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Gravitational portals in the early Universe
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We consider the production of matter and radiation during reheating after inflation, restricting our
attention solely to gravitational interactions. Processes considered are the exchange of a graviton,
hµν , involved in the scattering of the inflaton or particles in the newly created radiation bath. In
particular, we consider the gravitational production of dark matter (scalar or fermionic) from the
thermal bath as well as from scattering of the inflaton condensate. We also consider the gravitational
production of radiation from inflaton scattering. In the latter case, we also derive a lower bound on
the maximal temperature of order of 1012 GeV for a typical α−attractor scenario from φφ→ hµν →
Standard Model fields (dominated by the production of Higgs bosons). This lower gravitational
bound becomes the effective maximal temperature for reheating temperatures, TRH . 109 GeV.
The processes we consider are all minimal in the sense that they are present in any non-minimal
extension of the Standard Model theory based on Einstein gravity and can not be neglected. We
compare each of these processes to determine their relative importance in the production of both
radiation and dark matter.

I. INTRODUCTION

Despite more than 80 years since the first indication
of dark matter [1], its nature and identity still remains a
mystery [2]. The hypothesis for a weakly interacting mas-
sive particle (WIMP) as a dark matter candidate is being
challenged by an obvious lack of signal in dedicated direct
detection experiments such as XENON1T [3], LUX [4] or
PANDAX [5] (see [6] for a detailed review). These ex-
periments exclude de facto a large part of the parameter
space in models where dark matter communicates with
the Standard Model via the Higgs [7, 8], the Z [9] or even
an electroweak extension introducing a massive Z ′ medi-
ator [10]. However, an alternative exists in the form of
particles interacting very weakly with the thermal bath,
and never having reached thermal equilibrium [11]. The
seclusion can be justified by the weakness of a coupling
(gravitational in the case of the gravitino [12–16]) or by
the exchange of very heavy mediators (generated by an
extra U(1) [17], moduli field [18] or massive spin-2 field
[19] as examples). A complete review can be found in
[20] as well as related studies in [21–24].

The minimal coupling one can imagine between dark
matter and the Standard Model is gravitational mediated
through a graviton [25, 26]. As this coupling is unavoid-
able, any process invoking graviton exchange provides a
lower limit on the amount of dark matter produced either
via the thermal bath [19, 26–30] or directly through the
scattering of the inflaton [31, 32]. The energy available
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in both cases partly compensates for the strong reduc-
tion in coupling by the Planck mass1, MP . This is not
too surprising. Indeed, we know that in the case of a
FIMP, a coupling of the order of ∼ 10−11 is needed to
produce dark matter in sufficient quantities. This corre-
sponds to an effective coupling of the order of E2

M2
P
, with

E ∼ 1013 GeV representing the available energy in the in-
teraction. This energy corresponds, roughly, to the mass
of the inflaton. It is therefore at the end of inflation, dur-
ing the transition period between an inflaton-dominated
universe and the radiative universe, called reheating, that
the available energy is sufficient for the efficient gravita-
tional production of dark matter.

The reheating process is not instantaneous [33–35].
The radiation bath may be produced by inflaton decays
or scattering which require a coupling of the inflaton to
the Standard Model, or as we show below through the
gravitational production of radiation. As the radiation
begins to appear, the Universe rapidly achieves a maxi-
mum temperature, Tmax and the reheating process con-
tinues until radiation domination is achieved at TRH. The
evolution of the radiation density depends on [36, 37] 1)
how it is produced, that is, through decays, or scatter-
ings, 2) the dominant final state particle spin, and 3) the
form of the inflaton potential about its minimum, which
we take as V (φ) ' λφkM4−k

P . This approximation is
appropriate for the Starobinsky model [38] (leading to
k = 2), as well as more general α-attractor type models
[39, 40]. Once the reheating is achieved, T > TRH, the
inflaton disappears from the energy budget and the tem-
perature evolves isentropically T ∝ a−1, where a is the

1 Throughout the paper, we will consider the reduced Planck mass
MP = 1/

√
8πGN ' 2.4× 1018 GeV.
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scale factor of the Universe. As we show below, the evolu-
tion of the radiation density can be modified by the grav-
itational production of Standard Model quanta which in-
duces a lower bound on the maximum temperature of the
Universe. We show that it is of the order of 1012 GeV,
and is one of the main results of our work.

If the production of dark matter occurs during reheat-
ing, it is intimately linked to the behaviour of the infla-
ton and the evolution of the thermal bath. Often it is as-
sumed that the either the dark matter is directly coupled
to the inflaton, in which case, it can be produced directly
from inflaton decays [35, 36, 41, 42] or it is coupled to
the Standard Model, and thus produced thermal as the
gravitino or other super-weakly interacting particles. In
the latter case, it has also been shown that radiative de-
cay of the inflaton [43] could be the dominant process to
populate the dark Universe.

While reheating requires some coupling of the infla-
ton to the Standard Model (as will see gravitation in-
teractions alone will not lead to radiation domination),
the mechanism for producing dark matter may in fact be
dominated solely by gravity. In this paper, we analyze all
processes involving a gravitational interactions, compar-
ing the modes of production via the thermal bath, the
scattering of the inflaton, and gravitational production
of particles from the thermal bath which subsequently
produce dark matter through gravity as well. In this
sense, each of the physical quantities we consider, such
as the relic density or maximum temperature, must be
considered as lower bounds as the gravitational process
we compute are inevitable in any theory based on Ein-
stein gravity. As a result, these lower bounds must be
taken into account in any kind of extension of the Stan-
dard Model, and can be thought of as a gravitational
“background noise". We do not consider preheating via
parametric or stochastic resonances as we did in [44],
because we want to compute the minimal unavoidable
amount of dark matter, and thus derive the strongest
model-independent constraints on the dark matter mass,
supposing that it only couples gravitationally.

The only non-gravitational coupling we consider, is a
coupling of the inflaton to SM fields to achieve reheat-
ing. Thus, we consider a generic Yukawa-like coupling
of the form, yφf̄f , where f is some Standard Model
fermion. We assume rapid thermalization, and these de-
cays are (partially) responsible for the growing thermal
bath. However the production of dark matter from the
thermal bath is entirely gravitational.

The paper is organized as follows. The framework for
our computation is outlined in Section II. We consider
both scalar and fermionic dark matter coupled to the
Standard Model and the inflaton only through gravity.
We compute the rates for the production of dark mat-
ter either through thermal scattering (mediated by grav-
ity alone) or from the inflaton condensate. We choose
an attractor form for the inflaton potential which when
expanded about its minimum, take the form φk. Our

results are sensitive to k. Reheating takes place as the
inflaton oscillates about this minimum. In Section III we
consider three distinct gravitational process. The gravi-
tation production of dark matter from the thermal bath;
the gravitational production of dark matter from the con-
densate; and the gravitational production of the thermal
bath from the condensate. We then compare each modes
in Section IV, before concluding in Section V.

II. THE FRAMEWORK

We study universal gravitational interactions that
must exist between the inflationary and dark sectors. If
the space-time metric is expanded around flat space us-
ing gµν ' ηµν + h̃µν the gravitational Lagrangian in the
transverse-traceless gauge at second order can be written
as

L =
M2
P

2
R 3 M2

P

8
(∂αh̃µν)(∂αh̃µν) =

1

2
(∂αhµν)(∂αhµν)

(1)
where hµν = (MP /2)h̃µν is the canonically normalized
perturbation and andMP = (8πG)−1/2 ' 2.4×1018 GeV
is the reduced Planck mass. Gravitational interactions
are described by the Lagrangian (see e.g., [45])

√−gLint = − 1

MP
hµν

(
TµνSM + Tµνφ + TµνX

)
. (2)

Here SM represents Standard Model fields, φ is the infla-
ton and X is a dark matter candidate. The form of the
stress-energy tensor Tµνi depends on the spin of the field,
i = 0, 1/2, 1,2 and is given by

Tµν0 = ∂µS∂νS − gµν
[

1

2
∂αS∂αS − V (S)

]
, (3)

Tµν1/2 =
i

4

[
χ̄γµ

↔
∂νχ+ χ̄γν

↔
∂µχ

]
−gµν

[
i

2
χ̄γα

↔
∂αχ−mχχ̄χ

]
, (4)

Tµν1 =
1

2

[
FµαF

να + F ναF
µα − 1

2
gµνFαβFαβ

]
, (5)

where V (S) is the scalar potential for either the scalar
dark matter or inflaton, with S = X,φ, and Fµν =
∂µAν − ∂νAµ is the field strength for a vector field, Aµ.
In Fig. 1, we show the s-channel exchange of a graviton
obtained from the Lagrangian (2) for the production of
dark matter from either the inflaton condensate or Stan-
dard Model fields. In addition, a similar diagram exists
for the production of Standard Model fields (during the

2 In this work we consider dark matter candidates which are either
real scalars or a Dirac fermion.
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FIG. 1: Feynman diagram for the production of dark matter
through the gravitational scattering of the Standard Model

particle bath or inflaton condensate.

reheat process) from the inflaton condensate in the initial
state.

Although the direct coupling to the massless graviton
appears to be feeble due to Planck suppression, the en-
ergy available in the thermal bath during the initial stage
of reheating is large enough to make the gravitational
production rates significant.

The scattering amplitudes related to the produc-
tion rate of the processes φ/SMi(p1) + φ/SMi(p2) →
SMi/Xj(p3) + SMi/Xj(p4) can be parametrized by

Mij ∝M j
µνΠµνρσM i

ρσ , (6)

where (i, j) denotes the spin of the (initial,final) state
involved in the scattering process and i, j = 0, 1/2, 1.
Πµνρσ is the graviton propagator for the canonical field
h with momentum k = p1 + p2,

Πµνρσ(k) =
ηρνησµ + ηρµησν − ηρσηµν

2k2
. (7)

The partial amplitudes, M i
µν , are given by

M0
µν =

1

2
[p1µp2ν + p1νp2µ − ηµνp1 · p2 − ηµνV ′′(S)] , (8)

M1/2
µν =

1

4
v̄(p2) [γµ(p1 − p2)ν + γν(p1 − p2)µ]u(p1) , (9)

M1
µν =

1

2

[
ε∗2 · ε1 (p1µp2ν + p1νp2µ)

− ε∗2 · p1 (p2µε1ν + ε1µp2ν)− ε1 · p2
(
p1νε

∗
2µ + p1µε

∗
2ν

)
+ p1 · p2

(
ε1µε

∗
2ν + ε1νε

∗
2µ

)
+ gµν (ε∗2 · p1ε1 · p2 − p1 · p2 ε∗2 · ε1)

]
, (10)

with analogous expressions for dark matter in terms of
the dark matter momenta, p3, p4, and potential V (X), if
X is a scalar. For an initial state inflaton with S = φ, we
replace M0

µν with T 0
µν from Eq. (3). As we only consider

vectors in the Standard Model, their masses have been
neglected in Eq. (10).

In what follows, we consider three distinct processes
based on the diagram in Fig. 1: for the production of dark

matter, A) SM + SM→ X+X; B) φ+φ→ X+X, where
the latter involves the inflaton condensate (zero mode)
in the initial state rather than an initial state particle
with momentum p1,2 (see below for more detail), and
C) φ + φ → SM + SM, as a minimal and unavoidable
contribution to the reheating process.

The dark matter production rate from SM fields can
be readily calculated by assuming that the initial particle
states are massless. This assumption can be justified by
the fact that the energy associated with the momenta,
p1 , p2 is extremely large at the end of inflation and dom-
inates over electroweak scale quantities.

The dark matter production rate R(T ) for the SM+SM
→ X +X process with amplitudeM 3 is

R(T ) =
1

1024π6

∫
f1f2E1 dE1E2 dE2 d cos θ12

∫
|M|2 dΩ13 ,

(11)
where Ei denotes the energy of particle i = 1, 2, 3, 4, θ13
and θ12 are the angles formed by momenta p1,3 and p1,2,
respectively, and

fi =
1

eEi/T ± 1
, (12)

represent the assumed thermal distributions of the in-
coming SM particles.

The total amplitude squared for the gravitational scat-
tering process SM+SM → Xj + Xj is given by a sum
of the three amplitudes associated with different initial
state spins,

|M|2 = 4|M0|2 + 45|M1/2|2 + 12|M1|2 . (13)

These were calculated in [19] and it was found that the
dark matter production rate is given by

RTj = Rj(T ) = βj
T 8

M4
P

, (14)

where j refers to the spin of X (either 0 or 1/2), the
constants βj and details related to the computation of
dark matter production rate and the amplitude squared
are given in Appendix A.

For the production of dark matter through the scat-
tering of the inflaton condensate we consider the time-
dependent oscillation of a classical inflaton field φ(t).
Since our computation depends explicitly on inflaton po-
tential, we consider the α-attractor T-model [39] as a
specific example,

V (φ) = λM4
P

∣∣∣∣√6 tanh

(
φ√

6MP

)∣∣∣∣k , (15)

3 It should be noted that we include the symmetry factors associ-
ated with identical initial and final states in the squared ampli-
tude, |M|2.
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which can be expanded about the origin4

V (φ) = λ
φk

Mk−4
P

, φ�MP . (16)

The time-dependent oscillating inflaton field can be
parametrized as

φ(t) = φ0(t) · P(t) , (17)

where φ0(t) is the time-dependent amplitude that in-
cludes the effects of redshift and P(t) describes the peri-
odicity of the oscillation.

To calculate the dark matter production rate, we com-
bine the potential (16) with Eq. (17), which leads to
V (φ) = V (φ0) · P(t)k. We next expand the potential
energy in terms of the Fourier modes [37, 46, 47]

V (φ) = V (φ0)

∞∑
n=−∞

Pkne−inωt = ρφ

∞∑
n=−∞

Pkne−inωt ,

(18)
where ω is the frequency of oscillation of φ, given by [37]

ω = mφ

√
πk

2(k − 1)

Γ( 1
2 + 1

k )

Γ( 1
k )

. (19)

For scalar dark matter, we find that the particle pro-
duction rate per unit volume and unit time for an arbi-
trary value of k is given by

Rφ
k

0 =
2× ρ2φ
16πM4

P

Σk0 , (20)

where the factor of two accounts for the fact we produce
two dark matter particles per scattering, with

Σk0 =

∞∑
n=1

|Pkn|2
[
1 +

2m2
X

E2
n

]2√
1− 4m2

X

E2
n

, (21)

where En = nω is the energy of the n-th inflaton oscil-
lation mode and mX is the mass of the produced dark
matter. A detailed calculation of this rate is presented
in Appendix B.

For the case k = 2, we find that the particle production
rate is given by

Rφ
2

0 =
2× ρ2φ

256πM4
P

(
1 +

m2
X

2m2
φ

)2√
1− m2

X

m2
φ

, (22)

where m2
φ = V ′′(φ0), and since

∑P2
n = cos2(mφt), we

find that only the second Fourier mode in the sum con-
tributes, with

∑ |P2
n|2 = 1

16 and E2 = 2mφ.5

4 It should be noted that our discussion is general and not limited
to T-models of inflation.

5 We note that the rate calculated here differs from [31] by a factor
of 8, because in the latter the inflaton was treated as a particle
and not a condensate resulting in a difference by a factor of 2 in
the applied symmetry factors. In addition, the interaction con-
sidered there did not use a properly normalized graviton resulting
in a factor of 2 in the vertex and 16 in the rate.

For a fermionic dark matter candidate, we find the
following rate

Rφ
k

1/2 =
2× ρ2φ
4πM4

P

m2
X

m2
φ

Σk1/2 , (23)

where the factor of two accounts for the sum over the
particle and antiparticle final states, with

Σk1/2 =

+∞∑
n=1

|Pkn|2
m2
φ

E2
n

[
1− 4m2

X

E2
n

]3/2
. (24)

For the case k = 2, we obtain

Rφ
2

1/2 '
2× ρ2φ

256πM4
P

m2
X

m2
φ

[
1− m2

X

m2
φ

]3/2
. (25)

A detailed discussion related to the dark matter produc-
tion rates through the inflaton condensate scattering is
given in Appendix B.

For the production of SM fields from inflaton oscil-
lations, we follow the same procedure, but replace the
partial amplitude, M j

µν , for dark matter with the appro-
priate amplitude involving SM fields. Below, we consider
only the example of producing Higgs bosons, namely
φ+ φ→ H +H.

III. GRAVITATIONAL PRODUCTION OF
QUANTA

As we discussed in the previous section, the graviton
can act as a portal between the inflaton, SM fields and a
potential dark matter candidate. As outlined above we
here consider three cases in detail:

A. The graviton portal between a thermal bath and dark
matter. This is essentially a gravitational freeze-in
mechanism for the production of dark matter.

B. The graviton portal between the inflaton and dark
matter. In this case, the inflaton directly populates
the dark matter without the need of either the ther-
mal bath or a mediator between the SM and the dark
matter candidate.

C. The graviton portal between the inflaton and the
Standard Model sector to produce a radiative bath
at the start of reheating.

A. SM SM→ hµν → DM DM

The spin-2 portal for the production of dark matter
was considered recently in [19] for both massive and
massless spin-2 fields. Here we restrict our attention to
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the massless (graviton) portal. For an inflaton poten-
tial with k = 2, the scattering cross section between SM
fields and dark matter is proportional to T 2/M4

P , and
we expect the resulting dark matter abundance to be
primarily sensitive to the reheating temperature (rather
than the maximum temperature attained during the re-
heating process). Sensitivity to Tmax requires a cross sec-
tion with a steep dependence on temperature, σ ∝ Tn,
with n ≥ 6. When k > 2, sensitivity to Tmax requires
only n > (10 − 2k)/(k − 1) when the primary reheating
mechanism is determined by inflaton decays as discussed
below. Then, for example, when k = 4, when n > 2/3,
the dark matter abundance becomes sensitive to Tmax.
For the graviton portal, then, this occurs when k ≥ 3.

The gravitational scattering of particles in the primor-
dial plasma can produce massive particles playing the
role of a viable dark matter candidate X. Then, the
matter density nX obeys the classical Boltzmann equa-
tion6

dnX
dt

+ 3HnX = RTX , (26)

where H = ȧ
a is the Hubble parameter. It is more con-

venient to work with a as dynamical parameter, rather
than t or T . Eq.(26) can then be rewritten

dnX
da

+ 3
nX
a

=
RTX(a)

Ha
. (27)

Since the production rate RTX is dependent on the ini-
tial state energies, i.e. of the temperature of the thermal
bath, one needs the expression of T (a) to solve the Boltz-
mann equation in terms of the scale factor. We explain
the functional dependence of RTX on a below. Defining
the comoving number YX = na3, we obtain

dYX
da

=
a2RiX(a)

H
. (28)

We assume an inflaton potential of the form given in
Eq. (16). We next apply the expressions for energy con-
servation for the inflaton density ρφ and the radiation
density ρR

dρφ
dt

+ 3H(1 + wφ)ρφ ' −(1 + wφ)Γφρφ (29)

dρR
dt

+ 4HρR ' (1 + wφ)Γφρφ . (30)

where wφ =
Pφ
ρφ

= k−2
k+2 [37] is the equation of state param-

eter. Here we assume that reheating primarily occurs due
to the inflaton effective coupling to the Standard Model
fermions, given by the Lagrangian

Lyφ−SM = −yφf̄f , (31)

where y is a Yukawa-like coupling and f is a Standard
Model fermion. The width of φ is easily determined from
the coupling (31)

Γφ =
y2

8π
mφ . (32)

Note that for k > 2, mφ depends on φ and hence on the
scale factor a. We defined the inflaton energy density
and pressure as

ρφ =
1

2
〈φ̇2〉+ 〈V (φ)〉, Pφ =

1

2
〈φ̇2〉 − 〈V (φ)〉. (33)

We can solve Eqs. (29, 30) and obtain [36, 37]

ρφ(a) = ρend

(aend
a

) 6k
k+2

(34)

and

ρR(a) = ρRH

(aRH

a

) 6k−6
k+2 1−

(
aend
a

) 14−2k
k+2

1−
(
aend
aRH

) 14−2k
k+2

, (35)

where these relations hold for aend � a � aRH. aend is
a reference point marking the end of inflation. ρφ(aend)
corresponds to the total energy density (there is virtually
no radiation at this point) when the slow-roll parameter
ε = 1. At this moment, ρend = 3

2V (φend) [48]. Note
that this solution possesses a maximum for ρR(a) (at
a = amax). We have also defined ρRH and aRH such that
ρR(aRH) = ρφ(aRH). Since

ρR =
gTπ

2

30
T 4 ≡ αT 4 , (36)

where gT is the number of relativistic degrees of freedom
at the temperature, T . Thus, we have ρR(amax) = αT 4

max

and ρR(aRH) = αT 4
RH. The ratio of amax to aend is fixed

and depends only on k [36]

amax

aend
=

(
2k + 4

3k − 3

) k+2
14−2k

. (37)

Since we can express T as function of the scale fac-
tor, a, with Eq. (35), we can implement that relation in
Eq. (14) to obtain RTX as function of a,

RTX(a) = βX
ρ2RH

α2M4
P

(aRH

a

) 12k−12
k+2

 1−
(
aend
a

) 14−2k
k+2

1−
(
aend
aRH

) 14−2k
k+2


2

.

(38)

Using H '
√
ρφ(a)√
3MP

, which is valid for a� aRH, Eq. (28)
becomes

dYX
da

=

√
3MP√
ρRH

a2
(

a

aRH

) 3k
k+2

RTX(a) . (39)

The solution to this equation is
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nTX(aRH) =
βX
√

3

α2M3
P

ρ
3/2
RH

(1− (aend/aRH)
14−2k
k+2 )2



k+2
6

(
1

3−k + 3
k−1

(
aend
aRH

) 14−2k
k+2

+ (k−7)2
k3+k2−17k+15

(
aend
aRH

) 18−6k
k+2 − 3

k+5

(
aend
aRH

) 28−4k
k+2

)
[k 6= 3]

ln
(
aRH

aend

)
− 5

16

(
3− 4

(
aend
aRH

) 8
5

+
(
aend
aRH

) 16
5

)
[k = 3]

(40)

where we integrated Eq. (39) between the values of the
scale factor corresponding to the end of inflation, aend,
and the reheating temperature (reached at aRH).

Writing the relic abundance [2]

ΩXh
2 = 1.6× 108

g0
gRH

n(TRH)

T 3
RH

mX

1 GeV
, (41)

and inserting Eq. (40), we obtain

ΩTXh
2 = Ωk ×


k+2
6

(
1

3−k + 3
k−1

(
ρRH

ρend

) 7−k
3k

+ (k−7)2
k3+k2−17k+15

(
ρRH

ρend

) 3−k
k − 3

k+5

(
ρRH

ρend

) 14−2k
3k

)
[k 6= 3]

5
18 ln

(
ρend

ρRH

)
− 5

16

(
3− 4

(
ρRH

ρend

) 4
9

+
(
ρRH

ρend

) 8
9

)
[k = 3]

(42)

with

Ωk = 1.6×108
g0
gRH

βX
√

3√
α

mX

1 GeV

T 3
RH

M3
P

[
1−

(
ρRH

ρend

) 7−k
3k

]−2
,

(43)
where g0 = 43/11 and we take gRH = 427/4 as the Stan-
dard Model value.

We observe that, for a given reheating temperature,
the relic abundance decreases with k. Furthermore,
whereas ΩTXh

2 ∝ T 3
RH for a quadratic potential, it be-

comes ∝ T 2
RH for a quartic potential, and even ∝ TRH

for k = 6. This comes from the fact that the Hubble pa-
rameter, dominated by the evolution of the inflaton, has
a greater dependence on T for larger values of k, slowing
down the production mechanism for large temperatures.

B. φ φ→ hµν → DM DM

As noted earlier, it is also possible that the inflaton
condensate can lead to the direct production of dark mat-
ter through single graviton exchange [31]. Here, we gen-

6 We note that we include the relevant factors of 2 associated with
identical initial states in the definition of the particle production
rate.

eralize that result for k ≥ 2. Having computed the pro-
duction rate in Eqs. (20) and (23) for scalar and fermionic
dark matter respectively, we can replace RTX with the
rates in Eq. (39). Then integrating

dYX
da

=

√
3MP√
ρRH

a2
(

a

aRH

) 3k
k+2

Rφ
k

X (a) (44)

between aend and aRH gives for scalar dark matter

nφ0 (aRH) =

√
3ρ

3/2
RH

8πM3
P

k + 2

6k − 6

[(
aRH

aend

) 6k−6
k+2

− 1

]
Σk0 (45)

which can be expressed as function of ρend using Eq. (34):

nφ0 (aRH) '
√

3ρ
3/2
RH

8πM3
P

k + 2

6k − 6

(
ρend
ρRH

)1− 1
k

Σk0 , (46)

or

Ωφ0h
2

0.1
'
(

ρend

1064GeV4

)1− 1
k
(

1040GeV4

ρRH

) 1
4−

1
k
(
k + 2

6k − 6

)
× Σk0 ×

mX

2.4× 10
24
k −7GeV

(47)

where we assumed aRH � aend. Note that the depen-
dence on ρφ used in Eq. (44) hides the fact that we con-
sidered a decaying inflaton during the reheating.
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For fermionic dark matter we obtained

nφ1/2(aRH) =
m2
X

√
3(k + 2)ρ

1
2+

2
k

RH

12πk(k − 1)λ
2
kM

1+ 8
k

P

[(
aRH

aend

) 6
k+2

− 1

]
Σk1

2

' m2
X

√
3(k + 2)ρ

1
2+

2
k

RH

12πk(k − 1)λ
2
kM

1+ 8
k

P

(
ρend
ρRH

) 1
k

Σk1
2

(48)

where we used

m2
φ = V ′′(φ0) = k(k − 1)λ

2
kM2

P

(
ρφ
M4
P

)1− 2
k

. (49)

We can simplify the expression to write

Ωφ1/2h
2

0.1
=

Σk1/2

2.4
8
k

k + 2

k(k − 1)

(
10−11

λ

) 2
k
(

1040GeV4

ρRH

) 1
4−

1
k

×
(

ρend

1064GeV4

) 1
k
(

mX

8.3× 106+
6
kGeV

)3

(50)

Up until now, we have assumed that the thermal bath
was produced via inflaton decays. However, for low re-
heat temperatures, and hence small values of the Yukawa-
like inflaton coupling, y, it is possible that radiation, in
the form of Higgs bosons, is produced directly from the
condensate via gravitational interactions. This is consid-
ered in the next subsection.

C. φ φ→ hµν → SM SM

The calculation for the production of SM fields pro-
duced by the scattering of the inflaton via gravity is sim-
ilar to the preceding calculation for dark matter. As was
shown in [31] and [37], there exists the possibility that
the thermal bath is produced not by inflaton decay but
rather by inflaton scattering after inflation. This occurs
for instance for low values of y. In this case, the max-
imum temperature is not given by the inflaton width,
but by the scattering process, whereas the final reheat-
ing (and thus TRH) is still dominated by the decay. This
is illustrated in Fig. 2 below. In fact, the gravitational
scattering φφ → hµν → HH is always present and can
never be eliminated. Such a process generates an effec-
tive coupling

Lh = σhφ
2H2 . (51)

From Eq. (A.23) of [37], we can write the left-hand side
of Eq. (30) as

(1 + w)Γφρφ = N
σ2
h

4π
φ40ω

∞∑
n=1

n|Pkn|2. (52)

whereN = 4 is the number of real scalars in the Standard
Model, when we neglect the Higgs mass. Identifying this

rate with that in Eq. (20), and (1 +w)Γφρφ = ωRφ
k

0 , we
deduce that

σh =
ρφ

8M2
Pφ

2
0

, (53)

for each real scalar. Thus for the Standard Model Higgs,
and in the case k = 2 we have

σh =
m2
φ

16M2
P

' 9.8× 10−12
(

mφ

3× 1013 GeV

)2

. (54)

σh can be considered as the lowest possible and inevitable
value for a quartic coupling between the inflaton and
scalars. This may be important and even dominate the
reheating process at its earliest stages. We note that in a
theory with additional weak scale scalars such as the min-
imal supersymmetric Standard Model (MSSM), the grav-
itational production is increased due to the large number
of scalars, N = 98 in the MSSM. Note also that there is a
minimal gravitational production rate for the production
of SM fermions and gauge bosons though this is com-
pletely negligible due to the mass suppression (see e.g.
Eq. (23) for fermions). Thus if we restrict our attention
to the Standard Model, we take N = 4 corresponding to
the four real scalar degrees of freedom.

We now recompute the evolution of the radiation den-
sity using Eq. (30) and (52),

dρhR
dt

+ 4HρhR = N
ρ2φω

16πM4
P

∞∑
n=1

n|Pkn|2 . (55)

The solution of (55) is

ρhR = N

√
3M4

P γkΣhk
16π

(
ρe
M4
P

) 2k−1
k k + 2

8k − 14

×
[(ae

a

)4
−
(ae
a

) 12k−6
k+2

]
(56)

with

γk =

√
π

2
k

Γ( 1
2 + 1

k )

Γ( 1
k )

λ
1
k (57)

and

Σhk =

∞∑
n=1

n|Pkn|2 . (58)

Once again, there is a maximum temperature which
can be determined by from the value of aend/a which
maximizes Eq. (56),

aend
amax

=

(
2k + 4

6k − 3

) k+2
8k−14

, (59)

and hence a maximum radiation density,

ρhmax = N

√
3M4

P γkΣhk
16π

(
ρend
M4
P

) 2k−1
k k + 2

12k − 6

(
2k + 4

6k − 3

) 2k+4
4k−7

(60)
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For k = 2 we have

Thmax ' 3.0×1012
(

ρend

1064 GeV4

) 3
8
(

mφ

3× 1013 GeV

) 1
4

GeV ,

(61)
where we have taken N = 4 and scales as N1/4. Further-
more, the sum Σhk (58) begins at n = 2, because 2 modes
scatter, and the initial mode has an energy of 2ω, which
implies for k = 2,

Σh2 = 2× |P2
2 |2 = 2× 1

16
=

1

8
. (62)

It is important to stress the importance of Eqs. (60)
and (61). These correspond to an absolute lower bound
on the maximal temperature of the Universe. We have
not made any assumption other than the existence of
a complex Higgs doublet and the inflaton coupled only
through gravity. Our calculation implies that the Uni-
verse must have passed through this (or a higher) tem-
perature during the early stages of reheating.

For k = 2, the radiation density produced by inflaton
scattering as computed above never comes to dominate
the energy density and can not lead to reheating. Al-
though scattering can lead to reheating if k ≥ 4 [37].
Gravitational scattering is less efficient. The ‘quartic’
coupling defined in Eq. (53) is only constant if k = 2. In
general, it scales as φk−20 . Nevertheless, for k > 4 reheat-
ing from gravitational scattering is possible, though very
inefficient. For example, for k = 6, TRH . 1 eV. As a
result it is usually necessary to include a decay channel
for the inflaton as in Eq. (31).7 For a sufficiently large
coupling, y, the radiation produced by decay will always
dominate over that produced by scattering as computed
above. In addition, the maximum temperature may be
greater than the lower bound in Eq. (61). However, there
is a critical value of y, such that at smaller couplings, the
gravitational scattering process (52) dominates at some
point during the reheating process. This gives us the re-
heating temperature below which the maximal temper-
ature is fixed by (60), and is independent of additional
couplings beyond gravity between the inflaton and the
standard model sector. To determine the value of this
critical coupling (and hence reheating temperature), it is
useful to rewrite Eq. (35) as

ρyR =

√
3M4

P γ
3
ky

2Σyk
8π

(
ρend
M4
P

) k−1
k

λ−
2
k
k + 2

7− k

×
[(aend

a

) 6k−6
k+2 −

(aend
a

)4]
(63)

7 Note that even including non-perturbative effects including pre-
heating, does not lead to reheating in the absence of a decay
channel for k = 2 [44].

After some algebra, we found that the maximum of ρyR
when evaluated at amax given by Eq. (37) is

ρymax =
y2γ3k
√

3

16π
λ

−2
k M4

P

(
ρend
M4
P

)1− 1
k
(

3k − 3

2k + 4

) 3k−3
7−k

×Σyk (64)

where

Σyk =

∞∑
n=1

n3|Pkn|2 . (65)

For k = 2, the dominant mode is the first mode (n = 1)
which gives

Σy2 = 13 × |P2
1 |2 =

1

4
(66)

The critical value for y such that the maximum radiation
density and temperature are determined from the scat-
tering of the inflaton condensate is given by ρymax < ρhmax

which leads to

y2 . N
λ

2
k

γ2k

(
ρend
M4
P

)
Σhk
Σyk

×
(

k + 2

12k − 6

)(
2k + 4

6k − 3

) 2k+4
4k−7

(
2k + 4

3k − 3

) 3k−3
7−k

(67)

which gives for k = 2 and N = 4,

y . 0.4

√
ρend
M4
P

' 6.9× 10−6
(

ρend

1064GeV4

) 1
2

(68)

or

TRH . 3.0×109
(

ρend

1064GeV4

)1/2(
λ

2.5× 10−11

)1/4

GeV ,

(69)
where TRH is defined by [37]

ρφ(aRH) = αT 4
RH = M4

P

(√
3γ3ky

2Σykλ
− 2
k (k + 2)

8π(7− k)

)k
.

(70)
Thus for all models with a reheat temperature due to
decays, which is less than that given in Eq. (69), the
maximum temperature during the reheat process is de-
termined by scattering (mediated by gravity) and thus
can not be ignored. Note also that for such small values
of y, the kinetic effects due to the effective mass induced
by the coupling yφf̄f are non-existent, as shown in [37].

We show in Fig. 2 the evolution of the energy densities
of the inflaton (blue), the radiation produced by inflaton
decays (orange dashed), the radiation produced by infla-
ton scattering mediated by gravity (green dashed), and
the total radiation density (red) as function of the scaling
parameter a/aend for a Yukawa-like coupling y = 10−8

with k = 2 and ρend = 1064 GeV4. We clearly see that
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the beginning of the evolution of the radiation density
is dominated by the scattering of the inflaton via gravi-
ton exchange (orange line), which determines the maxi-
mum temperature. For k = 2, the radiation density from
scattering falls as a−4 [37], whereas the density from de-
cays falls more slowly as a−3/2 so that eventually the
latter begins to dominate the population of the thermal
bath when a = aint, until the reheating is complete when
ρφ = ρR at a = aRH. For aint � aend, we can approxi-
mate the cross-over point from Eqs. (56) and (63) using
the equality ρyR = ρhR. For sufficiently small y and for
k = 2, we find

aint
aend

'
(

8y2Σy2
5NΣh2

M4
P

ρend

)− 2
5

, (71)

which gives aint ' 430 aend in good agreement with
the numerical solution for the parameter choices used
in Fig. 2. We stress that the maximum temperature at-
tained Tmax ' 1012 GeV is independent of any beyond
the Standard Model physics, and is purely gravitational
and can not be ignored when production rates are highly
dependent on the ratio Tmax/TRH.

101 103 105 107 109 1011

a
aend

1025

1029

1033

1037

1041

1045

1049

 (G
eV

)4

y = 1e-08
end = 1.e+64

k = 2
N = 4.0

tot
R

R
y
R

FIG. 2: Evolution of the radiation density (red) and inflaton
density (blue) as a function of a/aend for a Yukawa-like

coupling y = 10−8 with ρend = 1064 GeV4 and k = 2. This
plot is obtained by solving numerically equations (29), (30)
and (55). The evolution of the radiation density produced

from inflaton decays (orange-dashed) and scattering
mediated by gravity (green-dashed) are also shown.

We can finally apply our result to the dark matter pro-
duction through a graviton exchange while the bath is
also dominated by scattering of φ through graviton ex-
change. For TRH . 109 GeV, the Boltzmann equation
one needs to consider is

dY hX
da

=

√
3MP√
ρend

a2
(

a

aend

) 3k
k+2

RhX(a) (72)

with

RhX = βX
ρ2max

α2M4
P

(amax

a

)8
. (73)

The result of the integration gives

Y hX(aint)=
N23
√

3M3
PβXγ

2
k(Σhk)2

α265536π2

(
k + 2

8k − 14

)2

×
(
ρend
M4
P

) 7k−4
2k

a3end

[(
k + 2

2k + 10

)(
1−

(
aend
aint

) 2k+10
k+2

)

+

(
k + 2

18k − 18

)(
1−

(
aend
aint

) 18k−18
k+2

)

−
(
k + 2

5k − 2

)(
1−

(
aend
aint

) 10k−4
k+2

)]
(74)

where aint corresponds to the value of the scale factor
when the radiation density produced by inflaton decays
begins dominate over that produced by gravitational in-
flaton scattering (this only occurs if y satisfies the bound
in Eq. (67)). For a > aint, the slope of the radiation en-
ergy density curve as a function of a changes as seen in
Fig. 2 and any thermal contribution to the production of
dark matter originates from inflaton decay.

For sufficiently small y, aint � aend, and Eq. (74) can
be simplified and we see that the dark matter yield does
not depend on this intermediate scale factor, but only on
aend and ρend. Thus for small y, we can also use Eq. (74)
to evaluate the dark matter density at a = aRH,

nhX(aRH)' N2
√

3βXγ
2
k(Σhk)2M3

P

196608π2α2

(
k + 2

8k − 14

)2

(75)

× (k + 2)(4k − 7)2

(k − 1)(k + 5)(5k − 2)

(
ρend
M4
P

) 7k−4
2k
(
ρRH

ρend

) k+2
2k

and the relic abundance

ΩhXh
2= 1.6× 108

g0
gRH

mX

1 GeV

√
3βXγ

2
k(Σhk)2M3

P

196608π2α2T 3
RH

(
k + 2

8k − 14

)2

× (k + 2)(4k − 7)2

(k − 1)(k + 5)(5k − 2)

(
ρend
M4
P

) 6k−6
2k
(
ρRH

M4
P

) k+2
2k

(76)

Because the radiation produced by gravitational scat-
tering dominates near amax only when TRH satisfies
Eq. (69), the relic density in Eq. (76) is suppressed by
(ρRH/MP )(k+2)/2k, and it never dominates the gravi-
tational production of dark matter given in Eq. (42),
though it can lead to important effects when non-
gravitational production modes with a strong dependence
on temperature are considered.
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IV. RESULTS

In the results presented below, we choose a class of in-
flation models, called T-models given by Eq. (15) which
take the form of Eq. (16) when expanded about the ori-
gin. Given a specific potential, we can determined λ from
the normalization of the CMB quadrupole anisotropy and
ρend from the condition ε = 1, as discussed earlier. Set-
ting y = 10−7, for k = 2, we have λ = 2.5 × 10−11 and
ρ
1/4
end = 5.2× 1015 GeV8. For k = 4, λ = 3.3× 10−12 and
ρ
1/4
end = 4.8×1015 GeV whereas for k = 6, λ = 4.6×10−13

and ρ1/4end = 4.6× 1015 GeV. For more on the determina-
tion of these parameters, see [37].

Given these (model-dependent) parameter values for
k = 2, 4, 6, we list in Table I, the values for Tmax which
we obtain from ρhmax in Eq. (60); the maximum coupling
y from Eq. (67) for which the gravitational produced ra-
diation with temperature Tmax dominates over that pro-
duced by decays; and the corresponding reheating tem-
perature, TRHmax obtained when y = ymax using Eq. (70)
for ρRH. Tmax ∝ λ1/4k depends weakly on the inflaton
coupling, and thus varies little for different values of k.
The coupling ymax is independent of λ and also varies lit-
tle with k. However, the final reheat temperature (which
is not a result of purely gravitational interactions) is very
sensitive to k as it scales as yk/2 resulting in very small
reheating temperatures when k = 4 or 6 for the small
values of y considered.

We show in Figs.(3) and (4) (for scalar and fermionic
dark matter respectively) the region in the parameter
space defined by the (mX , TRH) plane for which we
are able to obtain a relic abundance consistent with the
Planck CMB determination of the cold dark matter den-
sity, ΩXh

2 = 0.12 [49]. We combine the dark matter
density originating from thermal production as given in
Eq. (42) with that from scattering of the condensate to
scalars given in Eq. (47) or fermions in Eq. (50).

For scalar dark matter, scattering in the condensate
dominates the production of dark matter and we see from
Eq. (47) that an isodensity contour should obey a sim-
ple power law, corresponding to mX ∝ (TRH)

4
k−1. In-

deed, thermal production is not an efficient mechanism
for the scalar dark matter, and the unique mechanism
which populates the dark matter density is inflaton scat-
tering (barring any beyond the Standard Model contri-
bution). To better understand this, we can compute the
ratio of the rates when a = amax, where the thermal pro-
duction is maximum. Comparing the rates in Eqs. (20)

8 Different values of y give differences (at most) of 20% on λ, and
5% on ρ1/4end.
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FIG. 3: Points respecting Planck constraint Ωh2 = 0.12 in
the case of a scalar dark matter, in the plane (mX , TRH) for

different values of k.
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FIG. 4: Points respecting Planck constraint Ωh2 = 0.12 in
the case of a fermionic dark matter, in the plane (mX , TRH)

for different values of k.

and (38)

Rφ
k

0 (amax)

RT0 (amax)
=
α2Σk0
8πβ0

(
3k − 3

2k + 4

) 6
7−k

(
ρend
ρRH

) 2
k

(77)

= g2max

5760Σk0
3997

(
3k − 3

2k + 4

) 6
7−k

(
ρend
ρRH

) 2
k

� 1 ,
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k = 2 k = 4 k = 6

Tmax 1.0× 1012 GeV 7.5× 1011 GeV 6.5× 1011 GeV
ymax 1.8× 10−6 1.4× 10−6 1.1× 10−6

TRHmax 7.9× 108 GeV 470 GeV 9.7× 10−4 GeV

TABLE I: Lower bound on Tmax generated by the process φφ→ hµν → HH for different values of k. The radiation
from this gravitational scattering dominates when y < ymax and we also list the corresponding reheating

temperature TRH when y = ymax.

where gmax = 427/4 is the number of degrees of free-
dom at amax in the Standard Model. Since ρend � ρRH,
we clearly see that the ratio is much greater than one.
This implies that the gravitational production is always
dominated by the scattering of the inflaton zero modes.

Restricting our attention to Eq. (47) for the production
of dark matter scalars, we see that for k = 4, something
interesting happens. The relic abundance is independent
of the reheating process, and depends only on the en-
ergy density at the end of inflation. This comes from
the fact that for increasing values of k, the production
of dark matter is less efficient, and from Eq. (46), we see
that nφ0 ∝ T 3

RH for k = 4. Dilution effects thus render
the present abundance independent of TRH and there is a
unique universal limit of mX . 120 GeV for scalar dark
matter and . 1.7 × 109 GeV for fermionic dark matter
(when inflaton scattering dominates). For k > 4, the
slope of TRH vs mX changes sign, and the required re-
heating temperature grows with the dark matter mass.
In this case, even sub-GeV dark matter candidates are al-
lowed for low reheating temperatures, whereas for k = 2
and k = 4 the production process is too weak to produce
MeV dark matter in sufficient quantities to account for
the cold dark matter density as determined by Planck
[49].

The (mX , TRH) plane for fermionic dark matter is
shown in Fig. 4. In this case both the scattering from a
condensate and thermal gravitational contributions must
be considered. Notice that there is a change in slope be-
tween the required reheating temperature and dark mat-
ter mass. For higher masses, the scattering from the
condensate dominates as in the case of scalar dark mat-
ter and we require mX ∝ T

(k−4)
3k

RH as can be seen from
Eq. (50). However, at lower masses, because of the mass
suppression in the rate in Eq. (23) and hence the abun-
dance of dark matter in Eq.(48), there is a region where
the thermal production dominates over φ − φ scatter-
ing. In this case, mX ∝ T−3RH, T

−2
RH, T

−1
RH, for k = 2, 4 and

6 respectively, as can be seen from Eq. (42). The ori-
gin of this suppression is simply a helicity argument; the
scattering of two scalars generates rates where a spin-
flip is required making it proportional to the mass of the
fermion in the final state. Thus the rate vanishes for a
massless fermion. This is not the case for thermal pro-
duction, because Standard Model particles in the thermal
bath are relativistic and then can still produce fermionic

dark matter through scattering without being affected
by a helicity suppression. To be more quantitative, we
again compare the production rates in Eqs. (23) and (38)
at a = amax

Rφ
k

1/2(amax)

RT1/2(amax)
=
α2Σk1/2

2πβ1/2

m2
X

m2
φ

(
3k − 3

2k + 4

) 6
7−k

(
ρend
ρRH

) 2
k

= g2RH

11520 Σk1/2

11351

m2
X

m2
φ

(
3k − 3

2k + 4

) 6
7−k

(
ρend
ρRH

) 2
k

. (78)

In contrast to the scalar case, we see that there exists
a value of mX . (.13, .050, .036)(ρRH/ρend)1/kmφ, for
k = 2, 4 and 6 respectively for which the relic abundance
is dominated by the thermal production.

V. CONCLUSIONS

We have considered the production of matter and ra-
diation interacting only gravitationally with the inflaton
through the exchange of a graviton hµν . We compared
the production of dark matter from inflaton scattering
and from the thermal bath (mediated only by gravity).
The former tends to dominate the production in a large
part of the parameter space. However, we noticed a no-
table difference in the case of fermionic dark matter, be-
cause the production through φφ scattering is suppressed
by a mass flip proportional to the dark matter mass m2

X .
We have also seen that it is possible to produce radia-
tion from inflaton scattering in the condensate during the
earlier stages of reheating. As a result, we have derived
a lower bound on the maximal temperature is expected
from φφ→ hµν → HH of the order of 1012 GeV for a typ-
ical chaotic or α−attractor scenario. This lower gravita-
tional bound becomes the effective maximal temperature
for TRH . 109 GeV (for k = 2. As a conclusion, gravita-
tional effects gives lower bounds on maximal temperature
and relic abundance that cannot be neglected and should
be considered as the minimal ingredients to add to any
non-minimal extension of the Standard Model. During
the final phase of our work, a paper conducting a similar
analysis appeared [51]. The results obtained are largely
in agreement with our own.
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APPENDIX

A. THERMAL PRODUCTION

In this appendix, we describe our calculation of the
production rate for scalar and fermionic dark matter, and
include the amplitude squared for the relevant processes.
If we ignore the masses of Standard Model particles, the
rate R(T ) for the processes SM+SM→ DMj +DMj can
be computed from

RTj =
∑

i=0,1/2,1

NiRij =
∑

i=0,1/2,1

Ni
1024π6

∫
fi(E1)fi(E2)E1 dE1E2 dE2 d cos θ12

∫
|Mij |2 dΩ13 = 4R0j+45R 1

2 j
+12R1j ,

(79)

where Ni denotes the number of each SM species of spin
i: N0 = 4 for 1 complex Higgs doublet, N1 = 12 for 8
gluons and 4 electroweak bosons, and N1/2 = 45 for 6
(anti)quarks with 3 colors, 3 (anti)charged leptons and 3
neutrinos, c.f., Eq. (13). The infinitesimal solid angle is
defined as

dΩ13 = 2π d cos θ13 , (80)

with θ13 and θ12 being the angle formed by momenta
p1,3 and p1,2, respectively. In the massless limit, one can
express the amplitude squared in terms of Mandelstam
variables, s and t, which are related to the angles θ13 and
θ12 by the expressions

t =
s

2
(cos θ13 − 1) , (81)

s = 2E1E2 (1− cos θ12) . (82)

The amplitudes and rates for scalar and fermionic dark
matter are given in the following subsections.

Scalar dark matter

We note that we include the symmetry factors of the
initial and final states in the squared amplitudes, and
indicate it with an overbar:

|M00|2 =
1

4M4
P

t2(s+ t)2

s2
, (83)

|M
1
2 0|2 =

1

4M4
P

(−t(s+ t))(s+ 2t)2

s2
, (84)

|M10|2 =
1

2M4
P

t2(s+ t)2

s2
. (85)

Using these amplitudes in Eq. (79), we obtain [19]

RT0 =
3997π3

41472000

T 8

M4
P

≡ β0
T 8

M4
P

. (86)

Fermionic dark matter

The corresponding amplitudes for fermionic dark mat-
ter are given by:

|M0 1
2 |2 =

(−t(s+ t))(s+ 2t)2

4M4
P s

2
, (87)

|M
1
2

1
2 |2 =

s4 + 10s3t+ 42s2t2 + 64st3 + 32t4

8M4
P s

2
, (88)

|M1 1
2 |2 =

(−t(s+ t))(s2 + 2t(s+ t))

M4
P s

2
, (89)

which leads to the following rate [19]

RT1
2

=
11351π3

20736000

T 8

M4
P

≡ β 1
2

T 8

M4
P

. (90)

B. INFLATON CONDENSATE SCATTERING

In this appendix, we describe our calculation of the
particle production rate of dark matter from the scatter-
ing of the inflaton condensate. If we consider the gravita-
tional scattering process φ(p1)+φ(p2)→ Xi(p3)+Xi(p4),
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with i = 0, 1/2, illustrated by the Feynman diagram in
Fig. 1, the Boltzmann equation for the number density
of produced dark matter particles is given by [37, 50]

dnX
dt

+ 3HnX = Rφ
k

i , (91)

where the rate is given by

Rφ
k

i ≡ gX
∫
dΨ1,2,3,4(2π)4δ(4) (p1 + p2 − p3 − p4)

×
[
|M|212→34f1f2(1± f3) (1± f4)− (34↔ 12)

]
(92)

where dΨ1,2,3,4 = Π4
i=1d

3pi/
(
(2π3)2p0i

)
denotes the

phase space distribution of particles 1, 2, 3 and 4, M is
the transition amplitude, fi is the phase space density of
species i, and gX denotes the number of produced dark
matter particles. If we ignore the Bose enhancement and
Pauli blocking effects, the above rate can be approxi-
mated as

Rφ
k

i = gX

∫
d3p3

(2π)32p03

d3p4

(2π)32p04

× (2π)4δ(4) (p1 + p2 − p3 − p4) |M|212→34 . (93)

For the inflaton condensate we can use the transition
amplitudeMn for each oscillating field mode of φ. In this
case, the four-momentum of the n-th oscillation mode is
given by p1 + p2 = pn =

√
s = (En,0) with En the

energy of the n-th oscillation mode. Since the transition
amplitudeMn of the n-th oscillation does not depend on
the final particle momenta p3,4, we can approximate the
rate as

Rφ
k

i =
gX
l!

1

8π

∞∑
n=1

|Mn|2
√

1− 4m2
X

s
(94)

where l is associated with the number of identical parti-
cles in the final state.

For the production of scalar dark matter, we find that
the scattering amplitude squared is given by

|M0φk

n |2 =
ρ2φ
M4
P

[
1 +

2m2
X

s

]2
|(Pk)n|2 , (95)

where s = E2
n = n2ω2, and we used ρφ = λφk

Mk−4
P

. We find
that the inflaton scattering rate is given by

Rφ
k

0 =
2× ρ2φ
16πM4

P

∞∑
n=1

[
1 +

2m2
X

E2
n

]2
|(Pk)n|2〈βn (mX ,mX)〉 ,

(96)
where

βn (mA,mB) ≡

√√√√(1− (mA +mB)
2

E2
n

)(
1− (mA −mB)

2

E2
n

)
,

(97)
and we used gX = 2. For the case k = 2, we find that
the rate is given by Eq. (22).

Similarly, for fermionic dark matter we find that the
scattering amplitude squared is,

|M1/2φk

n |2 =
2ρ2φ
M4
P

m2
X

s

[
1− 4m2

X

s

]
|(Pk)n|2 , (98)

and the rate is given by Eq. (24).
The rates as defined in the text depend on various

summations over the Fourier modes of the periodicity
function P(t). In Table II, the numerical values of these
quantities are given for k = 2, 4, 6. Values are given in
the limit of vanishing dark matter mass.
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