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1 Introduction and summary of results

In this paper we investigate the commutation relations of a special class of light-ray operators
in conformal field theories (CFTs). These operators represent a natural generalization of
the so-called energy flow operator which plays an important role in the study of weighted
cross sections in QCD [1–3] and more recently in CFTs [4].1

1A recent discussion of the energy flow correlators applications in QCD can be found in ref. [5] and
references therein.
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They take the following general form [6]

Jω,S(n) = (nn̄)1−S lim
r→∞

r∆−S
∫ ∞
−∞

dt e−itω(nn̄) Oµ1...µS (rn+ tn̄)n̄µ1 . . . n̄µS , (1.1)

where a local conformal operator Oµ1...µS with scaling dimension ∆ and Lorentz spin S is
sent to null infinity in the direction specified by the null vector n = (1, ~n), with ~n being
a unit vector on the sphere Sd−2, in a d-dimensional CFT. All Lorentz indices on the
right-hand side of (1.1) are contracted with the auxiliary null vector n̄ (with n̄2 = 0 and
(nn̄) 6= 0). The light-ray operator Jω,S(n) does not depend on the choice of this vector, see
ref. [6] for details. The Fourier integral in (1.1) selects a mode with the total momentum ωnµ

[Pµ,Jω,S(n)] = ωnµJω,S(n) , (1.2)

where Pµ is the generator of translation. As a consequence, the operator Jω,S(n) annihilates
the left or right vacuum for positive or negative ω respectively, e.g. Jω,S(n)|0〉 = 0 for ω ≤ 0.
The operator Jω=0,S(n) annihilates both the left and the right vacuum [7].

The energy flow operator Eω(n) corresponds to the special case of (1.1) when the local
operator is given by the stress-energy tensor Tµ1µ2 with ∆ = d and S = 2

Eω(n) = (nn̄)−1 lim
r→∞

rd−2
∫ ∞
−∞

dt e−itω(nn̄) Tµ1µ2(rn+ tn̄)n̄µ1 n̄µ2 . (1.3)

For ω = 0 it coincides with the ANEC operator [8]. The operator Eω(n) has a clear physical
meaning in terms of the flow of the energy in the final state created by a source. Inserted
inside a matrix element 〈Ψ|Eω1(n1) . . . Eωk(nk)|Ψ〉, the energy flow operators measure the
energy flux that reaches detectors located on the celestial sphere in the directions defined
by unit vectors ~n1, . . . , ~nk, in the state |Ψ〉. The integration over t in (1.3) has the meaning
of an average over the “working” time of the detector, dependence on ω encodes the “time
resolution” of the detector.

For ~n 6= ~n′ the detectors are space-like separated on the celestial sphere. Therefore,
one should expect that the flow operators commute, and, as a consequence, the above
matrix element should not depend on the ordering of the flow operators. Indeed, one can
show, following ref. [9], that the light-ray operators (1.1) commute at non-coincident points
n = (1, ~n) and n′ = (1, ~n′)

[Jω,S(n),Jω′,S′(n′)] = 0 , for n 6= n′ , (1.4)

given certain simple conditions on the quantum numbers of local operators out of which the
light-ray operators are built are satisfied. The most important one being S + S′ − 1 > J0,
where J0 is the nonperturbative Regge intercept in the underlying CFT.

The purpose of the present note is to generalize the commutation relations (1.4) to
the case of coincident points n = n′ and to study their algebraic properties. The previous
works addressing some aspects of this problem can be found in [10–12].
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In what follows we consider various CFTs:

CFTd=2. In d = 2 dimensions, the celestial sphere consists of two points, say n = (1, 1)
and n̄ = (1,−1). Applying (1.3) and (1.1), we can define the corresponding flow operators
Eω and Jω,S . The commutator of the energy flow operators is related to the Virasoro
algebra and takes the following form

[Eω, Eω′ ] = (ω′ − ω)Eω+ω′ −
c

12ω
3δ(ω + ω′) , (1.5)

where c is the central charge of CFT2. Due to holomorphy of the stress-energy tensor and
the fact that the light-ray operators are co-dimension one, the relation (1.5) has well-known
far-reaching consequences [13].

In the presence of an additional symmetry, CFT2 has (an infinite number of) conserved
currents of higher spin Oµ1...µS . A well-known example is an extended conformal algebra
known as the generalized Zamolodchikov’s W -algebra, see refs. [14, 15]. Defining the flow
operators (1.1), we show that their commutation relations look as

[Jω,S ,Jω′,S′ ] =
S+S′−2∑
S′′=1

WS′′
SS′(ω, ω′)Jω+ω′,S′′ − cS ω2S−1δSS′δ(ω + ω′) , (1.6)

where the sum runs over spins S′′ of the same parity as S + S′. The structure constants
WS′′
SS′(ω, ω′) are homogenous polynomials in ω and ω′ of degree S + S′ − S′′ − 1 ≥ 1 whose

expansion coefficients are given by the structure constants of the W -algebra. The central
charge cS is proportional to the central charge of the Virasoro algebra (1.5). The latter
algebra arises as the special case of (1.6) for S = S′ = 2.

Free fermion and gauge field. In the free theory of fermions and gauge fields in d-
dimension,2 there exist infinitely many higher spin conserved currents Oµ1...µS with scaling
dimension ∆ = d− 2 + S and spin S.

Restricting our consideration to the light-ray operators (1.1) and (1.3) built out of
these currents, we obtain the following algebra of the energy flow operators (1.3) for d > 2

[Eω(n), Eω′(n′)] = δ(d−2)(n, n′)
[
(ω′ − ω)Eω+ω′(n)− C ω3δ(ω + ω′)

]
, (1.7)

and its generalization to the light-ray operators of an arbitrary spin (1.1)

[Jω,S(n),Jω′,S′(n′)] = δ(d−2)(n,n′)

S+S′−2∑
S′′=1

CS
′′

SS′(ω,ω′)Jω+ω′,S′′(n)−CS ω2S−1δSS′δ(ω+ω′)

 .
(1.8)

Here the sum over the spins is similar to that in (1.6) but the explicit expressions for the
structure constants are different (see eqs. (2.88)–(2.91) below).

2For d = 4 the gauge fields are described by the Maxwell theory, whereas for even d > 4 they are defined
in terms of (d − 2)/2 form, see appendix B of ref. [16] for the definition. The reason for this is that the
Maxwell theory is scale-invariant but not conformal-invariant in d 6= 4, see ref. [17].
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For n 6= n′ the light-ray operators commute, in agreement with (1.4). In addition, for
ω = ω′ = 0 the expression on the right-hand side of (1.8) vanishes and, therefore, the flow
operators Jω=0,S(n) and Jω′=0,S′(n′) commute for arbitrary n and n′.

According to (1.7) and (1.8), the commutator of the light-ray operators is given by a
linear combination of the light-ray operators and the identity operator. The contribution
of the identity operator is localized at ω = −ω′ and it involves the central charges C and
CS . They are proportional to a volume of (d − 2)−dimensional Euclidean subspace and
take infinite values for d > 2. We will discuss in the concluding remarks how one can
meaningfully treat this infinity.

The relations (1.7) and (1.8) are remarkably similar to the commutation relations in
d = 2, see eqs. (1.5) and (1.6). Indeed, for d = 2 the two algebras coincide after we replace
δ(0)(n, n′)→ 1. For d > 2 the structure constants in (1.8) are different from those at d = 2.
Nevertheless, we show below that for d = 4 (and, more generally, for any even d) they are
related to each other by a linear finite difference transformation.

Free scalar field. For free complex scalars in d-dimensions, the commutation relations
of the energy flow operators take the form

[Eω(n),Eω′(n′)] = δ(d−2)(n,n′)
[
(ω′−ω)Eω+ω′(n)−Cω3δ(ω+ω′)+ω2ω′

2O−ω,ω′(n)
]
. (1.9)

As compared to (1.7), the commutator contains an additional contribution of the light-ray
operator O−ω,ω′(n). It is built out of two scalar fields and is defined as follows

O∓ω,ω′(n) = − i(d− 2)2

32(d− 1)2 (nn̄)2 lim
r→∞

rd−2
∫ ∞
−∞

dtdt′ e−i(tω+t′ω′)(nn̄) sign(t− t′)

×
{
φ(rn+ tn̄)φ̄(rn+ t′n̄)± φ̄(rn+ tn̄)φ(rn+ t′n̄)

}
, (1.10)

where O±ω,ω′(n) = ±O±ω′,ω(n).3 Note that O±ω,ω′(n) is different from (1.1) in that it is not
given by the light transform of a local operator. Instead, expanding the product of scalar
fields in (1.10) in powers of t − t′, we can express O∓ω,ω′(n) as an infinite sum over the
light-ray operators (1.1) of the leading twist τ = ∆− S = d− 2 and arbitrary spin S ≥ 0,
see appendix F.

For the light-ray operators (1.1) of an arbitrary spin, the commutation relations also
receive an additional contribution of the form

[Jω,S(n),Jω′,S′(n′)] ∼ δ(d−2)(n, n′)
[
ωSω′

S′O ε
ω,ω′(n) + . . .

]
, (1.11)

where the signature of the operator is ε = (−1)S+S′+1 and the dots denote the remaining
‘universal’ contribution given by (1.8). We show below that the additional contribution to
the commutators (1.9) and (1.11) involving the operators (1.10) arises due to interference
between the detectors induced by an exchange of scalar particles with zero energy, the
so-called cross-talk phenomenon [18].

3For O+
ω,ω′ (n) we implicitly mean only the connected part of the product of the fields (namely we subtract

the contribution of the identity operator from their OPE).
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Already these simple examples of free fields illustrate a general lesson regarding the
commutation relations of the light-ray operators for d > 2: their algebra is not universal
and it depends on the details of the theory.

Generic interacting CFT. In a generic, interacting CFT we expect that the commutator
[Eω(n), Eω′(n′)] is localized at n = n′ and is given by the sum of light-ray operators (1.1).
The contribution of a given light-ray operator can be identified by studying three-point
functions

〈[Eω(n), Eω′(n′)]Oµ1...µS′′ (x)〉 . (1.12)

Restricting our attention to the light-ray operators built out of symmetric-traceless operators
Oµ1...µS′′ (x) with twist τ = ∆− S, we found that the operators with twist τ > d− 2 do not
contribute to the commutator, whereas operators with twist τ < d− 2 produce divergent
contributions. Finally, the operators with twist τ = d− 2 contribute to the algebra with
the coefficient fixed by the corresponding three-point function (1.12).

This leads to the following result

[Eω(n), Eω′(n′)] = δ(d−2)(n, n′)
(
(ω′ − ω + ñφω

2ω′2fφ(ω, ω′))Eω+ω′(n)

− Cω3δ(ω + ω′) + [S = 0,∆ ≤ d− 2]
)
, (1.13)

where the coefficient function fφ(ω, ω′) and the structure constant ñφ > 0 are defined
in (3.17) below. The second term inside the brackets in (1.13) contains a divergent central
charge. The last term [S = 0,∆ ≤ d− 2] denotes the contribution of light-ray operators
built out of scalar primary operators present in the OPE of the stress-energy tensors.4 The
contribution of scalars with dimension d−2

2 ≤ ∆ < d− 2 is divergent.
The appearance of (ω′−ω)Eω+ω′(n) on the right-hand side of (1.13) can be traced back

to the conformal Ward identities [10]. The presence of ñφω2ω′2fφ(ω, ω′)Eω+ω′(n) in the
commutator (1.13) is related to the fact that the three-point function of stress-energy tensors
in a generic interacting CFT contains a conformal tensor structure5 which coincides with
the correlation function in the free complex scalar theory 〈TTT 〉CFT = nφ〈TTT 〉φ+ . . . , see
refs. [21, 22] and eq. (3.12) below. As a consequence, the function fφ(ω, ω′) can be found by
computing the three-point function (1.12) in the free scalar theory with Oµ1...µS′′ (x) replaced
with the stress-energy tensor (see appendix F). The explicit expressions for fφ(ω, ω′) in
d = 3 and d = 4 dimensions are

fφ(ω, ω′)
∣∣
d=3 =

16
(
4(ω′ − ω) +

(
ω2 − 6ωω′ + ω′2

)
(−ωω′)−1/2[θ(ω′)− θ(ω)]

)
(ω + ω′) 4 ,

fφ(ω, ω′)
∣∣
d=4 =

30
(
3(ω′2 − ω2) +

(
ω2 − 4ω′ω + ω′2

)
log | ωω′ |

)
(ω + ω′) 5 . (1.14)

4For d ≥ 4 the OPE of two stress-energy tensors contains conformal operators belonging to more
complicated representations of Lorentz group. These are sometimes called mixed-symmetry tensors [19]. We
checked explicitly in d = 4 that only symmetric traceless operators can contribute to the algebra. For d > 4
we have not analyzed the contribution of mixed-symmetry tensors to the light-ray algebra.

5For the explicit form see for example appendix C in [20].
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Holographic CFTs, N = 4 SYM, O(N) critical and 3d Ising models. Based on
the discussion above we conclude that in holographic CFTs, N = 4 SYM at non-zero
coupling, O(N) critical and 3d Ising models the energy flow operators satisfy the following
relation

[Eω(n), Eω′(n′)] = δ(d−2)(n, n′)
[
(ω′ − ω + ñφω

2ω′2fφ(ω, ω′))Eω+ω′(n)− Cω3δ(ω + ω′)
]
.

(1.15)

This follows from the fact that the OPE of stress-energy tensors in these theories does not
contain light conformal operators with zero spin, as well as due to the absence of higher
spin conserved currents.

Relation to the previous work. The light-ray operators (1.1) are closely related to the
so-called generalized ANEC operators studied in refs. [9–12, 23, 24]. Applying a conformal
transformation (see appendix A for the definition) we can obtain another equivalent
representation of the operator (1.1)

Jω,S(n) =
∫ ∞
−∞

dz− e−iz−ω O−...−︸︷︷︸
S

(0, z−, z) , (1.16)

where nµ = (1, z2,
√

2z) in the light-cone coordinates6 and the operator O−...−(z) is
integrated along the z−−direction for z+ = 0 and arbitrary z = (z1, . . . , zd−2). The
operators (1.16) satisfy the algebra (1.8) with δ(d−2)(n, n′) replaced with the delta-function
δ(d−2)(z − z′) on the transverse (d− 2)−dimensional plane.

The generalized ANEC operators arise from expanding (1.16) at small ω

(i∂ω)kJω,S(n)
∣∣∣
ω=0

=
∫ ∞
−∞

dz−(z−)k O−...−(0, z−, z) . (1.17)

It is however clear on general grounds that this operation should be done with great care
when studying the matrix elements 〈Jω1,S1(n) . . .Jωk,Sk(nk)〉 (or generalized event shapes).
The reason for this is that expanding Jωi,Si(ni) in ωi brings extra powers of z− under the
integral (1.17). This worsen the convergence of the integral over z−, eventually making
the matrix elements of interest divergent. Another manifestation of the same phenomenon
is that the generalized event shapes are not analytic around ωi = 0, see for example the
coefficient functions (1.14) in a generic CFT. This problem does not arise for ωi 6= 0 and
for this reason we prefer to work with the light-ray operators (1.1) and (1.16).

A proposal for defining generalized ANEC operators was put forward in ref. [12]. In
distinction to (1.17), the resulting operators are well-defined for arbitrary k but they do
not form, however, a closed algebra in d = 4 dimensions.

The paper is organized as follows. In section 2, we present expressions for the higher
spin conserved currents in the free CFTs in d-dimensions. We compute three- and four-point
correlation functions involving the corresponding light-ray operators and use the obtained

6The (d−2)−dimensional vector z defines a unit vector ~n on the sphere Sd−2 via a stereographic projection.
The scalar product of null vectors is given by the distance on the transverse plane (nn′) = (z − z′)2.
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expressions to establish the commutation relations of these operators. Their properties and
relation to the Virasoro and W algebras are discussed in section 2.4.

In section 3 we use the three-point functions (1.12) to identify the contribution of a
given primary operator in the commutator of two energy flow operators. Our analysis is
complete in d = 3 and d = 4. In d > 4 we only analyze the contribution of the symmetric
traceless operators into the algebra. We briefly discuss closure of the light-ray algebra, or
the Jacobi identities, for the light-ray commutators in interacting CFTs.

In section 4 we explain how the discussion of the present paper can be implemented in
Mellin space, extending the analysis of our previous work [6, 18, 25] to coincident points
between detectors.

Section 5 contains concluding remarks. Some technical details are presented in
appendices.

2 The light-ray algebra in free CFTs

In this section, we establish the commutation relations of the light-ray operators (1.1)
in three different families of free CFTs describing scalars, fermion and gauge fields in d

dimensions.

2.1 Leading twist operators

We start with recalling the definition of higher spin conserved currents

OS(x) ≡ Oµ1...µS (x)n̄µ1 . . . n̄µS (2.1)

in the free CFTs. These operators are built out of two fundamental fields (scalars, fermions
and gauge field strength tensor) and their derivatives. They carry the leading twist
τ = ∆− S = d− 2 and have the following schematic form

O
(φ)
S ∼ φ̄(i∂−)Sφ+ . . . ,

O
(ψ)
S ∼ ψ̄γ−(i∂−)S−1ψ + . . . ,

O
(F )
S ∼ F−µ(i∂−)S−2F−

µ + . . . , (2.2)

where all Lorentz indices are contracted with the auxiliary null vector n̄µ, in particular,
∂− ≡ (n̄∂x), and dots denote terms with derivatives distributed between the two fields.
The operator O(F )

S is well-defined for even d ≥ 4 in which case µ = (µ2, . . . , µd/2) denotes
a set of Lorentz indices (see footnote 2). In the free theory, the operators (2.2) have the
same quantum numbers. In an interacting theory, they start to mix under the conformal
transformations and develop anomalous dimensions. In this case, the conformal operators
are given by linear combinations of (2.2).

In the free theory, operators (2.2) can be constructed by employing a collinear SL(2,R)
subgroup of the conformal group in d-dimensions, see e.g. ref. [26]. It leaves the light-ray
xµ = zn̄µ invariant and generates projective transformations of the light-cone coordinates,

– 7 –
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z → (αz + β)/(γz + δ) with αδ − βγ = 1. The conformal operators with spin S and scaling
dimension ∆ are transformed under these transformations as

OS(zn̄)→ (γz + δ)−2jOOS

(
αz + β

γz + δ
n̄

)
. (2.3)

The operator OS(0) defines the highest weight of the SL(2) representation labelled by its
conformal spin jO and twist τO

jO = 1
2(∆O + S) , τO = ∆O − S . (2.4)

The leading twist operators (2.2) have the following general form

OS(x) =
∑̀
k=0

ck(i∂−)kΦ̄(x)(i∂−)`−kΦ(x) , (2.5)

where nonnegative integer ` and expansion coefficients ck depend on the spin S. For d ≥ 3,
Φ̄(x) and Φ(x) can be either complex scalar field, or the so-called ‘good’ (or leading twist)
components of fermions and gauge field strength tensor (for even d)

Φ = {φ , ψ , F−α} , (2.6)

where F−α = Fµα2...αd/2 n̄
µ is antisymmetric in α’s. To separate independent components of

the strength tensor, we impose the condition on its Lorentz indices 1 ≤ α2 < · · · < αd/2 ≤
d− 2. In d = 2 dimensions, Φ can be either scalar or fermion field.

The fields (2.6) carry the scaling dimension ∆φ = d/2−1, ∆ψ = (d−1)/2 and ∆F = d/2
and diagonalize the operator of angular momentum i[M+−,Φ(0)] = sΦΦ(0) with

sφ = 0 , sψ = 1/2 , sF = 1 . (2.7)

As a consequence, the fields (2.6) have the same twist τΦ = ∆Φ − sΦ = (d− 2)/2 and
their conformal spins are given by

jφ = d− 2
4 , jψ = d

4 , jF = d+ 2
4 . (2.8)

Note that jΦ = (d− 2)/4 + sΦ. The remaining field components that are not present in (2.6)
have higher twist.

In general, the fields Φ̄ and Φ can be different. For the sake of simplicity, we shall
take them to be conjugated to each other, Φ̄ = Φ†. Each derivative in (2.5) increases the
dimension and the spin of the operator by one unit, leading to

S = `+ 2sΦ , ∆ = S + d− 2 , (2.9)

where ` ≥ 0. The conformal spin of the operator (2.5) and its twist are

jO = S + d

2 − 1 = `+ 2jΦ , τO = d− 2 . (2.10)

– 8 –
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In what follows we use S and ` interchangeably. The relation (2.9) establishes the relation
between the two variables.

To define the expansion coefficients in (2.5), it is convenient to introduce homogenous
polynomials

P`(p1, p2) =
∑̀
k=0

ck` p
k
1 p

`−k
2 . (2.11)

Replacing pi with light-cone derivatives i∂−, we can rewrite the operators (2.5) in a compact
form

OS(x) = Φ̄(x)P`(
→
i∂−,

←
i∂−)Φ(x) , (2.12)

where arrows indicate the fields the derivative acts on. The polynomials P` define unam-
biguously the operators OS(x). Properties of these polynomials play an important role in
our analysis.

To determine the polynomials P`, we use the well-known fact that a general form of
two- and three-point correlation functions is fixed by the conformal symmetry. For the
operators located at xi = (x+

i , x
−
i ,0) the corresponding Wightman functions are

〈Φ(x1)Φ̄(x2)〉 = i1−d/2−2j

(2π)d/2
Γ(2j)

(x+
12 − i0)(d−2)/2(x−12 − i0)2j ,

〈Φ(x1)OS(x2)Φ̄(x3)〉 ∼ 1
(x+

12x
+
23)tO/2

1
(x−12x

−
23)jO(x−13)2j−jO

, (2.13)

where we used a shorthand notation for x±ij = x±i − x
±
j and j = jΦ is the conformal spin of

fields Φ and Φ̄. All poles in the denominator of (2.13) have ‘±i0’ prescription. The sign is
dictated by the ordering of the operators on the left-hand side, e.g. x±ij → x±ij − i0 for i < j.
Replacing OS(x2) in (2.13) with its expression (2.12) and comparing expressions on both
sides of (2.13), we obtain a relation that fixes the expansion coefficients in (2.11) up to an
overall normalization constant [27].

The resulting expression for the polynomial is [26–28]

P`(p1, p2) = κ`
∑̀
k=0

(
`

k

)
(−p1)kp`−k2

Γ(2j + k)Γ(2j + `− k) = (p1 + p2)`C2j− 1
2

`

(
p1 − p2
p1 + p2

)
, (2.14)

where Cλ` (x) is the Gegenbauer polynomial and κ` is a normalization constant whose form
is not important for our purposes. Here the conformal spin j takes the values (2.8) and
nonnegative integer ` is defined in (2.9).7 The polynomial (2.14) satisfies

P`(p1, p2) = (−1)`P`(p2, p1) = P`(−p2,−p1) . (2.15)

The appearance of Gegenbauer polynomials in (2.14) is not accidental. By virtue of
conformal symmetry, the two-point function of the conformal operators (2.12) should be
diagonal in spins

〈OS(x)OS′(x′)〉 = δSS′N`
(2in̄(x− x′))2S

[−(x− x′)2]2S+d−2
Γ(2S + d− 2)

(2π)d , (2.16)

7Note that for scalar field, jφ = (d− 2)/4, the polynomial (2.14) is proportional to (d− 3) for ` ≥ 1.
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where ` = S − 2sΦ and the last factor was introduced for convenience. Replacing operators
with (2.12) and repeating the above calculation, one can translate (2.16) to the orthogonality
condition of the Gegenbauer polynomials (see eq. (B.5) in appendix B)∫ 1

0
dt (t(1− t))2j−1P`(t, 1− t)P`′(t, 1− t) = N` δ``′ , (2.17)

where the normalization factor is given by

N` = π 24(1−2j) Γ(`+ 4j − 1)
`! (2`+ 4j − 1)Γ2

(
2j − 1

2

) . (2.18)

Notice that for d = 2 and jφ = 0, the normalization factor looks as N` ∼ Γ(`− 1) and it
diverges for ` = 0 and ` = 1. The reason for this is that the corresponding scalar operators,
O

(φ)
0 = φ̄φ and O(φ)

1 = −iφ̄(
→
∂− −

←
∂−)φ, are not conformal primary operators in d = 2. At

the same time, for ` ≥ 2 the polynomial P`(p1, p2) is proportional to p1p2 (see eq. (B.2))
and, as a consequence, the operator O(φ)

S is built out of i∂−φ which is a conformal primary
operator, in distinction to φ.

Thus, the scalar operators O(φ)
S in d = 2 have the spin S ≥ 2. Additional restrictions on

the possible values of the spin S come from the condition for the degree of polynomial (2.14)
to be nonnegative, ` ≥ 0. Together with (2.9) this leads to S ≥ 2sΦ, or equivalently Sφ ≥ 0,
Sψ ≥ 1 and SF ≥ 2, where the subscript refers to the choice of Φ. The relation Sψ ≥ 1
holds for arbitrary d and the remaining two, Sφ ≥ 0 and SF ≥ 2, only for d > 2.8

For S = 2, the operators (2.12) are proportional to the stress-energy tensor T−− =
Tµν n̄

µn̄ν in the corresponding free CFTs. In a free theory of a single complex scalar, Dirac
fermion, and gauge field we have [16, 29]

T
(φ)
−− = ∂−φ̄∂−φ−

d− 2
4(d− 1)∂

2
−(φ̄φ) = 1

2(d− 1)(d− 3)O
(φ)
S=2 ,

T
(ψ)
−− = i

2 ψ̄γ−
↔
∂−ψ = 1

2(d− 1)O
(ψ)
S=2 ,

T
(F )
−− = 1

Γ(d/2)F−α2...αd/2F−α2...αd/2 = O
(F )
S=2 , (2.19)

where
↔
∂−=

→
∂− −

←
∂− and αi = 1, . . . , d− 2. Here the operators O(Φ)

S=2 are given by (2.12)
and (2.14) with the corresponding values of j and ` defined in (2.8) and (2.9). The pole at d =
3 in the first relation in (2.19) is fictitious since O(φ)

S=2 is proportional to (d−3) (see footnote 7).

2.2 Correlation functions

Next we compute the correlation functions 〈Φ(x1)Jω,S(n)Φ̄(x2)〉 and 〈Φ(x1)Jω,S(n)
Jω′,S′(n′)Φ̄(x2)〉. Their explicit expressions are given by eqs. (2.27) and (2.41) below.
Later in this section we establish the commutation relations (1.8), by examining the
difference of four-point correlation functions

〈Φ(x1)Jω,S(n)Jω′,S′(n′)Φ̄(x2)〉 − 〈Φ(x1)Jω′,S′(n′)Jω,S(n)Φ̄(x2)〉 , (2.20)

and by comparing it with the three-point function.
8We recall that the leading twist operators in d = 2 only involve scalar and fermion fields.
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Three-point function. Let us start with the three-point Wightman function
〈Φ(x1)Jω,S(n)Φ̄(x2)〉. Replacing the flow operator Jω,S(n) with its definition (1.1) we
encounter the correlation function

〈Φ(x1)OS(x3)Φ̄(x2)〉 = Φ(x1)Φ̄(x3)P`(
→
i∂3−,

←
i∂3−)Φ(x3)Φ̄(x2) , (2.21)

where we applied (2.12) and performed Wick contractions. The two-point function in this
relation is given by

〈Φ(x1)Φ̄(x3)〉 = Γ(2j)
2πd/2

(2i(n̄x13))2s

(−x2
13 + i0x0

13)2j . (2.22)

Here and in the rest of this section we use a shorthand notation for the conformal and
Lorentz spins of the fields, j ≡ jΦ and s ≡ sΦ, respectively. One can check that in the
special kinematics, for xµi = (x+

i , x
−
i ,0) and n̄µ = (0, 1,0), the last two relations coincide

with (2.13).
To obtain 〈Φ(x1)Jω,S(n)Φ̄(x2)〉 from (2.21), we have to replace x3 = rn+ tn̄ and apply

the transformations specified in (1.1). In this way, we find from (2.22) for r →∞

〈Φ(x1)Φ̄(x3)〉 ∼ (−i)2s

(2π)d/2
(nn̄)2s

r(d−2)/2
Γ(2j)

((nx1)− t(nn̄)− i0)2j

= id/2−1

(2π)d/2
(nn̄)2s

r(d−2)/2

∫ ∞
0

dαα2j−1 e−iα((nx1)−t(nn̄)) , (2.23)

where the minus sign in the exponent on the second line is dictated by ‘−i0’ prescription.
The propagator 〈Φ(x3)Φ̄(x2)〉 is given by a complex conjugated expression

〈Φ(x3)Φ̄(x2)〉 ∼ (−i)d/2−1

(2π)d/2
(nn̄)2s

r(d−2)/2

∫ ∞
0

dαα2j−1 e−iα(t(nn̄)−(nx2)) . (2.24)

At the next step, we have to substitute the last two relations to (2.21), apply the derivatives
i∂3− = i(n̄∂x3) = i(nn̄)∂t and, then, perform integration over t. Due to a growing number
of terms in the polynomial (2.14), the evaluation of (2.21) becomes very cumbersome at
high spin S if one uses the expressions for the two-point functions given on the first line
of (2.23). As we show below, an integral representation (2.23) and (2.24) is advantageous
in carrying out the calculation.

In particular, the action of i(nn̄)∂t on the propagator (2.23) amounts to inserting
the factor of −α(nn̄) inside the integral on the right-hand side of (2.23). In this way,
substituting (2.23) into (2.21) we find for r →∞

〈Φ(x1)OS(x3)Φ̄(x2)〉∼ (nn̄)S+2s

(2π)d rd−2 (2.25)

×
∫ ∞

0
dα1dα2 (α1α2)2j−1P`(α2,−α1)e−iα1(nx1)+iα2(nx2)+it(nn̄)(α1−α2),

where we took into account that P` is a homogenous polynomial of degree `. Note that for
d = 2 the expression (2.25) approaches a finite value as r →∞. For d > 2, it is proportional
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Figure 1. Diagrammatic representation of the correlation function (2.26). Gray blob with a wavy
line attached represents the flow operator Jω,S(n). The arrow indicates the direction in which the
particle propagates, index αi defines its energy.

to 1/rd−2 but this factor is compensated by the analogous factor coming from the definition
of the flow operator (1.1).

Finally, we perform a Fourier transform of (2.25) with respect to t to get

〈Φ(x1)Jω,S(n)Φ̄(x2)〉 = (nn̄)2j+1−d/2

(2π)d−1

∫ ∞
0

dα1dα2 e−iα1(nx1)+iα2(nx2)

×(α1α2)2j−1P`(α1,−α2)δ(α1 − α2 − ω) , (2.26)

where we used the identity P`(α2,−α1) = P`(α1,−α2). This relation has a simple inter-
pretation as shown in figure 1. The correlation function (2.26) defines a transition of a
spinning particle from point x2 to x1 in the presence of the detector described by the flow
operator Jω,S(n). The detector selects a particle propagating in the direction of the null
vector n and transfers it the momentum nω. Thus, the particle enters the detector with
the momentum p = nα2 and leaves it with the momentum p′ = nα1 = n(α2 + ω). The
integration variables αi have the meaning of the energy and (α1α2)2j−1P`(α2,−α1) defines
the detector weight. It depends on the energy of incoming and outgoing particles.

Integration over α2 in (2.26) yields

〈Φ(x1)Jω,S(n)Φ̄(x2)〉 = (nn̄)2s

(2π)d−1 e−iω(nx2) (2.27)

×
∫ ∞

0
dα1 (α1(α1 − ω))2j−1θ(α1 − ω) e−iα1(nx12) P`(α1,−α1 + ω) ,

where a θ−function arises due to α2 = α1 − ω ≥ 0. Replacing the polynomial P` with its
expression (2.14), we obtain from (2.27) a concise representation of the correlation function
〈Φ(x1)Jω,S(n)Φ̄(x2)〉 for any flow operator.

The relation (2.27) holds for arbitrary ω. For positive ω, the lower limit of the integration
in (2.27) changes from 0 to ω. This leads to a nonanalyticity of (2.27) at ω = 0. To show
this we rewrite the relation (2.27) as

〈Φ(x1)Jω,S(n)Φ̄(x2)〉 = (nn̄)2s

(2π)d−1 e−iω(nx1) [θ(ω)f+(ω) + θ(−ω)f−(ω)] , (2.28)
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where f+(ω) and f−(ω) are given by the integral on the second line of (2.27) with the
θ−function removed and the lower integration limit put to ω and 0, respectively. Continuing
f+(ω) to negative ω, we examine the difference

f+(ω)− f−(ω) = −
∫ ω

0
dα1 e−iα1(nx12)(α1(α1 − ω))2j−1P`(α1,−α1 + ω)

= (−1)2jω4j+`−1
∫ 1

0
dt (t(1− t))2j−1P`(t, 1− t) e−itω(nx12) , (2.29)

where in the second relation we replaced α1 = ωt. The integral in the last relation can be
expressed in terms of a Bessel function. Its leading asymptotics at small ω can be found
by expanding e−itω(nx12) in powers of ωt. Due to orthogonality (2.17) of the polynomials
P`, the first few terms of the expansion vanish after integration. The leading contribution
comes from the O((ωt)`) term,

f+(ω)− f−(ω) = O(ω2jO−1) , (2.30)

where jO = ` + 2j is the conformal spin of the operator OS defined in (2.8). Combining
together the relations (2.28) and (2.30), we observe that the function 〈Φ(x1)Jω,S(n)Φ̄(x2)〉
is continuous at the origin but its derivative of order 2jO − 1 has a jump at ω = 0. Its value
can be found from (2.29).

Invoking interpretation of (2.28) as a particle transition amplitude, the discontinu-
ity (2.30) arises because the functions f+(ω) and f−(ω) describe two different processes:
for positive (or negative) ω the detector increases (or decreases) the energy of the particle.
As a consequence, the energy of the incoming particle can be arbitrary small for ω > 0
but it should be larger than (−ω) otherwise. The discontinuity (2.30) appears due to this
mismatch.

Let us expand both sides of the relation (2.28) at small ω. Using representation (1.16),
we find that the coefficient in front of (iω)k in the formal expansion of the three-point
function on the left-hand side of (2.28) involves the operator

J (k)
S (n) =

∫ ∞
−∞

dz−(z−)k OS(0+, z−, z) . (2.31)

We can show that this operator produces a finite contribution to (2.28) for 0 ≤ k ≤ 2(jO−1)
with the conformal spin jO defined in (2.10). According to (1.1), behaviour of (2.28) at
small ω is related to asymptotics of the three-point correlation function (2.25) at large
t ∼ 1/ω. Changing the integration variables in (2.25) as αi → αi/t, one finds that
〈Φ(x1)OS(x3)Φ̄(x2)〉 ∼ 1/t2jO at large t leading to 〈Φ(x1)J (k)

S (n)Φ̄(x2)〉 ∼
∫∞ dt tk−2jO .

Obviously, the integral is finite for k ≤ 2(jO − 1).

Four-point function. The four-point Wightman function 〈Φ(x1)Jω,S(n)Jω,S′(n′)Φ̄(x2)〉
can be split into the sum of disconnected and connected parts. The former factorises into
the product of two-point functions, whereas the latter is given by the sum of two diagrams
shown in figure 2 below.

The calculation of the connected part of 〈Φ(x1)Jω,S(n)Jω′,S′(n′)Φ̄(x2)〉 goes along the
same lines as before. We start with the four-point function G4 =〈Φ(x1)OS(x3)OS′(x4)Φ̄(x2)〉,
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Figure 2. Connected part of the correlation function 〈Φ(x1)Jω,S(n)Jω′,S′(n′)Φ̄(x2)〉.

replace the operators with their expressions (2.12) and perform Wick contractions. This
gives G4 =G4,a+G4,b, where

G4,a = 〈Φ(x1)Φ̄(x3)〉P`(
←
∂ 3,

→
∂ 3)〈Φ(x3)Φ̄(x4)〉P`′(

←
∂ 4,

→
∂ 4)〈Φ(x4)Φ̄(x2)〉 ,

G4,b = (−1)2sΦ〈Φ(x1)Φ̄(x4)〉P`′(
→
∂ 4,

←
∂ 4)〈Φ̄(x3)Φ(x4)〉P`(

→
∂ 3,

←
∂ 3)〈Φ(x3)Φ̄(x2)〉 . (2.32)

Here (−1)2sΦ takes into account Bose-Fermi statistics of the field Φ. As before, the
derivatives ∂i = (n̄∂xi) ≡ ∂i− act in the direction indicated by the arrow.

The two relations in (2.32) correspond to diagrams shown in figure 2(a) and (b),
respectively. They involve two propagators attached to the external points, x1 and x2, and
internal one connecting the points x3 and x4. Replacing x3 = rn+ tn̄ and x4 = r′n′+ t′n̄ we
find that for r, r′ →∞ the former propagators are given by (2.23) and (2.24). The internal
propagator is given by (2.22)

〈Φ(x3)Φ̄(x4)〉 ∼ (rr′)1−d/2 Γ(2j)
(2π)d/2

i1−d/2−2j ε1−d/2

[−(nn′)/ε+ t− t′ − i0]2j , (2.33)

where the notation was introduced for ε = (nn̄)/r′ − (n′n̄)/r. Going to the limit ε→ 0, we
notice that the relation (2.33) has different behaviour for d = 2 and d > 2.

For d = 2 the null vectors n and n′ coincide and, therefore, (nn′) = 0.9 Then, the
relation (2.33) takes the form

〈Φ(x3)Φ̄(x4)〉
∣∣
d=2 ∼

(−i)2j

(2π)d/2
Γ(2j)

(t− t′ − i0)2j . (2.34)

For d > 2 the expression (2.33) vanishes for (nn′) 6= 0 and diverges for (nn′) = 0. This
suggests that it should be proportional to a delta-function. Indeed, carefully taking the
limit we arrive at (see (A.7) in appendix A)

〈Φ(x3)Φ̄(x4)〉 ∼ 1
2π (rr′)1−d/2δ(d−2)(n, n′)

∫ ∞
0

dα3 α
2s−1
3 e−iα3(t−t′) , (2.35)

9In d = 2 dimensions we have n̄ ∼ e− and n , n′ ∼ e+ where eµ± = (1,±1) are basis null vectors.
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where s = j − (d− 2)/4 is the spin of the field Φ and δ(d−2)(n, n′) is the delta-function on
the sphere Sd−2 defined in (A.5). For d = 2 this relation reduces to (2.34) after one replaces
δ(d−2)(n, n′)→ 1. As before, the integral representation (2.35) is advantageous in carrying
out the calculations.

The integral in (2.35) is well defined for s > 0. This condition is satisfied for fermion
and gauge fields but it is violated for scalars in which case the integral (2.35) diverges
logarithmically as α3 → 0. To obtain the two-point function for scalars, we replace
j = (d− 2)/4 in (2.33) and take the limit ε→ 0

〈φ(x3)φ̄(x4)〉 ∼ (rr′)1−d/2 Γ(d/2− 1)
(2π)d/2

1
(nn′)d/2−1 . (2.36)

In distinction to (2.35), it remains nonzero for (nn′) 6= 0 and, in addition, it is independent
on t and t′. Such a difference between (2.35) and (2.36) is a manifestation of the cross-talk
between the two detectors [18]. We recall that the momentum of a particle entering and
leaving the detector is aligned with the null vector defining its orientation. In diagrams
shown in figure 2, the particle with the energy α3 is exchanged between the two detectors
and, therefore, its momentum should be aligned with n and n′ simultaneously. This is
only possible if n = n′ or α3 = 0. The former corresponds to (2.35) and the latter to the
exchange of a zero-energy scalar between the detectors. This explains why (2.36) does not
depend on the time difference t− t′.

We are now ready to compute the contribution of the diagrams shown in figure 2. We
start with (2.32) and replace the two-point functions by their expressions (2.23), (2.24)
and (2.35). Then, we apply to G4,a and G4,b the transformation (1.1) to convert the
operators at the points x3 and x4 to the flow operators Jω,S(n) and Jω′,S′(n′), respectively.
Denoting the resulting expressions as G4,a and G4,b we get

G4,a = 1
(2π)d−1 δ

(d−2)(n, n′)
∫ ∞

0
dα1dα2dα3 (α1α2)2j−1α2s−1

3 e−iα1(nx1)+iα2(n′x2)

× P`(α1,−α3)P`′(α3,−α2)δ(α1 − α3 − ω)δ(α2 − α3 + ω′) , (2.37)

G4,b = 1
(2π)d−1 δ

(d−2)(n, n′)
∫ ∞

0
dα1dα2dα3 (α1α2)2j−1α2s−1

3 e−iα1(nx1)+iα2(n′x2)

× (−1)2sP`′(α1, α3)P`(−α3,−α2)δ(α1 + α3 − ω′)δ(α2 + α3 + ω) . (2.38)

A general form of these relations can be read off from the diagrams shown in figure 2. The
integration variables αi parameterize energy of the particles, whereas ω and ω′ define energy
transferred to them by the detectors. The delta-functions express the energy conservation
and each detector vertex comes with a polynomial weight that depends on the energy of
particles attached to it.10 Note that the two diagrams in figure 2 can be obtained one from
another by exchanging the detectors and flipping the direction of the line with index α3. As
a consequence, the second line in the expression for G4,b can be obtained from the analogous
expression for G4,a by exchanging (ω, `) with (ω′, `′) and replacing α3 → −α3.

10The additional minus signs in the arguments of the polynomials correspond to the incoming particles.
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The product of δ−functions in (2.37) and (2.38) localizes integrals over α2 and α3. It
also imposes constraints on the possible values of ω’s. In particular, it follows from (2.38)
that G4,b is different from zero only for ω < 0 and ω′ > 0. Combining together (2.37)
and (2.38), we obtain

〈Φ(x1)Jω,S(n)Jω′,S′(n′)Φ̄(x2)〉c = 1
(2π)d−1 δ

(d−2)(n, n′) IΦ , (2.39)

where the subscript ‘c’ refers to the connected part and the notation was introduced for

IΦ = e−iω′′(nx2)
∫ ∞

0
dα1 (α1(α1 − ω′′))2j−1 e−iα1(nx12) θ(α1 − ω′′)

×
[
θ(α1 − ω)(α1 − ω)2s−1P`(α1,−α1 + ω)P`′(α1 − ω,−α1 + ω′′)

− θ(ω′ − α1)(α1 − ω′)2s−1P`′(α1,−α1 + ω′)P`(α1 − ω′,−α1 + ω′′)
]
, (2.40)

with ω′′ = ω + ω′ being the total energy transferred by the detectors. We recall that the
polynomials P` and P`′ are given by (2.14) and their degree is related to the spin of the
flow operators through (2.9).

To obtain the correlation function 〈Φ(x1)Jω′,S′(n′)Jω,S(n)Φ̄(x2)〉c from (2.39) it suffices
to exchange (ω, `) and (ω′, `′) in (2.40). Combining the two expressions we obtain

〈Φ(x1)[Jω,S(n),Jω′,S′(n′)]Φ̄(x2)〉c = 1
(2π)d−1 δ

(d−2)(n,n′)e−iω′′(nx2) (2.41)

×
∫ ∞

0
dα1(α1(α1−ω′′))2j−1θ(α1−ω′′)e−iα1(nx12)Q(α1) ,

where ω′′ = ω + ω′ and Q(α1) is given by

Q(α1) = (α1 − ω)2s−1P`(α1,−α1 + ω)P`′(α1 − ω,−α1 + ω′′)
− (α1 − ω′)2s−1P`′(α1,−α1 + ω′)P`(α1 − ω′,−α1 + ω′′) . (2.42)

Here nonnegative integer ` and `′ are related to Lorentz spins of the operators as follows

` = S − 2s , `′ = S′ − 2s . (2.43)

As compared with (2.40), the relation (2.42) does not involve theta-functions.
Notice that the relation (2.41) is only well-defined for s > 0, that is for the flow

operators built out of fermion and gauge fields. For scalars, s = 0, the integral in (2.40)
and (2.41) diverges logarithmically for α1 → ω and α1 → ω′. This singularity arises from
the exchange of a scalar with zero energy between the two detectors (see figure 2). As
explained above, the propagator of this particle takes the form (2.36). If does not vanish
for n′ 6= n and scales as 1/(nn′)d/2−1. Repeating the calculation of the diagrams shown in
figure 2, we find (see appendix C)

〈φ(x1)Jω,S(n)Jω′,S′(n′)φ̄(x2)〉c = 1
(2π)d−1

[Γ(d/2− 1)
(2π)d/2−1

Xφ

(nn′)d/2−1 + . . .

]
, (2.44)
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where dots denote terms localized at n′ = n and the function Xφ describes the cross-talk
between detectors

Xφ = (−ωω′)d/2−2
[

e−iω(nx1)−iω′(n′x2) P`(ω, 0)P`′(0, ω′)θ(ω)θ(−ω′)

+ e−iω′(n′x1)−iω(nx2) P`′(ω′, 0)P`(0, ω)θ(ω′)θ(−ω)
]
. (2.45)

The polynomials have vanishing argument because the particle exchanged between the
two detectors has zero energy. Notice that Xφ is symmetric under the exchange of the
detectors and, therefore, it cancels in the difference of the correlation functions (2.20)
for n′ 6= n. Carefully examining this difference we find (see appendix C for details) that
〈φ(x1)[Jω,S(n),Jω′,S′(n′)]φ̄(x2)〉c is given by (2.41) and (2.42) evaluated at s = 0 and
j = (d− 2)/4. Most importantly, the poles of Q(α1) at α1 = ω and α1 = ω′ are integrated
using the principal value prescription.

Disconnected part. Disconnected part of the four-point function is given by 〈Φ(x1)Φ̄(x2)〉
〈Jω,S(n)Jω′,S′(n′)〉. To find 〈Jω,S(n)Jω′,S′(n′)〉 we start with the two-point function
〈OS(x)OS′(x′)〉 defined in (2.16) and transform OS(x) and OS′(x′) into the flow oper-
ators (1.1).

Replacing x = nr + n̄t in (2.16) we obtain for r →∞

〈OS(x)OS′(x′)〉 ∼ δSS′(2r)2−dN`
i2S(nn̄)2S

(2π)d
Γ(2S + d− 2)

(−(nn̄)t+ (nx′) + i0)2S+d−2 . (2.46)

Then, taking Fourier transform with respect to t we arrive at

〈Jω,S(n)OS′(x′)〉 = δSS′
2i2−d

(4π)d−1N`(nn̄)Sθ(−ω)(−ω)2S+d−3 e−iω(nx′) . (2.47)

This relation has the following interpretation. The operator OS′(x′) creates out of vacuum
two particles which propagate to the final state and get absorbed by the detector Jω,S(n).
The total energy of the particles is (−ω) > 0. This explains why (2.47) vanishes for positive ω,
leading to 〈0|Jω,S(n) = 0 for ω > 0. Taking into account the relation (Jω,S(n))† = J−ω,S(n),
we deduce that Jω,S(n)|0〉 = 0 for ω < 0.

To convert the operator OS′(x′) into the flow operator (1.1), we replace x′ = n′r′ + t′n̄

in (2.47), take the limit r′ →∞ and perform a Fourier transform with respect to t′. This gives

〈Jω,S(n)Jω′,S′(n′)〉 = δSS′θ(−ω)δ(ω + ω′)(−ω)2S−1ΩS

(
n, n′

)
, (2.48)

where the notation was introduced for

ΩS

(
n, n′

)
= N`

(4π)d−2 (nn̄)S(n′n̄)−S lim
r′→∞

(−iωr′)d−2 e−iω(nn′)r′ . (2.49)

It depends on two null vectors nµ = (1, ~n) and n′µ = (1, ~n′) where ~n and ~n′ are unit vectors
on the sphere Sd−2. The function Ωd(n, n′) has different properties at d = 2 and for d > 2.
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For d = 2 we have n = n′ and, as a consequence, the function (2.49) takes a finite value
for the scalar (jφ = 0) and fermionic (jψ = 1/2) flow operators

Ω(φ)
S (n, n)

∣∣∣
d=2

= 4
S(S − 1)(2S − 1) ,

Ω(ψ)
S (n, n)

∣∣∣
d=2

= 1
2S − 1 . (2.50)

For d > 2 the function (2.49) vanishes for (nn′) 6= 0 and diverges for (nn′) = 0.
Replacing ωr′ = 1/ε, we find that the expression on the right-hand side of (2.49) scales
as 1/εd−2 ei(nn′)/ε for ε→ 0. As compared with the analogous expression for δ(d−2)(n, n′),
eq. (A.5), it contains an additional factor of 1/εd/2−1. As a consequence, the integral of
ΩS(n, n′) with a test function on the sphere Sd−2 diverges as ε→ 0, and the limit (2.49)
does not produce a well-defined distribution.

This divergence is not surprising. In the correlation function 〈Jω,S(n)Jω′,S′(n′)〉, the
flow operator Jω′,S′(n′) creates a pair of particles which propagate in the direction of
the null vector n and carry the total energy ω′. These particles are absorbed by the
detector oriented along the direction n′. Each particle brings in the factor of δ(d−2)(n, n′)
(see eq. (2.35)), so that the transition amplitude is proportional to the square of the
delta-function, schematically,

ΩS(n, n′) = CS δ
(d−2)(n, n′) , (2.51)

where CS ∼ 1/εd/2−1 diverges as ε → 0. Indeed, it is easy to see using (A.5) that the
additional factor of 1/εd/2−1 comes from δ(d−2)(n, n).

The fact that the correlation function (2.48) is divergent for d > 2 is in agreement with
the findings of refs. [11, 12] where similar correlation functions were studied for d = 4 and
S = 2.

2.3 Light-ray algebra

In this subsection we find the commutation relations of the flow operators by comparing (2.41)
with the analogous expression for the three-point function (2.27).

Free fermion and gauge field. It is easy to see from (2.42) that Q(α1) is a polynomial
in α1 for fermion (sψ = 1/2) and gauge field (sF = 1) operators. Due to antisymmetry
under the exchange of (ω, `) and (ω′, `′), its degree is ` + `′ + 2(s − 1). Aside from the
delta-function δ(d−2)(n, n′), the relation (2.41) is remarkably similar to the expression for the
three-point function (2.27). To match the two relations, we take advantage of the properties
of Gegenbauer polynomials and expand (2.42) over the orthogonal basis of polynomials
P`′′(α1,−α1 + ω′′) defined in (2.14)

Q(α1) =
`+`′+2(s−1)∑

`′′=0
C``′

`′′(ω, ω′)P`′′(α1,−α1 + ω′′) , (2.52)

where s is the spin of the field Φ and the maximal value of `′′ coincides with the degree
of Q(α1).
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Substituting (2.52) into (2.41) and matching the resulting expression to (2.27), we
arrive at the algebra

[Jω,S(n),Jω′,S′(n′)]c = δ(d−2)(n, n′)
S+S′−2∑
S′′=2s

C``′
`′′(ω, ω′)Jω+ω′,S′′(n) , (2.53)

where `i = Si − 2s and the structure constants coincide with the expansion coefficients
in (2.52). The minimal value of S′′ in the sum (2.53) equals 2sψ = 1 for fermion and
2sF = 2 for gauge field flow operators.

The relations (2.42) and (2.52) lead to nontrivial conditions for the structure constants

C``′
`′′(ω, ω′) = −C`′``

′′(ω′, ω) ,

C``′
`′′(λω, λω′) = λ`+`

′−`′′+2s−1C``′
`′′(ω, ω′) ,

C``′
`′′(−ω,−ω′) = −C``′`

′′(ω, ω′) . (2.54)

Here the first relation follows from the antisymmetry of (2.42) under the exchange of
(ω, `) and (ω′, `′). To check the second relation, it is sufficient to compare the properties
of both sides of (2.52) under rescaling α → λα, ω → λω and ω′ → λω′. Moreover,
matching (2.52) to (2.42) we find that C``′`

′′(ω, ω′) are homogenous polynomials in ω and
ω′ with real coefficients. It follows from the second relation in (2.54) that their degree is
`+ `′ − `′′ + 2s− 1 = S + S′ − S′′ − 1. Finally, the last relation in (2.54) can be derived
by applying complex conjugation to both sides of (2.53) and by taking into account the
relation (Jω,S(n))† = J−ω,S(n).

Substituting λ = −1 into the second relation in (2.54) and comparing it with the third
one, we find that the structure constants C``′`

′′(ω, ω′) vanish for even `+ `′− `′′+ 2s− 1, or
equivalently for odd S+S′−S′′. This means that the sum in (2.53) runs over S′′ = S+S′−2p
with p = 1, 2, . . . .

To summarize, the structure constants take the following general form

C``′
`′′(ω, ω′) = 1 + (−1)S+S′−S′′

2

S+S′−S′′−1∑
k=0

ck(`, `′)ωk(ω′)S+S′−S′′−1−k , (2.55)

where Si = `i + 2s and real-valued expansion coefficients depend on spins and satisfy
ck(`, `′) = −cS+S′−S′′−1−k(`′, `). Explicit expressions for the structure constants are derived
in the next section. In what follows we do not display the signature factor and tacitly
assume that C``′`

′′(ω, ω′) vanish for odd S + S′ − S′′.
For the algebra (2.53) to be consistent, the structure constants have to verify Jacobi

identities. Indeed, it is straightforward to check using (2.42) and (2.52) that C``′`
′′(ω, ω′)

satisfy ∑
`′

C`1`2
`′(ω1, ω2)C`′`3`

′′(ω1 + ω2, ω3)

+
∑
`′

C`2`3
`′(ω2, ω3)C`′`1`

′′(ω2 + ω3, ω1)

+
∑
`′

C`3`1
`′(ω3, ω1)C`′`2`

′′(ω3 + ω1, ω2) = 0 . (2.56)
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The relation (2.53) takes into account the contribution to (2.20) of the connected part of
the four-point function. We use (2.48) to obtain the disconnected contribution to (2.20) as

〈Φ(x1)[Jω,S(n),Jω′,S′(n′)]Φ̄(x2)〉d = −δSS′δ(ω + ω′)ω2S−1Ωd

(
n, n′

)
〈Φ(x1)Φ̄(x2)〉 . (2.57)

It defines the central extension of the algebra (2.53). Namely, combining together (2.53)
and (2.57) we arrive at

[Jω,S(n),Jω′,S′(n′)] = δ(d−2)(n, n′)
S+S′−2∑
S′′=2s

C``′
`′′(ω, ω′)Jω+ω′,S′′(n)

− δSS′δ(ω + ω′)ω2S−1ΩS

(
n, n′

)
, (2.58)

where `i = Si − 2s and the sum runs over the spins S′′ of the same parity as S + S′. Here
the structure constants take the form (2.55) and satisfy the relations (2.52) and (2.61).
The central charge Ωd(n, n′) takes a finite value (2.50) for d = 2 but it diverges for d > 2
as (2.51). For S = 2 this agrees with the findings of refs. [11, 12, 23, 24, 30].

Free scalar field. Let us turn to the flow operators built out of the scalars. In this
case, the four-point function is given by (2.41) for s = 0 and j = (d− 2)/4. An important
difference as compared to previous case is that (2.42) is a meromorphic function and it is
integrated in (2.41) using the principal value prescription (see eq. (C.3) in appendix C).

To separate the contribution of poles, it is convenient to rewrite Q(α1) as

Q(α1) = Q(φ)(α1) +
[
P`(ω, 0)P`′(0, ω′)

α1 − ω
− P`′(ω′, 0)P`(0, ω)

α1 − ω′
]
, (2.59)

where Q(φ)(α1) is a polynomial in α1 of degree `+ `′ − 2

Q(φ)(α1) = P`(α1,−α1 + ω)P`′(α1 − ω,−α1 + ω′′)− P`(ω, 0)P`′(0, ω′)
α1 − ω

− P`′(α1,−α1 + ω′)P`(α1 − ω′,−α1 + ω′′)− P`′(ω′, 0)P`(0, ω)
α1 − ω′

. (2.60)

Substituting (2.59) into (2.41) we obtain the sum of two terms. The first term contains
Q(φ)(α1). In a close analogy with (2.52) we can write

Q(φ)(α1) =
`+`′−2∑
`′′=0

C
(φ)
``′

`′′(ω, ω′)P`′′(α1,−α1 + ω′′) . (2.61)

Going along the same lines as in the previous subsection, we find that (2.61) produces the
contribution to the commutator [Jω,S(n),Jω′,S′(n′)] that takes the same form as (2.53)
with the structure constants given by the expansion coefficients C(φ)

``′
`′′ . The additional

contribution to the commutator comes from the poles in (2.59). It reads

[J (φ)
ω,S(n),J (φ)

ω′,S′(n
′)] = δ(d−2)(n, n′)

S+S′−2∑
S′′=2s

C
(φ)
``′

`′′(ω, ω′)J (φ)
ω+ω′,S′′(n) + ωS(ω′)S′O(φ)

ω,ω′(n)


− δSS′δ(ω + ω′)ω2S−1Ω(φ)

S

(
n, n′

)
, (2.62)

– 20 –



J
H
E
P
0
2
(
2
0
2
2
)
1
4
0

where the structure constants C(φ)
``′

`′′ (with `i = Si) satisfy the relations (2.54) and (2.56)
for j = (d− 2)/4 and s = 0.

The operator O(φ)
ω,ω′(n) satisfies the defining relation

〈φ(x1)O(φ)
ω,ω′(n)φ̄(x2)〉= 1

(2π)d−1 e−iω′′(nx2)−
∫ ∞

0
dα1 (α1(α1−ω′′))d/2−2θ(α1−ω′′)

×e−iα1(nx12)ω−`(ω′)−`′
[
P`(ω,0)P`′(0,ω′)

α1−ω
−P`

′(ω′,0)P`(0,ω)
α1−ω′

]
,

(2.63)

where ω′′ = ω + ω′ and the integral is regularized in the vicinity of the poles α1 = ω

and α1 = ω′ using the principal value prescription. The operator O(φ)
ω,ω′(n) should be

antisymmetric under the exchange of (ω, `) and (ω′, `′). We expect that it should be linear
in φ and φ̄. With some work we obtain

O(φ)
ω,ω′(n) = − i2 lim

r→∞
(nn̄)2rd−2

∫ ∞
−∞

dt1dt2 e−it1(nn̄)ω−it2(nn̄)ω′ [θ(t1 − t2)− θ(t2 − t1)]

× ω−`(ω′)−`′
[
P`(ω, 0)P`′(0, ω′)φ(x1)φ̄(x2) + P`′(ω′, 0)P`(0, ω)φ̄(x1)φ(x2)

]
,

(2.64)

where x1 = rn+ t1n̄ and x2 = rn+ t2n̄.
The scalar fields in (2.64) are accompanied by polynomials defined in (2.14). It follows

from (2.14) that

ω−`P`(ω, 0) = Γ(d− 3 + `)
Γ(d− 3) `! , P`(0, ω) = (−1)`P`(ω, 0) . (2.65)

We recall that in d = 2 dimensions, the polynomials P` have degree ` ≥ 2. Then, we deduce
from the last relation that P`(ω, 0) = P`(0, ω) = 0 in this case and, therefore, the nonlocal
operator (2.64) vanishes for d = 2. The same is true at d = 3 for ` ≥ 1 but this happens due
to a particular choice of normalization of the polynomial (2.14) (see footnote 7). Changing
normalization by inserting the factor of 1/(d − 3) on the right-hand side of (2.14) (see,
e.g. (2.19)) one can obtain a nonvanishing result for (2.64) at d = 3.

Thus, the nonlocal operator (2.64) is different from zero only for d > 2. Substitut-
ing (2.65) into (2.64) we find that the resulting expression coincides with the nonlocal
operator defined in (1.10)

O(φ)
ω,ω′(n) = 1

4((d− 1)(d− 3))2O
ε
ω,ω′(n) , ε = (−1)S+S′+1 . (2.66)

We would like to emphasize that the commutation relations (2.58) hold for arbitrary d ≥ 2.
The dependence on d enters (2.58) through the dependence of the structure constants on
the conformal spin of fields, eq. (2.8), and their Lorentz spins, sφ = 0, sψ = 1/2 and sF = 1.

For d = 2 the leading twist operators that enter the definition of the flow operators (1.1)
are known to possess an infinite-dimensional symmetry. Their commutation relations are
described by (quantum) W∞ algebra which contains the Virasoro algebra and plays an
important role in two-dimensional conformal field theory. Because the flow operators are
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given by integrated leading twist operators, we expect that for d = 2 the commutation
relations (2.58) (with δ(0)(n, n′) = 1) should be related to those ofW∞ algebra. We establish
this relation in the next section.

Because of the appearance of the nonlocal operator O(φ)
ω,ω′(n), a question arises whether

the commutation relations (2.62) satisfy the Jacobi identity

[J (φ)
ω1,S1

(n1), [J (φ)
ω2,S2

(n2),J (φ)
ω3,S3

(n3)]] + cyclic = 0 . (2.67)

To check this identity, we follow the same steps as in section 2.2 and compute the connected
part of the correlation function 〈φ(x1)J (φ)

ω1,S1
(n1)J (φ)

ω2,S2
(n2)J (φ)

ω3,S3
(n3)φ̄(x2)〉c. After an

appropriate antisymmetrization this leads to the following result for a double commutator

〈φ(x1)[J (φ)
ω1,S1

(n1), [J (φ)
ω2,S2

(n2),J (φ)
ω3,S3

(n3)]]φ̄(x2)〉c∼ δ(n1,n2)δ(n2,n3)

×−
∫ ∞

0
dα1 e−iα1(nx1)+iα2(nx2)

[(
PS3(α1,−α1+ω3)PS2(α1−ω3,−α1+ω2+ω3)

α1−ω3

−PS2(α1,−α1+ω2)PS3(α1−ω2,−α1+ω2+ω3)
α1−ω2

)
PS1(α1−ω2−ω3,−α2)

α1−ω2−ω3

+
(
PS2(α1−ω1,−α1+ω1+ω2)PS3(α1−ω1−ω2,−α2)

α1−ω1−ω2

−PS3(α1−ω1,−α1+ω1+ω3)PS2(α1−ω1−ω3,−α2)
α1−ω1−ω3

)
PS1(α1,−α1+ω1)

α1−ω1

]
, (2.68)

where α2 = α1 − ω1 − ω2 − ω3. Cyclically permuting the indices of the light-ray operators
on both sides of this relation and adding up the resulting expressions, it is straightforward
to verify that the identity (2.67) is indeed verified.

2.4 Structure constants

According to (2.52) and (2.61), the structure constants of the algebra (2.58) are defined as
coefficients of the expansion of (2.42) and (2.60) over the polynomials P`′′ defined in (2.14).

We recall that the polynomials P`(p1, p2) are orthogonal to each other with respect
to the inner product (2.17). This allows us to find C``′`

′′(ω, ω′) from (2.52) and (2.61) by
projecting both sides of these relations onto P`′′ . To this end, we replace α1 = ω′′t in (2.52),
use the relation P`(λp1, λp2) = λ`P`(p1, p2) and integrate both sides of (2.52) with the
measure (2.17) to find after some algebra

C
(s)
``′

`′′(ω, ω′) = 2
N`′′

(ω + ω′)S+S′−S′′−1 (2.69)

×
∫ 1

0
dt (t(1− t))2j−1(t− ε)2s−1 P`(t, ε− t)P`′(t− ε, 1− t)P`′′(t, 1− t) ,

where the notation was introduced for ε = ω/(ω + ω′) and the normalization factor N`′′
was defined in (2.18). Here Si = `i + 2s and the superscript ‘(s)’ refers to the spin of fields,
sψ = 1/2 and sF = 1. The polynomials P` are given by (2.14) with j = s+ (d− 2)/4.
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Repeating the calculation for the scalar operators (s = 0) we find from (2.61)

C
(0)
``′

`′′(ω,ω′) = 2
N`′′

(ω+ω′)S+S′−S′′−1 (2.70)

×
∫ 1

0
dt(t(1−t))d/2−2P`(t,ε−t)P`′(t−ε,1−t)−P`(ε,0)P`′(0,1−ε)

t−ε
P`′′(t,1−t) ,

where S = ` and similar for S′ and S′′. In this relation, polynomials P` are given by (2.14)
with j = (d− 2)/4.

The relations (2.69) and (2.70) hold for even S + S′ − S′′. For odd S + S′ − S′′ the
structure constants vanish.

Commutator of the energy flow operators and the Virasoro algebra. Let us
apply (2.58) to find the commutation relations of the energy flow operator. It is convenient
to perform the conformal transformation (A.4) to switch from (1.3) to the equivalent
representation (see (1.16))

Eω(n) =
∫ ∞
−∞

dz− e−iz−ω T−−(0, z−, z) . (2.71)

We recall that the stress-energy tensor is given by spin−2 operators (2.19). As a consequence,
the energy flow operator takes the form

E(0)
ω (n) = 1

2(d− 1)(d− 3)J
(0)
ω,2(n) ,

E(1/2)
ω (n) = 1

2(d− 1)J
(1/2)
ω,2 (n) ,

E(1)
ω (n) = J (1)

ω,2(n) , (2.72)

where J (s)
ω,2(n) is the spin−2 flow operator built out of fields of spin s. Here we inserted

the subscript (s) to indicate that these operators are defined in the free theory of scalars
(s = 0), fermions (s = 1/2) and gauge fields (s = 1).

According to (2.58) and (2.62) the flow operators satisfy the relations

[J (s)
ω,2(n),J (s)

ω′,2(n′)] = δ(d−2)(n, n′)
[
C

(s)
``

`(ω, ω′)J (s)
ω′′,2(n) + δs,0(ωω′)2O(φ)

ω,ω′(n)
]

− ω3δ(ω + ω′)Ω(s)
2
(
n, n′

)
, (2.73)

where C(s)
``

`(ω, ω′) is given by (2.69) and (2.70) for S = S′ = S′′ = 2 and ` = 2− 2s. The
second term inside the brackets only appears in the free scalar theory and it involves the
nonlocal operator (2.64). Being homogenous polynomials of degree S + S′ − S′′ − 1, the
structure constants in this case look as

C
(s)
``

`(ω, ω′) = (ω′ − ω)c(s) , (2.74)

where relative sign inside the brackets is fixed by the first relation in (2.54). Applying (2.69)
and (2.70) we can find the normalization constant

c(0) = 2(d− 1)(d− 3) , c(1/2) = 2(d− 1) , c(1) = 1 . (2.75)
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Combining the above relations we arrive at the commutation relations of the flow operators
in d-dimensions

[E(s)
ω (n), E(s)

ω′ (n′)] = δ(d−2)(n, n′)
[
(ω′ − ω)E(s)

ω+ω′(n) + δs,0(ωω′)2O−ω,ω′(n)
]

− ω3δ(ω + ω′)c(s)(n, n′) , (2.76)

where the operator O−ω,ω′(n) is defined in (1.10). The central charge c(s)(n, n′) is given by
Ω(s)
S=2(n, n′), eq. (2.49), with the coefficients similar to those in (2.72)

c(0) = Ω(0)
2 (n, n′)

4((d− 1)(d− 3))2 , c(1/2) = Ω(1/2)
2 (n, n′)
4(d− 1)2 , c(1) = Ω(1)

2 (n, n′) . (2.77)

For d > 2 it vanishes for n 6= n′ and diverges otherwise as (2.51). For d = 2 we have for
free scalars and fermions, respectively,

c(0)∣∣
d=2 = 1

6 , c(1/2)∣∣
d=2 = 1

12 . (2.78)

Let us examine the relation (2.76) in d = 2 dimension. In this case the stress-energy
tensor T−− = T−−(x−1 ) satisfies the Virasoro commutation relations

[T−−(x−1 ), T−−(x−2 )] = i(∂1− − ∂2−)
(
T−−(x−1 )δ(x−1 − x

−
2 )
)

+ c

24π (i∂1−)3δ(x−1 − x
−
2 ) ,

(2.79)

where ∂i− = ∂/∂x−i and c is the central charge. Using (2.71) we find that the energy flow
operator Eω in d = 2 dimension satisfies the Virasoro algebra

[Eω, Eω′ ] = (ω′ − ω)Eω+ω′ −
c

12ω
3δ(ω + ω′) . (2.80)

We observe that the relation (2.76) coincides with (2.80) (recall that the operator (1.10)
vanishes for d = 2) and identify the central charge to be cφ = 2 and cψ = 1 for the free
scalar and fermion, respectively. These values of the central charge are twice larger than
those of a real scalar and Majorana fermion in d = 2. The reason for this is that we treated
from the start the fields Φ amd Φ̄ to be independent. In terms of the central charge this
amounts to doubling the number of fields.

A distinguished feature of (2.73) is that the expression on the right-hand side does
not contain operators of lower spin. For the flow operators J (s)

ω,S(n) of spin S > 2, the
commutation relations (2.58) look as

[J (s)
ω,S(n),J (s)

ω′,S′(n
′)] = δ(d−2)(n, n′)C(s)

``′
`max(ω, ω′)J (s)

ω′′,S+S′−2(n) + . . . , (2.81)

where ` = S−2s and `max = S+S′−2−2s. Here dots denote the contribution of operators
with lower spin S′′ = S+S′−2p with p = 2, 3, . . . . Similar to (2.74), the structure constants
C

(s)
``′

`max(ω, ω′) are linear functions of ω and ω′

C
(s)
``′

`max(ω, ω′) = ((S − 1)ω′ − (S′ − 1)ω)f (s)
SS′ . (2.82)
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Using (2.69) and (2.70) we can find the normalization constant

f
(s)
SS′ =

24(1−s)Γ
(
S + d−3

2

)
Γ
(
S′ + d−3

2

)
Γ(S + S′ − 2s− 1)

Γ
(
2s+ d−3

2

)
Γ(S + 1− 2s)Γ(S′ + 1− 2s)Γ

(
S + S′ + d−7

2

) . (2.83)

For S = S′ = 2 the relation (2.82) coincides with (2.74).

W -algebra. In d = 2 dimensions, the spin−2 operators satisfy the Virasoro algebra (2.79).
For the operators OS with spin S the commutation relations take a more complicated form
of W -algebra [31]

[OS1(x−1 ), OS2(x−2 )] = −
S1+S2−2∑
S3=Smin

WS1S2
S3(i∂1−, i∂2−)

(
OS3(x−1 )δ(x−1 − x

−
2 )
)

+ δS1,S2
c̃S1

24π (i∂1−)2S1+1δ(x−1 − x
−
2 ) , (2.84)

where the sum runs over operators with spin S3 of the same parity as S1 + S2. The
minimal value of spin is Smin = 2 for scalar operators and Smin = 1 for fermionic operators.
These two cases correspond to W∞ and W1+∞ algebras, respectively. The latter algebra
contains the additional operator of spin 1. The derivatives on the right-hand side of (2.84)
are described by functions WS1S2

S3(p1, p2) which are homogenous polynomials of degree
S1 + S2 − S3 − 1. As we show in appendix D (see eq. (D.23)), the expansion coefficients of
WS1S2

S3(p1, p2) are given by linear combinations of structure constants of the W -algebra.
The Virasoro algebra is a subalgebra of (2.84), it corresponds to W22

2(p1, p2) = p2 − p1.
The W -algebra (2.84) leads to the following commutation relations of the flow opera-

tors (1.16)

[Jω,S ,Jω′,S′ ] =
S+S′−2∑
S′′=Smin

WSS′
S′′(ω, ω′)Jω+ω′,S′′ − δS,S′δ(ω + ω′)ω2S+1 c̃S

12 . (2.85)

Comparing it with the analogous relation (2.58) we observe that for d = 2 the two relations
take the same form. Matching the expressions on the right-hand side of (2.85) and (2.58),
we establish the relation between the structure constants of the two algebras

C
(0)
`1`2

`3(ω, ω′)
∣∣∣
d=2

= W
(0)
S1S2

S3(ω, ω′) , Si = `i ≥ 2 ,

C
(1/2)
`1`2

`3(ω, ω′)
∣∣∣
d=2

= W
(1/2)
S1S2

S3(ω, ω′) , Si = `i + 1 ≥ 1 , (2.86)

where W (0) and W (1/2) are the structure constants of the W∞ and W1+∞ algebras, respec-
tively. In the similar manner, the relation between the central charges looks as

c̃
(0)
S = 12 Ω(φ)

S

∣∣∣
d=2

, c̃
(1/2)
S = 12 Ω(ψ)

S

∣∣∣
d=2

, (2.87)

where Ω(φ)
S and Ω(ψ)

S are defined in (2.50).
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Substituting (2.69) and (2.70) into (2.86) we obtain integral representation of the
structure constants of W -algebras

W
(1/2)
SS′

S′′(ω,ω′) = 2(2S′′−1)(ω+ω′)S+S′−S′′−1

×
∫ 1

0
dtP

(1/2)
S−1 (t,ε−t)P (1/2)

S′−1 (t−ε,1−t)P (1/2)
S′′−1(t,1−t) , (2.88)

W
(0)
SS′

S′′(ω,ω′) =− 32(2S′′−1)
S(S−1)S′(S′−1)(ω+ω′)S+S′−S′′−1

×
∫ 1

0
dtt(1−t)(t−ε)P (1)

S−2(t,ε−t)P (1)
S′−2(t−ε,1−t)P (1)

S′′−2(t,1−t) , (2.89)

where ε = ω/(ω + ω′) and P (j)
` is given by (2.14) with the conformal spin j replaced by its

value (2.8), jψ = 1/2 and jφ = 0 for d = 2. In addition, in the last relation we applied the
identity (B.2) and replaced P (0)

S by its expression in terms of P (1)
S−2. In agreement with (2.86)

the minimal values of spins in (2.88) and (2.89) are Smin = 1 and Smin = 2, respectively.
The structure constants (2.88) and (2.89) are homogenous polynomials in ω and ω′ of

degree S + S′ − S′′ − 1. Replacing the polynomials in (2.88) and (2.89) by their explicit
expressions (2.14) and carrying out integration, we can express W (0)

SS′
S′′ and W

(1/2)
SS′

S′′

as finite nested sums. For our purposes however it is advantageous to use the integral
representation (2.88) and (2.89). To best of our knowledge, the representation (2.88)
and (2.89) of the structure constants of theW -algebra did not appear in the literature before.

We have shown in the previous subsection, that, aside from δ(d−2)(n, n′), the commu-
tation relations (2.76) and (2.80) of the energy flow operators look alike at d = 2 and for
d > 3. The question arises whether similar relation holds between the algebras (2.58) of
higher spin flow operators for different d. As we show in a moment, for d = 4 the structure
constants (2.69) and (2.70) are related to the structure functions of the W -algebra (2.88)
and (2.89) in a nontrivial way.11

We start with the structure constants (2.69) of the fermionic flow operators in d = 4
dimension. Replacing jψ = 1 and sψ = 1/2 in (2.69) we find

C
(1/2)
``′

`′′(ω, ω′) = 8(2S′′ + 1)
S′′(S′′ + 1)(ω + ω′)S+S′−S′′−1

×
∫ 1

0
dt t(1− t)P (1)

S−1(t, ε− t)P (1)
S′−1(t− ε, 1− t)P (1)

S′′−1(t, 1− t) , (2.90)

where S = `+ 1 and similar for S′ and S′′. The structure constants (2.70) of the scalar flow
operators in d = 4 dimension are given by (for jφ = 1/2 and sφ = 0)

C
(0)
``′

`′′(ω, ω′) = 2(2S′′ + 1)(ω + ω′)S+S′−S′′−1 (2.91)

×
∫ 1

0
dt
P

(1/2)
S (t, ε− t)P (1/2)

S′ (t− ε, 1− t)− P (1/2)
S (ε, 0)P (1/2)

S′ (0, 1− ε)
t− ε

PS′′(t, 1− t) ,

where Si = `i.
11We would like to mention that this is not the first time that the W algebra made its appearance in a

context of d = 4 dimensional CFT. It was noticed in ref. [32] that properly regularized integrated two-point
function of the stress-energy tensors in d = 4 is proportional to the central charge of the W3 algebra.
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The above relations have a striking similarity to (2.88) and (2.89). Up to shift of spins,
S → S − 1, the integrals in the these relations only differ by the factor of (t− ε). Taking
into account the properties of the Gegenbauer polynomials (2.14), the integrals in (2.88)
and (2.89) can be expressed in terms of those in (2.90) and (2.91) with shifted indices.
Namely, applying the identity (B.4) we obtain

C
(1/2)
``′

`′′
∣∣∣
d=2

= 1
2(1− ε)

[1− 2ε
2`+ 1

(
ε2ω′′2` e−∂` +(`+ 1) e∂`

)
+ ε

(
`′′

2`′′ − 1
e−∂`′′ + `′′ + 1

2`′′ + 3ω
′′2 e∂`′′

)]
C

(0)
``′

`′′
∣∣∣
d=4

, (2.92)

C
(0) `′′+2
`+2,`′+2

∣∣∣
d=2

= 1
2(1− ε)

[1− 2ε
2`+ 3

(
ε2ω′′2(`+ 2) e−∂` +(`+ 1) e∂`

)
+ ε

(
`′′

2`′′ + 1
e−∂`′′ + `′′ + 3

2`′′ + 5ω
′′2 e∂`′′

)]
C

(1/2)
``′

`′′
∣∣∣
d=4

, (2.93)

where ε = ω/(ω+ω′) and ω′′ = ω+ω′. Here the operators e±∂` shift of indices as `→ `± 1.
The relations (2.92) and (2.93) establish the correspondence between the structure

constants in d = 2 and d = 4 dimensions. Similar (but algebraically more involved) relations
can be derived for any even d by applying (2.69) and expanding the polynomials (2.14) in
terms of those in d = 2 dimensions.

Conformal Ward identities. Let us examine the commutation relation [Eω(n),Jω′,S′(n′)]
containing the energy flow operator (2.71). Combining together (2.72) and (2.81) we find

[Eω(n),Jω′,S′(n′)] = −((S′ − 1)ω − ω′)δ(d−2)(n, n′)Jω+ω′,S′(n′) + . . . , (2.94)

where dots denote the contribution of the flow operators Jω+ω′,S′′(n′) with spin S′′ = S′−2p
and p ≥ 1. A close examination shows that it vanishes at small ω as O(ω3) for d = 2 and as
O(ω2) for d > 2. This property is not obvious because the contribution of Jω+ω′,S′′(n′) to
the commutator of generic flow operators is accompanied by the structure constants (2.55)
which do not vanish for ω → 0. The fact that the corrections to (2.94) vanish at small ω
follows from conformal Ward identities.

To show this we examine the integral of the energy flow operator over the sphere∫
dd−2n Eω(n). Its expansion at small ω yields global charges∫

dd−2n Eω(n) = Q(0) − iωQ(1) + (iω)2

2 Q(2) +O(ω3) . (2.95)

We find using (2.71) that the expansion coefficients are given in the z-coordinates (A.4) by

Q(k) =
∫
dd−2z

∫ ∞
−∞

dz− (z−)k T−−(0, z−, z) , (2.96)

with k ≥ 0. Integrating both sides of (2.94) over the sphere and taking into account (2.95)
we find for arbitrary d

[Q(0),Jω′,S′(n′)] = ω′Jω′,S′(n′) ,

[Q(1) ,Jω′,S′(n′)] = i
(
ω′∂ω′ − S′ + 1

)
Jω′,S′(n′) . (2.97)
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In addition, for d = 2 the vanishing of O(ω2) corrections to (2.94) implies

[Q(2) ,Jω′,S′ ] = −
(
ω′∂2

ω′ − 2(S′ − 1)∂ω′
)
Jω′,S′ . (2.98)

For d > 2 the right-hand side of this relation contains the additional terms involving the
flow operators of smaller spin Jω′,S′−2p(n′) with p ≥ 1.

The relations (2.97) follow from the observation that the operators Q(0) andQ(1) coincide
with the total momentum and Lorentz boost operators, Q(0) = P− and Q(1) = M+−. As a
consequence, their commutation relations with the conformal operator OS′(0, z−, z) are

i[Q(0), OS′(0, z−, z)] = ∂z−OS′(0, z−, z) ,

i[Q(1), OS′(0, z−, z)] = (z−∂z− + S′)OS′(0, z−, z) . (2.99)

Taking the Fourier transform (1.16) on both sides we arrive at (2.97).
To see why (2.98) only holds at d = 2, we examine the generator of special conformal

transformations

K− =
∫
dz−dd−2z (2z−zν − z2g−ν)Tν−(0, z−, z)

=
∫
dz−dd−2z

[
2(z−)2T−− − 2z−zαTα− + z2

αT+−
]
, (2.100)

where in the second relation we replaced zν = (z+, z−, z) and z = zα (with α = 2, . . . , d−1).
For d = 2 only the first term inside the brackets survives and K−/2 coincides with the
operator Q(2). As a consequence,

i[Q(2), OS′(0, z−)] = ((z−)2∂z− + 2S′z−)OS′(0, z−) , (2.101)

leading to (2.98) after the Fourier transform (1.16). For d > 2 the operators K−/2 and
Q(2) differ by terms containing transverse components of the stress-energy tensor which
invalidate (2.101).

Because the relations (2.99) follow from the Poincaré symmetry, they also hold in an
interacting theory. The same is true for the relations (2.97). Going back to (2.94) this
suggests that the contribution of the flow operator Jω+ω′,S′(n′) to (2.94) is protected from
quantum corrections.

In a close analogy with (2.95), we can define the global charges associated to spin S
flow operators ∫

dd−2nJω,S(n) = Q
(0)
S − iωQ

(1)
S + (iω)2

2 Q
(2)
S +O(ω3) . (2.102)

Then, it follows from (2.58) that

[Q(0)
S ,Jω′,S′(n′)] =

S+S′−2∑
S′′=2s

(ω′)S+S′−S′′−1fSS′
S′′Jω′,S′′(n′) , (2.103)

where the sum runs over spins S′′ of the same parity as S + S′ and we took into account
that C``′`

′′(0, ω′) = (ω′)S+S′−S′′−1fSS′
S′′ . The explicit expressions for the normalization
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constants fSS′S
′′ can be found from (2.69) and (2.70). As compared to the first relation

in (2.97), the right-hand side of (2.103) contains the flow operators with lower spin. Apply-
ing (1.16) we can obtain from (2.103) the action of the charges Q(0)

S on the leading twist
operators OS′(0, z−, z). We verified that in d = 3 dimensions, the resulting expressions for
[Q(0)

S , OS′(0, z−, z)] coincide with the analogous expressions derived in refs. [33, 34].

3 Commutator of the energy flow operators in interacting CFTs

In the previous sections we analyzed the algebra of the light-ray operators Jω,S built out of
conserved currents in the free theory (and bilinear scalar operator of dimension ∆ = d− 2
and spin S = 0). In a generic interacting CFT the only conserved current is the stress-energy
tensor and, possibly, the spin one conserved current. The remaining operators develop
anomalous dimensions. In this section we address the question: which operators contribute
to the commutator of the energy flow operators [Eω1(n1), Eω2(n2)] in an interacting CFT?

To answer this question, we consider the three-point function

〈0|[Eω1(n1), Eω2(n2)]O∆,S(x)|0〉, (3.1)

where O∆,S(x) is a conformal primary operator of scaling dimension ∆ belonging to an
irreducible representation S of the Lorentz group in d dimensions. Because the energy flow
operator Eω(n) is given by the integrated stress-energy tensor, the correlation function (3.1)
is different from zero provided that O∆,S(x) can appear in the OPE of two stress-energy
tensors.

To simplify the computation we choose ω1 < 0, ω2 > 0 and ω1 + ω2 < 0. In this case,
we use the fact that 〈0|Eω2(n2) = 0 for ω2 > 0, see ref. [6], to get

〈0|[Eω1(n1), Eω2(n2)]O∆,S(x)|0〉 = 〈0|Eω1(n1)Eω2(n2)O∆,S(x)|0〉. (3.2)

Replacing the energy flow operators with (2.71), we can express the right-hand side of (3.2)
as the light-ray transform of the underlying three-point function

lim
ε→0

∫ ∞
−∞

dz−1 dz
−
2 e−iz

−
1 ω1−iz−2 ω2〈0|T−−(ε, z−1 , z1)T−−(0, z−2 , z2)O∆,S(x3)|0〉 , (3.3)

where we wrote the light-ray operators in the null plane representation, see (1.16). The
reason for introducing ε → 0 limit will be clear in a moment. The correlation function
in (3.3) is fixed by conformal symmetry up to a few constants.

To correctly compute the commutator (3.2), it is important to regularize the product of
the two stress-energy tensors in (3.3) by separating them in the ‘+’ direction by a non-zero ε.
Doing the light transform and taking the limit ε→ 0 we can identify the distributional terms
localized at z1 = z2. Introducing non-zero ε introduces the regions in the light transform
where the detectors are null (and timelike) separated. In this region the two detectors can
communicate with each other, and this cross-talk produces a nontrivial commutator in the
ε→ 0 limit. By setting ε = 0 before doing the light transform this communication region is
pushed to infinity (in variable z−1 − z

−
2 ) and is not properly resolved.
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At the technical level, this can we understood as follows. The choice of the signs of ωi
dictates the direction in which the integration contour in (3.3) can be deformed. For ω1 < 0
we can deform the integration contour for z−1 to the upper half-plane, for ω2 < 0 we can
deform the integration contour for z−2 to the lower half-plane. The ordering of operators
in (3.3) dictates that the correlation function depends on z−1 − z

−
2 − i0, z

−
1 − z

−
3 − i0, and

z−2 −z
−
3 −i0. In particular, as we evaluate the integral over z−2 by deforming the contour into

the lower half-plane only the singularity coming from x2
12 = 2ε(z−1 −z

−
2 − i0)−(z1−z2)2 = 0

produces a nontrivial contribution. To correctly capture it is necessary to keep ε 6= 0 when
doing the light transform.

We first consider the case when O∆,S(x) is a traceless symmetric tensor in Lorentz
indices of even spin S. We then show that the operators with twist τ = ∆ − S > d − 2
do not contribute to (3.2). This implies that the spinning operators (with S > 0) which
are not conserved currents cannot appear in the commutator of the energy flow operators
[Eω1(n1), Eω2(n2)]. On the other hand, conformal operators with zero spin S = 0 and
dimension ∆ < d− 2 produce an infinite contribution.

At d = 3 the three-point functions of conserved currents can contain additional conformal
parity-odd structures involving the Levi-Civita tensor [35–37]. This leads to the possibility
that operators with odd spin S = 5, 7, 9, . . . can appear in the OPE of the stress-energy
tensors. We find that such operators do not contribute to the light-ray algebra.

For d > 3 more general representations S of the Lorentz group appear in the OPE
of two stress-energy tensors [19]. For simplicity we only consider d = 4. In this case, the
relevant representations are characterized by a Young tableaux with two rows of length J
and j (with J ≥ j). Following [38], we shall refer to J and j as spin and transverse spin,
respectively. In the OPE of two stress-energy tensors only representations with j ≤ 4 can
appear. We show that the representations with j 6= 0 do not contribute to the light-ray
algebra. We expect that the same should be true for d > 4.

3.1 Symmetric traceless tensors in d dimensions

A general expression for the three-point function 〈Tµν(x1)Tρσ(x2)Oµ1...µS (x3)〉 can be found
in appendix A of ref. [36], we do not present it here.12

Let us start by considering the simplest case of the scalar primary operator. The
relevant three-point function takes the form

〈T−−(x1)T−−(x2)O∆(x3)〉= λTTO

(x2
12)d+2−∆

2 (x2
13x

2
23)

∆
2

[
∆(∆+2)(d−2)V 2

1 V
2

2 (3.4)

−2(2+∆+d2−d(∆+1))V1V2H12+((d−1)∆2−2(d−1)d∆+(d−2)d(d+1))H2
12

]
,

where we follow the notations of ref. [36]. We next would like to compute (3.3). As a first
step, we use differentiation by parts to rewrite the integral in (3.3) as follows

D̂(∂ω1 , ∂ω2)
∫
dz−1 dz

−
2

e−iω1z
−
1 −iω2z

−
2

(x2
12)d+2−∆

2 (x2
13x

2
23)

∆
2 +2

, (3.5)

12This does not include parity odd structures in d = 3 and d = 4 which we consider separately in the
following subsections.
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where x1 = (ε, z−1 , z1) and x2 = (0, z−2 , z2) in the light-cone coordinates and the explicit
form of the differential operator D̂ can be found starting from (3.4).

We compute the light-ray transform (3.5) in appendix E. We then act with the differ-
ential operator and take the limit ε→ 0. The result is that the leading contribution takes
the form

[Eω1(n1), Eω2(n2)] ∼ ε
∆−(d−2)

2 δ(d−2)(n1, n2)fd,∆(ω1, ω2)Jω1+ω2,S=0(n1), (3.6)

where ε → 0 and fd,∆(ω1, ω2) is a known function that can be written as a sum of 2F1
hypergeometric functions. We see that scalar operators with ∆ < d− 2 produce divergent
contribution to the light-ray algebra, whereas scalars with ∆ > d − 2 do not contribute.
For scalar operators of dimension ∆ = d− 2 we get for ω1ω2 < 0

fd,d−2(ω1, ω2) ∼ ω2
1ω2 2F1

(
1, d2 − 1
d− 2

∣∣∣1 + ω1
ω2

)
. (3.7)

One can check that fd,d−2(ω1, ω2) = −fd,d−2(ω2, ω1).
Let us comment on the ε

∆−(d−2)
2 scaling in (3.6). It can be immediately understood by

examining behaviour of the correlator (3.4) in the limit x2
12 = O(ε) and ε = x+

12 → 0 before
doing the light transform. In this limit, the conformal-invariant tensor structures in (3.4)
scale as V1, V2 ∼ O(ε, x2

12) and H12 ∼ O(ε2) leading to

〈T−−(x1)T−−(x2)O∆(x3)〉 ∼
4∑
i=0

c
(∆)
i

εi

(x2
12)d−2+i−∆

2
, (3.8)

where the coefficient functions c(∆)
i depend on x12 and x23. To probe the distributional

term in (3.6) we replace x1 = (ε, z−1 , z1) and x2 = (0, z−2 , z2) and integrate the correlator
around the point z1 = z2. The relevant integral takes the schematic form∫

εi dd−2x

(x2 − 2ε(z−1 − z
−
2 − i0))d−2+i−∆

2

= ε
∆−(d−2)

2

(
(z−1 − z

−
2 − i0)

∆−(d−2)−2i
2

Γ(d2 − 1)Γ(d2 + i− ∆
2 − 1)

Γ(d+ i− ∆
2 − 2)

+O(ε)
)
, (3.9)

where x ≡ z1− z2. Note that the dominant contribution to the integral comes from x2 ∼ ε.
This is how we proceed below. We first analyze the behavior of the three-point function

to understand the expected scaling with ε. In cases when we get a nontrivial contribution
to the light-ray algebra, we do the light-ray transform to compute it.

Let us consider next spinning operators O∆,S(x,w) ≡ Oµ1...µS
∆ (x)wµ1 . . . wµS , where S

is an even positive integer. Unitarity bounds states that τ = ∆− S ≥ d− 2, with conserved
currents saturating the bound τ = d− 2.

In the same fashion we find that the three-point function scales for x2
12 → 0 and

x+
12 = ε→ 0 as

〈T−−(x1)T−−(x2)O∆,S(x3, w3)〉 =
4∑
i=0

c
(∆,S)
i

εi

(x2
12)d−2+i− τ2

+ . . . , (3.10)
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where dots denote less singular structures which will not play any role in our analysis.
Here the coefficient functions c(∆,S)

i depend on x13, x23 and w3. They can be straightfor-
wardly computed using expression for the three-point function from appendix A in [36].13

From (3.10), by integrating the correlator over z1 − z2, we get

[Eω1(n1), Eω2(n2)] ∼ ε
τ−(d−2)

2 δ(d−2)(n1, n2)Jω1+ω2,S(n1), (3.11)

for ε→ 0. We immediately conclude from this relation that only conserved currents with
τ = d− 2 contribute to the algebra!

In the previous section we studied the case of free theories which contain infinitely
many conserved currents that furnish a nontrivial light-ray algebra. In a generic interacting
CFT the only conserved currents are spin-one and the stress energy tensor. Focusing on the
commutator (3.2) only the stress-energy tensor contributes to the algebra. To understand
its contribution, recall that the three-point function in a generic interacting CFT takes the
following form14

〈TTT 〉CFT = nφ〈TTT 〉φ + nψ〈TTT 〉ψ + nF 〈TTT 〉F , (3.12)

where nφ, nψ, nF are parameters of the theory and 〈TTT 〉i=φ,ψ,F are conformal tensor
structures computed in three free theories describing the complex scalar (φ), the Dirac
fermion (ψ) and gauge field (F ), see appendix B in ref. [16].15 Their explicit form can be
found for example in appendix C of [20]. Conformal collider bounds [4] together with the
arguments [21, 22] imply that in interacting CFTs

nφ , nψ , nF > 0. (3.13)

Using the conformal Ward identites we get from (3.12) that the two-point function of the
stress-energy tensors 〈TT 〉 is proportional to a linear combination

CT = nφC
(φ)
T + nψC

(ψ)
T + nFC

(F )
T , (3.14)

where C(i)
T comes from the two-point functions 〈TT 〉i in the corresponding free theories.

For example, for the free complex scalar we have [29]

C
(φ)
T =

dΓ2
(
d
2

)
2(d− 1)πd . (3.15)

To compute the contribution of (3.12) to the commutator [Eω1(n1), Eω2(n2)] we can use
the results of the previous section for free theories. In this way we get

[Eω1(n1), Eω2(n2)] = δ(d−2)(n1, n2)
(
ω2 − ω1 + ñφ ω

2
1ω

2
2fφ(ω1, ω2)

)
Eω1+ω2(n1) + . . . ,

(3.16)
13In particular, the relevant conformal tensor structures scale as V1, V2 = O(ε, x2

12), V3 = O(1/x2
12),

H12 = O(ε2) with H13, H23 = O(1).
14In d = 3 the vector structure is absent, and there is an additional parity odd structure. The latter

however does not contribute to the algebra.
15This theory only exists in even d, but the resulting three-point function can be analytically continued to

arbitrary d.
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where dots denote the contribution of the remaining operators. Here ñφ ω2
1ω

2
2fφ(ω1, ω2)

is an extra contribution coming from 〈TTT 〉φ to the light-ray algebra. We compute it in
appendix F with the result

ñφ = nφ
C

(φ)
T

CT
, fφ(ω1, ω2) = −ω−3

2 2F1

(
3, d+ 2

2 , d+ 2, 1 + ω1
ω2

)
. (3.17)

3.2 Parity odd structures in d = 3

In d = 3 dimensions only symmetric traceless representations appear in the OPE of two
stress-energy tensors. A special feature of d = 3 however is that there are new parity odd
conformal structures that can appear in the three-point functions. These go beyond the
analysis done in the section above and therefore require a separate consideration.

As a simple example let us consider a parity odd structure in the three-point function
involving the scalar primary operator

〈T−−(x1)T−−(x2)O∆(x3)〉odd ∼
S3
(
V1V2(∆ + 1) +H12(∆− 3)

)
(x2

12)
6−∆

2 (x2
13x

2
23)

∆
2

, (3.18)

where the definition of S3 can be found in ref. [35]. In the coincident detector limit, x2
12 → 0

and x+
12 = ε→ 0, the new parity odd tensor structure behaves as

S3 ∼ O
(

ε2

|x12|3
,
εx

|x12|3

)
, (3.19)

where x is the separation between detectors in the transverse direction x ≡ z1 − z2. Odd
powers of x do not contribute to the integral (3.9) and therefore do not contribute to
the algebra.

Repeating the same analysis as above we get that the most singular structure generated
by the three-point structure (3.18) takes the form∫

ε4 dx

(x2 + εz−12)5−∆+1
2
∼ ε

∆
2 . (3.20)

As a result, in a unitary CFT with ∆ > 1
2 the odd structure (3.18) does not contribute to

the algebra.
For S = 1 the three-point function of interest does not exist. For S = 2 there exists a

parity-odd correction to the three-point function of the stress-energy tensors

〈T−−(x1)T−−(x2)T (x3, w3)〉odd ∼
S1
(
2V 2

1 V2V3 +H12H13
)

|x12|5|x13|5|x23|
+ cyclic. (3.21)

We found that this structure does not contribute to the light-ray algebra.
For high spin operators the situation looks as follows. There exists a unique parity odd

structure 〈T−−(x1)T−−(x2)O∆,S(x3, w3)〉odd for even spins S ≥ 2 and for odd spins S ≥ 5.
We checked explicitly that it does not contribute to the algebra for a few lowest spins. We
expect the same pattern to continue for arbitrary S.
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3.3 Mixed tensors and parity odd structures in d = 4

In d = 4 dimensions the OPE of two stress-energy tensors receives contribution from
symmetric traceless even spin operators discussed in section 3.1, as well as from two
additional classes of operators.

First, there are traceless symmetric odd spin operators which produce parity odd
structures in the correlation functions. Second, we have to include into consideration more
complicated representations of the Lorentz group, the so-called mixed-symmetry tensors [19].
In spinor notations they are described by tensors O(α1...αk)(α̇1...α̇k̄) which are completely
symmetric in chiral and antichiral indices. They are conveniently characterised by the spin
J = (k + k̄)/2 and transverse spin j = |k − k̄|/2 which define the length of two rows in
the corresponding Young tableaux [38].16 The OPE of two stress-energy tensors involves
operators O∆,J,j with the possible values of transverse spin 0 ≤ j ≤ 4. It is convenient
to use index free notations for the operator and project its spinor indices onto auxiliary
spinors sα and s̄α̇

O∆,J,j(x,w) = O(α1...αk)(α̇1...α̇k̄)(x)sα1 . . . sαk s̄α̇1 . . . s̄α̇k̄ , (3.22)

where wαα̇ = sαs̄α̇ = wµ(σµ)αα̇ is a light-like vector in the spinor notations.
The general form of the three-point function involving (3.22) and the stress-energy

tensor was found in [39, 40]. It takes the following form (for simplicity we assume that
k > k̄)

〈T−−(x1)T−−(x2)O∆,J,j(x3,w3)〉= 1
(x2

12)6−∆+J
2 (x2

13x
2
23)

∆+J
2

∑
{ki}

λ{ki}
(
Î12
)k1 (

Î21
)k2 (

Î13
)k3

×
(
Î31
)k4 (

Î23
)k5 (

Î32
)k6 (

Ĵ1
23

)k7 (
Ĵ2

13

)k8 (
Ĵ3

12

)k9 (
K̂23

1

)k10 (
K̂13

2

)k11 (
K̂12

3

)k12
,

(3.23)

where non-negative integers ki satisfy the relations

k1 + k3 + k7 = 2 , k2 + k4 + k7 + k11 + k12 = 2 ,
k2 + k5 + k8 = 2 , k1 + k6 + k8 + k10 + k12 = 2 ,
k4 + k6 + k9 = J − j , k3 + k5 + k9 + k10 + k11 = J + j . (3.24)

The definitions of various conformal tensor structures entering (3.23) can be found in
appendix D of [40]. In the spinor notations they look as

Îij = [s̄i|xij |sj〉,

Ĵkij = 1
x2
ij

[s̄k|xkixijxjk|sk〉, (3.25)

K̂ij
k = |xij |

|xik||xjk|
〈si|xikxkj |sj〉 ,

16For d > 4 more complicated representations are possible but we do not consider them here.
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where the auxiliary spinors satisfy wαα̇3 = sα3 s̄
α̇
3 and n̄αα̇ = sαi s̄

α̇
i (with i = 1, 2) for the

particular choice of polarizations of operators in (3.23). The relation between the tensor
structures (3.25) and analogous tensor structures used in section 3.1 can be found in
appendix A of [41].

In addition we need to impose permutation symmetry of (3.23) with respect to points
1 and 2, as well as the conservation condition for the stress-energy tensor. This leads to
linear relations between λ{ki}. These steps are implemented using the Mathematica package
CFTs4D [40].

We then consider the limit x2
12 → 0 and x+

12 ∼ ε→ 0 relevant for the light-ray operator
algebra. In this limit we have from (3.25)

Î12, Î21, Ĵ2
13, Ĵ1

23∼O(x+
12), Ĵ3

12∼O(1/x2
12),

K̂23
1 ,K̂13

2 ∼O
(
x+

12
|x12|

,
x1

12−ix2
12

|x12|

)
, K̂12

3 ∼O
(
x+

12|x12|,(x1
12−ix2

12)|x12|
)
, (3.26)

with the remaining tensor structures Î13, Î23, Î31, Î32 = O(1). Notice that the K̂−structures
depend on holomorphic component of the relative transverse coordinate, [s̄3|x12|s1〉 =
x1

12 − ix2
12. To produce a nonvanishing contribution to the integral over the transverse

coordinate x12 = (x1
12, x

2
12) (see (3.9)), they should be accompanied with the analogous

structures depending on the holomorphic component, e.g. Î13− Î23 ∼ [s̄1|x12|s3〉 = x1
12 +ix2

12.
Using these formulas and going through the same steps as in the previous section, we

found that the contribution of the operators (3.22) with transverse spin j to the light-ray
algebra takes the following schematic form (for ε = x+

12 → 0)

[Eω1(n1), Eω2(n2)] ∼ ε
τ+j−2

2 δ(2)(n1, n2)f∆,J,j(ω1, ω2)Jω1+ω2,J,j(n1) , (3.27)

where the light-ray operator Jω1+ω2,J,j(n1) is defined similar to (1.1). The explicit expression
for the coefficient function f∆,J,j(ω1, ω2) is not important for our purpose. The formula (3.27)
generalizes (3.11) to the case j 6= 0 in d = 4.

The expression on the right-hand side of (3.27) depends on the twist τ = ∆− J of the
operator (3.22). Unitarity bounds for such operators take the form [42]

τ ≥ max{2, j} . (3.28)

Combining this relation with (3.27) we observe that operators with j > 0 do not contribute
to the light-ray algebra.

It would be interesting to generalize the analysis of the present section to d > 4. In
this case more representations of the Lorentz group appear in the OPE of two stress-energy
tensors, see [19] for details.

3.4 Commutation relations and the Jacobi identities

Let us summarize the results of this section so far. We have observed that the commutator
of the energy flow operators in a generic, interacting CFT is given by

[Eω1(n1),Eω2(n2)] = δ(d−2)(n1,n2)
[
(ω2−ω1+ñφfφ(ω1,ω2))Eω1+ω2(n1)−Cω3

1δ(ω1+ω2)+. . .
]
,

(3.29)
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where ñφfφ(ω1, ω2) arises from the free scalar structure in the expression (3.12) for the
three-point function of the stress-energy tensors.17 The dots denote the contribution from
light scalar primary operators of dimension d−2

2 < ∆ ≤ d − 2. The operators with twist
τ > d− 2 produce vanishing contribution to (3.29).

Given the expression (3.29) it is tempting to ask if the commutator satisfies the Jacobi
identity

[[Eω1(n1), Eω2(n2)], Eω3(n3)] + cyclic ?= 0. (3.30)

As opposed to the free theories, one can easily see that in a generic, interacting CFT the
Jacobi identities (3.30) are not satisfied. This sounds puzzling since we expect the Jacobi
identity to hold as a consequence of crossing. Indeed, let us start with the four-point
function 〈TTTOi〉. We can ask if the operator algebra generated by the OPE satisfies
the Jacobi identity at the level of the correlation function of local operators. This is of
course nothing but the statement of crossing symmetry applied to the four-point function
〈TTTOi〉. How is it possible then that the identity (3.30) fails?

The resolution of the puzzle is that the commutator [Eω1(n1), Eω2(n2)] in d > 2 CFTs
requires a regularization. In this section we defined the commutator by first separating the
light-ray operators in the ‘+’ direction by distance ε, and then taking ε→ 0. Let us denote
the commutator at finite ε as [Eω1(n1), Eω2(n2)]ε. We then expect that the following sum
rule holds

lim
ε→0

(
[[Eω1(n1), Eω2(n2)]ε, Eω3(n3)]ε + cyclic

)
= 0. (3.31)

There is an important difference between (3.30) and (3.31). According to (3.11), the
contribution of the operator O∆,S with twist τ = ∆−S to the commutator [Eω1(n1), Eω2(n2)]ε
vanishes as ε

τ−(d−2)
2 Jω1+ω2,S for τ > d− 2. Performing the light-ray transform of the three-

point function 〈TTO∆,S〉, one can show that [Jω1+ω2(n1), Eω3(n2)]ε receives a singular
contribution ε

(d−2)−τ
2 Eω1+ω2+ω3 which precisely compensates the factor ε

τ−(d−2)
2 coming from

the commutator of the energy flow operators. Therefore, we conclude that the operators
with twist τ > d− 2 do not contribute to (3.30), but they do contribute to (3.31).

The conclusion is that in a generic CFT we expect that the Jacobi identity (3.30)
receives contributions from infinitely many operators when inserted inside the correlation
function, e.g.

lim
ε→0
〈
(
[[Eω1(n1), Eω2(n2)]ε, Eω3(n3)]ε + cyclic

)
T 〉 = 0 .

One might wonder what kind of sum rules can be obtained in this way, but this goes beyond
the scope of the present paper.

Instead, as we discuss in the concluding remarks, we can use (3.29) to write simpler
sum rules which generalize the superconvergence sum rules [9] and connect to the dispersive
sum rules [43, 44].

17Recall that in an interacting CFT we expect such structure to be always present in the three-point
function of stress-energy tensors [21, 22].
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4 Contact terms in Mellin space

In this section, we apply the obtained results for the algebra of light-ray operators to
understand the properties of (generalized) energy-energy correlation in N = 4 SYM

EEC(z, ω1, ω2) = 〈0|φ†Eω1(n1)Eω2(n2)φ(q)|0〉 , (4.1)

where φ and φ† are the half-BPS scalar primary operators in the representation 20′ of the
R-symmetry group (see ref. [6] for details).

The initial state φ(q)|0〉 carries the total momentum qµ and the energy flow operators
Eω1(n1) and Eω2(n2) mimic two calorimeters detecting the particles propagating in the
directions specified by null vectors n1 and n2. The function (4.1) depends on dimensionless
scaling variable

z = q2(n1n2)
2(qn1)(qn2) , (4.2)

satisfying 0 ≤ z ≤ 1, and two dimensionless frequencies ω̂i = 2ωi(qni)/q2. To simplify
notations, we will not display the additional factor in the expression for ω̂i and shall treat
ωi as dimensionless variables.

For ω1 = ω2 = 0, the function (4.1) coincides with the conventional energy-energy
correlation. A powerful approach to computing this function was developed in refs. [18, 25].
It was recently applied to the generalized energy-energy correlation (4.1) with ωi 6= 0 in [6].
The approach relies on the Mellin representation of the correlation functions and yields the
following expression for the generalized energy-energy correlation

EEC(z, ω1, ω2) = EECtree(z, ω1, ω2) + EECMellin(z, ω1, ω2) , (4.3)

where EECtree describes the tree-level (zero coupling) contribution and EECMellin is given by
a convolution of the Mellin amplitude of the correlator and a kinematical kernel depending
on dimensionless variables z and ωi

EECMellin(z, ω1, ω2) =
∫
dj1dj2
(2πi)2KEEC(j1, j2|z, ω1, ω2)M(j1, j2) . (4.4)

The explicit form of KEEC(j1, j2|z, ω1, ω2) can be found in the ancillary file contained in
the submission of ref. [6].

The results obtained in refs. [6, 18, 25] apply when the detectors are located at separated
points on the celestial sphere n1 6= n2. In this case, the energy flow operators commute
and the function EEC(z, ω1, ω2) is symmetric under the exchange of the detectors. The
commutation relations (1.13) imply that this property does not hold if the detectors are
oriented along the same direction n1 = n2, or equivalently z = 0. It follows from (1.13) that
EEC(z, ω1, ω2)− EEC(z, ω2, ω1) ∼ δ(z).18 It is natural to ask to what extent the analysis
in Mellin space can be generalized to also cover such contact terms. This is the subject of
the present section.

18The locus z = 0 corresponds to n1 = n2, as such δd−2(n1, n2) that we used in the previous sections
becomes δ(z) up to a trivial constant pre-factor.
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Let us start with an important subtlety which we already discussed at the beginning of
section 3. In doing the computations in the papers mentioned above, the detector operators
were first placed to future null infinity, and only then the integral over working time of
the detector, or the light transform, was performed. It is possible to check that if we were
to do this in the previous sections of the present paper we would miss important contact
terms that produce nontrivial contributions to the commutator. As a result, if we want to
correctly capture the commutator the analysis of [6, 25] is not obviously applicable.

At the technical level, the subtlety arises from the treatment of the separation between
detectors (x2

12)−δ12 in the definition of the Mellin amplitude. If we do the light transform
first, we can potentially pick the poles from x2

12 = 0 which are sensitive to the light-ray
commutators. If we, on the other hand, take the detectors to null infinity first, the x2

12 = 0
poles never contribute to the light transform.

There is another possibility for poles x2
12 = 0 not to contribute even if we want to

discuss the locus n1 = n2. If the light-ray operators are ordered as Eω1≥0(n1)Eω2≤0(n2) then
by evaluating the light transform we will not get the contribution from the x2

12 = 0 poles
due to the iε prescription, which takes the form t1 − t2 − iε, where we used the detector
time from the definition (1.1). For ω1 ≥ 0 we can deform the t1 contour to the lower
half-plane, and given that ω2 ≤ 0, the t2 contour to the upper half-plane, so that the pole
at Im[t1 − t2] = ε never contributes.

In principle, it should be possible to generalize the analysis of [6, 25] to include such
contributions, but here for simplicity we only restrict our consideration to the particular
ordering Eω1≥0(n1)Eω2≤0(n1) for which the contact terms in the event shapes can be simply
computed using the formulas of [6, 25] as we explain below.

4.1 Zero frequencies

Let us first consider the conventional energy-energy correlation corresponding to ω1 = ω2 = 0.
In this case, we have (see refs. [6, 25])

EECtree(z, 0, 0) = 1
4
(
δ(z) + δ(1− z)

)
,

KEEC(j1, j2|0, 0, z) = π

2 sin π(j1 + j2)z
−2−j1−j2 (1− z)j1+j2−1 . (4.5)

In order to reveal the origin of contact term δ(z) in the Mellin integral (4.4), we change
integration variable to j = j1 + j2 and rewrite (4.4) as

EECMellin(z, 0, 0) =
∫ −ε+i∞
−ε−i∞

dj

2πi
1

z1+(1+j) f(j, z) , (4.6)

where the notation was introduced for

f(j, z) = 2π
sin πj (1− z)j−1

∫
dj1
2πiM(j1, j − j1) . (4.7)

To find the leading behaviour of (4.6) at small z, we deform the integration contour to
the left and pick up a residue at the rightmost pole of f(j, z). Imagine that it is located at
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j = −1 and the function f(j, z) has the following expansion around it

f(j, z) = f−1(z)
1 + j

+ f0(z) + . . . . (4.8)

Then, we expand 1/z1+(1+j) around j = −1 using the identity

1
z1+(1+j) = − 1

1 + j
δ(z) +

[1
z

]
+

+ . . . , (4.9)

where the plus distribution is defined as
∫ 1

0 dz φ(z)
[1
z

]
+ =

∫ 1
0 dz(φ(z) − φ(0))/z for an

arbitrary test function. In this way, closing the contour in (4.6) to the left we get

EECMellin(z, 0, 0) = −f0(0)δ(z) + f−1(0)
[1
z

]
+

+ . . . . (4.10)

Let us apply the relations (4.7)–(4.10) to the leading expressions for the Mellin amplitude
M(j1, j2) at weak and strong coupling

Mweak(j1, j2) = −a4
(j1 + j2)2

(j1j2)2 ,

M strong(j1, j2) = −1
2

(j1 + j2)2(1 + j1 + j2)
j1j2

, (4.11)

where a = g2
YMN/(4π2) is the ’t Hooft coupling constant. Substituting these expressions

into (4.7) and (4.8) we get

fweak
−1 (0) = a

4 , fweak
0 (0) = a

4 ,

f strong
−1 (0) = 0, f strong

0 (0) = 1
4 . (4.12)

Combining these relations with (4.10) we reproduce the known expressions for the energy-
energy correlation at small z.

For example, at strong coupling we get from (4.3) and (4.10)

EECstrong(z, 0, 0) = 1
4
(
δ(z) + δ(1− z)

)
− 1

4
(
δ(z) + δ(1− z)− 2

)
= 1

2 , (4.13)

where the first term comes from EECtree and the second one from EECMellin. Notice that
the contact terms cancel in the sum of two terms as expected (see ref. [4]). The origin of
−1

4δ(z) term in EECMellin was explained above. The presence of −1
4(δ(1− z)− 2) can be

equally detected by computing the moments
∫ 1

0 dzz
NEECMellin(z, 0, 0).

4.2 Finite frequencies

Let us now consider generalized energy-energy correlation (4.3) and (4.4) for ωi 6= 0. For
the sake of simplicity we restrict our consideration to ω1 ≥ 0 and ω2 ≤ 0 and denote the
corresponding function (4.3) as EEC+−(z, ω1, ω2).
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In this case, we have in N = 4 SYM theory19

EECtree(z,ω1,ω2) = (ω2
2 +6ω2+6)(ω2

1 +6(ω2+1)ω1+6(ω2+1)2)
144(ω2+1) θ(1+ω2)δ(z)

− (ω2
1 +6ω1+6)(ω2

2 +6(ω1+1)ω2+6(ω1+1)2)
144(ω1+1) θ(−1−ω1)δ(z)

+ (ω2
1 +6ω1+6)(ω2

2 +6ω2+6)
144 θ(1+ω1)θ(1+ω2)δ(1−z) . (4.14)

It is easy to check that for ω1 = ω2 = 0 this relation coincides with the first relation in (4.5).
As in the previous section, the contact term δ(z) in EECMellin

+− (z, ω1, ω2) arises from
small z behaviour of the kernel KEEC(j1, j2|z, ω1, ω2) in (4.4). Using the explicit form of
the kernel we find

KEEC(j1, j2|z, ω1, ω2) ∼ 1
z1+(1+j1+j2) . (4.15)

Going through the same steps as in the previous section, we obtain the following result for
EECMellin

+− at strong coupling for ω1 ≥ 0 and −1 < ω2 ≤ 0

EECMellin
+− (z, ω1, ω2) = (ω2

2 + 6ω2 + 6)(6(ω2 + 1)2 + 6ω1(ω2 + 1)(ω2z + 1) + ω2
1(ω2z + 1)2)

72(ω2z + 1)3

− (ω2
2 + 6ω2 + 6)(ω2

1 + 6(ω2 + 1)ω1 + 6(ω2 + 1)2)
144(ω2 + 1) δ(z)

− (ω2
1 + 6ω1 + 6)(ω2

2 + 6ω2 + 6)
144 δ(1− z) . (4.16)

Substituting (4.14) and (4.16) into (4.3) we observe that the contact terms cancel in the
sum of two expressions leading to

EECstrong
+− (z,ω1,ω2) = (ω2

2 +6ω2+6)(6(ω2+1)2+6ω1(ω2+1)(ω2z+1)+ω2
1(ω2z+1)2)

72(ω2z+1)3 .

(4.17)

Thus, the generalized energy-energy correlation does not contain any distributional
terms at strong coupling. This is indeed consistent with the following simple observation.
Taking into account that the energy flow operator Eω(n) annihilates the left (or right)
vacuum for ω > 0 (or ω < 0) we can write for ω1 ≥ 0 and ω2 ≤ 0

EEC+−(z, ω1, ω2) = 〈0|[φ†, Eω1(n1)][Eω2(n2), φ]|0〉 . (4.18)

Following [9], we can insert a complete state of states between the two commutators to get
the OPE representation of EEC+−(z, ω1, ω2). At strong coupling only φ(x) itself contributes
at leading order in 1/N2

c , due to the familiar suppression of the double trace operators
in the double commutator. We do not expect to get any distributional terms from the

19Here we ignore the contribution of the disconnected correlator which is localized at z = 0 and in addition
is proportional to δ(ω1 + ω2). We also write down the tree-level expression that is valid for any signs of ωi.
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exchange of φ(x), hence we get a regular result in agreement with (4.16). This is a very
nontrivial check of consistency of our approach.

If we, on the other hand, exchange the flow operators in (4.1) the same argument does
not apply because for ω1 ≥ 0 and ω2 ≤ 0 the function EEC−+(z, ω2, ω1) cannot be writen
as a double commutator. In particular, the double trace operators are not suppressed in this
case and they eventually generate the nontrivial contact term δ(z) in EEC−+(z, ω2, ω1).

4.3 Asymmetry

As was mentioned above, the commutator of the energy flow operator controls the asymmetry
of the energy-energy correlation, EEC(z, ω1, ω2)− EEC(z, ω2, ω1) ∼ δ(z).

Let us first consider the limit of zero coupling in N = 4 SYM when the Mellin
contribution to (4.3) is absent. It follows from the algebra (1.9) that

EECtree(z,ω1,ω2)−EECtree(z,ω2,ω1) = 1
4δ(z)〈(ω2−ω1)Eω1+ω2(n1)+ω2

1ω
2
2O−ω1,ω2(n1)〉tree ,

(4.19)

where an average on the right-hand side is taken with respect to the state |φ(q)〉 containing in
the free theory two on-shell scalar particles with the total momentum q, in the representation
20′ of the R-symmetry group (see ref. [6] for details). The relevant one-point functions take
the form

〈Eω(n)〉tree = 1 + ω + ω2

6 ,

〈O−ω1,ω2(n)〉tree = ω1 − ω2
36(1 + ω1)(1 + ω2) . (4.20)

We can use (4.14) to check that the light-ray algebra identity (4.19) is indeed satisfied.
Notice that the first relation in (4.20) is protected from corrections in N = 4 SYM.

The situation becomes more interesting at finite coupling. We show in appendix F that
the operator O(φ)

ω1,ω2 is given by the sum of light-ray operators (1.1) of an arbitrary spin
S. In N = 4 SYM the operators with S 6= 2 acquire anomalous dimensions. Their twist
satisfies τ > 2 and, as a consequence, they do not contribute to the light-ray algebra. The
only operator that contributes is the stress-energy tensor. This leads to the algebra (1.15).
As a consequence, the energy-energy correlation satisfies

EEC(z, ω1, ω2)− EEC(z, ω2, ω1) = 1
4δ(z)(ω2 − ω1 + 1

10fφ(ω1, ω2))〈Eω1+ω2(n1)〉 . (4.21)

Combining this relation with (4.3) and (4.19) we expect that the following identity holds in
N = 4 SYM at finite coupling

EECMellin(z, ω1, ω2)− EECMellin(z, ω2, ω1)

= 1
4δ(z)

[ 1
10fφ(ω1, ω2)〈Eω1+ω2(n1)〉 − ω2

1ω
2
2〈O−ω1,ω2(n1)〉

]
, (4.22)

where the one-point functions on the right-hand side are given by (4.20). It would be
interesting to derive this relation by an explicit computation.
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5 Concluding remarks

In this paper we explored commutation relations of the light-ray operators (1.1) built
out of local operators in a d-dimensional CFT. The commutator of these operators
[Jω,S(n),Jω′,S′(n′)] is localized at n = n′, when both operators are pointed in the same direc-
tion on the celestial sphere. We argued that it has different form in free and interacting CFTs.

We demonstrated that in a free theory in d dimensions, the flow operators form a closed
algebra and derived the explicit expressions for the corresponding structure constants and
the central charges. In d = 2 the light-ray operators are closely related to generators of
infinite-dimensional symmetries of CFT2. More precisely, the light-ray operators of spin
S = 2, or equivalently the energy flow operators, are generating functions of the generators
of Virasoro algebra. In the similar manner, for d = 2, the light-ray operators of higher
spin are related to the generators of the W∞ algebra. We found that in the free theory
of complex scalar and fermion in d = 4 dimensions (and, more generally, for any even d),
the structure constants of the algebra of the light-ray operators are related to those of the
Virasoro and W∞ algebras by a linear finite-difference relation.

Defining the light-ray operators (1.1) in free CFTs, we have chosen the conformal
operators to be built from two fundamental fields of the same type (scalars, fermions
and gauge fields). In a similar manner, we can consider a free CFT describing one
fermion, one complex scalar and gauge field, define “mixed” operators (built out of fields of
different type) and construct the corresponding flow operators. In d = 2 dimensions, this
theory respects N = 2 supersymmetry and, as a consequence, such flow operators form a
N = 2 supermultiplet. Their algebra coincides with super−W∞ algebra [45–47]. In d = 4
dimensions, all leading twist operators belong to the same N = 4 supermultiplet [48]. This
suggests that the flow operators generate an N = 4 superalgebra whose bosonic sector is
given by (1.8) and (1.9). It would be interesting to compute the structure constants of this
superalgebra and to establish their relation to those of super−W∞ algebra.

We found that in an interacting CFT in d > 2 dimensions, the commutator of the
energy flow operators only receives contribution from the stress-energy tensor itself and
light scalar primary operators (which appear in the OPE of two stress-energy tensors) with
dimension ∆ ≤ d− 2. The latter contribution is divergent for ∆ < d− 2.

As opposed to the free theories considered in section 2, the light-ray operators do not
form an algebra in interacting CFTs. As explained in section 3.4, this is related to the
careful, regularized definitions of the commutators. It would be interesting to understand if
there is a sense in which the light-ray algebra that we found in the free CFTs is weakly
broken at weak coupling, see e.g. refs. [34, 49].

We believe that the significance of the commutation relations considered in the present
paper is two-fold. First, the algebra of the light-ray operators is connected to the sym-
metries of the theory, be it global conformal invariance in interacting CFTs or higher
spin symmetry in the free CFTs. For example, the only spinning operators that con-
tribute to the commutator of the energy flow operators are conserved currents out of which
the symmetry generators are constructed. The result (1.13) contains a universal term
[Eω1(n1), Eω2(n2)] = δ(d−2)(n1, n2)(ω2 − ω1)Eω1+ω2(n1) + . . . which comes from the OPE
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T × T ∼ T + . . . and is closely related to the conformal Ward identities. In a free theory,
in a close analogy with the W symmetry in CFT2, the algebra gets extended to include the
light-ray operators built out of higher spin currents.

Second, the commutator of light-ray operators naturally leads to a family of sum rules∫ 2∏
i=1

dωid~ni δ(~n2
i − 1)g(ni, ωi)〈φi|(light-ray commutator)|φj〉 = 0, (5.1)

where g(ni, ωi) is a priori an arbitrary function. The sum rules are obtained by inserting a
complete set of states between the light-ray operators in the commutator. For example, let
us consider a generic interacting CFT, where the light-ray algebra takes the form (1.13).
The presence of the divergent contributions in the algebra due to light scalar primary
operators, ∆ < d−2, signify the necessity of subtractions to get well-defined CFT sum rules.
For the identity operator subtraction boils down to considering the connected correlator
on the left-hand side of (5.1). For other light scalar primary operators of dimension
d−2

2 ≤ ∆ < d − 2, that appear in the OPE of stress-energy tensors, we can for example
subtract the corresponding scalar exchange Witten diagram which effectively removes light
scalars from the [Eω1(n1), Eω2(n2)]. The sum rules (5.1) generalize the superconvergence
relations of ref. [9] and we can refer to the sum rules that follow from the light-ray algebra
as generalized superconvergence relations. We do not attempt studying the consequences of
these sum rules for the OPE data of CFTs in the present paper.

Let us note in this context that the generalized superconvergence relations, analogous
to (5.1), were shown to be equivalent to the dispersive sum rules in some interesting
cases [43, 44]. It would be very interesting to explore this connection in a greater depth.
For example, by making g(ni, ωi) vanishing in the limit ω1−ω2 → 0 with ω1 +ω2 fixed, one
damps the contribution of the Regge limit to the sum rule. Functionals with this property
are related to subtractions in the CFT dispersion relations [50–52].

The light-ray algebra has important application to the generalized event shapes intro-
duced in ref. [6]. It allows one to control the contribution to these observables of distributions
localized at the coinciding points on the celestial sphere. Already for the conventional
event shapes, for ωi = 0, understanding of such distributional terms was important in order
to verify the conformal Ward identities [53–55], which serve as a nontrivial check of the
computations. The same applies to the generalized event shapes for ωi 6= 0. In this context,
we have explained how the distributional terms naturally emerge in Mellin space in N = 4
SYM and presented expected expression for the commutator (4.22). It would be interesting
to derive this relation from the first principles.

Relatedly, generalized event shapes satisfy the following positivity condition∫ 2∏
i=1

dωid~ni δ(~n2
i − 1) g∗(n1, ω1)g(n2, ω2)〈Ψ|E−ω1(n1)Eω2(n2)|Ψ〉 ≥ 0 . (5.2)

It follows from the fact that E†ω1(n1) = E−ω1(n1) and therefore (5.2) can be interpreted as a
norm, or the total cross-section of the scattering |Ψ〉 off the state created by the integrated
energy flow operator. Computing (5.2) necessarily involves evaluation of the generalized
event shapes at coincident point n1 = n2, which we considered in Mellin space in section 4.
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A Conventions

For an arbitrary d-dimensional vector xµ = (x0, . . . , xd−1) the light-like coordinates are
defined as

x+ = 1√
2

(x0 + xd−1) , x− = 1√
2

(x0 − xd−1) , x = (x1, . . . , xd−2) . (A.1)

The metric in these coordinates is

dx2 = 2dx+dx− − dxdx , (A.2)

and the scalar product looks as

(xy) = x+y− + x−y+ − x · y . (A.3)

The definition of the flow operator (1.1) involves an auxiliary light-like vector n̄µ that we
choose to be along the ‘−’ direction, n̄− = 1 and n̄+ = n̄ = 0. In d = 2 dimensions, the
light-like vectors satisfying (nn̄) 6= 0 take the form nµ ∼ (1, 1), or equivalently n− = 0.

To obtain representation of the light-ray operator (1.16), we apply a conformal trans-
formation [4, 56]

z+ = − 1
2x+ , z− = x− − x2

2x+ , z = x√
2x+ , (A.4)

where dz2 = dx2/(2(x+)2). It maps a light ray at null infinity xµ = nr+ n̄t with r →∞ and
−∞ < t <∞ to a line −∞ < z− <∞ with z+ = 0, nµ = (1, z2,

√
2z) and n̄µ = (0, 1,0) in

the light-cone coordinates
The commutation relations of the flow operators (2.58) involve the delta-function on

the sphere Sd−2. For two light-like vectors nµ = (1, ~n) and n′µ = (1, ~n′) it is defined as

δ(d−2)(n, n′) = lim
ε→0

1
(2πiε)d/2−1 ei(nn′)/ε . (A.5)

It is straightforward to verify that it satisfies∫
d~n δ(~n2 − 1)f(n)δ(d−2)(n, n′) = f(n′) , (A.6)

where
∫
d~n =

∫
dn1 . . . dnd−1 and f(n) is a test function. For d = 2, it follows from (n̄n) 6= 0

and (n̄n′) 6= 0 that n ∼ n′ and, therefore, δ(0)(n, n′) = 1.
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Taking into account (A.5) we obtain

lim
ε→0

1
(2πiε)d/2−1

Γ(2j)(−i)2j

(−(nn′)/ε+ t− i0)2j =
∫ ∞

0
dαα2j−d/2 e−iαt lim

ε→0

eis(nn′)/ε

(2πiε/s)d/2−1

= δ(d−2)(n, n′)
∫ ∞

0
dαα2j−d/2 e−iαt , (A.7)

where in the first relation we applied (B.7).

B Gegenbauer polynomials

The leading twist operators (2.12) and (2.14) are expressed in terms of Gegenbauer polyno-
mials C(λ)

n (z). Their index λ = 2j − 1/2 is related to the conformal spin of the field (2.8).
In particular, j = 0 for a scalar field in d = 2 dimensions. In this case, we have

C(−1/2)
n (x) = (1− x2)

n(n− 1)C
(3/2)
n−2 (x) (B.1)

for n ≥ 2, or equivalently in terms of polynomials (2.14)

P (0)
n (p1, p2) = 4p1p2

n(n− 1)P
(1)
n−2(p1, p2) , (B.2)

where the superscript refers to the conformal spin j.
The Gegenbauer polynomials satisfy a recurrence relation

z C(λ)
n (z) = (2λ+ n− 1)

2(λ+ n) C
(λ)
n−1(z) + (n+ 1)

2(λ+ n)C
(λ)
n+1(z) . (B.3)

One can use it to verify the following identity

(t− ε)P`(t,−t+ ε)P`′′(t, 1− t)

= ε

2(1− ε)

[
(4j + `′′ − 2)
(4j + 2`′′ − 1)

e−∂`′′ + (`′′ + 1)
(4j + 2`′′ − 1)

e∂`′′

+ ε(1− 2ε)(4j + `− 2)
(4j + 2`− 1)

e−∂` +(1− 2ε)(`+ 1)
ε(4j + 2`− 1)

e∂`
]
P`(t,−t+ ε)P`′′(t, 1− t) , (B.4)

where P` is given by (2.14).
The Gegenbauer polynomials are orthogonal with respect to inner product∫ 1

−1
dx (1− x2)λ−

1
2C(λ)

n (x)C(λ)
m (x) = δnm

π21−2λΓ(n+ 2λ)
n!(n+ λ)Γ2(λ) . (B.5)

This relation ensures that the two-point correlation function of conformal operators (2.16)
is diagonal in spins. To show this, we consider the correlation function 〈OS1(x1)OS2(x2)〉
for xi = (x+

i , x
−
i ,0). Using (2.12) one obtains

〈OS1(x1)OS2(x2)〉 = 〈Φ(x1)Φ̄(x2)〉P`1(
←
i∂1−,

→
i∂1−)P`2(

→
i∂2−,

←
i∂2−)〈Φ̄(x1)Φ(x2)〉 , (B.6)
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where ∂i− ≡ ∂x−i and the propagator is given by (2.13). Introducing Schwinger parametriza-
tion for x−−dependent part of the propagator (2.13)

Γ(2j)
(x−12 − i0)2j = i2j

∫ ∞
0

dp p2j−1 e−ipx
−
12 , (B.7)

one finds from (B.6)

〈OS1(x1)OS2(x2)〉 ∼
∫ ∞

0
dp1dp2(p1p2)2j−1 e−i(p1+p2)x−12 P`1(p1, p2)P`2(p1, p2) . (B.8)

After change of the integration variables, p1 = tp and p2 = (1 − t)p, with 0 ≤ x ≤ 1 and
0 ≤ p <∞, the integral over t takes the form (2.17) and leads to (2.16).

C Commutation relation for scalar operators

In this appendix, we examine the correlation function 〈φ(x1)Jω,S(n)Jω′,S′(n′)φ̄(x2)〉c involv-
ing scalar flow operators and derive their commutation relations. For fermions and gauge
fields, the corresponding correlation function is given by (2.39) and (2.40). Substituting
s = 0 into there relations we find that the integral in (2.40) diverges logarithmically.

To elucidate its origin, we repeat the calculation of diagrams shown in figure 2. Intro-
ducing notation for ε = (nn̄)/r′ − (n′n̄)/r we find for r, r′ →∞

〈Φ(x1)Jω,S(n)Jω′,S′(n′)Φ̄(x2)〉c = 1
(2π)d−1 lim

ε→0

1
(2πiε)d/2−1

∫ ∞
0

dα1 (α1α2)2j−1θ(α2)

×
[
ei(α1−ω)(nn′)/ε e−iα1(n1x1)+iα2(n2x2) θ(α1−ω)(α1−ω)2j−1P`(α1,−α1+ω)P`′(α1−ω,−α2)

+(−1)2s ei(ω′−α1)(nn′)/ε e−iα1(n2x1)+iα2(n1x2) θ(ω′−α1)(ω′−α1)2j−1P`′(α1,−α1+ω′)P`(α1−ω′,−α2)
]
,

(C.1)

where integration goes over the energy of the outgoing particle and α2 = α1 − ω′′ (with
ω′′ = ω + ω′) is the energy of the incoming particle. The two terms inside the brackets
correspond to the diagrams shown in figure 2(a) and (b), respectively.

Applying the identity (A.5), one is tempting to replace the first exponential factor
on the second line of (C.1) with δ(d−2)(n, n′)/(α1 − ω) and similar on the last line. This
would lead to relations (2.39) and (2.40). Such transformations are only legitimate for
α1 − ω 6= 0 and ω′ − α1 6= 0. The boundary values α1 = ω and α1 = ω′ correspond to the
vanishing energy of the particle exchanged between the detectors, see figure 2. Assuming
that (nn′) 6= 0 and integrating in the vicinity of the boundary values, we get from (C.1)

〈Φ(x1)Jω,S(n)Jω′,S′(n′)Φ̄(x2)〉c = Γ(2j)
(2π)3d/2−2 (−ωω′)2j−1

× (iε)2s

(nn′)2j

[
P`(ω, 0)P`′(0, ω′)θ(ω)θ(−ω′) + (−1)2sP`′(ω′, 0)P`(0, ω)θ(−ω)θ(ω′)

]
+ . . . ,

where dots denote terms localized at n = n′ and we took into account that j = s+ (d− 2)/4.
We observe that for s > 0 this expression vanishes whereas for s = 0 it leads to (2.44).
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Thus, for scalar fields the four-point function (C.1) receives an additional contribution
that does not vanish for n 6= n′ and scales as 1/(nn′)(d−2)/2. It is symmetric under the
exchange of the detectors and does not contribute to the difference of the correlation
functions (2.20). Taking into account (C.1) we obtain from (2.20)

〈φ(x1)[Jω,S(n),Jω′,S′(n′)]φ̄(x2)〉c = 1
(2π)d−1 lim

ε→0

1
(2πiε)d/2−1

∫ ∞
0

dα1 (α1α2)d/2−2θ(α2)

×
[
ei(α1−ω)(nn′)/ε e−iα1(n1x1)+iα2(n2x2)(α1−ω)d/2−2P`(α1,−α1+ω)P`′(α1−ω,−α2)

+ei(ω′−α1)(nn′)/ε e−iα1(n2x1)+iα2(n1x2)(ω′−α1)d/2−2P`′(α1,−α1+ω′)P`(α1−ω′,−α2)
]
,

(C.2)

where α2 = α1 − ω′′ and we took into account that ε changes the sign under the exchange
of the detectors. As follows from the above discussion, the contribution from α1 = ω and
α1 = ω′ cancels on the right-hand side of (C.2). This allows us to deform the integration
contour in the vicinity of the two points. Then, applying the identity (A.5) we arrive at

〈φ(x1)[Jω,S(n),Jω′,S′(n′)]φ̄(x2)〉c

= δ(d−2)(n, n′)
(2π)d−1 −

∫ ∞
0

dα1 (α1α2)d/2−2θ(α2) e−iα1(nx1)+iα2(nx2)

×
[
P`(α1,−α1 + ω)P`′(α1 − ω,−α2)

α1 − ω
− P`′(α1,−α1 + ω′)P`(α1 − ω′,−α2)

α1 − ω′
]
, (C.3)

where dash denotes the principal value prescription. The expression in the second line
of (C.3) coincides with (2.59).

D Relation to the Virasoro and W algebras

In this appendix we show that the algebra of the flow operators (2.58) in d = 2 dimensions
is equivalent to the W -algebra in two-dimensional Euclidean CFT [15].

The commutation relations in the W algebra are [31, 57–59]

[V i
m, V

j
n ] =

∑
p≥0

gij2p(m,n)V i+j−2p
m+n + ci(m)δijδm+n,0 , (D.1)

where the operators V i
m are modes in the Laurent expansion of the currents OS(z) of spin

S = i+ 2 on two-dimensional Euclidean plane

OS(z) =
∞∑

m=−∞
V i
m z
−m−i−2 , (D.2)

where z = x1 + ix2. For the W∞ and W1+∞ algebras the spins satisfy condition S ≥ 2 and
S ≥ 1, respectively.

For S = 2 the current OS=2(z) coincides with the stress-energy tensor and the corre-
sponding modes Ln = V 0

n satisfy the Virasoro algebra

[Lm, Ln] = (m− n)Lm+n + c

12m(m− 1)(m+ 1)δm+n,0 . (D.3)
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The structure constants and the central charges in (D.1) can be determined by requiring
the relations (D.1) to be consistent with the Jacobi identities. In particular, the central
charges take the form

ci(m) = m(m2 − 1)(m2 − 4) . . . (m2 − (i+ 1)2)ci , (D.4)

where ci is proportional to the central charge c.
To compare (D.1) with the algebra (2.58) one has to extend the above relations to

Lorentzian signature. In two-dimensional Euclidean CFT, the modes V j
n are given by

V j
n =

∮
dz

2πiz
n+j+1OS=j+2(z) , (D.5)

where the integration contour encircles the origin. After Wick rotation x2 → ix0, the
complex variable z = x1 + ix2 turns into the light-cone coordinate z = −

√
2x−. Then, one

may try to generalize the relation (D.5) as V j
n ∼

∫
dx− (x−)n+j+1OS=j+2(x−). However,

as was noticed in refs. [11, 12], such operator is not well-defined because inserted inside a
correlation function it leads to integrals that are divergent as x− →∞.20

Following ref. [12] we can generalize (D.5) to Lorentzian signature by applying a
(complexified) conformal transformation z → w = i(1 + iz)/(1− iz) that maps a circle of
unit radius |z| = 1 to a line −∞ < w <∞. Taking into account transformation properties
of the currents OS(z), we obtain from (D.5)

V j
n = 1

2S−1

∫ ∞
−∞

dw (1− iw)S−1−n(1 + iw)S−1+nOS(w)
∣∣∣
S=j+2

, (D.6)

where the additional factor comes from (∂w/∂z)S−1. These operators satisfy the same
commutation relations as the operators (D.5) but they do not suffer from divergences since
the large w asymptotics of the integrand in (D.6) does not depend on n.

To express (D.6) in terms of the flow operators (1.16), it is convenient to introduce the
weight function

µn,S(ω) = 1
2S−1

∫ ∞
−∞

dx

2π
eiωx(1− ix)S−1−n(1 + ix)S−1+n . (D.7)

Then, the operators (D.6) can be written as weighted integrals of the flow operators

V j
n =

∫ ∞
−∞

dω µn,S(ω)Jω,S
∣∣∣
S=j+2

. (D.8)

This relation establishes the correspondence between the W -algebra (D.1) and the algebra
of the flow operators (2.58) in d = 2 dimensions.

The weight function (D.7) verifies relations

µn,S(ω) = µ−n,S(−ω) = (µn,S(ω))∗ . (D.9)

It has different properties depending on the value of integer n.
20These papers deal with spin-two operators, the same arguments apply to operators of high spin.
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For −S < n < S, the expression on the right-hand side of (D.7) is given by a linear
combination of δ(w) and its derivatives

µn,S(ω) = 1
2S−1 (1− ∂ω)S−1−n(1 + ∂ω)S−1+nδ(ω) . (D.10)

Its substitution to (D.8) yields expansion of Jω,S at small ω

V j
n = 1

2S−1 (1 + ∂ω)S−1−n(1− ∂ω)S−1+nJω,S
∣∣∣
ω=0

, (D.11)

where j = S − 2. For S = 2 this relation looks as

L−1 = 1
2(1 + ∂ω)2Eω=0 , L0 = 1

2(1− ∂2
ω)Eω=0 , L1 = 1

2(1− ∂ω)2Eω=0 , (D.12)

where we replaced Jω,S=2 = Eω and V 0
n = Ln. It is straightforward to verify that the

algebra (2.80) of the energy flow operators translates to the commutation relations (D.3)
for the modes L−1, L0 and L1. Notice that the expression on the right-hand side of (D.11)
is given by a linear combination of the first (2S − 1) terms of the small ω expansion of the
flow operator Jω,S . This is in agreement with the observation made in section 2.2 that the
flow operators have a well-defined expansion at small ω up to order O(ω2S−1).

For n ≥ S the function (D.7) can be expressed in terms of (generalized) Laguerre
polynomial

µn,S(ω) = (−1)n−S2S eω L(2S−1)
n−S (−2ω)θ(−ω) . (D.13)

For n ≤ −S the function µn,S(ω) can be found using the first relation in (D.9). Taking
into account the properties of the Laguerre polynomials, we find that µn,S(ω) satisfies the
orthogonality condition∫ ∞

−∞
dω ω2S−1µm,S(ω)µ−n,S(ω) = − Γ(m+ S)

Γ(m− S + 1)δn+m,0 . (D.14)

Applying (D.8) we obtain

[V i
m, V

j
n ] =

∫ ∞
−∞

dωdω′ µm,S(ω)µn,S′(ω′) [Jω,S ,Jω′,S′ ] , (D.15)

where S = i+ 2 and S′ = j+ 2. Replacing the commutator of the flow operators with (2.58)
we can reproduce the W -algebra (D.1).

The contribution of the second term in (2.58) to (D.15) yields the central charge

− δSS′ΩS

∫ ∞
−∞

dω µm,S(ω)µn,S(−ω)ω2S−1 = δijδn+m,0Ωi+2m(m2 − 1) . . . (m2 − (i+ 1)2),

(D.16)

where we applied (D.9) and (D.14) and replaced S = i+ 2 and S′ = j + 2. This relation
coincides with the expression for the central charge (D.4) of the W -algebra (D.1). The
central charge of Virasoro algebra (D.3) is given by c = 12Ω2, see eq. (2.50). For the
central charge of the W -algebra we get ci = Ωi+2. Notice that the central charge (D.16)
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vanishes for −(i+ 1) ≤ m ≤ i+ 1. We recall that the corresponding operators V i
m form a

finite-dimensional representation of the SL(2;R) subgroup the conformal group in d = 2
dimensions and their commutation relations do not contain central extension.

The contribution of the first term in (2.58) to (D.15) can be written as (for `i = Si)∫
dωdω′µm,S(ω)µn,S′(ω′)CSS′S

′′(ω, ω′)Jω+ω′,S′′ =
∫
dxOS′′(x)f(x) , (D.17)

where we replaced Jω,S =
∫
dx e−iωxOS(x) and introduced notation for

f(x) =
∫
dωdω′µm,S(ω)µn,S′(ω′)CSS′S

′′(ω, ω′) e−ix(ω+ω′) . (D.18)

As we will see in a moment, this function is given by

f(x) = gij2p(m,n)
∫
dω′′µn+m,S′′(ω′′) e−ixω′′ , (D.19)

where S = 2 + i, S′ = 2 + j and S′′ = S + S′ − 2(p + 1). Then, replacing f(x) in (D.17)
with this expression and applying (D.8), we can express the right-hand side of (D.17) as
gij2p(m,n)V i+j−2p

m+n , thus reproducing the first term in (D.1).
To find the relation between the structure constants gij2p(m,n) and CSS′S

′′(ω, ω′), we
apply (D.7) and match the expression on the right-hand side of (D.18) and (D.19)

(1 + ix)m+S−1

(1− ix)m−S+1CSS′
S′′(i

←
∂x, i

→
∂x)(1 + ix)n+S′−1

(1− ix)n−S′+1 = 22p+1gij2p(m,n)(1 + ix)m+n+S′′−1

(1− ix)m+n−S′′+1 ,

(D.20)

where i = S − 2, j = S′ − 2 and 2p = S + S′ − S′′ − 2. This relation holds for arbitrary x.
Choosing x = i(1 + ε) and taking the limit ε→ 0 we get

gij2p(m,n) = − 1
εm+n+S′′−1

(
εm+S−1CSS′

S′′(
←
∂ε,
→
∂ε) εn+S′−1

)
+O(ε) . (D.21)

We recall that CSS′S
′′(ω, ω′) is a homogenous polynomial of degree S + S′ − S′′ − 1. It is

easy to check that the first term in (D.21) approaches a finite value as ε→ 0. For instance,
for p = 0, or equivalently S′′ = S + S′ − 2, we apply the relation (2.82) to find from (D.21)

gij0 (m,n) = c
(s)
SS′
(
m(S′ − 1)− n(S − 1)

)∣∣
S=i+2, S′=j+2 , (D.22)

in agreement with the known result of ref. [58].
The structure constants (D.21) should be independent on ε.21 This imposes nontrivial

restrictions on CSS′
S′′(ω, ω′). One can show that vanishing of the O(ε) term in (D.21)

follows from invariance of the commutation relations (2.84) under the SL(2) conformal
transformations. We can invert the relation (D.21) to get

CSS′
S′′(ω1, ω2) = −

∑
m,n≥0

m+n=2p+1

ωm

m!
(ω′)n

n! gij2p(m− S + 1, n− S′ + 1) , (D.23)

21One can show that this condition fixes CSS′
S′′

(ω, ω′) up to a normalization constant.
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where S = i + 2, S′ = 2 + j and S′′ = S + S′ − 2(p + 1). This provides the relation
between the structure constants of the algebra of flow operators in d = 2 dimensions and
the W -algebra.

The structure constants in (D.1) are sensitive to the normalization of the operators V i
m.

Replacing V i
m → fiV

i
m in (D.1) one finds that the structure constants transform as

gij2p(m,n)→ fifj
fi+j−2p

gij2p(m,n) . (D.24)

Applying this transformation to (D.23) with fi = −21−2i(2i + 2)!/((i + 1)!(i + 2)!) and
replacing CSS′S

′′(ω1, ω2) with its expression (2.89), we find that gij2p(m,n) coincide with the
known expressions for the structure constants of the W∞ algebra, see eqs. (3.4)–(3.6) in
ref. [58].

E Scalar integral

In this appendix, we compute the integral (3.5) that appeared in the discussion of the
light-ray algebra in interacting CFTs. It takes the following general form

Iαβ(ω1, ω2) =
∫ ∞
−∞

dx−1 dx
−
2 e
−iω1x

−
1 −iω2x

−
2

1
(x2

12)α(x2
13x

2
23)β

, (E.1)

where xi = (x+
i , x

−
i ,xi) in the light-cone coordinates and singularities of the denominator

at x2
12 = 0 are resolved as

1
(x2

12)α
≡ 1

(2x+
12(x−12 − iε)− x2

12)α
= 1

(2x+
12)α

iα

Γ(α)

∫ ∞
0

dssα−1e
−is
(
x−12−

x2
12

2x+
12

)
, (E.2)

and similar for the two remaining factors in (E.1). Here the ‘−iε’ prescription reflects the
ordering of the operators in the correlation function (3.3).

Applying the last relation and performing integration in (E.1), we encounter integrals
of the form∫ ∞

−∞

dx−1 e
−iωx−1

(2x+
13(x−13 − iε)− x2

13)β
= 2πθ(−ω)

(2x+
13)β

iβ

Γ(β)(−ω)β−1e
iω

(
x−3 +

x2
13

2x+
13

)
. (E.3)

Combining various factors together we obtain in the limit x+
12 → 0

Iαβ(ω1,ω2) = (2π)2θ(−ω1)θ(−ω1−ω2) iα+2β

Γ(α)Γ2(β)

×(2x+
12)−α(4x+

13x
+
23)−β

∫ −ω1

ω2
dssα−1((−s−ω1)(s−ω2))β−1e

is
x2

12
2x+

12 . (E.4)

We deduce from this relation that for x2
12 6= 0 the integral decreases exponentially fast as

x+
12 → 0. At the same time, for x2

12 = 0 it scales as (x+
12)−α. This suggests that Iαβ(ω1, ω2)

is proportional to a distribution localized at x12 = 0. To identify its form we integrate both
sides of the last relation over x = x12∫

dd−2x Iαβ(ω1, ω2) ∼ (x+
12)−α+(d−2)/2 , (E.5)

leading to Iαβ(ω1, ω2) ∼ (x+
12)−α+(d−2)/2δ(d−2)(x12).
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F Extra light-ray operator in the free scalar theory

In this appendix, we examine the properties of nonlocal operators O±ω1,ω2(n) that enters the
commutation relations (1.9) and (1.11) of the light-ray operators in a free scalar theory.
Using (1.10) it is convenient to write O±ω1,ω2(n) as

O±ω1,ω2(n) ∼ Oω1,ω2(n)±Oω2,ω1(n) , (F.1)

where the notation was introduced for

Oω1,ω2(n) = i(nn̄)2 lim
r→∞

rd−2
∫ ∞
−∞

dt1dt2 e−i(t1ω1+t2ω2)(nn̄) sign(t1−t2)φ(rn+t1n̄)φ̄(rn+t2n̄).

(F.2)

In the embedding space, the light-ray operator (F.2) takes the form Oω1,ω2(n) ≡ 1
4Oω1

2 ,
ω2
2

(X∞, Z∞), see [6] for the details,

Oω1,ω2(X,Z) = i

∫ ∞
−∞

dα1

∫ ∞
−∞

dα2e
−iω1α1e−iω2α2sign(α1 − α2)φ(Z − α1X)φ̄(Z − α2X).

(F.3)

The product of scalar fields on the right-hand side of (F.2) can be expanded over local
conformal operators OS(x) ≡ Oµ1...µS (x)n̄µ1 . . . n̄µS and their descendants (see e.g. [26])

φ(rn+ t1n̄)φ̄(rn+ t2n̄) =
∑
S≥0

cS
(it12)S

S!

∫ 1

0
duuS+ν(1− u)S+νOS(rn+ (t1 − ut12)n̄) ,

(F.4)

where t12 = t1 − t2 and ν = 2jφ − 1 = (d − 4)/2 is related to the conformal spin of the
scalar field.22 The integral over u takes into account the contribution of descendants. The
OPE coefficient cS depends on the normalization of the local operator OS . At S = 2, for
the stress-energy tensor, we have c2 = Γ(6 + 2ν)/Γ2(3 + ν).

Combining the relations (F.2) and (F.4) we get for (nn̄) = 1

Oω1,ω2(n) =
∑
S≥0

cS
S! lim

r→∞
rd−2

∫ ∞
−∞

dtOS(rn+tn̄)e−it(ω1+ω2)
[
IS(ω1,ω2)−(−1)SIS(ω2,ω1)

]
(F.5)

where the notation was introduced for

IS(ω1, ω2) = iS+1
∫ 1

0
du (u(1− u))S+ν

∫ ∞
−∞

dt1dt2 e−i((t1−t)ω1+(t2−t)ω2)

×θ(t1 − t2)(t1 − t2)Sδ(t1 − t− u(t1 − t2)) (F.6)

22In writing (F.4) we implicitly subtracted the contribution of the identity operator 〈φ(rn+t1n̄)φ̄(rn+t2n̄)〉
on the right-hand side.
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Shifting the integration variables, ti → ti + t, it is easy to see that IS(ω1, ω2) does not
depend on t. Going through calculation we obtain

IS(ω1, ω2) =
∫ 1

0

dx (x(1− x))S+ν

[xω1 − (1− x)ω2 − i0]S+1 = Γ2(S + ν + 1)
Γ(2S + 2ν + 2)fS(ω1, ω2) ,

fS(ω1, ω2) = (−ω2)−S−1
2F1

(
S + 1, S + ν + 1

2(S + ν + 1)

∣∣∣1 + ω1 − i0
ω2

)
, (F.7)

where ν = (d−4)/2. Notice that Re[IS(ω1,ω2)] =−(−1)SRe[IS(ω2,ω1)], and Im[IS(ω1,ω2)] =
(−1)SIm[IS(ω2,ω1)].

Taking into account (1.1), we can express (F.5) as the sum over light-ray operators of
arbitrary spin

Oω1,ω2(n) =
∑
S≥0

cS
S!
[
IS(ω1, ω2)− (−1)SIS(ω2, ω1)

]
Jω1+ω2,S(n)

= 2
∑
S≥0

cS
S!Re[IS(ω1, ω2)]Jω1+ω2,S(n) . (F.8)

Substituting this relation into (F.1), we find that O±ω1,ω2(n) is given by the sum over odd
and even spins, respectively.

For S = 2 the contribution of the energy flow operator Eω1+ω2(n) = Jω1+ω2,S=2(n) to
the right-hand side of (F.8) takes the form

Oω1,ω2(n) = fφ(ω1, ω2)Eω1+ω2(n) + . . . ,

fφ(ω1, ω2) = −Re
[
ω−3

2 2F1

(
3, d2 + 1
d+ 2

∣∣∣1 + ω1 − i0
ω2

)]
, (F.9)

where fφ = fS=2(ω1, ω2) and dots denote the contribution of the spins S 6= 2. Its explicit
expression for different values of d looks as

fφ
∣∣
d=3 =

16
(
4(ω2 − ω1) +

(
ω2

1 − 6ω1ω2 + ω2
2
)

(−ω1ω2)−1/2[θ(ω2)− θ(ω1)]
)

(ω1 + ω2) 4 ,

fφ
∣∣
d=4 =

30
(
3(ω2

2 − ω2
1) +

(
ω2

1 − 4ω2ω1 + ω2
2
)

log |ω1
ω2
|
)

(ω1 + ω2) 5 . (F.10)

We recall that for d = 2 the operator (1.10) vanishes and does not contribute to the algebra
of the light-ray operators.
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