be the subject of
discussion in the remaining text.

C. Adiabatic approximation

One notes that A depends on y only through the parameter
q(y), which immediately suggests applying the well-known
adiabatic approximation from quantum mechanics. In con-
trast to quantum mechanics (of closed systems), however, the
operator H is not necessarily (anti-) Hermitian and hence the
method requires some modifications. A particularly conve-
nient generalization to the case of non-Hermitian yet diago-
nalizable Hamiltonians, which we summarize in App. A, was
developed in [32]. The key idea is to, instead, consider

) = U (g™ (M), (14)

with U being a transformation that diagonalizes H at a given
instance y,

U(q) ' H(q)U(g) = diag (11(q), 22(q),...) = Ha(g).  (15)

The equation for |y) is given by

Oy lxy = —H. x), (16)
where
H,=H,+U"'9,U (17)

Splitting the last term into its diagonal and off-diagonal parts,

Ay(g) = Ha(q) + diagonal part of [U(q)'0,U(g)].  (18a)
V(q) = off-diagonal part of |U(g)™'6,U(q)], (18b)

one immediately notices that, as opposed to the diagonal piece
Hy, the off-diagonal term V is non-zero if and only if dyq # 0.
This suggests that one may treat V as a perturbation as long as
q depends on y slowly enough and thereby construct solutions
to (16) in a perturbative manner:

o) = > ). (19)

=0

Here (see App. A),

Dy — 0 _(
[0w) = 2 Clmen|- | dzalg@|in. 20



with |n) and €, = 4, +0,y, being eigenvectors and eigenvalues
of Hy, respectively, and v, being the non-Hermitian general-
ization of the Berry phase,

YY) = f(; dz(nl U (g™ 8.U (q@)Imy.  (21)

The coeficients C,(f) may be computed iteratively:

Cgl)(y) - _ Z L.V dz V,m(2) exp [_ fOZ ds (unm(s)] Cfé—l) ),

(22a)
CO) = C = () = (n|U (q(0))" [4(0)), (22b)
where
Wan(3) = En(q(y)) — Ex(q(y)) (23)
and
Vi) = (nl V(g(3)) Im) (24)

For the Fokker-Planck collision kernel (10), one has to double
the number of indices: |n) — |n,m), cf. (13). Straightforward
computations then yield (see App. B)

2n — !
( )qu S nxk,
Upmi(q) = {\K) 2k — D! (25)
0, otherwise,
with
Ulg™ = U=9), (26)
and
Enm(q) =2n+ 1’ Vnm,kl(Q) = ayqn (2’1 - ])6n,k+16ml' (27)
Knowing U~! one may also express zeroth-order coefficients

C( om0 terms of initial moments of the distribution:

C) = (n.m|U (4(0))"' ()

= > (nm|U @) [k, 1) (k. 1](0))

k1l
n

n\(2n — H!! .
=0 (k)(Zk 1)H( q(TO)) nkm(TO) (28)

III. PRESCALING

Now we are ready to study the time-dependent scaling ex-
ponents (prescaling) in the adiabatic approximation of the
Hamiltonian formalism. To make analytical progress, we will
define a small expansion parameter and will study the scaling
exponents’ behavior at leading and next-to-leading orders.

First, consider the /-th order contribution to the (n, m)-th
moment of the distribution function:

(n,mly" () = Z CO) e @ n,m| U(g) Ik, p)

B Z n\(2n - D!
k) 2k — D!t 1)”
Here, we have used (25) to get the second line. For the per-

turbation (27) the iterative relation (22) takes a very simple
form:

Cin) = Z f dzvkmpr(z)exp[ f dswkm,pr(s)} Cp @)

= —k(2k - 1) f dzd.q@e*C) (). (30)
0

(I) (y) e(n 3k— 1)) An k (29)

Upon repeating the procedure (30) / times one readily obtains

kK (k- D!
(k= D! 2k — 21— D!

Y 21 Z1-1
Xf dzlf dzy ...
0

with C”® = 0 and V(z) = exp(2z) 0,q(z). We now recall that

km

f dzy f Cdo f T L Ve V). . V@)
0 0 0

y 21 20-1
= f dz; f dz ... dz; T {V(z)V(z2) ... V(@)
0 0 0

1 y y
:ﬁf dzlf dZZ---f dz; T {V(21)V(z2) ... V(2)},
©Jo 0 0

(32)

Con) = G2, (1)

dz; V(z)V(z2) ... V(). (3D

where 7 is a time-ordering operator. Since V(z;) are ordinary
numbers, the time-ordering operator drops out and we are left
with

2k — D! [v(‘r)l
2k — 20— D! | A()

where we went back to T = 7 exp(y) (setting also 79 = 1 for
brevity). Here, we have also introduced the functions

2 (96](7' )
Vo = q(r) f

- (T)f dr’ () i )[ alogq(r)] (34)

Con(™) = (-D'C, (’E) (33)

and

A(T) = (35)

4(7)
that will serve as an expansion parameter. Assembling every-
thing together we end up with

(@) = @n = Dttt GO vl
Y Ce)
szz;‘ 1Nk — D)\(n — k)!(2k — 20 — 1)!!

[A@I. (36)



A. Perturbative expansion

To go further, we need to truncate the series (36). To
do so, let us first estimate the large-time behavior of the
quantities entering the expansion (36). Near the fixed point,

A

g ~ 2*~%#-77+ implying the large-time behavior

At > 1) ~ p720 373, 37)

Hence, if 2. —28.—vy.+3 > 0, then we expect A(7) to decay at
large times 7 and therefore may use it as a small parameter, at
least when the scaling exponents are not too far off from their
asymptotic values. Note that this condition holds both for the
bottom-up [2] and for the modified [25] scaling solutions. On
the contrary, for v the same analysis results in

v(T > 1) ~ const. (38)

One may even estimate the asymptotic value as

1 +2a, — 2B, —y*
= . 39
V(T = o) 34 2a, — 2B — V. (39)

We thus conclude that the k-th term in <n,m|zﬁ(”(r)> at large
times scales as

(nmy®@> 1) ~GAT izl (40)
with A(7) playing a role of the small parameter. The leading
order (LO) contribution to <n, m|z//(’)(y)> is then given by the

[-th term in (36),

n—1n

<n, m|lp(])('r)>Lo ~Tq,

the next-to-leading order (NLO) contribution is given by the
(I + 1)-st term,

(n,mly @)

etc. Importantly, this behavior is independent of /, which al-
Iudes to a possible need of resummation of all the terms of the
same kind:

n>l, 41)

~T7VA, n>l+1, (42)

NLO

ooy = Y (@),

1=0
LO & 0(AY)
n—1
+ ; n,m|y (7)) etystem T (43)
NLO & O(A})

see Fig. 1 for visualization and more details.

We are now in a position to derive equations that govern
the prescaling dynamics at next-to-leading order. According
to the above discussion, at this order the (n, m)-th moment of
the distribution takes the form

(n,miy(Ddo = 2n = DT 14(x)" {c“” ( )[ (@)
=0

+C(O)I1A(T)Z( ) v(‘r)]l}. (44)

T T T T T T T

LO (k=1)

al NLO (k=1+1)

FIG. 1. Schematic depiction of the resummation scheme. At any
order [ of perturbation theory the leading-order (blue) and the next-
to-leading-order (red) contributions to (n, m|/) are given by the /-th
and (/ + 1)-st term in the expansion (36), respectively. In both cases
the resulting behavior does not depend on the order /, cf. (41) and
(42), so that one has to take all the orders of perturbation theory into
account.

Recognizing the binomial expansion we readily obtain

A
(L0 = a4 [1 —V(T)]”{l nA() }

"1 —v(1)
(45)

with @, = C{/(2n — D! and b,, = C\)/Cy).

B. Fixed-point equations

Up until this point, we have not assumed any particular
ansatz for the time evolution of moments #,, ,, of the distribu-
tion function. If the prescaling assumption (2) holds, however,
then we can recast the equations for the moments in terms
of time-dependent scaling exponents. Following the original
work [18], in order to reflect instantaneous scaling properties
we redefine exponents in (2) as

T ’
7 5 exp [ [ % a(r’)}, (46)
1 T

which for constant @ reduces to the power law 7. The rate of
change of a particular moment n,_, as well as of the momen-
tum diffusion parameter g is given by a linear combination of
scaling exponents:

0 log Npm (T) _ — -
LT (1) = (m+2)B(1) - Q2n+ 1)y(r), (47a)
OL88) _ 20(r) - 28(0) - 10, e

dlogt



in d = 3 spatial dimensions. This also implies

BV(T) — [1 + ZQ(T) _ ZB(T) — y(T)] [1 — V(T)] - ZV(T) s
dlogTt (48a)
a
OlogA(m) _ =3 - 2a(1) + 2B(7) + (7). (48b)
dlogt

Taking then the log of both sides of (45) and then the deriva-
tive with respect to log T we end up with

a/—(m+2)ﬁ'—(2n+1)7:n—1+n(20z—2,8—y)+n12_vv

A
log(l +bm”—). 49)
1-v

-n(l+2a-28-7vy)+

0
dlogt

Since the NLO approximation is O(A), we have to expand the
log term on the right-hand side to first order in A to be consis-
tent. After some simple algebra, one then eventually arrives
at

v b, A
1-v (1-v)?

a—2ﬁ—y+1—m,8—2n[y+ }zO. (50)
First, we observe that in order for this equation to hold for any
n and m (as it should during prescaling) one has to impose

a(t)-28(t)—y(1)+1=0. (G29)]

One immediately recognizes in (51) the scaling relation that
follows from conservation of the total particle number [24].
This reflects the particle-number-conserving nature of the
elastic collision kernel. It is then suggestive to also demand
that the term containing m and the term containing n should
individually vanish identically, too. This would result in an-
other constraint

B() =0, (52)

which together with (51) indicates energy conservation [24].
The remaining equation then reads

% b, A

+
4 1-v

For this condition to hold b,, has to be m-independent. Since

(0)
_ im _ 1 _
by =~ = 1 - g(x)
Om

nlm(TO) i ( 5 4)
1om(T0)
see (28), the latter holds as long as ny,,(7¢)/no. (7o) does not
depend on m. An important class of distributions for which
this condition is always satisfied is given by separable distri-
butions, i'e" f(TO’ pr, pZ) = fl (TO’ PT) fZ(TO’ pz)

We have already derived the equation (48a) governing the
dynamics of v during prescaling. To obtain a similar equation
for the remaining scaling exponent y, we first take one more
logarithmic derivative of both sides of (53):

y+MLwY_M%A+2v

y+v/(1-v) dlogt ’ (55)

1-v

1.0
0.5
v 0.0

-0.5

-1.0

FIG. 2. The flow diagram of (57). The sole fixed point (1/3,—-1/2)
corresponds to the “bottom-up” scaling [2].

where O = Oog 0. Finally, using (48a) and (48b) and impos-
ing the constraints (51) and (52) one ends up with the system
of differential equations:

k=8B(kK), (56)
where we have introduced x = (y,v) and

v2+2v—1—(l—v)2y2+4(1—v)y
(1-v)?
By(k)=y—-1—-(y+Dv.

B«/(KJ) ==

. (37a)
(57b)

The above equations resemble flow equations describing a
running of couplings in the context of renormalization group
flow. The flow diagram of (57) is depicted in Fig. 2.

Scaling is achieved when the flow reaches a fixed point

scaling

B(k,) = 0. (58)

Using (57) one recognizes the standard bottom-up scaling ex-
ponents,

@, =-2/3, B.=0,

Y. =1/3, (59)
together with
v, =—1/2, (60)

cf. (39), as a stable fixed point of the flow equations (56).
Indeed, using the standard notation 6k = Kk — K. one has

. bottrin—up -2 0 2
o (3/2 _4/3)5n+0(5ki). (61)
The corresponding characteristic =~ polynomial reads

(A +2) (A +4/3) resulting in two (simple) eigenvalues

Ay =-2, Ay =-4/3, (62)



with the respective eigenvectors

hy = (=4/9, D7, hy=(0,1)7. (63)

The general solution near the fixed point is therefore given by
Sk = K17Vhy + K>t%h,, (64)

or explicitly,

oy(T) = —gKlT_z, (65a)

Sv(t) = Kit 2 + Kpr 3. (65b)

IV. CONCLUSIONS

In this work we studied the self-similar evolution phenom-
ena in Fokker-Planck type kinetic theory. Using the Hamil-
tonian formalism of kinetic theory and adiabatic approxima-
tion, we were able to derive the flow equations of the time-
dependent scaling exponents. The fixed point of scaling expo-
nents for the Fokker-Planck kinetic theory coincides with the
scaling exponents characterizing the early stage of the bottom-
up thermalization scenario [2].

Working at next-to-leading order in the small expansion pa-
rameter, we found the relaxation rate for scaling exponents to

the fixed point and demonstrated its stability. This analysis
lays ground for the study of scaling phenomena in more com-
plex systems, such as full QCD kinetic theory.

* k%

We note that an analysis of time-dependent scaling expo-
nents in Fokker-Planck kinetic theory was performed indepen-
dently by Jasmine Brewer, Bruno Scheihing-Hitschfeld and Yi
Yin and made public simultaneously to the present manuscript
[33].
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APPENDIX

Appendix A: Non-Hermitian adiabatic expansion

In this appendix, we show how one can systematically solve
equations of the kind

3y W ()) = —H(gO)) W), (A1)

where H is diagonalizable but not necessarily
(anti-)Hermitian. Following [32], we first want to find a
transformation U that diagonalizes H at each instance y,

U(g) ' H(q)U(g) = diag (11(q), 22(q),...) = Ha(g). (A2)

For example, in the standard basis {|k)} this transformation
reads

U(q)=2|v/c(q)><kl, H(g) V(@) = 4(@) vi(g)) . (A3)
k

Let |i) be a solution to the equation (A1). Define the “equiv-
alent solution”,

) = U@~ O, (A4)
that satisfies
Oy () = —He(gy) X)) , (AS5)
with
H(q) = Ha(q) + U(q)™'0,U(q). (A6)

We now split the second term into diagonal and off-diagonal
parts and introduce

Ho(q) = Ha(q) + diagonal part of [U(g)'0,U(g)] (A7)

and
V(q) = off-diagonal part of [U(q)™'0,U(q)|. (A8)

so that
H.(q) = Ho(q) + V(q). (A9)

One can already guess that the diagonal part Hy(g) governs
adiabatic element of the evolution, whereas the off-diagonal
piece V(g) gives rise to non-adiabatic transitions between the
quasi-energy levels. Furthermore, since V(g) vanishes when
there is no time-dependence we anticipate that one can treat
V(q) as a perturbation when ¢(y) depends on y slowly enough.
We will therefore look for solutions in the form

[oe]

o)) = > o).

=0

(A10)

Here,
3 ) 0®) = ~Aoqu) o). (Alla)
3y ) = =HogoN ") - V@ V), (Alb)
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for [ > 1. The zeroth order solution is given by

W) = exp [— fo dz I:IO(CI(Z))} (0)), (A12)

with [y(0)) = U(g(0))~" [¢(0)). It is convenient to work in the
basis of eigenvectors Hy, which we can choose to be

1 0
1

=10} (Al3)

0
10> ={o|-

The corresponding eigenvalues read €, = 4, + dyy,, with
5
Ya(y) = f dz (n| U(q(2))"'0.U(q(2)) In). (A14)
0
Expanding the [-th order solution in this basis as

) = > Chmexp [— fo ydm(q(z))} ) (A5)

and substituting it into (A11) we obtain, for [ > 1,

D 0,CP0) exp [— f 4 em(q@)] )
o 0
"y
= >0 enly) exp [— fo dz em<q<z>>] jm)
,
== > C0() enlq(y) exp [— fo dz em(q<z)>] )

- > UGy exp [— fo dzem(q(z»] Vg imy, (A16)

where we have used Hy [m) = €, |m). First, we notice that
the last term on the left-hand side cancels the first term on the
right-hand side. Multiplying both sides by (n| and using the
orthogonality condition {n|m) = ¢,,, we then readily obtain

y
6yC£,1)(y) =- Z V() exp [— f ds (Unm(s)] Cc-D(y),
m 0

(A17)

with
wWam(Y) = €n(q(y)) — €(q(y)) (A18)

and
Vam(y) = (n| V(q()) Im) . (A19)

We thus conclude

"y 4
SHOEESY fo dz Vyun(2) exp [— fo dswnm(s)} ().

(A20)
As a final remark, we note that tedious, yet straightforward
computations show that there is also no ambiguity regarding
the choice of the instantaneous eigenfunctions [vx(g)). In other

words, |w(’>> are invariant under reparameterizations

W) = eV ()

at each order of perturbation theory.

(A21)

Appendix B: Computation of U, Ay, and V
1. Solving eigenproblem

To find a transformation U that diagonalizes the matrix
(10), one shall solve the corresponding eigenproblem.

H(g) |[via) = A [vir) - (B1)

Here, the subscript enumerates eigenvalues and eigenvectors.
Since A has a block diagonal structure, it obviously suffices
to study only one block as generalization to the full case is
straightforward. In Dirac notation,

D (nlA@I) (' i) = A ¢l (B2)

n

with
(n| H(q)

Since H — Al is bidiagonal and determinant of a bidiagonal
matrix is equal to product of its diagonal elements, the char-
acteristic equation simply reads

ﬂ(2k+1—1)=0, (B4)

n=0

ny=Q2n+ 1)6pw—q2n2n—16,1,0. (B3)

from which we easily deduce
A =2k + 1. (BS)

Plugging this into (B2) yields the recursion relation

(n—1lv)y = vy, n=1. (B6)

n—k
gn(2n —1)
One can verify that (n < klv;) = 0. It is then suggestive to
set (k|vx) = 1 and compute the remaining components of each
eigenvector ascending with

n(2n—1)

(nlvi) = ¢q (n—=1wy), n>k. B7)
n—k
Hence,
TP n\ Cn-D!"
= —_— 2 —_ 1 = -— 5 k
(nlve) H =D (k) TR
(B8)
Here, we have used
Y p _ k+D-Gk+2)-...on n! _(n)
p>kp—k 1-2-...-(n—-k) k!\(n —k)! k
(B9)
and
! [-Cp=1  @2n-D
[Ter-v=—=2 SOt DR s10)
ook Hp:1(2P -1 k-]
with the standard convention (—1)!! = 1. We therefore con-
clude
(n) @n-DI . S
AN <11 B nz m,
Unn(q) = {\m) @m =111 (B11)
0, otherwise.



2. Finding U(g)™'

For brevity, we are going to temporarily denote the entries
of U(g) and U (q)’1 by a,, and b, respectively. Let us prove
that

U@ =U(-q) & bun = (1)""aun. (B12)
We are going to do so by induction. First, we note that since
U(q) is lower triangular, U(q)~" is also lower triangular. The
diagonal elements of a product are then just a product of di-
agonal elements, which implies 1 = a,,b,, = b,,. The second
row yields, on top of that, one non-trivial condition:

0 = aioboo + aribio = ajo + bjg = bip = —ajp. (B13)

Now that we have already showed the base case, it is only
left to show that if by, = (—1)"*a, for k < m, then b,,, =
-D)""a,,. In general, the m-th row results in m — 1 non-
trivial conditions of the form

m

Z Amibim-1 =0, 1=1,...,m,
k=m-1

(B14)

from which it follows

m—1

bim—1 = — Z Amibn—1 = — Z (=D agmi, (B15)
k=m—1 k=m~I

where we have used that, by assumption, by, = (-1"*ay, for
k < m. Now we plug in the expression for a,,, to get

m—1 ' Xl
biym—i = — 1 fe=ml " .
. k,znl( : ki(m — k)t (m — D!k —m + 1)
Cm-DN  Ck=D" ok em
Qk-D! 2m-21- 1!
rel=m+l ; (2m— 1! m! (=1)y+!

Tam—2a-tnm-n Za-nn

K (2n- DI k- D!

It remains to show that the last sum is equal to (—1)"//!. In-
deed,

( 1)r+1 1 -1 , / B (_1)1
Z (-n'r! T Z_(;(_l) A T (B17)
where we have used the identity
: n n—1
Z(—l)’(r)=<—1)k( L ) (B18)
r=0
Plugging this into (B16) we finally get
m\ (@m-1N |
= ———(—¢q) = (U(- Bl
buun-i (,)(Zm_y_l)”< 0 = U@y, (B9

which closes the proof. R
3. Computing H, and V

Finally, let us compute Hy and V. To that end, we first take
the derivative of U(g) using (B11):

(2n - D! ot
- _ n-m-1g i ’
ayUnm(q) = (m) 2m -1 (n—mq yq n>m
0, otherwise.
(B20)

Since d,U(q) is again lower triangular and in addition its
diagonal elements are all zero and U(g)™' is lower triangu-
lar, too, the product of two, U(q)’layU (g), will be lower
triangular with zero diagonal elements as well. Hence,
[U(q)_layU(q)]nm = 0 for n < m. To get the remaining en-
tries, we simply multiply the two matrices:

lv@a,u@)],, =

k=m+1

= dq(-ar n s DS

Qm + D!

=hqm+ 1) o

where we have used the identity

Sir-( o

9a Z k'(n k)'m'(k m)! 2k — DI 2m - DI

6n,m+l = 5y61n (2n -

(k _ m) (_l)n—k qn—m—l

n - D

m—1 [N k n—m— U
en-1!, Z( 1 l( )(m+1) 9yq (=q)" ™" (m +1)m6}1,m+1

1)(Sn,m+la (B21)

(B22)
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