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We consider an extension of the Standard Model that accounts for the muon g — 2 tension and
neutrino masses and study in detail dark matter phenomenology. The model under consideration
includes a WIMP and a FIMP scalar dark matter candidates and thus gives rise to two-component
dark matter scenarios. We discuss different regimes and mechanisms of production, including the
novel freeze-in semi-production, and show that the WIMP and FIMP together compose the observed
relic density today. The presence of the extra scalar fields allows phase transitions of the first order.
We examine the evolution of the vacuum state and discuss stochastic gravitational wave signals
associated with the first-order phase transition. We show that the gravitational wave signals may
be probed by future gravitational wave experiments which may serve as a complementary detection
signal.

I. INTRODUCTION

The Standard Model (SM) of particle physics proved to be very precise in describing the nature of the physical
world. However, some of its problems were highlighted and studied in the past decades, including the neutrino
masses, the existence of dark matter (DM), and the muon g — 2 tension. In the SM, neutrinos are massless. How-
ever, the evidence of neutrino oscillations indicates otherwise [I], 2]. The mass splitting from neutrino oscillation
experiments is constrained to be |[Am3,| = 7.42J_r8j§é % 107% eV? between the first and the second mass eigenstates,
while it is Am3, = 2.51715020 x 1072 eV? for the second and the third [3]. Moreover, from cosmological data, we
also have a bound on the sum of their masses ), m,, < 0.3eV [4.

The recent data coming from Fermilab [5] increased the tension between the SM theoretical prediction for the
muon anomalous magnetic moment, the g — 2 factor, and the experimental data. At the moment there is a 4.2¢0
discrepancy,

Ady = a7 — S = (251 +0.50) x 107, M

suggesting the presence of new physics at a scale of hundreds of GeV.

Finally, the SM fails to accommodate one or more particles that may play the role of the DM. Ever since the
proposal by Zwicky for a dark, collision-less, and matter-like component of the energy budget of the universe
[6, [7], evidences from different sources for a cold, particle-like DM have cumulated [SHI0]. The most promising
and studied solution to this problem is the Weekly Interacting Massive Particle (WIMP) [IIHI4]. The WIMP
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DM is, however, strongly constrained by experimental data [I5H20]. Thus, more attention has been drawn to
alternative DM production mechanisms. For example, the freeze-in mechanism has gained increasing interest
[2IH35]. The abundance of a WIMP DM is produced through the freeze-out mechanism, which is a thermal
process, and it is generally inversely proportional to the thermal cross section. Instead, the DM produced via the
freeze-in mechanism, called Feebly Interacting Massive Particle (FIMP), is out of equilibrium with respect to the
thermal bath of the SM particles. A small coupling between the visible sector and the DM is predicted, making
this candidate more difficult to detect and to constrain with direct detection experiments.! Nonetheless, both
freeze-out and freeze-in production mechanisms are physically viable and not mutually exclusive. It is thus worth
exploring the possibility of multi-component DM scenarios, where both the WIMP and FIMP DM contribute
to the current relic density Qpyh? = 0.120 £ 0.001 observed by the Planck experiment [9]. Recent studies on
multi-component DM scenarios include Refs. [42H72].

In this paper, we consider an extension of the SM and explain the aforementioned three problems of the SM
in a single unified framework. A novel set-up is proposed where we introduce three massive right-handed (RH)
neutrinos Ng that, through the standard type-1 seesaw mechanism [73] [74], provide a mass to the SM neutrinos.
The SM is then also extended with two SM-singlet scalar fields ¢; and ¢ that play the role of the WIMP-like
DM and FIMP-like DM, respectively. Finally, we introduce an extra U(1)r, 1, gauge symmetry with a related
gauge boson Z,, which receives its mass from a second Higgs field ¢5. The presence of a new massive gauge
boson, with the vacuum expectation value (VEV) of ¢y around hundreds of GeV can solve the g — 2 tension
[75H82].

Appropriately assigning U(1)r,, ., charges for the DM particles, we also address a novel production mechanism,
namely the freeze-in mechanism by semi-production processes [83] [84] like ¢1 o > d2do, that is the inverse of the
semi-annihilation process [85]. This mechanism produces an exponentially increasing DM yield, and it typically
requires a larger coupling than the standard freeze-in scenarios do, since the DM abundance is also suppressed
by the small initial abundance which is generically required for the freeze-in production mechanism.

The evolution of the vacuum state of the scalar potential becomes non-trivial due to the three extra scalar fields.
First-order phase transitions (FOPTs) may thus arise, producing stochastic gravitational wave (GW) signals [36]
detectable by future GW experiments such as LISA [87] which is a space-based detector comprising of three
spacecraft, utilising laser interferometry, DECIGO [88H92] which is a proposed GW antenna in space designed to
observe GWs in the 0.1 — 10 Hz frequency range, consisting of four clusters of LISA-like three spacecraft, and BBO
[03H95] which is a proposed follow-up of the LISA experiment, aiming to form a triangular shape consisting of
four LISA-like detectors, similar to the DECIGO. For recent studies on this subject, see, e.g., Refs. [06HIT3]. This
possibility gives a complementary detection signal to the standard (in-)direct detection and collider searches that
potentially can probe our model and unveil the nature of the DM. We present a region of the model parameter
space that produces detectable GW signals from a FOPT, relieves the muon g — 2 tension, gives masses to the
SM neutrinos, and explains the correct DM abundance by a two-component WIMP-FIMP relic density.

The rest of the paper is organised as follows. We set up our model in Section [[I} introducing the particle
content, the gauge groups, and the mass spectrum of the theory. We also present the standard type-I seesaw
mechanism adopted to explain the neutrino masses, and we give a brief explanation of the muon g — 2 tension. In
Section [[TT, we discuss possible DM scenarios. We divide the parameter space into three regimes and study both
one-component and two-component scenarios. In Section [[V] the FOPT and its associated GWs are studied. We
showcase four benchmark points that explain the muon g — 2, neutrino masses, and correct DM relic density. The

1 In Refs. [36H38], it was pointed out that such a small coupling can naturally arise in a clockwork framework [39H4T].



benchmark points predict GW signals within the detectability of future GW experiments, in particular Ultimate-
DECIGO, which is an ultimate, idealised version of the DECIGO, whose sensitivity is only limited by quantum
noises. We conclude in Section [V]

II. MODEL

We consider the following Lagrangian:

1
L=Lsm~+ Ly + LN+ Lom + Ling — ZFSTBF“TO‘/B7 (2)

which obeys the symmetry of the complete gauge group SU(3). x SU(2)r, x U(1)y x U(1)r,—r,, where Lgy is
the SM Lagrangian including the SM Higgs field ¢p, L4, is the Lagrangian for the U(1)r, ., Higgs field ¢g,

Loy = (Duou) (D"éu) + ufloul® — Auloul*, (3)

and Ly is the Lagrangian for the RH neutrinos containing their kinetic terms, mass terms, and Yukawa terms
with the SM lepton doublets,

- 1. 1 } }
Ly=Y %Nﬁ”Df)’Ni — 5MecNeNe = S Myur (NEN, + N2N,)

i=e,u,T

— hew(NENL + NGNSy — her(NEN- + NeNe)om — Y yiLidnNi + hc. (4)

i=€,lu,T

where éh = 1029}, and M., and M, are constants whose mass-dimension is one, while h.,, her, and y; are
dimensionless coupling constants. In Eq. 7 Lpwm is the DM Lagrangian that is given by

Lon =Y (D"¢) (Dudi) = Y piolei — > Ni(¢ld:)* = Ma(¢]d1)(#hde) — u(dlél +he).  (5)
i=1,2 i=1,2 i=1,2
Furthermore, L, in Eq. contains all the interactions between the SM Higgs field ¢;,, the second U(I)LM_LT
Higgs field ¢y, and the DM fields ¢ 2,

Line = =i (Dhon) (@hom) — D> Nij(dlei)(65e;) . (6)
i=1,2 j=h,H

The covariant derivatives in Egs. - can generically be written as D, X = (0, + 19,7 Qur(X)Z,r,) X,
where X is a SM-singlet field whose U(1)r, -, charge is Q,,(X) (see Table , and g,,, is the U(1)r, 1, gauge
coupling. Finally, the kinetic term for the extra gauge boson Z,. is given by the last term in Eq. with its

field strength tensor Fl‘j‘f = aazij - E)BZﬁ‘T.

In general, the Lagrangian may include the gauge kinetic mixing term [114],

£ SPeE, 7
5 ur Yafs ( )
between the U(1)z, 1, gauge boson and the SM U(1)y gauge boson whose field-strength tensor is denoted by
F,3. In the presence of the gauge kinetic mixing term, one may work with the physical gauge boson states instead
of the original gauge boson states by diagonalising the mass matrix of the gauge bosons [115]. Furthermore, as
we shall see shortly, the DM phenomenology as well as the FOPT-associated GWs are qualitatively indifferent to



Gauge Baryon Fields Lepton Fields Scalar Fields
Group | Qf = (uy,d)" |uk| dr | Ly = (v, en)" |er | Nk | on |dm|or1|de
SU(2),, 2 1 1 2 111 2

U(l)y 1/6 2/3|-1/3 -1/2 -1/ 0 |1/2{ 0|00

Table I: Particle contents and their corresponding charges under the SM gauge group.

Gauge Baryon Fields Lepton Fields Scalar Fields
Group (QlLvuﬁ%d%) (Li7eR,N}E%) (Liz.u‘R,N}lé) (L"L-/:TRvNI‘%) ¢h ¢H ¢1 ¢)2
UL, -r, 0 0 1 -1 0] 1 |3nur|nur

Table II: Particle contents and their corresponding charges under U(1)z, L. .

the gauge kinetic mixing term. Therefore, since the kinetic mixing term does not play an important role in our
discussion, we assume, for simplicity, that ¢ < 1 in this work.?

The presence of the interaction term between ¢, and ¢g in Eq. @ introduces a mass mixing. In unitary gauge,
the Higgs fields ¢5, and ¢ g after the spontaneous breaking of SU(2);, x U(1)y x U(1)r, 1, gauge symmetry may
be expressed as

0
qsh:(M) and oy = (i) (8)
V2

where v and v, are the VEVs of the Higgs fields ¢, and ¢x, respectively. The scalar mass matrix is then given
by

2)\h1}2 /\th v
Mgcalar = A HQT . (9)
RHUpurv 2)\H’UW_
In the presence of the Higgs-portal coupling Az, the physical states are obtained after diagonalising the matrix
M?2_,... The mass eigenstates hy and hy can be written as
hi=Hcos0 + H,;sinf, hy=—Hsinf+ H,;cosf. (10)

The mixing angle # and the mass eigenvalues M}%l and M 32 are given by

ARHU 7V
tan2f = ———HT 11
T e e, (11)
M}QLl = )\h’U2 + )\H’UZT — \/(>\h’02 — )\HUE“_)Q + ()\hH’U”Ul“-)2 s (12)
MR, = Av® + )\H’Ufn + \/(>\m;2 = Auvi )%+ (Anmvou,)? . (13)

We identify the lighter scalar field h; with the observed SM Higgs field.

2 In Refs. [II6) [I17], it was shown that small values of the kinetic mixing parameter ¢ are favoured from the muon g — 2 aspect
when taking into account the experimental constraint of Borexino [II8, [119]. See also, e.g., Ref. [120] for a comprehensive study
on experimental constraints on the kinetic mixing parameter (.



For the masses of the WIMP and FIMP, we obtain, with “%72 >0, as
v? Vs v? v
Mf:u%—F)qh?—F/\lH%, M22:,u§+)\2h?+>\21-1 ; . (14)
We summarise the particle contents of our model and their corresponding charges in Table [ and Table [T} In

the remaining part of this section, we present the standard type-I seesaw mechanism that we adopt to explain the
neutrino masses, and we briefly explain how the muon g — 2 tension can be relieved in our model. For a detailed
explanation, readers may refer to e.g. Refs. [121] [122].

A. Neutrino masses

Once the SM and U(1) L,—L, Higgs fields develop VEVs, the RH neutrino mass matrix can be expressed as

M heuvuf he‘r“/_LT
ee

N V2 V2

Mp=|letee 0 Men | (15)
hervur i
T Ml“-e n 0

where 7 is the only fermionic phase factor that cannot be absorbed by field redefinitions, and we see from the
Yukawa terms in Eq. that the Dirac mass matrix can be written as

Zi;%’ 0 O
Mp=1| 0 % 0 (16)
0 0 "i;%’
Therefore, the complete neutrino mass matrix is a 6 x 6 matrix in the basis (v, V),
M, = ( ° MD) 7 (17)
Mp Mg

After diagonalisation, we can obtain the mass matrix for the mass eigenstates. Then, we can write the light

neutrino mass and heavy mass matrix as follows:
light __ Tar—1 heavy __
m,8" = -MpMpy " Mp, Mg = Mpg. (18)

With the RH neutrino mass matrix elements in GeV range and the Dirac mass matrix in keV range, one may
easily obtain the neutrino mass in the correct experimental range [3]; see also Refs. [121 122] for details.

The RH neutrino mass matrix squared, (M;eavy)2, can be diagonalised analytically when M, = M,,, and
her = hey, and we obtain the eigenvalues as

(Mee - heTULLT)Z ’ Me2e ; (Mee =+ heTUuT)Z . (19)

In the following, we assume that this is the case.

B. Muon g —2

The presence of additional gauge boson Z,,; can alleviate the (9—2), anomaly through the one-loop contribution,
resulting in [130, [131]

g [t 22(1 —2)?

Aa,, = —
U= 8 o 1—xz)2+rx

T

: (20)
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Figure 1: Constraints on g, and Mz,,. The cyan region relieves the muon g — 2 tension. The magenta region is excluded
by the Z — 4u searches from LHC [123HI25], while the grey region is excluded by the neutrino trident experiments
CHARM-II and CCFR [126HI28]. See also Ref. [129] for constraints coming from the lepton universality test and LEP
searches. The colour of the scan points represents Mp,,. The star (x) corresponds to our benchmark point 1 (see Table

in Section .

where r = M %M / mi. Figure |1| shows the region that addresses the discrepancy between the experimental and
theoretical values of muon g—2, together with constraints from the neutrino trident experiments such as CHARM-
IT [126] and CCFR. [127, 128] and the LHC Z — 4y searches [123-125]. We observe that Mz, < 0.1 GeV region
with 4 x 1074 < Gur S 1x 103 successfully explains the muon g — 2 tension. We also present our scan points
whose colour represents the value of Mj,. One may clearly see from Fig. 1| that M, 2 1.1 TeV is disfavoured
from the muon g — 2 point of view as long as the quartic couplings are in the perturbative regime. Therefore,
throughout the paper, we consider My, < 1.1 TeV. The star (%) in Fig. [1| depicts our benchmark point 1 (see

Table . Strong GW signals can be emitted from a region that explains the muon g — 2 tension. In Section
we discuss possible GW signals in detail.

III. TWO-COMPONENT DARK MATTER

In this section, we examine the possibility of having DM component(s) in the present model. As the model
contains two scalar DM candidates, we may have a single-component or two-component DM scenario depending
on the mass range of the WIMP and FIMP DM particles. We first discuss the production of DM when the p term
in Eq. is dominant and the other quartic terms associated with the DM are also significant. We also look at
the scenario when the y parameter is less significant and quartic terms are the ones which take part in the DM
productions. In regime I and regime II, we study the effect of the  term on the production of DM. In these cases,
depending on the mass range of the WIMP DM, we obtain both the single-component and two-component DM
scenarios. In regime III, we study DM productions when the p term is small and the quartic terms are relevant.
In this regime, we have a two-component DM scenario where one component is WIMP-type DM and another



component is FIMP-type DM. In studying DM phenomenology, we have implemented our model in FEYNRULES
[132] and generated the CALCHEP files [I33]. We have then used MICROMEGAS [134] to solve the coupled
Boltzmann equations relevant for our study. Some useful analytical expressions are derived and summarised in
Appendix [A] We discuss the different regimes in detail below.

A. Regime I (M}, < 2M; and My > 3M>)

As the WIMP DM mass is larger than three times the mass of the FIMP DM, a three-body decay channel
from the WIMP DM to the FIMP DM is open in this regime. Since the WIMP DM decays into the FIMP DM,
this regime gives us a single-component DM scenario, unless the lifetime is larger than the age of the Universe.
It would require extremely small couplings to make the lifetime larger than the age of the Universe, and we do
not consider such a scenario. Additionally, we assume that the SM and BSM Higgs masses are such that the
decay production of the FIMP DM is kinematically forbidden. Nevertheless, a freeze-in contribution through
annihilation processes, AB — gb;gbg, where A and B are the SM particles, will be there.

The Boltzmann equations associated with the WIMP and FIMP DM productions are given by

dvi _ 27® MpiMiy/g«() (o) <Y2 _ quz) _ 3Mpizy/g.(2) ) (v - v§)
dz 45 1.6622 AN 1.66M2g,(x) 12
dYs 477T2MP1M1\/97*

3M; ¥
Do AT S (o (v )+ S Dy vy

2
Lo 1.66 M7 gs(x)

where Mp; = 1.22 x 101 GeV is the Planck mass, and g.(x) and gs(x) are the effective and entropic degrees
of freedom of the Universe. Here, Y12 = ng,,/S are the yields, with ng, , being the number densities and
the entropy density. The first equation corresponds to the evolution of the WIMP DM and the second equation
represents the production of the FIMP DM. In the right hand side of the first equation, the first term is the
annihilation of the WIMP DM to the SM particles. Here, (ov)¢n is the thermal average of cross section times
velocity of DM annihilating to the SM particles. The second term implies the three-body decay of the WIMP
DM to the FIMP DM, where (T") is the thermal average of the decay rate I', defined as (I') = T'K; (x)/ K3 (z) with
K 2 being the modified Bessel functions of the second kind. The analytical expression for the three-body decay
is provided in Appendix |A} see Eq. . Similarly, the first term in the right hand side of the second equation
represents the annihilation contribution to the FIMP DM and the second term is the decay contribution of the
WIMP DM to the FIMP DM. Here, (ov);; is the thermal average of annihilations of 7, j particles to FIMP DM.
Due to the allowed decay term of the WIMP to the FIMP, we see that the WIMP DM eventually decays to the
FIMP DM before big bang nucleosynthesis (BBN). We still do not have any contribution to visible energy even
when the WIMP DM decays after BBN, and thus, our model remains safe from the constraints which come from
light elements abundances [135].

In Fig. |2} we show the evolution of the DM relic density in terms of x = M;/T. We examine the contributions
of different production mechanisms. The blue dot-dashed line in Fig. [2| corresponds to the production of the
FIMP DM through annihilation processes which saturate at x ~ 1. The dominating processes in the annihilation
contribution are the four-point contact terms which are AB — ¢£¢>2 (A, B = hi2,¢1) and are not propagator-
suppressed. The green double-dot-dashed line represents the evolution of the WIMP DM which freezes out at
x ~ 20 and starts to decay into the FIMP DM at = ~ 10°. Since the WIMP DM decays into the FIMP DM, this
regime corresponds to a single-component DM scenario. The red dashed line is the freeze-in production from the
three-body decay of the WIMP DM i.e. ¢1 — ¢ap2¢o that happens at x ~ 1 which means that the WIMP DM
is in thermal equilibrium with the cosmic soup. Moreover, there is also another contribution that is super WIMP
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Figure 2: Evolution of DM relic density produced by different mechanisms: freeze-in production from three-body decay
(red dashed line), thermal freeze-out of WIMP (green double-dot-dashed line), freeze-in production from annihilation (blue
dot-dashed line), and the total contribution (black solid line). The model parameters are chosen as follows: M; = 1650
GeV, My = 500 GeV, My, = 500 GeV, Mz, = 0.1 GeV, gur =9x 107%, Xgs = 6 x 107" (i = h, H), A\12 = 6 x 1072,
Ai =05 (i =h,H), and p = 7.5 X 107, The magenta dot-dashed line corresponds to the correct value of DM relic
density.

(SW) contribution appears at o ~ 10° [I36]. It comes from the three-body decay of the WIMP DM. Finally, the
black solid line corresponds to the total DM relic density which comes after summing all the contributions. The
magenta dot-dashed line corresponds to the correct value of the DM relic density. We see that, for the choice of
model parameters outlined in the caption of Fig. [2| our model correctly produces the exact amount of DM relic
density.

Changes in the DM relic density with respect to the masses of the WIMP DM and FIMP DM are shown
respectively in the left panel and the right panel of Fig. The freeze-in production of the FIMP DM due to
the annihilation is insensitive to the WIMP DM mass. This is consistent with the observation that there is no
direct effect of the WIMP DM mass on the annihilation production of the FIMP DM apart from the annihilation
process qb{qbl — (;5%(;52 which has negligible dependence on the WIMP DM mass. The freeze-in production from
the decay of the WIMP DM when it is in thermal equilibrium, i.e., z < 20, is in general inversely proportional to
the WIMP DM mass in this regime. However, we observe the opposite behaviour, i.e., we get more production as
the WIMP DM mass increases. This is due to the fact that, for a low value of the WIMP DM mass, M; = 1650
GeV, we have a phase-space suppression in the decay. Thus, we get less amount of the FIMP DM, and when we
increase the WIMP DM mass, the effect of phase space gets reduced, and we obtain more DM from decay. The
WIMP DM freezes out at x ~ 20 and starts to decay into the FIMP DM at = ~ 10°. We see that the WIMP
DM starts to decay into the FIMP DM earlier as the WIMP DM mass increases as the double-dot-dashed lines
in Fig. [3| indicate. This is because the decay width is linearly proportional to the WIMP DM mass. On top
of that, there is also the phase-space suppression which further reduces the decay width and delays the WIMP
decay. When the decay of the WIMP DM happens, we see a rise in the production of the FIMP DM at z ~ 10°
which is similar to the superWIMP production mechanism.

In the right panel of Fig. [] we show the dependence on the FIMP DM mass. For the FIMP production due to
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Figure 3: Evolutions of DM relic density for three different values of the WIMP DM mass M; (left) and for three different
values of the FIMP DM mass My (right). For the rest of the model parameters, see Fig.

the annihilation which is represented by the dot-dashed lines, we see a slight variation in the relic density. This
is because hohgy — ¢;¢>2 is the dominant process, and we have taken the BSM Higgs mass to be M}, = 500 GeV
which is comparable to the FIMP DM mass. Therefore, suppression due to the phase-space factor and increment
due to mass compensate each other. The FIMP DM production due to the three-body decay is shown by the
dashed lines. We observe one order of magnitude difference in the DM production when we vary the FIMP DM
mass from 500 GeV to 400 GeV. This happens purely because the effect of phase space is small, and the same
effect continues when we decrease the FIMP DM mass further. Finally, let us discuss the production of the WIMP
DM which decays into the FIMP DM at 2 ~ 10°. Again, we see that, as the FIMP DM mass decreases from
500 GeV to 400 GeV, WIMP decay width increases due to lower phase-space suppression which indicates that
the WIMP decays earlier. This is visible by the double-dot-dashed lines. When the WIMP DM decay happens,
we have further production of the FIMP DM similar to the superWIMP production. In both the left and right
panels of Fig. [3] solid lines represent the total DM relic density after summing all the production contributions.
The left and right panels of Fig. [ shows the dependence of DM relic density for three different values of the
1 and Ao parameters, respectively. In the left panel, from the freeze-in contribution through annihilation, we
see that there is no change in the relic density coming from the annihilation contribution which is represented
by the dot-dashed line. This is because the annihilation process associated with the p term is proportional to
Y7 1Y, (Y2 = 0 at initial value of x), while other annihilation terms are proportional to Y;*V5? (A, B are the
annihilating particles). Let us turn to the production of the FIMP DM from the three-body decay of the WIMP
DM. The production of the FIMP DM before x ~ 10 occurs in the domain when the WIMP DM is still in thermal
equilibrium, and from its decay, the FIMP DM is produced. We clearly see that the production has a quadratic
dependence on the p parameter which is perfectly consistent with the analytical expression given in the Appendix
see Eq. . We note that the freeze-out temperature of the WIMP DM does not depend on the p parameter
while the WIMP DM decay does. Decay of the WIMP happens earlier (later) for a higher (lower) value of p.
This is consistent with the analytical expression; see Appendix [A]for details. Depending on the decay occurrence,
the superWIMP contribution to the FIMP DM happens earlier or later and has an equal contribution for all
three values, as the freeze-out contributions do not depend on the p parameter, and this contribution is equal to
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Figure 5: Dependence of the DM relic density on the quartic coupling of the WIMP with the Higgses A1; (i = h, H) (left)
and the quartic coupling of the FIMP with Higgses A2; (¢ = h, H) (right). For the rest of the model parameters, see Fig.

Q2 h? = Qb h? (Mo /My).

From the right panel of Fig. [d] one may clearly see that the three-body decay and the superWIMP production do
not depend on A15. However, we see changes in the production coming from the annihilation process, qﬂqﬁl — ¢>§ Pa.
In both the left and right panels of Fig. [4] the solid lines correspond to the total contribution in DM relic density.

Finally, the dependence of the DM relic density on the quartic couplings of the DM with the Higgses, A;;
(i=1,2and j = h, H), is shown in Fig. [5| From the left panel, we see that the production of the FIMP DM from
the freeze-in by the three-body decay and annihilation does not change; see the red dashed and dot-dashed lines.

10
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We can also see that there is a significant change in the final value when we consider the freeze-out production
of the WIMP DM. This can be explained in a very simple way. The WIMP relic density is determined from
the inverse of thermal average of cross section times velocity, namely Qi,\;h? o 1/A2, (i = h, H). Therefore,
larger values of A\1; (j = h, H) imply that we face the situation when most of the particles annihilate away, and
thus, we have less abundance for WIMP. The relative strength of the WIMP DM relic density due to different
values of quartic couplings is given by Qb h2|4/Qbh2 |58 = A2, B/M3;]4 (i = h, H). This is consistent with our
numerical results as one may see from the blue, red, and green lines for the freeze-out production of the WIMP
DM. Since there is no variation of the FIMP DM production from the three-body decay and annihilation, most of
the changes in the FIMP DM production comes after z ~ 10°> when the WIMP DM decays into the FIMP DM.
Solid lines correspond to the total contribution after taking into account all the production mechanisms.

On the other hand, from the right panel of Fig. |5, we see that the FIMP DM production from the three-body
decay of the WIMP when the WIMP is in thermal equilibrium does not change as the quartic couplings vary. We
can also see that the freeze-out production of the WIMP DM shown by the double-dot-dashed line is not affected
by the change of the quartic couplings. However, the FIMP production from annihilation changes. This is indeed
consistent with the observation that the freeze-in contribution by annihilation processes is proportional to the
quartic couplings. In this case, the production is directly proportional to the quartic coupling which is visible by
the dot-dashed lines; see Egs. (A15]) and in Appendix

B. Regime II (M, < 2M2 and M < 3M3)

When the WIMP DM mass is less than the three times the FIMP DM mass, the three-body decay channel of
the WIMP DM to the FIMP DM is kinematically forbidden. Therefore, in this case, we have a two-component
DM scenario, one WIMP-type DM and one FIMP-type DM.

The WIMP DM freezes out at x ~ 20, and we obtain relic density in the experimentally allowed range put by
Planck [9] near the Higgs resonance region. For the FIMP DM, we examine the effect of the p term on the FIMP
DM production and choose the FIMP DM mass in such a way that the decay channel hy — ¢£¢2 is kinematically
forbidden. Nevertheless, we have an annihilation contribution in the production of the FIMP DM through the
freeze-in mechanism. Due to the presence of the p term, there exists ¢1¢2 — ¢2¢o annihilation process, and it
will exhibits an exponential growth. In the production of the FIMP, at x ~ 0.01, we have a tiny amount of FIMP
DM produced from the annihilation processes of the SM particles, and at x ~ 1, the exponential enhancement
will take place which will be discussed in detail below.

The governing Boltzmann equations in this regime are given by

dy; 272 Mp1 My o

T Togar Voo (Y7 i)

dYs 272 Mp M, o 4% Mp M, eqyre

@ =15 1e6e VI e OF DY) e T Ve D (o (VT E) - (22)

1,jESM, 1

The first (second) equation represents the evolution of the WIMP (FIMP) DM. Here, (00)exp is the thermal
average associated with the exponential growth computed using the prescription described in Appendix[ATal We
now discuss the effect of model parameters on the production of WIMP and FIMP DM by different mechanisms.

In Fig. [6] the evolution of the WIMP and FIMP DM relic densities is shown. The model parameters are chosen
in such a way that the WIMP and FIMP DM relic densities contribute equally and generate a total DM relic
density in the correct ballpark value as referred by the Planck collaboration [9]. The red dashed line in Fig. |§|
corresponds to the exponential growth of FIMP DM due to the presence of the process ¢1¢2 — ¢o¢o. This kind
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Figure 6: Evolution of the DM relic density in regime II. In this regime, we have a two-component DM scenario with one
WIMP DM and one FIMP DM. The evolution of the WIMP DM is shown in the green double-dot-dashed line, while the
freeze-in productions of FIMP DM through annihilation and exponential growth are shown in the blue dot-dashed line
and red dashed line, respectively. The black solid line corresponds to the sum of the WIMP and FIMP DM relic densities,
and the magenta dot-dashed line indicates the observed value of DM relic density. The model parameters are chosen as
M; =500 GeV, My = 700 GeV, My, = 1000 GeV, Aa; =6 x 1072 (i = h, H), A2 = 6 x 1072, Ay, = 0.05, \ig = 0.125,
and p = 107°.

of process can be solved analytically. The co-moving number density can be expressed as

272 Mp1 My

.. oo eq
Y, :Y’legffini 15 16,2 VIr(ov)Y de (23)

)

where Yg“i = Ya(x = zin;). Thus, we see an exponential enhancement of the FIMP DM. The blue dot-dashed
line represents the FIMP DM production through the annihilation processes AB — ¢;¢2 where A and B are the
particles in thermal equilibrium. The green double-dot-dashed line indicates the WIMP DM production through
the freeze-out mechanism which happens at z ~ 20. The total sum of the WIMP and FIMP DM contributions is
depicted by the black solid line which matches with the correct value of DM relic density Qpyh? = 0.12.

Figure [7] shows the dependence of DM relic density on the WIMP and FIMP DM masses. In the left panel,
we see that the WIMP DM mass has no observable effect on the freeze-in production of FIMP DM through
annihilation. However, the WIMP DM mass affects the exponential growth of FIMP DM as the thermal average
of cross section times velocity is inversely proportional to mass of the initial state particle, which is the WIMP
DM in the present case. In the case of the WIMP DM production, when we increase or decrease the WIMP DM
mass around M; = 500 GeV, we get more abundance for the WIMP DM. This is understood from the resonance
behaviour of the Higgs-mediated diagram. In Fig. [7] we have considered M}, = 1000 GeV which is the resonance
region for M; = 500 GeV DM. Thus, we get a large annihilation cross section which results in the reduction
in WIMP abundance. If the WIMP DM mass deviates from 500 GeV, we get a smaller value of annihilation
cross section and higher WIMP DM abundance. The solid lines correspond to the total contribution in DM relic
density both from the WIMP and FIMP contributions.

In the right panel of Fig. [} we may observe the effect of FIMP DM mass on the production of WIMP and
FIMP DM by different mechanisms. The FIMP DM mass has little impact on the FIMP DM production through
annihilation, while it has an observable effect on the exponentially enhanced production of FIMP DM. For x < 1,
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Figure 8: Dependence of the DM relic density on the u parameter (left) and the quartic coupling A12 between the WIMP
DM and FIMP DM (right). For the rest of the model parameters, see Fig. @

we see that the change in the FIMP DM relic density is proportional to the FIMP DM mass. On the other hand,
for x 2 1, we get a similar kind of enhancement as discussed in the previous paragraph, due to the dependence
of the thermal average of the cross section on mass. As the chosen masses are in a large range, we see no
big difference in the produced relic densities like before. There is also no effect of the FIMP DM mass on the
production of WIMP DM through the freeze-out process. The solid lines are the total sum of WIMP and FIMP
DM relic densities, and they all match the correct value of the DM relic density given by Planck.

The dependences of the production of WIMP and FIMP DM on the p parameter and the quartic coupling
between the WIMP DM and FIMP DM A;5 are respectively shown in the left and right panels of Fig. |8 The p
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Figure 9: Dependence of the DM relic density on the quartic coupling between the WIMP DM and the SM Higgs (left)
and the quartic coupling between the WIMP DM and the BSM Higgs (right). For the rest of the model parameters, see

Fig. [6]

parameter only affects the process ¢1¢p2 — ¢2¢, and thus, other DM productions do not change. Looking at the
freeze-in production of FIMP DM from annihilation and WIMP DM production through the freeze-out process,
we easily see that these production mechanisms do not vary when p changes. However, we can see a strong
dependence of the exponential enhancement on the j parameter. If we take p < 1077, then the exponential
enhancement is absent, while for z > 5 x 107, there exists a tremendous exponential enhancement in the
production which overproduces the DM. Thus, higher values of p are disfavoured. The solid lines are again the
total sum of WIMP and FIMP contributions, and the variation in their values are solely due to the effect of the
exponential enhancement.

On the other hand, since the quartic coupling A12 is in the feeble regime, it does not contribute to the WIMP
DM production which is clearly visible by the double-dot-dashed line which is same for all the three values of
A12. The dashed line, which accounts for the FIMP DM production through the exponential enhancement, is
also unchanged for different values of A\15. However, the freeze-in contribution through annihilation depends on
the Ao parameter as the dot-dashed lines indicate. The amount of DM production through annihilation depends
quadratically on the A5 parameter.

The left panel and the right panel of Fig. [9]show the dependence of the DM relic density on the quartic coupling
between the WIMP DM and the SM Higgs A\, and the quartic coupling between the WIMP DM and the BSM
Higgs A1p, respectively. The coupling Ajj, connects the WIMP DM to the visible sector through the SM Higgs.
Since this quartic coupling does not affect the exponential growth of the FIMP DM and has a negligible effect
on the FIMP DM through annihilation, there is no change in the FIMP DM production for different values of
A1n. We can see, however, changes in the WIMP DM production, although the difference is small. The small
dependence on Ay, is due to the fact that the WIMP DM mass is chosen in such a way that it lies in the BSM
Higgs resonance regime. Moreover, we have kept A1;, below 0.1. Otherwise, the WIMP DM will be ruled out by
the direct detection experiments.

The right panel of Fig. [0 indicates that the quartic coupling A1z has no effect on the FIMP DM production
as well. However, we see that a change in A1y results in an order of magnitude variation in the WIMP DM relic
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Figure 10: Dependence of the DM relic density on the quartic coupling between the FIMP DM and the SM and BSM
Higgses (left) and the BSM Higgs mass (right). For the rest of the model parameters, see Fig. @

density. This is because our parameters are chosen such that the WIMP mass is in the resonance region for the
second, BSM Higgs, My ~ M}, /2. Therefore, a change in Ay which measures the coupling strength for gzﬂd)lh%
has a direct impact on the thermal DM relic density.

The left panel of Fig. shows the dependence of the DM relic density on the quartic coupling between the
FIMP DM and the SM and BSM Higgses \y; (i = h, H). Since Agp and Aoy are associated with the FIMP DM,
it does not affect the WIMP DM production as one may easily see from the figure. The quartic coupling Ao;
(i = h, H) also does not alter the FIMP DM production by the exponential enhancement. On the other hand, we
see that the FIMP production by annihilation gets affected due to the variation of Aoj and Asp. This is because
the associated annihilation processes AB — qﬁ;qbz, where A and B belong to the SM and BSM particles, directly
depend on the strength of the Aoj, and Aopy couplings. The changes in the solid line, which is the total sum of
both the FIMP and WIMP contributions, are due to the variation in FIMP DM relic density coming from the
annihilation part.

The right panel of Fig. shows the dependence of the DM relic density on the BSM Higgs mass Mj,. Since
in this regime, the decay process ho — ¢;¢2 is not allowed, we do not see any observable effect on the FIMP DM
production. However, we see an effect on the production of WIMP DM. The reason is exactly the same as the
one we discussed earlier for the left panel of Fig. [/} Here as well, since My = 500 GeV, if M, deviates from
Mp, = 1000 GeV, we are basically going away from the resonance region. This means that DM freezes out earlier
due to the reduction in the thermal cross section, and we get higher WIMP DM relic density. The changes in the
solid line are purely due to variation in the WIMP contribution to the DM relic density.

C. Regime III (M}, > 2M; with p negligible)

In this regime, one should take into account the FIMP DM production from the decay of the Higgses as well.
Throughout the discussion, we assume that p is negligible and focus on two-component DM scenarios. Since
1 is negligible, we may neglect the exponential enhancement in the FIMP DM production. We note that this
scenario is different from the individual study of WIMP [121, 137, [138] and FIMP [122] as the FIMP DM can
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Figure 11: Allowed parameter space in the M — Aa;, plane (left) and in the M2 — Aoy plane (right) with the total DM
relic density in the range 0.01 < Qpyh? < 0.12. The parameter ranges used in the scan are given in Eq. .

also be produced from the annihilation of the WIMP DM through the process ¢J{¢1 — ¢£¢2. This annihilation
contribution can be increased or decreased with the strength of the A\1o parameter as discussed in the right panel
of Fig. [§] and can produce the FIMP DM with the correct DM relic density. Therefore, our study on the two-
component DM scenario in the regime III is new and interesting. We provide analytical expressions for the decay

and 2 — 2 contact annihilation processes in Appendix [A} see Egs. (A13)-(AT6).
The Boltzmann equations associated with the WIMP and FIMP DM are given by

dy; 272 Mp1 My e
T =B Teee Voo (). @9

dY, oM . c Ar? MMy y/g. caye
dYy _ 2Mp zv/g.(2) Z<Fhﬁ¢1¢l>(yhf—y22)+LM1—m ST o)y (Y- YE)

dr  1.66M? g.(x) A 45 1.662:2 i

In the following, we solve the above Boltzmann equations and discuss the correlation between the model param-
eters by performing scans with the following range:

1073<0<107t, 1078 < A, g <1071, 10712 < g, dopr, Az < 10710
1071°<n,, <1078, 1074 <g,, <1072, (25)
1073 < My, [GeV] < 1, 200 < My, [GeV] < 1100, 1 < M 5[GeV] < 1000.

When performing the scans, we demand the total DM relic density to be in the range 0.01 < Qpyh? < 0.12. We
stress that, when the sum of the WIMP and FIMP DM relic densities is smaller than Qpyh? = 0.12, the rest of
the amount can easily be obtained by suitably adjusting the p parameter which we neglect at the moment.

The allowed parameter regions in the My — Ao, and My — Aop planes after imposing 0.01 < Qpyh? < 0.12
are shown in Fig. From the left panel, we see a sharp correlation between the FIMP DM mass M> and the
coupling Aop, for My < 62 GeV. The sharp correlation may be understood as follows. For My < 62 GeV, the

~ ~

DM can be produced from the SM Higgs decay. The decay mode h; — qﬁ;q&z is proportional to Ay; and the
phase-space factor ,/1 —4M3 /M,f1 Moreover, the DM relic density is proportional to the DM mass as well.
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Figure 12: Allowed parameter space in the Aop, — A2g plane (left) and in the My, — Aa, plane (right) with the total DM
relic density in the range 0.01 < Qpyh? < 0.12. The muon g — 2 tension may be relieved in the magenta-coloured region.
The parameter ranges used in the scan are given in Eq. .

Thus, as the DM mass increases, the A coupling needs to be decreased in order to obtain the correct DM relic
density. For DM mass in the range 50 — 60 GeV, we have the phase-space suppression. Hence, in order to get
DM in this range, we need a larger value of Agp. For My 2 62.5 GeV, we do not have the decay channel of the
SM Higgs into the FIMP DM, and annihilation processes take over. We thus do not have a sharp correlation in
the large My region.

From the right panel of Fig. we also observe a similar kind of behaviour between My and A\og. However,
for My 2 62.5 GeV, the Aoy parameter cannot be arbitrarily large as the hy decay mode is present. Moreover,
we see that Aoy may become as large as 10710 whereas Ay, can go only up to 107!, The reason for this is that
we varied My, up to 1.1 TeV and that the FIMP DM relic density through decay is proportional to A2 /Mp,.
Therefore, Aoy may become larger as M}, takes a larger value, which is impossible for the SM Higgs case.

The left panel of Fig. [I2shows the allowed parameter region in the Ayj, — Aoy plane. Since we have considered
both the WIMP and FIMP DM in the DM relic density bound, it is hard to bound the quartic couplings from
below as there will always be a contribution from the WIMP DM. However, we may obtain an upper bound on
Aap, and Aog above which the DM is overproduced. We find the upper limits as Agp < 10~ and Aop < 10-10
for the choice of model parameters used in the scan .

The right panel of Fig. [12|shows the allowed parameter region in the M}, — Aa, plane. The magenta-coloured
region corresponds to the correct experimental range of muon g — 2. The parameter space above the allowed
magenta-coloured band is ruled out, and the points below the band demand additional positive contributions in
(9 — 2),, to match the experimental range. One may see a correlation between Aa,, and Mj,. For a larger value
of My, , we get a lower value of Aa,. This is due to the fact that a higher value of M}, indicates a higher VEV of
the BSM Higgs, v,,. Since v,; = Mz, /g,r, a higher VEV implies a lower value of g,,, which reduces the Aa,
contribution.

In Fig. we present the indirect and direct detection bounds on the mass of the WIMP DM. In the left
panel, the AMS 02 indirect detection bound coming from the WIMP DM annihilation to bb [I7, 139] is indicated
with a red line. We see a sharp rise around M; ~ 62 GeV which corresponds to the SM Higgs resonance region.
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Figure 13: Left: Results of the scans in the M7 — (ov),; plane. The points above the red or blue lines are ruled out by
indirect detection experiments [I7, [139]. Right: Results of the scans in the M; — ogr plane. The points above the red line
is ruled out from the direct detection experiment Xenon-1T [I5]. The blue line indicates the sensitivity of the future direct
detection experiment PandaX [I41]. The parameter ranges used in the scan are given in Eq. (25).

A part of the region is ruled out by the indirect detection bound and the rest of the region is to be probed shortly
by different ongoing indirect detection experiments [I7]. In the right panel, the spin-independent direct detection
XENON-1T bound [I5] on the WIMP DM is shown. One may see from Fig. that a part of the M; < 500 GeV
region is already ruled out from the direct detection experiments. The rest of the region will be explored in the
future by different proposed experiments like Darwin [I40] and PandaX [147].

IV. GRAVITATIONAL WAVES FROM PHASE TRANSITION

The presence of the extra scalar fields in addition to the SM Higgs field not only makes the phenomenology
of DM much richer, but it also makes the evolution dynamics of the vacuum state non-trivial and may lead to
a FOPT in the early universe as opposed to the SM case whose phase transition is of the cross-over type [142].
See, e.g., Ref. [143] for a recent review on the FOPT. As a consequence, stochastic GW signals may be emitted.
The produced stochastic GW signals have a potential to be detected by future GW experiments such as LISA
[87], DECIGO [88], and BBO [93], and this possibility gives a complementary detection signal to the standard
(in-)direct detection and collider searches. In this section, we examine stochastic GW signals from a FOPT in
our model and compare them with the sensitivity curves of future GW experiments. Furthermore, we present
benchmark points that explain the muon g — 2 tension, neutrino masses, and correct DM relic density, while
producing strong GW signals that are within the detectability of Ultimate-DECIGO.

We closely follow Ref. [09] to estimate the stochastic GW signal from a FOPT. The three main sources of
the GWs produced by a FOPT include the collision of bubble walls, the sound wave in the plasma, and the
magneto-hydrodynamic turbulence in the plasma, and thus,

QGWh2 = Qcolh2 + sthz + Qturbh2 ) (26)
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where
2 2 3 3 2.8
Ouh? — 1.67 x 105 (H) ( Fgx ) (100) ( 0.11vw2 ) 3.8 (f/ feol) ). (27)
B l+a s 0424+ v5 ) \ 1+ 28(f/feol)”
2 1 3
3
Quwh® =2.65 x 107° (H) ( o ) (100) Vo (f/ faw)’ % : (28)
B 1+a s 44 3(f/ fsw)
and
3 3 3
Quunh? = 3.35 x 104 (H) <'§”’O‘> (100) ( Vu (f/ Frurt) ) : (29)
B to G [+ (f/ fours)]® (14 87f/hs)
with
— T* x é
=1 107°Hz [ ———— :
fie = 165 X 10" H <100GeV> (100) (30)
The expressions for feol, fsw, and frup are given as follows:
_ 0.62 i T, gs \ §
o1 = 1. 107°H ; 1
Jeot = 1.65 > 1077 Hz (1.8—0.1vw+vg> <H> (100GeV> (100) (31)
— 1 6 T, G« 5
w=19x10"°Hz [ — 2
Jow = 1.9 % 107" Hz (1}) (H) (IOOGeV) (100) ’ (82)
and
_ 1 153 Ty Gx \ 6
b =27x10°Hz [ — | [ — :
Jouro = 2.7 X 107" Ha <vw> (H) <100GeV) (100) (33)

Here, g, is the number of effective degrees of freedom at 7' = T\.. For the bubble wall velocity v.,, we use [144]

_ V13402 +20/3 (34)

14+«

w
and we adopt [80]

0.715 4/27)+/3a/2
K= o+ (4/27)/3a/ , Ky = @ , Kturb = 0.1Ky , (35)
14+ 0.715« 0.73 4+ 0.083v/a + «

In estimating the sound-wave contribution to the GW signal, we have ignored the possible suppression factor
associated with the lifetime of the sound-wave source.> The suppression factor may be estimated as [T45H148]

1/3
S = 1.81 x min{l, 28m <H> Lt a} : (36)
\/g B Ry

which corresponds to O (10’2 — 10’1) for the benchmark points (BPs) presented in Table It is also important
to note that such a suppression may be followed by a possible enhancement in the turbulence contribution to the

3 We thank the anonymous referee for pointing out this.
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GW signal [145]. The precise determination requires dedicated and sophisticated numerical simulations which go
beyond the scope of the present work.

From Egs. - , one may see that the key parameters that control the GW signal are «, 8/H,, and T,
where

vac dS
a:p 7 BZT E

Vra’  H. AT,

(37)

with Sg being the Euclidean action of a bubble and py,. the energy density released during the FOPT. We note
that p*,q = g«m2T/30. Throughout the section, we take T\ to be the nucleation temperature T}, i.e., Tk = T,.
To understand the dynamics of the FOPT, we use the one-loop effective potential,*

Ve * = V" 4+ Vi 720 + Vetr ' - (38)

Here, V¥° is the tree-level potential and Vlinf ;) 08 is the zero-temperature one-loop Coleman-Weinberg contribu-
tion [154] which, in the MS scheme, is given by

oo M4 M2
elﬂ'} 0= :I:Zn't64 2 |:n A2 _Ci:| ) (39)

where A is the renormalisation scale which we take to be A2 = (v? + v +)/2, n; is the number of degrees of

freedom of the particle with field-dependent mass M;, the constants c; are 1 /2 (3/2) for transverse gauge bosons

all other particles), an -+ (—) 1s for bosons (fermions € laSt correction, ,IS € Inite-temperature
1l oth ticl d is for b fermions). The last tion, Vg 7°oh, is the finite-t t

one-loop correction given by [I55]
T4 m?
1-1 i
AT EDD oanils (T2> ; (40)
with

Ii(z) :i/oOO dyy*In (1$e_\/gm) , (41)

where 4+ (—) is for fermions (bosons). To take into account the re-summed ring diagrams, we replace the field-
dependent masses as

M? — M? = M? +1L(T), (42)

where II;(T) are the thermal masses [I50]. For the scalars in our model these corrections are

T2
My = = (37 + 995 + 1257 + 120 + 2 + 4ha + 4han) (43)
T2
Wi = 57 (692, +6An + Aurr + 220 + 2han +4h2,) | (44)
T2
I, =1L, = — (8)\1 +2X12 + A+ M) (45)
T2
II,, =1I,, = 51 (8A2 + 212 + Aan + A2m) (46)

4 For a gauge dependence issue, readers may refer to Refs. [T49HT53].
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where ¢1,2 (m1,2) are the real (imaginary) components of the DM candidate ¢y 2, and for the gauge boson, for
which only the longitudinal mode receive corrections,

11 1

|
Moo = =g3T%, Mg, = iT%, Tz, =205 T% (47)

pntL 3

Fermions do not receive any corrections.

In order to estimate the o and 8/H, parameters in our model, we performed a numerical analysis by using a
modified version of COSMOTRANSITIONS [I57] together with the mass spectra given above. We restrict our focus
on the case where only the SM and the BSM Higgses develop VEVs, taking zero VEVs for the DM candidates
¢1 and ¢o throughout the temperature evolution of the system. We work with the following input parameters:

Upr s Mh2 ) 97 Meea M17 M27 M, 9ur h€7'7
)\1 ’ )\2 ) >\1h ) )\IH y )\12 P )\Qh ) )\ZH ) (48)

with the assumptions M., = M,,; and he, = he, which allow us to analytically diagonalise the RH neutrino mass
matrix as we discussed in Sec. In the following, we take her = V2M,, /Vu-. We impose the vacuum stability
conditions,

M >0, Ag >0, 4\ g —Aig>0, (49)

as well as the perturbativity and unitarity bounds,

|>\h| < Am, |)\H| < Am, |>\hH‘ < 8m, 3)\h+2/\H+\/(3/\h72)\H)2+2/\iH < 8. (50)
We focus on the following range of the parameters:

20 < v, [GeV] < 250, 130 < M, [GeV] <1000, 0<6<0.4,
1< M, [GeV] <100, 0<A\p<05, 0<Ay<05, 1072< Ay <1071, (51)
100 < M [GeV] < 300, 50 < M, [GeV] < 250. (52)

while fixing the other parameters as follows:
M=X=01, dog=XA2=6x10""2 g, =6x10""*, p=10"". (53)

We note that the upper bound of the mixing angle, # = 0.4, is chosen by considering the LHC constraints on the
hVV couplings coming from the measurements of the Higgs decay into gauge bosons [158]. We observe FOPTs
and its associated GW signals for a wide range of the parameter values, including the mixing angle. To show
that GWs can be accompanied with both small and large values of the mixing angle 6, we present two BPs with
a large value of 8 and two BPs with a small value of 6.

In Fig. we show the associated GW signals together with the sensitivity curves of future GW experiments.
We select four BPs and present the results in Table [[TI] From Fig. we see that all of our four BPs, and many
other signals, are well within the reach of detectability of Ultimate-DECIGO, while their signal strengths are below
the sensitivity curves of BBO and DECIGO. Taking into account the suppression factor , we see that some
of the GW signals for the chosen BPs fall below the sensitivity curve of the Ultimate-DECIGO, while some stay
marginally within the sensitivity curve. However, we stress that the conclusion that the GW signals associated
with the FOPT within our model, which simultaneously accounts for the muon g — 2 tension, neutrino masses,
and two-component DM scenarios, are within the reach of the Ultimate-DECIGO sensitivity curve remains intact.
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Figure 14: GW spectrum from the FOPT together with the sensitivity curves of future GW experiments. The predicted
GW signals span in the frequency range 0.01 Hz < f < 100 Hz with the magnitude as large as Qawh? ~ 1078, While the
strengths of the signals are below the sensitivity curves of BBO and DECIGO, they are well within the reach of detectability
of Ultimate-DECIGO. The data for the sensitivity curves of LISA, BBO, and DECIGO are obtained from Ref. [I59], and
for the data for the sensitivity curve of Ultimate-DECIGO, we used Ref. [160]. Earlier work on the sensitivity curves
includes e.g. Refs. [I6IHIG8]. The red dotted, green dashed, blue solid, and cyan dot-dahsed lines correspond to our four
benchmark points 1, 2, 3, and 4, respectively, that are summarised in Table [[TI}

T 2
BP| vyr | Mp, | Mee | My My 0 A2h An | Ml e B/H | T ggﬁ ggiﬁ
1 [80.14|408.06[98.45|250.31]169.75/0.388(6.0 x 107'2| 0.1 | 0.1 |0.0036| 4994.4 [235.0|0.64 | 0.36
2 |81.69(415.34]99.83(244.57| 99.39 |0.387|4.5 x 10712| 0.1 | 0.1 |0.0037|15293.2|238.8|0.58 | 0.42
3 |81.66(398.97(98.19| 210.0 | 209.9 |0.002|4.5 x 107*2| 0.1 | 0.1 [0.0068| 4884.0 [178.7|0.79 | 0.21
4

83.28(366.09|67.07(249.51|119.54]0.034[1.7 x 101 |0.289|0.228|0.0056|47146.8|189.2| 0.15 | 0.85

Table III: Four BPs. Values of the mass-dimensionful parameters are given in units of GeV. We present the model
parameters, the GW-related parameters, «, 3/H, and T, and the DM relic densities 91131%/1 For all of these four BPs, the
muon g — 2 tension and the neutrino masses can be accounted for. The GW signals corresponding to the four BPs are
highlighted in Fig. The other parameters are chosen as Xag =6 x 10712, 1 =10"", A\j2 = 6 x 10712, gur =6 X 1074,
and n,. = 107%. The neutrino masses can be obtained for the choice of parameters as studied in detail in Ref. [121], and
(g —2), will also be obtained in the correct ballpark value as shown in Fig. [1} In determining the WIMP and FIMP DM
individual contribution, we have considered the total DM relic density of Qpm h? =0.12.

One may see from Table [[T]] that, in the parameter space that can solve the muon g — 2 tension, generate the
neutrinos masses, and produce the correct DM relic density, GWs are also expected whose signals are strong
enough to be seen by Ultimate-DECIGO. The presented four BPs clearly showcase that the muon g — 2, neutrino
masses, and two-component DM scenarios are accounted for in our model which, at the same time, predicts
stochastic GWs associated with the FOPT in a single unified framework.

V. CONCLUSION

In this paper, we studied an extension of the Standard Model that accounts for the dark matter, the muon
g — 2 tension, and the neutrino masses, in a single unified framework. We introduced three massive right-handed
neutrinos which, through the type-I seesaw mechanism, provide a mass to the Standard Model neutrinos. We
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then extended the Standard Model by introducing two scalar fields that play the role of the dark matter. Finally,
an extra U(1)r, —r, gauge symmetry is imposed, where the associated gauge boson Z,,, alleviates the muon g —2
tension.

As the model we considered contains two Standard Model-singlet scalar dark matter candidates, ¢ and ¢o,
we examined the possibility of a single-component as well as two-component dark matter scenarios. Focusing on
three different regimes, we showed how a single-component or two-component dark matter scenario can emerge by
numerically solving the coupled Boltzmann equations. We found that, when the ;ub}gb% term is not negligible, both
the single- and two-component scenarios may be obtained, depending on the mass range. When the y parameter
is small or absent, we showed that a two-component dark matter scenario naturally arises without dependence on
the mass range of the WIMP and FIMP DM. In the case of a two-component scenario, one component becomes
the WIMP-type dark matter and the other component is the FIMP-type dark matter. We performed a numerical
scan and presented viable parameter spaces which are compatible with the current experimental bounds such as
the direct and indirect detections, relieving the muon g — 2 tension at the same time.

The presence of the extra scalar fields not only makes the dark matter phenomenology richer. It also affects
the evolution dynamics of the vacuum state. As opposed to the Standard Model case whose phase transition is
of the cross-over type, a first-order phase transition may be realised in our model. Consequently, stochastic GW
signals may be emitted. We investigated the parameter space where the first-order phase transition occurs and
scrutinised the associated stochastic gravitational wave signals. Performing a numerical scan, we showed that the
predicted gravitational waves are strong enough to be probed by future gravitational wave experiments such as
Ultimate-DECIGO.

We explicitly demonstrated that our model is capable of accommodating the three problems of the Standard
Model, namely the dark matter, neutrino masses, and the muon g—2 tension, by presenting four benchmark points.
The chosen four benchmark points give rise to the first-order phase transition, and consequently, we observe the
associated gravitational wave signals. All of the four benchmark points are within the reach of detectability of
Ultimate-DECIGO. Furthermore, the chosen benchmark points realise two-component dark matter scenarios. We
expect that the gravitational wave feature of our model may serve as a complementary detection signal to the
standard (in-)direct detection and collider searches.
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Appendix A: Analytical Expressions for the Freeze-in Dark Matter

1. FIMP-WIMP interactions

We summarise different channels for the FIMP production, considering the interaction between the FIMP DM
and the WIMP DM.
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a. FExponential yield

In the regime where M; < 3Ms, the decay of the WIMP DM is kinetically forbidden. For the scattering process
Do <> 102, the Boltzmann equation is given by

Mg, + 3Hng, = (ov)ng,ng, (A1)

to a good approximation.® Since ¢ is in a FIMP regime, i.e., out of equilibrium, its number density is considerably
low, and we can thus neglect the quadratic term in ng,. Notice that if the decay were allowed, the decay channel
would become the dominant process as it may produce the total relic density of DM with a coupling orders of
magnitude smaller than the scattering process as it is shown in Sec. In terms of the yield Y2 = ngy, /S, where
S is the entropy density, the Boltzmann equation can be re-written as

dYs 1 o
The solution has an exponential behaviour,
1 eq
Yo =Ypexp | [ dT ﬁ(avmm . (A3)

The thermal average of cross section times velocity, (ov), can be obtained by

1 o 0AB—CD Vs
<O’U>AB—)CD SMiM?BKz(MA/T)KﬂMB/T) /(MA+MB)2 S \/g PAB 1<T> ’ ( )

where M4 p are the masses of A and B, s is the centre-of-mass energy, pap = [s— (Ma — Mp)?][s— (M4 + M3)?],
and K o are the modified Bessel functions of the second kind. In our model, the cross section is given by

M2 s(s —4M2)
77 321s \/(s — (M + M3)?)(s — (My — M3)?)’ (4

where the matrix element is given by |M|? = 36.2.

b. Three-body decay

In the opposite regime, M; > 3M,, the decay channel of the WIMP DM to the FIMP DM is open. The
differential decay rate is given by

My
dr = 32(217T)5 |M|? dx3 dzxy dcos 0 do, (A6)

where

0<¢<2r, —1<cosf<1, 2/c<azs<l4c—a—b—2VaVvh, z7 <z <af,

| a=b ), 1 ath , (a-bp A
+
T3 ta—bte—z3—5(2 x3)<+1+c—x3) 2y3\/ 1+C-”3+(1+C—$3)27 o

5 The viability of the use of number densities in the Boltzmann equations is questioned and checked in, for example, Ref. [169] by
considering the backreaction effects and solving the Boltzmann equations at the level of the phase-space distribution.
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with @ = b= c = M2/M} and y3 = \/z3 — 4c. Therefore, we obtain the decay rate as follows:

1—-3a 2
9 (x3 — 4a)(1 — 3a — x3)
A
2567T3| |/\/a de\/ 1+G7Z3 ’ ( 8)

with | M2 = 36p2.

2. FIMP-SM/BSM Higgs interactions

We consider now different FIMP production channels through the interactions with the SM and BSM Higgses.
Rotating into the mass eigenstates and considering the electroweak broken phase, we have the following interaction:

L D 21}|¢2|2h2()\2H cosf — )\2h sin 9) + 21}“7—|¢2|2h1()\2[—[ sin 6 + /\2h COS 9)
1
+ \¢2|2h1h2()\2H cos sin @ — Agp, cosfsinf) + 3 \¢2\2h§(A2H cos? 0 — Agp, sin? 0)
1
+ §|¢2|2h% (A2m cos® 6 — Aoy, sin? 0) (A9)
1 1
= 20|02 *ha + 2XVpr |G| Ry + Aclda|*hiho + 5)\d|¢2|2h§ + 5)‘e|¢2|2h§ ) (A10)
where we have introduced new coupling constants as
Ao = Aog cosf — Aoy sinf
/\b = /\QH sin 6 + )\gh COS@7
Ae = Aag cosfsind — Aop, cosfsin 6, (A11)

A = Ao cos? 0 — Agp, sin? 0,

Ae = Aopr o820 — Agp sin 0.

a. Decay contribution

In the parameter space where Mj, 5, > 2Ma, the decays of the SM and the BSM Higgs fields are allowed, with
the decay rates
2 2

’U v
T'sm = A —4M27 T = ——— g1/ M? —4M2. Al12
SM = M v/ M 2 BSM a7 My, \/ Mp, 2 (A12)

Solving the Boltzmann equation, we obtain

M, M, M, M,
Yo = [ dT K LT dT K 2T
2 / QHS 1<T) SM+/ 2HS 1<T) BSM
135Mp Tsm + I'psm
1.66 - 873g9 /g« \ M~ M7 |~

We note that, when the decay channel is kinematically open, it dominates the production.

(A13)
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b. Scattering contribution

When the decay is inactive, the dominant contribution to the FIMP production comes from the scattering
process. The yield in this case is given by
dYs 1 e

2 - e Vi (2 Al4
dT ~  3270HS [y dso (s —4Mp,,) 1(T> ’ (A14)

where M}, is My, (My,) if the relevant interaction is governed by the coupling A, (Ag). In the My, < M> limit,
we get

13572 M,
Yy = e 2 5 (A15)
1.66 - 409674 ¢S, /g, M2

while in the M}, < My limit, we find

1352 M,
Y, = 357, Mpi 5. (A16)
1.66 - 40967492\ /g M3

As h; represents the SM Higgs in our consideration, the first case, namely M}, < My, always holds to be the
case.
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