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ABSTRACT: Multi-component dark matter scenarios are studied in the model with U(1)x
dark gauge symmetry that is broken into its product subgroup Z, x Z3 4 la Krauss-Wilczek
mechanism. In this setup, there exist two types of dark matter fields, X and Y, distin-
guished by different Zy x Z3 charges. The real and imaginary parts of the Zs-charged
field, Xr and X7, get different masses from the U(1)x symmetry breaking. The field Y,
which is another dark matter candidate due to the unbroken Z35 symmetry, belongs to the
Strongly Interacting Massive Particle (SIMP)-type dark matter. Both X; and Xpr may
contribute to Y’s 3 — 2 annihilation processes, opening a new class of SIMP models with
a local dark gauge symmetry. Depending on the mass difference between X7 and Xg, we
have either two-component or three-component dark matter scenarios. In particular two-
or three-component SIMP scenarios can be realised not only for small mass difference be-
tween X and Y, but also for large mass hierarchy between them, which is a new and unique
feature of the present model. We consider both theoretical and experimental constraints,
and present four case studies of the multi-component dark matter scenarios.
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1 Introduction

For a few decades or so, the Weakly Interacting Massive Particle (WIMP) paradigm has
been one of the mainstreams of dark matter (DM) physics (see, for example, refs. [1, 2] for
a recent review). Within the WIMP scenarios, DM mass could be of the electroweak scale
and its interactions with the Standard Model (SM) particles have the weak-interaction
strength, and thermal relic density could be realised by freeze-out mechanism. One would
have anticipated to observe DM particle by (in)direct detections and at colliders. However
the null results from the LHC searches for new particles and direct detections of DM with
mass in the electroweak scale lead us to consider more seriously new paradigms beyond the
WIMP paradigm.

The Strongly Interacting Massive Particle (SIMP) paradigm [3, 4], where the DM relic
density is dominantly determined by 3 — 2 processes in the dark sector, is one of such
new paradigms and gained a great attention during the last several years; see refs. [5-20]
for studies on various aspects of SIMP scenarios. DM in the SIMP scenarios typically has
a strong coupling and small mass scale (typically 10 MeV—-1 GeV) [3]. Thus the SIMP DM
scenario is well-suited for explaining the small-scale problems of collision-less vanilla cold-
DM paradigm such as the core-cusp problem and too-big-to-fail problem; see e.g. ref. [21].

As of now, parameter spaces for most of the single-component DM models are being
tightly constrained by various experiments. Single-component DM models are simple for
theoretical ideas on the model building, phenomenological analyses, and comparison with
various experimental data. However, there is no compelling reason that the DM density of



the current Universe is composed of only one component. For example the visible sector
of the Universe contributes only ~ 5% to the energy density of the current Universe,
and it has a number of stable or long-lived particles; electron, proton, photon, and three
species of active light neutrinos. Presently the energy density of the dark Universe in the
form of matter is about five times more than the visible Universe. Therefore it would be
an oversimplification to assume that the dark sector of the Universe consists of a single-
component DM. Even if the dark sector of the current Universe is dominated by a single-
component DM, there could be more DM species in the earlier Universe that would modify
the evolution of the early Universe. They may leave some footprints that can be observed
in the current Universe, e.g. on Cosmic Microwave Background or matter power spectra.

One important feature that has to be taken into account seriously in DM physics is
that DM particle should be absolutely stable or its lifetime should be much longer than the
age of the Universe. Usually the DM stability is supposed to be guaranteed by some dark
symmetries such as Zy. If this dark symmetry is a global symmetry, it will be violated by
gravity effects. For example, let us consider a real scalar DM model with dark Zs symmetry
under which the real scalar DM field S is Zs-odd, namely transforming like S — —S§5,
whereas all the SM fields are Zs-even. Then the DM S will be stable at renormalizable
level. However there will be Zs-breaking dimension-5 operators such as

%S(HTH)Q, %SFWF‘“’, ete.

Then S will decay too fast to be a good cold-DM candidate even for A ~ Mp; where
Mp is the Planck mass, unless its mass is very light mg < O(1)eV. The Zy breaking
from dimension-6 operators will not be harmful at all, since one can make DM lifetime
long enough for A <« Mp, like the proton lifetime in the SM with B- and L-violating
dimension-6 operators. One can evade this problem of dimension-5 operators that vio-
late dark global symmetry by promoting the dark global symmetry to a local dark gauge
symmetry. In quantum field theory, these could be achieved by assuming that DM carries
a dark charge that is either exactly conserved or approximately conserved. Finally the
symmetry associated with the exactly conserved charge is implemented into a local gauge
symmetry [22] (see also section IV B and C of ref. [23] for more discussion on this issue).
Alternatively, the approximately conserved dark charge may be an accidental symmetry of
an underlying dark gauge theory, like the U(1) baryon number in the SM being an acciden-
tal symmetry of the SM and being broken only by dimension-6 operators. Thus, for either
absolutely stable or long-lived DM, we end up with a local gauge theory.! This strategy
was the cornerstone of the SM of particle physics, and it could be extended to DM model
building. In DM models with a dark gauge symmetry, there are dark gauge bosons and
dark Higgs bosons in addition to the DM particles with various dark charges. Furthermore,
there could be more than one generation of DM particles, as in the SM. There could be
more than one stable or long-lived particles in the dark sector in general.

1One loophole in this argument is that the DM particle can be long-lived enough if it has a very small
mass so that its decay channels are kinematically limited. Axion or light sterile neutrinos are good examples
for such a case.



Therefore, from theoretical point of view, it may be more natural to have a multi-
component DM scenario once the symmetry that is responsible for the DM stability gets
enlarged, e.g. Zn with N > 4, a product of two symmetry groups such as Zs X Zj, topo-
logically stable DM, or dark gauge group with larger than rank-1, etc. Recent studies on
the multi-component DM scenarios within WIMP scenarios include refs. [24-43].

One of the most interesting multi-component scenarios proposed so far would be the
dark QCD (DQCD) with a light Nambu-Goldstone boson DM (dark pion DM). One can
consider both WIMP [44-51] and SIMP scenarios [4, 8, 14, 20] in DQCD models . In the
multi-component SIMP models proposed so far in the literature, various DM components
are related with each other. For example, dark pion DM with different dark flavours
in DQCD models are related with each other by a dark flavour symmetry. They are
not independent with each other when we consider their origin, and their masses cannot
be arbitrarily different. In the case of the dark pion DM in DQCD, for example, one
assumes that the dark pions are pseudo-Nambu-Goldstone bosons. This picture requires
that mg, + mg, < Agc, where Aq is the dark confinement scale, which is nothing but the
good old partially-conserved-axialvector-current (PCAC) condition, in order that dark pion
DMs are good Nambu-Goldstone bosons. On the other hand, dark pion DM mass is given
by mZ ~ mgAgc, which is bounded from above by AZ.. Therefore, one cannot imagine a
wide separation in the dark pion DM masses with different flavours. They are bounded by
Am?2 ~ A2.. In other words, we can say that they are not genuine multi-component SIMP
models where arbitrary masses are allowed, including the large mass hierarchy. For genuine
multi-component DM models, different DM components should have different masses (and
different lifetimes in the case of a decaying DM), different (dark) charges, and carry even
different spins.

In this paper we introduce two independent fields X and Y with different dark charges
(and even different spins) from the beginning, and show that two- or three-component
SIMP scenarios can be realised. Therefore the model we present in the following could be
taken as a real multi-component SIMP scenario. Our study is not based on the effective
field theory approach. The model constructed in this work is renormalizable and gauge
invariant under the SM and the dark gauge symmetry groups, and thus a UV-complete
one. Our conclusion can thus be taken as reliable in the entire energy range considered.

At this point, it is worthwhile to remind ourselves that WIMP and SIMP are about
mechanisms to reproduce observed DM relic density in a given DM model, and not about
the underlying particle physics models for DM. Within the same DM model, different
mechanisms can be realised depending on the parameter values and mass scales. Likewise,
either single-component or multi-component WIMP or SIMP scenarios can be realised
within the same DM model, depending on the parameter values and mass scales of various
particles in the model. The model discussed in the following shows how rich the dark sector
can be, depending on the parameter spaces (couplings and mass scales), and how DM
particles are stabilised (U(1) dark charge assignments in our case). The multi-component
SIMP scenarios are realised only in a particular corner of the parameter space. In a generic
parameter space, we expect that single-component SIMP scenarios or WIMP scenarios
would be realised, but these two options shall not be discussed in detail, since they are not



qualitatively different from the literature of the SIMP/WIMP scenarios, and thus are not
the main interest of this work.

In this work we consider a multi-component DM model with U(1) x dark gauge symme-
try broken into its product subgroup Z; x Zs & la Krauss-Wilczek mechanism [52]. There
exist two types of DM fields, X and Y, which are distinguished by different U(1)x charges
with the following symmetry breaking pattern: U(1)x — Z3 x Z3. The stability of X is
guaranteed by the unbroken Zs symmetry, while the unbroken Z3 symmetry ensures the
stability of Y. Then we can realise a multi-component SIMP scenario through various DM
number-changing scattering processes such as YYY — X X. Note that X can be either
scalar or fermion, whereas Y should be scalar. The relic densities of different DM fields
are determined through interactions between the dark fields. For the Zs-charged field X,
number-changing 2 — 2 processes are responsible for X’s relic density. On the other hand,
the relic density of the Z3-charged field Y is given by number-changing 3 — 2 processes. As
the processes responsible for the relic densities of the DM fields occur within the dark sector
and both X and Y participate in the number-changing processes, we dub our model a multi-
component SIMP DM scenario. The field X receives different masses for its real and imagi-
nary parts from the vacuum expectation value (VEV) of the dark Higgs, breaking the U(1) x
symmetry. Due to the interactions between X and Y, both X; and Xr may contribute to
Y’s 3 — 2 processes. It opens a new class of SIMP models. Depending on the mass gap be-
tween X; and Xp, two-component or three-component DM scenarios can be realised. One
of the most distinctive features of this model is that the different DM fields X and Y may
have vastly different masses, while significantly contributing to the total DM relic density
today. This is in sharp contrast to most of the studies on multi-component SIMP where
each component could coexist when the mass difference is small enough [9, 15, 20]. For
completeness we consider both cases with large mass hierarchy and small mass difference.

It should be emphasised that the present work, which considers multi-component SIMP
scenarios with a large mass hierarchy, is mostly motivated by theoretical reasons, as a kind
of existence proof of such a case within a theoretically well-defined DM model. Still there
is an interesting phenomenological consequence. The coupling used to maintain the kinetic
equilibrium between the DM sector and the SM sector may also be used to detect the
boosted Y (from X annihilation) in DM and neutrino detectors. The boosted DM signal
is one of the most important predictions of the multi-component DM scenarios with large
mass hierarchy.

The paper is organised as follows. We first describe our model setup in section 2, where
we set the notations, explain the U(1)x symmetry breaking, and identify DM candidates.
In section 3, we study phenomenology of the multi-component DM scenarios. The evolution
of the DM system is described by four coupled Boltzmann equations, each for Y, X7, Xg,
and Z’. We numerically solve the Boltzmann equations and present two benchmark cases
for the two-component scenario and two benchmark cases for the three-component scenario.
In section 3.2, we consider theoretical constraints, such as perturbativity and unitarity, as
well as experimental constraints, including LHC constraints for the invisible Higgs decay,
the DM direct detection, and Z’ searches. One of the crucial constraints for a SIMP-
type DM is the sufficient release of its kinetic energy. We address this issue in detail in



section 3.2. Taking into account all of the constraints we present our results in sections 3.3
and 3.4. Finally we conclude in section 4.

2 Model

We consider a dark U(1) x gauge symmetry with three different types of scalars in the dark
sector: two DM candidates X and Y plus the dark Higgs field ¢. We assign the U(1)
charges of these fields as follows:?

(ax,qv,q4) = (1/2,1/3,1). (2.1)
Then, the gauge-invariant renormalizable Lagrangian of this model is given by

1.

5  SINE
[,:Em—ZXWX“ -

5 X B" + D, H* + DX > + DY + |Dugl” =V, (2:2)

where Lggg is the SM Lagrangian without the Higgs sector, H is the SM Higgs field, and ¢
is the U(1)y—U(1)x gauge kinetic mixing parameter. The covariant derivative of the dark
sector is defined as D,, = 9, — iqigXX u» With gy being the dark gauge coupling and the
U(1)x-charge assignments of dark fields ¢; (i = X,Y, ¢) are defined in eq. (2.1).

The scalar potential is given by

02 2 v2 2
V= mX[X[P+mP Y+ Ay <y¢|2 - 2“’) +A <|H\2 - 2) +Ax | X+ av Y

’1)2 1}2
+ Ay [XPIYP 4 Ao X P (W - 5) + AvlYT? (W - ;)

2
enr X (HPE = 2 san v (152 = 2 4 2%\ (e
el X2 (12 = ) dvalv (1R =2 ) + o (102 =22 ) (112 -2

+ [nxo X0+ Ny Y Bo + e (2.3)

where vy and v are VEVs of the dark Higgs and the SM Higgs fields. After U(1)x symmetry
breaking by a nonzero VEV (¢) = v,/v/2, the last line of eq. (2.3) still has Zy x Z3 discrete
gauge symmetries:3
X - e™X =X,
Y — T8y
We note that jix4 has the mass dimension one. Expanding the dark Higgs and the
SM Higgs around their VEVs, vy and v, and writing X = (Xg+1iX7)/v/2, the real and the

2We can also consider another possibility with spin-1/2 dark fermion « with ¢, = 1/2, instead of dark
scalar X. We shall not pursue this case in detail in this paper, since the qualitative features of multi-
component SIMP scenarios would be the same.

3See also refs. [53-55] and refs. [23, 56-58] for scalar DM models with U(1) dark gauge symmetry broken
into Z2 and Zs, respectively.



imaginary parts of X get different masses from the U(1)x symmetry breaking. The mass
splitting between X and X7 is generated by the p1x4 term [53]:

i, = mk —Vajixsve,
e, = + VEuscavs.

Taking pxe > 0 without loss of generality, we see that X; is always lighter than Xg.
The mass-squared matrix of the Higgs fields is given by

2 2
2 Mpyp Mppy
M* = ) ) , (2.6)
mhh/ mh/h/
with?
mi, =2 2, mi,, = 2)\¢’U35, M = ApHUVG - (2.7)

The mass eigenvalues are then obtained as follows:

1
Mz =5 [(mih + i) F \/(mi%h —mip)? + 4m%h’] : (2.8)

The mass eigenstates, which we denote by i 2, are related to the interaction eigenstates as

h cosa — sin « ho
= , (2.9)
h' sina  cos o h1

1 2m3,,
o= — tan_l l%] . (210)
2 mhh — mh/h/

with the mixing angle

With the U(1)y—U(1)x gauge kinetic mixing, the mass matrix of the gauge boson can
be diagonalised as follows. The kinetic mixing can be removed in terms of BM and X o

defined as [59],
B 1 —tane B “ ~
S = M W =W, (2.11)
Xy 0 1/cose Xy

where we defined W# for notational consistency. We then diagonalise the mass matrix for
Bm Xu: and Wﬁ’ as

B, Cw —SwC SwS¢ Ay
Wg’ = | Sw CwC —CuwS¢ Zy | (2.12)
)N(H 0 ¢ cc Z,

where ¢,, = cos b, s,y =sinb,, ¢ = cos(, s¢ =sin(, and 6, is the Weinberg angle. Here

( is defined as

fan 20 m%swsin%
an2( = —
2 02 (2 o262
m% —mi(ci — sisy)

(2.13)

4We denote the physical SM Higgs field and the physical dark Higgs field by h and k', respectively.



where m, = /(92 + g3)v/2, Mg = gxUs, Ce = cose, and s = sine. Subsequently, we
obtain the following relations between the original fields and the mass eigenstates:

BM = cpAy — (tese + swCe)Zy + (Swse — tecc)Z/’“
X=Xz, +%7 (2.14)

with ¢ = tan e (similarly for ¢ below). The masses of the Z and Z’ gauge bosons are given

by
m% = m%(1 + sytcte) m2/:m—‘2¥ (2.15)
d z wictels 2 21+ sytete) '
In the following we assume small mixing angles, i.e. @« < 1 and € < 1, hence hy =~ h and
2 2

2 o
% and m7, ~ my.

In our model, due to the unbroken Z5 x Z3 symmetry, fields with U(1) x charges of 1/2
and 1/3 will be stable, becoming DM candidates. The X field with gx = 1/2 is absolutely

stable and makes one of the DM components. The heavier one Xp decays into X7, Z'®),

hi ~ K, and m% ~m

and could be another good DM candidate, if its lifetime is long enough compared with the
age of the Universe. When the mass splitting is so small, my, —my, < min{2my,mz},
that the Xg decay channels such as Xp — X;,Z’ and Xp — X7,Y,Y* are closed, the
Xpg field again becomes a good DM candidate (see appendix A for the three-body decay
of Xg). The field Y with ¢y = 1/3 is another DM candidate because of the unbroken Z3
symmetry. Then for example

YYY - X;, X1, etc

could be possible through the dark Higgs and/or dark gauge boson exchanges, which is a
new class of SIMP models based on spontaneous breaking of dark U(1)x — Z2 X Zs.

We are primarily interested in the setup where the field Y is the lightest among the DM
candidates. To implement the SIMP scenario for Y, we assume that the dark Higgs and
the dark gauge boson are heavier than Y. Otherwise, the DM will be pair-annihilated into
dark Higgs/dark gauge boson, which is not of interest in this work. Similarly, if either the
mixing between the SM Higgs boson and dark Higgs or the kinetic mixing between gauge
bosons of U(1)y and U(1)x is sizeable, the DM pair-annihilating into SM particles will be
important once kinematically open. We shall therefore focus on the parameter spaces that
have small mixing between SM Higgs and dark Higgs, as well as small kinetic mixing in the
gauge sector. We note that this setup is also useful to suppress the DM-nucleon scattering
cross section, which is tightly constrained by the DM direct detection experiments. On
the other hand, it is necessary for Y to lose its kinetic energy through elastic scattering
with SM particles [3, 7]. For this, a somewhat light Z’ is needed for the SIMP-SM kinetic
equilibrium condition as we discuss in section 3.2. We focus on the case where myz > 2my;
thus Z’ is not stable and will decay. As long as the decay is fast enough, Z’ cannot be a
DM candidate. For the dark Higgs, we assume that it is much heavier than Y, X7 g, and
Z' such that the dark Higgs does not play any significant role in the dynamics. The cross



section for the process X, X — Y,Y* features a four-point vertex® which, in the large-mj,
limit, is proportional to /\gfy. The relic density of the X field will be diluted through
this process if Axy is large. When the dark Higgs is somewhat lighter, couplings Ax
and Ayy4 need to be set appropriately such that the X, X — Y, Y™ is suppressed via the
destructive interferences between the contact process and dark Higgs mediated process. We
first assume that Axy is small enough such that this contact X-annihilation process is not
efficient in the large-my, limit. We then comment on the case of destructive interferences,
where A\xy may take a larger value, presenting parameter sets with a lighter dark Higgs
and larger dark Higgs-portal couplings.

In summary the DM candidates are Xr, X, and Y in our setup. Our interest is to
investigate whether two- or three-component DM scenarios can be realised for the following
four cases: i) mx, > mx, > my, it) mx, > mx, ~ my, i) mx, ~ mx, > my, and
i) mx, ~ mx, ~ my. The cases 7) and ) will be the two-component DM scenarios,
while i) and 7v) correspond to the three-component scenarios. We do not consider the
inverted mass hierarchy, i.e. my, < mx, < my. On one hand, in order for the Z3-charged
field Y to serve as a SIMP DM, the mass should be less than ~50 MeV, in the large-my,
limit, as number-changing 3 — 2 processes are dominant. On the other hand, a DM lighter
than ~5MeV is heavily constrained by cosmology such as Big Bang Nucleosynthesis and
Cosmic Microwave Background, as explored in ref. [60]. Therefore, we do not consider the
inverted mass hierarchy in this work, and focus on the aforementioned cases i)—iv).

3 Multi-component dark matter phenomenology

3.1 Generalities

Under the assumptions described in the previous section, we have four coupled Boltz-
mann equations for describing the evolution of the system consisting of {Y, X;, X, Z'}.6
Schematically the Boltzmann equation for the species i is given by

. NN nNENy
_ eq My eq_Tyj
ni+3Hn; = —(T)isjn [ ni — 1 —sg—oq | — ikt | 7 — 1 —o5—eq—eq
n;ng Ty Ty 1y
j j
- o pedpeq UTm
= {OV)ijoim | ning — n; n; S
!
2 eq _eq _eq UTm
—(ov >i,j,l~c—>l7m TN — My Ny Ny —5q eq | > (3.1)

where n; (n;?) is the (equilibrium) number density of the species i, H the Hubble parameter,
and "= d/dt with t being the cosmic time.

Here (ov) and (ov?) are the thermally-averaged cross sections, and (I') is the thermally-
averaged decay rate. The thermally-averaged cross section (ov) for the i,j — [, m process

SWe note that contact interactions between Zs-charged field and Zz-charged field are absent at renor-
malizable level in the fermionic Z> DM, where the scalar field X is replaced by a spin-1/2 dark fermion .

5Since the dark Higgs is assumed to be sufficiently heavier than the rest of the dark sector fields, it does
not play any significant role in the dynamics.



is given by
11 1

= o 2
=57 2 647 E; B (B + Ej) /dmprM’ ; (3.2)

spins

where F' and S are the spin and symmetry factors, £;; the energy of incoming particle,
and py the 3-momentum of final-state particle. Similarly, the thermally-averaged cross
section (ov?) for the i, j, k — [, m process is given by

11 1
2 2
-~ SF dQ )
<O’U > SF Z 1287T2E1‘EjEk(Ei+Ej+Ek)/ ‘pf”./\/l‘

spins

(3.3)

For the decay rate, see appendix A. We utilise FeynRules [61] and CalcHEP [62] to compute
the scattering amplitudes. We work in the nonrelativistic framework and take only s-wave
contributions.

Instead of n; and ¢, it is convenient to use the yield Y; and the dimensionless time
variable x, defined as

Yi=n;/s(T), x=m;/T, (3.4)

where s(T) = (2m2/45)g.sT? is the entropy density with T being the temperature of the
heat bath. Note that, during the radiation-dominated era,

X

dt = H(my)

dx , (3.5)

where H(m;) = /(72/90)g.m?/Mp. Note also that s(T) = s(m;)/z>®. Denoting s(m;) = s
and H(m;) = H, the Boltzmann equation can be recast into

dy; x Y.V, T Y.Y.Y,
- = — g (Dimjk (Yz — Yk ) = 7 (Disjik <Yz - Yz-eq]kl>

dx Y}eqY]:q Y]?CIYISQYZGQ
YiYn
<Uv>i,j%l,m (YZY} - Y;eqy;‘eq YleqYT%q>

s
Ha?

82 2 VAAY quququ YlYm
_ ﬁwv Vigk—tm | YiY5Ye — YUY Y yery (3.6)
The full Boltzmann equations are summarised in appendix B. We choose m; = my.
The DM relic density is then given by
2 2 2 5 soh” 0 0 0
Qpuh? = Quh% + Qx, h% + Qx b2 = (myyy +mx, Y, +mXRYXR) . (3.7

C

where the subscript “0” indicates the present value, p. is the critical energy density, and
h =~ 0.67 is the scaling factor for the Hubble parameter. Here Y, = 2Yy = 2Yy.
The input parameters for the model under consideration are chosen as

mxp, mxy;, my, mgz:, mp,
!
gx, Ay, Ax, Axy, Ave, Axe, Ayg,

€, «.



In the following, we fix mz = 200 MeV, my = 30 GeV, Ay = 0.025, and € = 2 x 1074, We
assume that all the quartic and portal couplings are non-negative. Furthermore we assume
that )\’Y¢ is positive. As explained in the previous section, Axy is required to be small in
order to implement multi-component DM scenarios in the large-my/ limit. We first perform
the analysis with Axy = 0 and give a maximum value of Axy that do not jeopardise the
multi-component scenarios realised by our chosen benchmark points. We then present
another sets of parameter values with a somewhat smaller my together with large dark
Higgs-portal couplings, Ax4 and Ayg. In this case the destructive interference occurs and
Axy may take a larger value. The mixing angle between the SM Higgs and the dark Higgs is
chosen to be small, o = 1072, to evade the invisible Higgs decay constraint. Consequently,
couplings to the SM Higgs field are not important. Before presenting our results for the
multi-component DM scenarios, let us consider theoretical and experimental constraints.

3.2 Constraints

We take into account the following theoretical and experimental constraints.

o Perturbativity.
The perturbativity condition imposes the following conditions for the coupling pa-
rameters:
Ai <Am, Nyg <dAm, gx <4m, (3.8)

where i = {X,Y, XY, X¢,Y¢, XH,Y H,oH}.

o Unitarity.
The unitarity bounds are given by

|M‘i,j—>l,m < 87r, (3.9)

fori,j,l,m = {X1, Xg,Y}. The unitarity bound is shown in figure 2 in the (Q,h?, gx)
plane.

e Kinetic equilibrium.
If the 3 — 2 processes are dominant, the kinetic energies of the DM candidates keep
piling up. Thus, the kinetic energies need to be released. This can be achieved when
the DM particles have a way to talk to the SM thermal bath, so that elastic scattering
processes release the kinetic energy. See refs. [17, 63, 64] for details. Following
ref. [63], we compute the momentum relaxation rate v of a DM particle scattered off
the relativistic SM thermal bath species, namely the electron. We then require the
relaxation rate to be larger than or compatible with the kinetic energy production
from the 3 — 2 processes, i.e. v 2 Hx%(D, until the kinetic decoupling time xxp =
my /Tkp. We set the kinetic decoupling time to be similar to the freeze-out time, x;.
In our study, we use the Z’-portal interaction to communicate with the relativistic
SM heat bath. Since the relativistic SM degree of freedom is electron at 7' ~ O(MeV),
we consider the DM-e elastic scattering process. The most dominant 3 — 2 processes
are the Y-involving processes, V.Y, Y - Y. Y*and Y, Y* Y* — Y, Y. Thus we focus
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on the kinetic energy release of the field Y. From the kinetic equilibrium condition
we see that the Z’ mass is bounded as follows:

2

31m3e2c2 g2 1/ 1/4
, < wd X 3
mzg < <1701$?{D (mYMp) Ve. (3.10)

The kinetic decoupling region is sketched in figure 1.

DM relic density.
The current DM relic density is given by [65]

Qpyh? = 0.1200 4 0.0012. (3.11)

Invisible Higgs decay.
The Higgs invisible decay is bounded [66] as

BR,, < 0.19, (3.12)

at 90% C.L., where BRy, is branching ratio of the Higgs invisible decay. We choose a
small enough mixing angle o = 1072 to satisfy the bound.

Direct detection.

For the DM direct detection bounds, we consider Xenonl0 [67], XenonlT [68, 69],
and expected SENSEI-100 bound [70]. For all the benchmark scenarios that we
consider (table 1), the DM-electron cross sections are tiny, and thus safe from the
direct detection constraints. The DM direct detection bounds are depicted in figure 2.
The DM-quark scattering bounds are unimportant since the DM masses are less than
1GeV in our benchmark scenarios.

7' searches.

We use the BaBar visible/invisible decay of Z’ constraints [71, 72], Belle2 invisible
decay of Z' constraint [73], and beam dump constraints coming from NA64 [74, 75|,
SHiP [76], E137 [77], and Orsay [78]; see also refs. [79, 80]. These constraints impose
bounds on the kinetic mixing angle €, depending on the Z’ mass, and are depicted in
figure 1.

DM self-scattering cross section.
The SIMP-type DM models naturally have a sizeable self-scattering cross section that
helps to solve the small-scale problems mentioned in section 1. We require [21, 81-83]

Oself

= <10 cm?/g. 3.13
p— /g (3.13)

0.1 cm?/g <

The Bullet Cluster [84, 85] imposes a stricter constraint, ogt/mpy < 1 cm?/g.
See also ref. [86]. A similar bound is obtained from cosmological simulations with
self-interacting DM on the scales of galaxies and galaxy clusters [87, 88].

For the mpyy, we take an effective DM mass. For the cases i) and i) the dominant
contribution to ogr comes from the Y self-scattering cross section, as X; and Xpg
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Case | mx, [MeV] | mx, [MeV] | my [MeV] | gx | Ay | Avg | Axo /qu
i) 800 200 50 0.85 | 6.41 | 09 | 0.9 | 0.255
i1) 400 40 37.5 1.3 | 627 ] 1.3 | 0.5 | 0.295
iii) 150.01 150 37.5 1.3 | 5.54 | 0.05 | 0.05 | 0.271
iv) 40.001 40 37.5 1.3 | 6.27 | 2.65 | 2.2 | 0.295

Table 1. Input parameter values for the four benchmark cases. Cases i) and ) correspond to
the two-component scenarios and cases i) and iv) correspond to the three-component scenarios.
We chose mz = 200MeV, my = 30GeV, Ax = 0.025, @ = 1072, and € = 2 x 10~*. Our four
benchmark cases are marked as blue points in figures 1 and 2.

are much heavier than Y. We thus choose mpy = my. For the case of i) both X;
and Y may contribute; thus we choose mpy = (my + mx;,)/2. The case iv) is more
complicated. In this case Xr, X7, and Y all contribute. We thus consider all the
contributions with the effective masses. All the contributions are weighted by the
fractions of the relic density. In summary,

Oelf 1/ 9Q,\%2 1
el == ( Y ) — (20vy vy +ovyisyys) (3.14)
moM L) i) 4 \Oom /) my
Oself Tself Qx,Q2 2
se _ Use +< Q2I y) OX1Y—=X1Y
MDM lz5) DM |y),444) bm ) My +mx;
Qx, \?2 1
+ (Q : ) (Ox7,x+X1.X; + Ox1, X5V, Y") (3.15)
DM mx;
Oself Oself Qx,Qy 2
sl | = Sl [ 2 (OXRY =Xy + OXpy—X1Y)
mpwm i) mpm i) QDM mxnp + my

(3.16)

(0X, Xp—>X1,Xp T OX; Xpov,Y*)

Qx,0x, 2
+ 2
QP Mxp + Mx;

Ox,\? 1
+ Q —— (OXp XpoXpXp T OXp Xp—X1,X; T OXp XpoY,y) -
DM mXR

In figure 2, ogrr/mpy = 0.1 ecm? /g, 1 em? /g, and oyt /mpy > 10 cm? /g are shown.

Taking all of the listed constraints into account we now present four benchmark results

for the multi-component DM scenarios.

3.3 Two-component scenario

When the mass of Xp is sufficiently larger than mx, +mz, Xr cannot be a DM candidate
as it decays into X; and Z’. Thus we have the two-component scenario. We consider two
cases: 1) mx, > mx, > my and ) mx, > mx, & my. The input parameter values are
shown in table 1.

We solve the Boltzmann equations given in appendix B for the given parameters, and
the solutions are shown in figure 3. We see that, in the case of mx, > my, X1 freezes
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Case i) Cases ii), iii), iv)

1072 — - . — 1072 R
BaBar—Vis [ BaBar—Vis
. .
BaBar—Inv BaBar—Inv
1073 1073
€107 € 1074
S i o
1079 1075
E Kin. Dec. of Y F Kin. Dec. of Y
|,,|3"\‘~—\ E137 -,
10-6 ! il | > N 10-6 i (il | . n o nn
10 102 103 10 102 103
mz (MeV) mz (MeV)

Figure 1. Kinetic decoupling and Z’-search constraints for the case i) (left) and cases i), iii), and
iv) (right) in the (mz/, €) plane. See the main text in section 3.2 for details of the used constraints.
We have the same plot for i), i), and v) since the same my, myz:, and € are used. Furthermore,
we do not see a clearly visible difference between the left and right plots since the difference in my
is small. The blue points represent our benchmark cases shown in table 1.

out first at x ~ 5, followed by the Y freeze-out at z ~ 20. When mx, ~ my, both X;
and Y freeze out at almost the same time x ~ 20. In the case i), we find that X (V)
constitutes about 23.7% (76.3%) of the total relic density, while in the case i), the fractions
of X; and Y relics are respectively 19.7% and 80.3%. Thus we identify these scenarios as
two-component DM scenarios. The self-scattering cross sections are given by 1.49 cm?/g
and 3.83 cm? /g for cases i) and ii), respectively. We summarise the results in table 2.

3.4 Three-component scenario

When the mass gap between X and X is small enough, Xr may become a good DM
candidate. We take the mass splitting to be small enough, mx, —mx, < min{2my,mz},
such that the Xpg decay channels such as Xp — X;,Z’ and Xp — X,Y,Y* are kine-
matically closed.” Thus, together with Y and X, we have a three-component scenario.
We consider two cases: i) myx, ~ mx, > my and ) mx, =~ mx, ~ my. The input
parameter values are shown in table 1. We chose a large dark gauge coupling, gx ~ O(1).

"Note that the decay channel Xr — X1, ¢, ¢, where £ is the SM fermion, can still remain open through a
virtual Z/Z' exchange. For the chosen mass gap of < 10keV, ¢ = v is possible. However, for our benchmark
cases with such a small gap, the lifetime of Xg,

2 _ 5
r o~ 6.06 x 107% Gev (L) 2 (w)
XroXp, % N ax10-1) T 0 kev ’

is longer than the age of the Universe as pointed out in ref. [54]. We shall thus ignore this decay channel
in the following. Note also that the partial width of the Xr decaying into X; and three photons, as shown
in ref. [89], is around twelve orders of magnitude smaller than I'x R X v,0e
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Case 1) Case i)

1.0 T - 1.0p
STl ‘l‘n- _a-“"’H S 10740 e TDM-y = 40
0.5
> >
e [ %4
s 0.0 0
1) )
- —
05}
Tai/mpm > 10 cm?/g . Tea/mpm > 10 cm?/g
-1.0% - - -1. -
8.0 0.2 0.4 0.6 0.8 1.0 8.0 0.2 0.4 0.6 0.8 1.0
ﬂ},h2/0.12 thz/O.lZ
Case iii) Case iv)
1.0 : : ; 1.0 : . '
X ‘\x N1 / Unitarity
0.5 : ¢ 0.5
2\
% %
s 0.0 s 0.0
1) 1)
- -
-0.5[/
-1. - - - -1. - .
8.0 0.2 0.4 0.6 0.8 1.0 8.0 0.2 0.4 0.6 0.8 1.0
th2/0.12 th2/0.12

Figure 2. For each case, the unitarity bound (grey), direct detection bound (orange), and large
self-scattering cross section bound et /mpy > 10 cm? /g (red) are shown for different values of the
dark gauge coupling gx and the fraction of the Y relic density th2 /0.12. The black lines represent
DM-electron scattering cross section values, 1074° cm? (dashed), 1074 ¢cm? (dot-dashed), and 10~42
cm? (dotted) from top to bottom, respectively. The red lines correspond to two different values of
the self-scattering cross section, 0.1 cm?/g (dotted) and 1 cm?/g (dashed). For details of the used
constraints, see the main text in section 3.2. The blue points represent our benchmark cases shown in
table 1. Here we vary only ¢gx and the fraction of the Y relic density, with the condition (Q,+Qx, +
Qx,)h? = 0.12. For the two-component DM cases i) and ), {1x, = 0 is chosen, while for the three-
component DM cases iii) and ), Qx, = Qx, is assumed, except for the self-scattering cross section
for which we follow the method outlined in section 3.2. The other input parameters are fixed (see
table 1). We note that the correct present-day DM relic density constraint is not strictly imposed,
except at the benchmark points. Thus, it is important to note that not all the white region is allowed.
On the other hand, this approach allows one to comprehensively understand the various constraints
and where our benchmark cases lie. The full picture requires an intensive parameter scan by
numerically solving the coupled Boltzmann equations which is beyond the scope of the current work.
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Case | Qx,/Qpwm | Qx, /v | Qy/Qowm | Tselt/MDM (em?/g) DM scenario
i) 0 0.237 0.763 1.49 Two-component
it) 0 0.197 0.803 3.83 Two-component
iii) 0.186 0.207 0.607 1.66 Three-component
iv) 0.087 0.088 0.825 4.04 Three-component

Table 2. The fractions of relic density for each DM candidate field and the self-scattering cross sec-
tions are shown for the four benchmark cases. The input parameters are summarised in table 1. The
total DM relic density is Qpyh? = 0.12. As expected from the mass gap between X7 and Xg, cases
i) and ) give rise to two-component DM scenarios, while three-component DM scenarios are realised
in the cases iii) and iv). The self-scattering cross sections are somewhat larger than 1 cm? /g imposed
by the Bullet Cluster constraint [84-86] (see also refs. [87, 88] where the similar bound is obtained
from cosmological simulations with self-interacting DM), but well within the bound, 10 cm?/g.

While the decay channels of the field X g are kinematically forbidden, it is still possible
that the field X may be converted into the field X via the conversion process Xg,Y —
X7,Y. We numerically solve the full Boltzmann equation and found that the mass gap
should be less than ~10keV, i.e. mx,, —mx, S 10keV to suppress such a process, thereby
achieving three-component scenarios.

The solutions of the Boltzmann equations are shown in figure 3. Since mx, ~ myx,
we do not see any clear deviations between the Xpg evolution and X7 evolution. Similar to
the cases 7) and i), we see that, in the case of my, > my, X freezes out first at x ~ 5,
followed by the Y freeze-out at x ~ 20. When myx, ~ my, both X7 and Y freeze out at
almost the same time x =~ 20. In the case i), we find that X; and Xg (V') constitute
about 20% each (60%) of the total relic density, while in the case v), the fractions of X;
and Xp relics are about 9% each, with 82% of Y relic. Thus we identify these scenarios as
three-component DM scenarios. The self-scattering cross sections are given by 1.66 cm?/g
and 4.04 cm? /g for cases iii) and v), respectively. We summarise the results in table 2.

Let us comment on the parameter Axy before we conclude. In our benchmark cases
i)—iv) we chose Axy to be zero so that the contact interaction between X and Y gets
suppressed, helping realizations of the multi-component DM scenarios in the large-mj,
limit. For the chosen parameter values of the benchmark cases, we present the upper bound
on \xy to achieve such multi-component scenarios. We first require that Qy /Qpy < 90%
be the condition for a multi-component DM scenario. For the case i), we obtained the
maximum value of Axy = 1.5 x 107% with \y = 5.45, in which case the relic of the Y (X;)
field consists 90% (10%) of the total relic density. For the case ii), the maximum value
is given by Axy = 4.7 x 107° with Ay = 4.62. The Y (X;) relic consists 90% (10%) of
the total relic density. For the case iii) (case ), Axy = 4.0 x 107% (3.8 x 107%) is the
maximum value, with Ay = 3.71 (4.95) that gives Qy /Qpy = 90% and Qx, /Qpm = 5%.
Note that the value of Ay is modified accordingly in order to satisfy the correct relic density
of QOpymh? = 0.12. The rest of the input parameters are kept to be the same as in table 1.
As such, the value of Axy needs to be small to realise multi-component DM scenarios.
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Case if)

x=my/T x=my/T
Case iii) Case iv)
T T T T El T T T

x=my/T

Figure 3. The solutions of the Boltzmann equations summarised in appendix B are shown for
cases 1)—i). The red, blue, black, and brown solid lines are the yields of Y, X;, X, and Z’,
respectively; here Y, = 2Yy = 2Yy-. The dashed lines correspond to the equilibrium states. In
the cases 7) and i) Y and X relics become frozen out, indicating two-component DM scenarios.
On the other hand, in the cases i) and iv) all the DM candidates freeze out, and thus we have
three-component scenarios. We note that there is no visible difference between the X relic and
Xp relic in the cases 4ii) and iv) due to the small mass gap. A large gauge coupling gx ~ O(1) is
chosen for our benchmark points. In this case, once the mass gap becomes larger than ~10keV, a
significant amount of the relic of Xg is converted into the X relic, mainly through Xg, Y — X, Y,
becoming a two-component scenario. In all cases we see that Z’ follows its equilibrium state.

This is not a general statement, however, since the dark Higgs field is assumed to be
massive compared to the other dark fields. If the dark Higgs is chosen to be somewhat
lighter and/or the couplings Ax4 and Ay, are somewhat larger, the value of Axy may
become larger, due to different signs in terms between the contact interaction and the dark
Higgs mediated processes, causing cancellation, i.e. destructive interferences. In table 3 we
present such cases; we choose my = 37.5MeV, myz = 200 MeV, my = 10GeV, gx = 1,
Ax =1, Ax¢ = Ayy = 10, and Ay = 5 for all the four cases.

4 Conclusions

In this paper, we constructed multi-component dark matter scenarios with U(1)x dark
gauge symmetry broken into Z3 X Z3. Two independent types of dark matter fields, namely
X and Y, distinguished by their different charges under Zs x Z3, emerge as separately stable
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mx mx

Case | ZXn [ 2N [ M) | My | il | gl | it | 2 (em?/g)

i’) 4 4 0.2 0.02 0 0.30 | 0.70 1.79

z’z”) 10 1.07 | 0.29 | 0.03 0 0.21 | 0.79 5.46

z'z'z'/) 1.0001 4 0.29 | 0.04 | 0.24 | 0.28 | 0.48 2.07

z’z/) 1.0001 | 1.07 | 0.29 | 0.04 | 0.09 | 0.10 | 0.81 5.74

Table 3. Input parameters with non-zero Axy and outcomes of DM relics and the self-scattering
cross sections. The rest of the input parameters are chosen as follows: my = 37.5MeV, myz =
200MeV, my = 10GeV, gx =1, Ax = 0.1, Axy = Ay = 10, and Ay = 5. All the cases are free
from the constraints listed in section 3.2. We see that the multi-component DM scenarios are still
realised with sizeable Axy values. This is due to the destructive interference between the X-Y
contact interaction and the dark Higgs mediated processes.

dark matter candidates. The relic densities of different dark matter fields are governed
by interactions between the dark fields within the dark sector through number-changing
2 — 2 and 3 — 2 processes. Unlike many other SIMP models in the literature, X and Y
are completely independent of each other, with different masses and spins in principle. Due
to this reason we call our model a genuine multi-component SIMP dark matter scenario.

A nonzero vacuum expectation value of the dark Higgs field gives mass splitting to
the real and imaginary parts of the X field. When the mass gap between the real part
Xr and imaginary part X7 is large, only the lighter field X; becomes a stable dark matter
candidate which, together with Y, gives rise to a two-component dark matter scenario. On
the other hand, once the mass gap is small enough, both Xz and X; may contribute to the
dark matter relic density; we thus have a three-component scenario. In our analysis, the
dark gauge coupling gx is chosen to be O(1), and we found that the mass gap should be
less than ~10keV, i.e. mx, —mx, < 10keV, in order to achieve three-component scenarios.

The unbroken Zs symmetry ensures the stability of the Y field, which becomes another
dark matter candidate of the SIMP-type. Due to the interactions between X; g and Y,
both X; and Xi may contribute to Y’s 3 — 2 annihilation processes through the Z’ and
the dark Higgs. These kinds of processes open a new class of SIMP models.

We presented four choices of the parameter set for the multi-component dark matter
scenarios, two for a two-component dark matter scenario, i) mx, > mx, > my and %)
mx, > myx, &~ my, and two for a three-component dark matter scenario, i) mx, ~
mx, > my and w) mx, & mx, & my, by solving the full coupled Boltzmann equations
and considering both theoretical and experimental constraints. Figures 1 and 2 show a
set of constraints. The parameter choices are given in table 1 and the solutions of the
Boltzmann equations are shown in figure 3. For each case we computed fractions of the
relic density. The results, together with values of the self-scattering cross section, are
summarised in table 2. We found that, in the large-my, limit, the Axy coupling, which
dilutes the relic density of the X field via the X—Y contact interaction, needs to take a
small value to realise a multi-component dark matter scenario. On the other hand, the Axy
coupling may take a larger value once the dark Higgs field becomes lighter and the dark
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Higgs portal couplings, Ax4 and Ayg, become larger. In this case destructive interferences
occur and the dilution of the X relic is suppressed even with a larger value of Axy. In
table 3 we present four parameter sets of this case.

Our findings of the multi-component SIMP-type dark matter scenarios are new and
interesting. One of the most distinctive features of our model is that the different dark
matter fields X and Y may have very different mass scales, while significantly contributing
to the total dark matter relic density today, as demonstrated in the cases i) and 7). In
the current work a scalar Zs-charged field is considered. It is certainly possible to have a
fermionic Zo-charged field® as studied e.g. in refs. [54, 90, 91]. Furthermore, we investigated
four characteristic show-cases for the multi-component dark matter scenario. In order to
fully understand the model and its phenomenology, an intensive parameter scan is better
to be performed. We shall tackle them in future works.
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A Three-body decay of Xpg
Consider a decay of particle 0 to particles 1, 2, and 3:
0—1,2,3.

The evolution of the number density of particle 0 is then governed by the following Boltz-
mann equation:

20 4 3Hng = [ allydTTydTydly(2m) ') (o — p1 — 2~ )
X {f1f2f3(1 + fO)’Mﬁ,Z,SaO — fo(l £ f1)(1 £ f2)(1 & f3)’M’3a1,2,3}
~ / dIodIT; dILodIT3(2m) 6™ (pg — p1 — p2 — p3) M3 103
x (fifafs = fo) (A.1)
where ,
dIl; = (27‘5)52@'&, (A.2)

8Note that the Zs-charged dark matter cannot be fermionic.
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and we assumed 1=+ f; ~ 1 and CP conservation, i.e. [IM[3_,; 53 = [M]7 53 0. Now, using

fi = (ni/n;N) f{% and f§% = ;79157 f5%, we obtain
dn
dTO + 3Hng ~ / dIodIT; dILpdIT3(2m) 6™ (po — p1 — p2 — p3) M3 103
od ninans
0 e
<ot (o= i)
Defining

1
Fos1,23= 2mo / dILy dId1T3(27m) 6™ (po — p1 — p2 — p3)|M|(2)—>1,2,3 )

and the thermally-averaged decay rate

eq
(Tos1,23 = dH02m0F0—>1,2,3% ,
0
the Boltzmann equation can be written as
dng ninang
—p T 3Hm0 = —os123 (”0 - ngqeqeqeq> :
ny g Mg

In terms of the yields, the Boltzmann equation can be rewritten as follows:

dYy x eq Y1Y2Y3 >
—=———(T Yo -V 4 —_——° _
dr H(m)< >0%172,3 ( 0— 1o leequQequgeq ,

where x = m/T with m being a mass variable.
For the decay process Xrp — X7+ Y + Y™, we have

dYx, x I '
= r Nyy, —vea Sy
dx H(m)< ) Xp— XYY ( Xr XRY;?(Y;‘*F ’

where Y, = Yy + Yy = 2Yy. The decay rate is given by

EmaX EmaX
(D) Xpox,yys = 647r3mX / / |M|%(R—>XI,Y,Y*dE2dE1,
R

n)ln Inln

ngX (E1 +2F9 — mXR)

M]3 =
‘ |XR—>X17Y,Y* g(m%(I 2mXRE1 + mXR _ m2Z’)2 ’

with
Emm— 1 [(m —E)m2 —\/(E2 m3 YA(m3y, m3., m2 )}
2m%3 Xr 1)77023 X 23, My, My )|
By = L [(mx, — B mdy + /(3 — m3, )A(m3y, m3, m?)|
2m§3 Xr 1)1a3 1 X 23> ey Ty )|
and ) ) )
B =y, | prex = 'Xn +27:ln))((, — 4my 7
R
where

2 .2 2
Moz = mXR — 2mXRE1 + mXI s

)\(%yaz)E$2+y2+2’2—2$y—23§2—2yz.
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B The full Boltzmann equations

In this appendix, we present the full Boltzmann equations for Y, Xg, X7, and Z’. The
Boltzmann equation for Y is, using Yy = Yy« =Y, /2, given by

dy, 2z qu Y
T;:ﬁ [(Uz'_w,w <YZ’ o Y2>+<F>XRHX1,Y,Y* (YXR—qu(qu)YXIY (B.1)

2s (Ye?)Q 2 2 (Y)e(q )2 2
+W |;<O"U>Z’,Z’—>Y,Y* (Yz/ (Yy%q)QYy +(OV) x5, XY, Y YXR_ﬁYy

4 YEYE
(Y, (Y2 )

e )2
+(oV)x;, X5V, v (Y)%I )i) Y +H(ov)x;, xpov,ye | Y, Yxp—

1 Yo' e
+§ (oV) 7/ yoy* v+ | Yz Yy— Y Y

252
Haxb

1 1
[_8 <01)2>Y,Y,Y*—>Y* Y+ (sz—erqY;) ~3 <av2)y,y,y_,y,y* (YyS—Y;qY;)

1 2 ch(qu) 1 2 2 eq
Z(UU )z vy oxp,xp | Yz Yy WYXIYXR — (o)X vy Xy (Yx, Yy =Yy, Y,)
X1~ Xr
3 qu 1 eqyeq
§<UU2>Y,Y,YHXI,XR (Yj’ Y(eq Y)eq Y, YXR> —Z<UUQ>XI,Y,YHXR,Y* <YXIYy2_);/quyYXRYy
1 (qu)2 1 YR (vp)?
+§<O”U2>XIVXIVYA)Y*7Y* (Yﬁz(zyy_;}{qyf _Z<UU2>XR,Y,Y*—>Z',XI YXRYyZ_%YZIYXI
1, » 2 )?c}lzyyeq 3, 4 s (V9)?
— N\ Yx, Y, ——Yx, Y, | —= y3_ v/ y2
4(01} )XR,Y,Y XY < Xrly Y;;(Il Xr ¥y 8<Uv )YV, Y X g, X R y (qu) XRr
wayg
1(“” ) XR,Y,Y X Y*(YX Y, Yy Yy Y)+1<JU2>X Xp,YoY*,Y* (YX YxpYy— XL Xny2 >
4 R» R» R R 2 I'»YR>» ) I R qu Yy
1 2 qu(qu) 3, 9 5 (V)9)?
Z<UU )2 Y, Y X1, X; <YZ’Y WYXI —§<UU Wyyyoxnx | Yy — CEAE YXI
1 Y2 1 (Y2)?
+§<UU2>Z’,Z’,Y*—>Y,Y (YZQ/Yy_ ( YZ;q) Yy2>+2<UU2>XR,XR,Y~>Y*,Y* (Y)Q(Ryy— v Yy2
1 . 1 Yo (v
Z<cw Noyeveozy (Yo Yy =YY Y, ) - Z<¢w )21 ¥ Y X R X R (YZ/YyQ_(Y(Gq))YXR>
Ye([q 3 Ye/leleq
+<UU2>Z’,Z'7Z'—*Y7Y* (YZS/— EYEQ;ZY;)+<UU2>Z/’XI’XR_’Y’Y* (YZ/YXIYXR_WY;

YE(Yed) YY)
+<0”U2>Z’,XRaXR~>Y,Y* (YZIY)%R—Z(YJ)ISYy2>+<UU2>Z’,X1,X1%Y’Y* (YZ/Y)%I_Z(ye;;YyQ ’
Y Y
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The Boltzmann equations for X; and Xg are

dYx, = Xn Yz
dx :E <F>XR%Z’,X1 Yxp— quyeq eayea Yz Y, <F>Z/%XI’XR YZ/_WYXIYXR
X" Xr

Yxn ,
+(DYx g x vy | Yxp— oqasgs Yx, Yy
X

S 2 (ch) 2 (.;?3)2 2
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Finally, the Boltzmann equation for Z’ is given by
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