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The light-front wave function of a proton composed of three quarks and a perturbative gluon is
computed. This is then used to derive expressions for the color charge density correlator hρaðq⃗1Þρbðq⃗2Þi at
Oðg4Þ due to the emission of a gluon by one of the quarks in the light-cone gauge. The correlator exhibits
the soft and collinear singularities. Albeit, we employ exact gluon emission and absorption vertices, and
hence the gluon is not required to carry very small light-cone momentum, or to be collinear to the emitting
quark. We verify that the correlator satisfies the Ward identity and that it is independent of the
renormalization scale, i.e., that ultraviolet divergences cancel. Our expressions provide x-dependent
initial conditions for Balitsky-Kovchegov evolution of the C-even part of the dipole scattering matrix to
higher energies. That is, we determine the first nontrivial moment of the color charge fluctuations which act
as sources for soft color fields in the proton with wavelengths greater than approximately 1=x ∼ 10–100.
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I. INTRODUCTION

The purpose of this paper is to derive expressions for the
(light-cone gauge) color charge correlator hρaðq⃗1Þρbðq⃗2Þi
in a proton boosted to large momentum Pþ, on the xþ ¼ 0
light front. The charge operator ρa corresponds to the plus
component of the color current due to valence quarks, and a
perturbative gluon which is not required to carry small
momentum fraction. It sums color charges with light-cone
(L.C.) momentum fractions greater than a cutoff x, which
collectively generate the color field from which the
projectile scatters eikonally. The kinematic region of
interest here corresponds to moderately small L.C. momen-
tum fractions x ∼ 0.01–0.1.
Color charge correlations in impact parameter space are

obtained via 2D Fourier transform of the charge correlator,

1

2
g2δabG2ðq⃗1; q⃗2Þ≡ hρaðq⃗1Þρbðq⃗2Þi;

G2ðb⃗; q⃗1 − q⃗2Þ ¼
Z
K⃗
e−ib⃗·K⃗G2ðq⃗1; q⃗2Þ: ð1Þ

Here,1 we assumed that P⃗ ¼ 0 for the incoming proton;
K⃗ ≡ −q⃗1 − q⃗2 denotes its transverse momentum after
scattering via two gluon exchange. Also,

R
K⃗ ≡ R

d2K
ð2πÞ2.

The brackets h� � �i denote the expectation value of a given
operator over all possible superpositions of quark and
gluon states in the incoming and scattered protons, respec-
tively. The precise definition is given in Eq. (62) below.
Reference [1] showed that G2ðb⃗; q⃗1 − q⃗2Þ exhibits non-

trivial behavior as a function of impact parameter b⃗ and
relative transverse momentum q⃗1 − q⃗2 of the probes (and
their relative angle), changing from “repulsion” at small b
and q⃗1 − q⃗2 to “attraction” at large b, q⃗1 − q⃗2. Their
analysis restricted to the valence quark state of the proton;
here, we derive the corrections to the color charge corre-
lator due to the emission of a gluon by one of the quarks.
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1In general, we use the light-cone coordinates xμ ¼
ðxþ; x−; x⃗Þ, where arrow notation denotes two-dimensional trans-
verse vectors, x⃗ ¼ ðx1; x2Þ ¼ ðxiÞ, dx1dx2 ¼ d2x and x⃗2 ¼ jx⃗j2.
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The exclusive γð�Þ þ p → J=Ψþ p cross section, for
example, is determined by the impact parameter b⃗ and
dipole size r⃗ dependence of the dipole-proton scattering
amplitude [2–10] which, in turn, is related to G2ðq⃗1; q⃗2Þ
(see below and Refs. [6,11]).
In the covariant gauge, hρaðq⃗1Þρbðq⃗2Þi determines the S

matrix for scattering of a quark-antiquark dipole from the
color fields in the target proton (in the “dilute” limit
1 − S ≪ S). The S matrix for eikonal scattering can be
expressed as (e.g., Ref. [12])

Sðr⃗; b⃗Þ ¼ 1

Nc
tr

�
U

�
b⃗þ r⃗

2

�
U†

�
b⃗ −

r⃗
2

��
¼ 1 − T ðr⃗; b⃗Þ: ð2Þ

(Following the standard convention in the small-x literature
we define the scattering amplitude without a factor of i).
When integrated over impact parameters b⃗, the scattering

amplitude is related to the so-called dipole gluon distribu-
tion [13]. U (U†) are (anti-)path ordered Wilson lines
representing the eikonal scattering of the dipole of size r⃗ at
impact parameter b⃗:

Uðx⃗Þ ¼ Peig
R

dx−Aþaðx−;x⃗Þta ;

U†ðx⃗Þ ¼ P̄e−ig
R

dx−Aþaðx−;x⃗Þta : ð3Þ

Expanding T ðr⃗; b⃗Þ to second order in gAþ, i.e., neglecting
exchanges of more than two gluons and the resummation of
two gluon exchanges, allows us to write it in terms of
correlators of the field integrated over the longitudinal
coordinate x−. This field is related to the two-dimensional
(2D) color charge density in covariant gauge via

−∇2⊥Aþaðx⃗Þ ¼ ρaðx⃗Þ: ð4Þ

We refer to Ref. [14] for a thorough discussion of the
relation of Wilson line correlators at small x to Wigner
distributions.
The gauge transformation from covariant to light-cone

gauge involves the color charge density itself [15,16].
Therefore, to quadratic order in the charge density, the
charge correlators in the two gauges are the same.
From Eqs. (2), (4) one obtains the C-even two gluon

exchange amplitude [11]

T ggðr⃗; b⃗Þ ¼ −
g4

2
CF

Z
K⃗;q⃗

e−ib⃗·K⃗

ðq⃗ − 1
2
K⃗Þ2ðq⃗þ 1

2
K⃗Þ2

×

�
cos ðr⃗ · q⃗Þ − cos

�
r⃗ · K⃗
2

��

×G2

�
q⃗ −

1

2
K⃗;−q⃗ −

1

2
K⃗

�
: ð5Þ

Since G2ðq⃗1; q⃗2Þ is symmetric under a simultaneous sign
flip of both arguments it follows that T ggðr⃗; b⃗Þ is real.
G2 satisfies a Ward identity and vanishes when either
one of the gluon momenta goes to zero [17,18]:
G2ðq⃗ − 1

2
K⃗;−q⃗ − 1

2
K⃗Þ ∼ ðq⃗� 1

2
K⃗Þ2 as q⃗ → � 1

2
K⃗.

The computation presented here corresponds to explicit
“evolution” of the three valence quark Fock state of the
proton to x of order a few times 10−2.2 The dipole scattering
amplitude at yet smaller x can be obtained by adding
additional soft gluons to the proton [20]. This is achieved
by the Balitsky-Kovchegov (BK) evolution equation
[21,22] which also accounts for multiple scattering (i.e.,
the resummation of two-gluon exchanges in covariant
gauge) as one approaches the unitarity limit.
Detailed fits of BK evolution with running coupling

corrections to the γ� − p cross section measured at HERA
have been performed by Albacete et al. in Refs. [23,24]
(see also Refs. [25,26]). Improved recent analyses employ
a collinearly improved NLO BK evolution equation
(Refs. [27,28] and references therein). However, these fits
of small-x QCD evolution to HERA DIS data for the
inclusive cross section typically impose ad-hoc initial
conditions for the dipole scattering amplitude on the
proton, tuned to obtain the best match of the evolution
equation to the data. Moreover, a change in the initial value
of x requires uncontrolled (by theory) retuning of the initial
condition for the dipole scattering amplitude.
Here, continuing previous work [1,6,11] which restricted

to the three valence quark Fock state, we attempt to provide
initial conditions based explicitly on the light-front wave
function (LFwf) of the proton. That way one may take
advantage of “proton imaging” performed at the future
electron-ion collider (EIC) [29–32].
Our initial condition for BK evolution is obtained by

cutting off the divergent integral over the plus momentum
kþg of the gluon in the right-moving proton. However, the
BK equation in its standard formulation evolves the wave
function of the projectile, and the evolution “time” is then
related to the minus component of the momentum of the
emitted gluon [33–35]. Ducloué et al. have reformulated
[34] BK evolution at NLO in terms of the target rapidity (or
Bjorken-x). They obtained an evolution equation which is
nonlocal in rapidity and which depends explicitly on the
initial rapidity (or x ¼ kþg =Pþ). This underscores the
importance of a controlled x dependence of the “initial
condition” for the dipole scattering amplitude which we
compute here.

2The emission of a gluon which is not soft or collinear to the
valence charges has been considered previously by Altinoluk and
Kovner in Ref. [19]. However, their focus was on single-inclusive
particle production in the collision of such a proton with a nucleus
rather than on color charge correlations in the proton. Therefore,
they did not require non-forward matrix elements.
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II. THREE QUARK FOCK STATE
OF THE PROTON

The light cone state3 of an on-shell proton with four-
momentum Pμ ¼ ðPþ; P−; P⃗Þ composed of three quarks is
written as [37]

jPi ¼ 1ffiffiffiffiffiffiffiffi
2Nc

p
Z

½dxi�
Z

½d2ki�Ψqqqðx1; k⃗1; x2; k⃗2; x3; k⃗3Þ

×
X
i1;i2;i3

ϵi1i2i3 jp1; i1;p2; i2;p3; i3ijSi: ð6Þ

Here, Nc ¼ 3 is the number of colors while jSi is the
helicity wave function of the proton described in Sec. II A
below. It is normalized to hSjSi ¼ 1. Furthermore, the
following compact notation has been introduced:

½dxi�≡ dx1dx2dx3
8x1x2x3

δð1 − x1 − x2 − x3Þ;

½d2ki�≡ d2k1d2k2d2k3
ð2πÞ6 δðk⃗1 þ k⃗2 þ k⃗3Þ: ð7Þ

The three on-shell quark momenta are specified by their
light-cone momentum components pþ

i ¼ xiPþ and their

transverse components p⃗i ¼ xiP⃗þ k⃗i. The quark colors are
denoted as i1;2;3. Ψqqq is the probability amplitude for
finding exactly three quarks (and no gluons) with the
specified momenta, colors, and helicities, in the proton. It is
symmetric under exchange of any two of the quarks:
Ψqqqðx1; k⃗1; x2; k⃗2; x3; k⃗3Þ ¼ Ψqqqðx2; k⃗2; x1; k⃗1; x3; k⃗3Þ etc.
For simplicity, we will assume that the momentum space

wave function Ψqqq does not depend on the helicities hi ¼
�1 of the quarks, i.e., that the helicity wave function
factorizes from the color-momentum wave function. It is
presented in more detail in the next section.
We neglect plus momentum transfer so that ξ ¼

ðKþ − PþÞ=Pþ → 0. This approximation is valid at high
energies. The proton state is then normalized according to

hKjPi ¼ 16π3PþδðPþ − KþÞδðP⃗ − K⃗Þ: ð8Þ

The one-particle quark states introduced above are
created by the action of the quark creation operator on
the vacuum j0i:

jp; i; λi ¼ b†iλðpÞj0i: ð9Þ

The quark creation and annihilation operators satisfy the
anticommutation relation

fbjσðkÞ; b†iλðpÞg ¼ δjiσλ16π
3kþδðkþ − pþÞδðk⃗ − p⃗Þ; ð10Þ

therefore,

hk; j; σjp; i; λi ¼ δjiσλ16π
3kþδðkþ − pþÞδðk⃗ − p⃗Þ: ð11Þ

These relations determine the normalization of the
valence quark wave function to be

1

2

Z
½dxi�

Z
½d2ki�jΨqqqðx1; k⃗1; x2; k⃗2; x3; k⃗3Þj2 ¼ 1: ð12Þ

For later use we also write the commutation relations of
the operators which create or destroy a gluon

½aaλðkÞ; a†bρðpÞ� ¼ δabλρ16π
3kþδðkþ − pþÞδðk⃗ − p⃗Þ: ð13Þ

A. Helicity wave function

The flavor structure of the proton plays no role in our
analysis, so we may assume that the first two quarks are
always u quarks, and the third quark is always a d quark.
Further, we are interested in matrix elements of operators
which are diagonal in helicity. However, the q → qg vertex
does involve the quark and gluon helicities and so we need
to properly count states to ensure the correct normalization.
Since we consider an unpolarized proton we assume that in
the three quark Fock state the quarks couple with equal
probability to positive or negative proton helicity,

jSi ¼ 1ffiffiffi
2

p ðjp↑i þ jp↓iÞ; hSjSi ¼ 1: ð14Þ

In Schlumpf’s notation [38] the spin wave function of the
juudi proton with positive helicity is

jp↑i ∼ χρ1↑ þ χρ2↑ ; ð15Þ

χρ1↑ ¼ 1ffiffiffi
2

p ðj↑↑↓i − j↓↑↑iÞ; ð16Þ

χρ2↑ ¼ 1ffiffiffi
2

p ðj↑↑↓i − j↑↓↑iÞ: ð17Þ

For jp↓i all arrows (quark helicities) are reversed.
Hence, the squared norm of the state (15) is
χρ1†↑ χρ1↑ þ χρ2†↑ χρ2↑ þ χρ1†↑ χρ2↑ þ χρ2†↑ χρ1↑ ¼ 3. Therefore, we
take

jp↑i ¼
1ffiffiffi
3

p ðχρ1↑ þ χρ2↑ Þ

¼ 1ffiffiffi
6

p ð2j↑↑↓i − j↓↑↑i − j↑↓↑iÞ: ð18Þ

Helicity matrix elements of diagonal operators are
given by

3For a detailed presentation of the light-cone formalism and its
application to high energy scattering, see Ref. [36].
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hSjOjSi ¼ 1

2
ðhp↑jOjp↑i þ hp↓jOjp↓iÞ

¼ 1

12
½4h↑↑↓jOj↑↑↓i þ h↓↑↑jOj↓↑↑i

þ h↑↓↑jOj↑↓↑i þ ð↑ ↔ ↓Þ�: ð19Þ

We will use this expression below to sum the gluon
emission vertex over quark helicities. However, since we
are not concerned with helicity dependent processes
we shall symmetrize over permutations of the three
quarks. For example, Eq. (19) gives hh1h2i ¼ 1

3
but when

we symmetrize over permutations, hh1h2is ¼ ðhh1h2i þ
hh1h3i þ hh2h3iÞ=3 ¼ − 1

3
.

III. THE THREE QUARK PLUS ONE
GLUON FOCK STATE

A. Quark to quark+gluon splitting

The light-cone wave function (LCwf) for q → qg split-
ting is given in LC perturbation theory by

ψq→qgðp; kq; kgÞ ¼
−gðtaÞji
Δ−

qg
½ūλðkqÞ=ε�σðkgÞuhðpÞ�; ð20Þ

where p denotes the momentum of the incoming quark; and

ψqg→qðkq; kg;pÞ ¼
−gðtaÞij
Δ−

q
½ūhðpÞ=εσðkgÞuλðkqÞ�; ð21Þ

where p denotes the momentum of the outgoing quark. The
quantities kq ¼ p − kg and kg are the momenta of the other
quark and of the gluon, respectively.4 Also, a is the adjoint
color index for the gluon and i, j are the fundamental color
indices for the quarks. The quarks are assumed massless so
that their helicity is conserved. Note that the expression
above does not assume that the plus momentum of the
daughter quark or gluon is small. Using the on-shell
relation p− ¼ p⃗2=2pþ, and similar for k−q and k−g , the
energy denominator Δ−

qg is given by

Δ−
qg ¼ p− − ðk−q þ k−g Þ ¼

−pþ

2kþq kþg
ðk⃗g − ðkþg =pþÞp⃗Þ2

¼ −
n⃗2

2pþzð1 − zÞ ¼ −Δ−
q : ð22Þ

Here, z ¼ kþg =pþ with 0 ≤ z ≤ 1 is the LC momentum
fraction of the gluon and

n⃗ ¼ k⃗g − zp⃗ ð23Þ

is the center-of-mass transverse momentum. If we do
account for a nonzero quark mass in the energy denom-
inator, i.e., p−¼ðp⃗2þm2Þ=2pþ and k− ¼ ðk⃗2q þm2Þ=2kþq ,
then the numerator in the right-hand side (r.h.s.) of the last
expression turns into n⃗2 þ ð1 − zÞ2m2. We will use this
form whenever needed to regularize infrared divergences
but take m2 → 0 where possible.
The quark-gluon vertex can be decomposed into its

symmetric and antisymmetric parts as [39]

ūλðkqÞ=ε�σðkgÞuhðpÞ

¼ 1

pþzð1 − zÞ
��

1 −
z
2

�
δijūλðkqÞγþuhðpÞ

−
z
4
ūλðkqÞγþ½γi; γj�uhðpÞ

�
niε�jσ ð24Þ

and

ūhðpÞ=εσðkgÞuλðkqÞ

¼ 1

pþzð1 − zÞ
��

1 −
z
2

�
δijūhðpÞγþuλðkqÞ

þ z
4
ūhðpÞγþ½γi; γj�uλðkqÞ

�
niεσ; ð25Þ

where kþq ¼ pþð1 − zÞ and kþg ¼ zpþ. Note that δijδij ¼
D − 2 and γiγi ¼ 2 −D and that this expression is valid in
arbitrary spacetime dimensions and automatically accounts
for the conservation of plus and transverse momentum.
Putting all together yields

ψq→qgðp;kq;kgÞ¼ 2gðtaÞji
��

1−
z
2

�
δlmūλðkqÞγþuhðpÞ

−
z
4
ūλðkqÞγþ½γl;γm�uhðpÞ

�
nlε�mσ
n⃗2

ð26Þ

and

ψqg→qðkq; kg;pÞ ¼ −2gtaij

��
1−

z
2

�
δlmūλðpÞγþuhðkqÞ

þ z
4
ūλðpÞγþ½γl; γm�uhðkqÞ

�
nlεmσ
n⃗2

: ð27Þ

InD ¼ 4, the expressions in Eq. (26) and Eq. (27) can be
expressed very compactly in the helicity basis by first
noting that [39]

ūλðkqÞγþ½γi; γj�uhðpÞ ¼ −2ihϵijūλðkqÞγþuhðpÞ; ð28Þ

where the remaining matrix element is simple,
ūλðkqÞγþuhðpÞ ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið2pþÞð2kþq Þ

p
δλh ¼ 2pþ ffiffiffiffiffiffiffiffiffiffiffiffi

1 − z
p

δλh.
Hence, we find that in D ¼ 4, Eqs. (26), (27) can be
reworked to

4Note that in LCwf only the plus and transverse momentum
components are conserved.
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ψq→qgðp; kq; kgÞ

¼ 2gðtaÞji2pþ ffiffiffiffiffiffiffiffiffiffi
1 − z

p ��
1 −

z
2

�
δlm þ z

2
iλϵlm

�
δλh

nlε�mσ
n⃗2

ð29Þ

and

ψqg→qðkq; kg;pÞ

¼ −2gðtaÞij2pþ ffiffiffiffiffiffiffiffiffiffi
1− z

p ��
1−

z
2

�
δlm −

z
2
iλϵlm

�
δλh

nlεmσ
n⃗2

:

ð30Þ

As a check, note that in D ¼ 4

1

Nc

X
h;σ;a;i;j

jψq→qgðp; kq; kgÞj2

¼ 16g2ðpþÞ2CFð1 − zÞ
��

1 −
z
2

�
2

δlmδkn þ z2

4
ϵlmϵkn

�

×
nlnk

n⃗4
X
σ

ε�mσ εnσ ; ð31Þ

where the sum over the helicity states of the gluon
yields

P
σ ε

�m
σ εnσ ¼ δmn and the Fierz identity, ϵlmϵkn ¼

δlkδmn − δlnδmk, simplify the Kronecker delta contraction.
This gives the following result

1

Nc

X
h;σ;a;i;j

jψq→qgðp; kq; kgÞj2

¼ 8g2CFðpþÞ2ð1 − zÞ½1þ ð1 − zÞ2� 1
n⃗2

: ð32Þ

The result is proportional to the splitting function
Pq→gqðzÞ ∼ CFð1þ ð1 − zÞ2Þ as it should be. Also, in the
z → 0 soft gluon limit, the LCwf is independent of the
helicity of the quark

ψq→qgðp⃗; k⃗q; k⃗gÞ ¼ 4gðtaÞjipþ n⃗ · ε�σ
n⃗2

δλh: ð33Þ

For our applications below it will be convenient to take
LC momentum fractions of the daughter partons relative to
the proton plus momentum Pþ rather than relative to the
parent quark. Hence, in the q → qg amplitude, z is then
given by z ¼ xg=x (or 1 − z ¼ xq=x) where pþ ¼ xPþ for
the parent quark, kþq ¼ xqPþ for the daughter quark, and
kþg ¼ xgPþ for the gluon. On the other hand, in the qg → q
amplitude, z ¼ xg=ðxg þ xqÞ.

B. The quark wave function renormalization factor
Zqðp+ Þ at order g2

The full physical incoming one-particle quark state can
be written as a simultaneous perturbative and Fock state
decomposition in terms of the bare states

jqðp; h; iÞi ¼ Z1=2
q ðpþÞ

�
jqðp; h; iÞi0 þ

X
λ;σ;j;a

Z edkq edkgð2πÞ3δðpþ − kþq − kþg Þδðp⃗ − k⃗q − k⃗gÞψq→qgðp; kq; kgÞ

× jqðkq; λ; jÞgðkg; σ; aÞi0 þ…

�
: ð34Þ

Here, the LCwf for q → qg splitting is denoted as ψq→qg

and the Lorentz invariant measures edkq and edkg are
defined as

Z edk≡ Z
dkþ

2kþ
d2k
ð2πÞ3 → ðμ2Þ2−D=2

Z
dkþ

ð2πÞ2kþ
dD−2k
ð2πÞD−2 :

ð35Þ

The latter form will be used when we regularize ultraviolet
(UV) divergences by integrating over the momenta of all
particles in D dimensions. Here, an arbitrary scale μ2 is
introduced so that the transverse integrals preserve their
natural dimensions. The quark wave function renormaliza-
tion coefficient Zq can be calculated from the normalization
requirement

hqðp; h; iÞjqðp; h; iÞi ¼ 0hqðp; h; iÞjqðp; h; iÞi0
¼ 2pþð2πÞ3δð3Þð0Þ: ð36Þ

At order g2 for ZqðpþÞ we find

ZqðpþÞ ¼ 1 −
1

2pþ

Z edkg 1

2kþq
jψq→qgðp; kq; kgÞj2

≡ 1 − CqðpþÞ; ð37Þ

where jψq→qgj2 is summed over the internal gluon and
quark helicities and colors. Substituting Eq. (26) into
Eq. (37) leads to
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ZqðpþÞ ¼ 1 −
1

2pþ

Z edkg 1

2kþq
4g2CFð2pþÞð2kþq Þ

��
1 −

z
2

�
2

þ z2

4
ðD − 3Þ

�
1

n⃗2

¼ 1 − 2g2CF

Z
pþ

0

dkþg
ð2πÞ2kþg

ðμ2Þ2−D=2

Z
dD−2kg
ð2πÞD−2

�
1þ ð1 − zÞ2 þ z2

2
ðD − 4Þ

�
1

n⃗2
; ð38Þ

where kþg ≥ 0. Changing integration variables from kþg to z and k⃗g to n⃗ gives

ZqðpþÞ ¼ 1 −
g2CF

2π

Z
1

0

dz
z

�
1þ ð1 − zÞ2 þ z2

2
ðD − 4Þ

�
ðμ2Þ2−D=2

Z
dD−2n
ð2πÞD−2

1

n⃗2
: ð39Þ

Finally, regulating the soft IR divergence in z → 0 by a cutoff α > 0 with α < z < 1 and the collinear IR divergence with a
quark mass parameter (as discussed in Sec. III A), we arrive at

ZqðpþÞ ¼ 1 −
g2CF

2π

Z
1

α

dz
z

�
1þ ð1 − zÞ2 þ z2

2
ðD − 4Þ

�
ðμ2Þ2−D=2

Z
dD−2n
ð2πÞD−2

1

ðn⃗2 þ ð1 − zÞ2m2Þ

¼ 1 −
g2CF

8π2

Z
1

α

dz
z

�
1þ ð1 − zÞ2 þ z2

2
ðD − 4Þ

�
A0ðΔÞ: ð40Þ

Here we have introduced the following notation for the UV divergent integral (see the discussion in Appendix)

A0ðΔÞ≡ 4πðμ2Þ2−D=2

Z
dD−2n
ð2πÞD−2

1

ðn⃗2 þ ΔÞ

¼ Γ
�
2 −

D
2

��
Δ

4πμ2

�
D=2−2

¼ ð4πÞ2−D=2

ð2 −D=2ÞΓ
�
3 −

D
2

�
− log

�
Δ
μ2

�
þOðD − 4Þ; ð41Þ

where Δ≡ ð1 − zÞ2m2. In the above expression, we keep the universal constants together with the D → 4 pole. This
corresponds to the MSbar scheme for UV renormalization. Taking D ¼ 4 − 2ε in Eq. (40) and expanding in ε, we find

ZqðpþÞ ¼ 1þ g2CF

8π2
Θð1 − αÞ

	�
1

εMSbar
þ log

�
μ2

m2

���
3

2
þ 2 log α

�
þ 3 −

2π2

3
þOðεÞ



≡ 1 − CqðpþÞ; ð42Þ

where 1=εMSbar ≡ 1=ε − γE þ logð4πÞ, the parameter γE is the EulerMascheroni constant and the scaleless cutoff α ¼
pþ
min=p

þ with pþ
min > 0.

In the coming sections, we will also need the following D-dimensional integral

ð2πÞD−1

2pþ
1

Z edkg
2ðpþ

1 − kþg Þ
ψ̂q→qgðp1;p1 − kg; kgÞψ̂�

q→qgðp1 − l;p1 − kg − l1; kg − lþ l1Þ

¼ 2π3
	
Cqðpþ

1 Þ
g2CF

þ Fð⃗l; ⃗l1; α1; m2Þ


; ð43Þ

where two transverse momenta ⃗l and ⃗l1 are arbitrary. This integral is done in detail in Appendix where we also provide an
explicit expression for the finite function Fð⃗l; ⃗l1; α1; m2Þ which includes the contribution from the collinear DGLAP [40–
43] IR singularity. Lastly, the UV coefficient Cqðpþ

1 Þ ¼ 1 − Zqðpþ
1 Þ is related to the quark wave function renormalization

factor which is given in Eq. (42).
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C. Proton with a gluon

We replace each quark state vector in Eq. (6) by the perturbative expansion in Eq. (34). This yields

jqðp1; h1; i1Þqðp2; h2; i2Þqðp3; h3; i3ÞijSi

¼
��

1 −
Cqðpþ

1 Þ
2

�����qðp1; h1; i1Þi0 þ
X
λ;σ;j;a

2gðtaÞji1
Z edkg

2ðpþ
1 − kþg Þ

ψ̂q→qgðp1;p1 − kg; kgÞ

× jqðp1 − kg; λ; jÞgðkg; σ; aÞi0 þ � � �
�

⊗
��

1 −
Cqðpþ

2 Þ
2

�
jqðp2; h2; i2Þi0 þ

X
λ;σ;j;a

2gðtaÞji2
Z edkg

2ðpþ
2 − kþg Þ

ψ̂q→qgðp2;p2 − kg; kgÞ

× jqðp2 − kg; λ; jÞgðkg; σ; aÞi0 þ � � �
�

⊗
��

1 −
Cqðpþ

3 Þ
2

�����qðp3; h3; i3Þi0 þ
X
λ;σ;j;a

2gðtaÞji3
Z edkg

2ðpþ
3 − kþg Þ

ψ̂q→qgðp3;p3 − kg; kgÞ

× jqðp3 − kg; λ; jÞgðkg; σ; aÞi0 þ � � �
�
jSi: ð44Þ

We have extracted the common factor 2gðtaÞjii
from ψq→qg via definition ψq→qgðpi;pi − kg; kgÞ≡
2gðtaÞjii ψ̂q→qgðpi;pi − kg; kgÞ. Note that the quark helic-
ities hi enter the q → qg amplitudes ψ̂q→qg, see Sec. III A.
Also, we note that Cqðpþ

i Þ ∼Oðg2Þ while ψq→qg ∼OðgÞ,
and that terms of order Oðg3Þ and higher must be dropped.
Finally, the integration over the plus momentum of the

gluon extends up to the plus momentum of the parent
quark; for example, kþg < pþ

1 in the first line, and so on.
We also need to add to the r.h.s. of Eq. (44) the Oðg2Þ

contributions from two-body two-quark states, where one
quark emits a gluon which is then absorbed by a second
(distinct) quark. For example, if the first quark emits and
the second quark absorbs the gluon,

X
λ1;λ2;σ;j;n;a

4g2ðtaÞji1ðtaÞni2
Z edkg

2ðpþ
1 − kþg Þ

ψ̂q→qgðp1;p1 − kg; kgÞ
1

2ðpþ
2 þ kþg Þ

ψ̂qg→qðp2; kg;p2 þ kgÞ

× jqðp1 − kg; λ1; jÞqðp2 þ kg; λ2; nÞi0 ⊗ jqðp3; h3; i3Þi0jSi: ð45Þ

Here, the integration over kþg extends up to minðpþ
1 ; P

þ − pþ
2 Þ. There are analogous contributions corresponding to gluon

emission from quark 2 and absorption by quark 1 as well as from other pairings.

D. Wave function normalization

We recompute hKjPi to match its normalization to Eq. (8),

hKjPi ¼ 16π3PþδðPþ − KþÞδðP⃗ − K⃗Þ: ð46Þ

The Oðg2Þ corrections to hKjPi are depicted in Fig. 1. For diagram 1(a) we get

hKjPiFig: 1ðaÞ ¼ ð2πÞ3PþδðPþ − KþÞδðP⃗ − K⃗Þ
Z

½dxi�
Z

½d2ki�
1

2pþ
1

Z edkg 1

2ðpþ
1 − kþg Þ

jψq→qgðp1;p1 − kg; kgÞj2

× jΨqqqðx1; k⃗1; x2; k⃗2; x3; k⃗3Þj2hSjSi

¼ ð2πÞ3PþδðPþ − KþÞδðP⃗ − K⃗Þ
Z

½dxi�
Z

½d2ki�Cqðpþ
1 ÞjΨqqqðx1; k⃗1; x2; k⃗2; x3; k⃗3Þj2hSjSi: ð47Þ
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This diagram has a symmetry factor of 3 since the gluon may also be emitted and reabsorbed by quarks 2 or 3.
For diagram 1(c) we get

hKjPiFig: 1ðcÞ ¼ −ð2πÞ3PþδðPþ − KþÞδðP⃗ − K⃗Þ
Z

½dxi�
Z

½d2ki�
Cqðpþ

1 Þ
2

jΨqqqðx1; k⃗1; x2; k⃗2; x3; k⃗3Þj2hSjSi: ð48Þ

This will be multiplied by a symmetry factor of 6. These two UV divergent contributions cancel.
Continuing to diagram 1(b) we find

hKjPiFig: 1ðbÞ ¼ −16π3PþδðPþ − KþÞδðP⃗ − K⃗Þ

×
g2CFNc

12

Z
½dxi�

Z
½d2ki�Ψqqqðx1; k⃗1; x2; k⃗2; x3; k⃗3Þ

Z edkg
pþ
1 − kþg

1

pþ
2 þ kþg

×Ψ�
qqqðx1 − xg; k⃗1 − k⃗g þ xgP⃗; x2 þ xg; k⃗2 þ k⃗g − xgP⃗; x3; k⃗3Þ

× hSjψ̂q→qgðp1;p1 − kg; kgÞψ̂�
q→qgðp2 þ kg;p2; kgÞjSi: ð49Þ

Note that the summations over the polarization of the gluon and the helicities of the daughter quarks are not indicated; the
helicities h1, h2 of the parent quarks which appear in the q → qg amplitudes are those from jSi. Also, there is an upper limit
for the integration over kþg which is given by min(pþ

1 ; P
þ − pþ

2 ).
The integral over k⃗g converges in the UV because it shifts the arguments of Ψ�

qqq. Therefore, we can immediately insert
the D ¼ 4 form of ψq→qg from Eq. (29):

ψ̂q→qgðp1;p1 − kg; kgÞψ̂�
q→qgðp2 þ kg;p2; kgÞ

4pþ
1 ðpþ

2 þ kþg Þ
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − z1

p ffiffiffiffiffiffiffiffiffiffiffiffi
1 − z2

p ¼
��

1 −
z1
2

�
δij þ z1

2
ih1ϵij

���
1 −

z2
2

�
δkl −

z2
2
ih2ϵkl

�
δjl

ðkig − z1pi
1Þ

ðk⃗g − z1p⃗1Þ2
ðð1 − z2Þkkg − z2pk

2Þ
ðð1 − z2Þk⃗g − z2p⃗2Þ2

¼
���

1 −
z1
2

��
1 −

z2
2

�
þ z1z2

4
h1h2

�
δik

þ
�
ih1

z1
2

�
1 −

z2
2

�
− ih2

z2
2

�
1 −

z1
2

��
ϵik

�

×
ðkig − z1pi

1Þ
ðk⃗g − z1p⃗1Þ2

ðð1 − z2Þkkg − z2pk
2Þ

ðð1 − z2Þk⃗g − z2p⃗2Þ2
; ð50Þ

where z1 ¼ xg
x1
and z2 ¼ xg

x2þxg
. We now have to sandwich this expression between proton helicity states as given in Eq. (19).

Note that h1 ¼ ↑ and h1 ¼ ↓ occur an equal number of times (same for h2) so that terms linear in helicity drop out, while
hSjh1h2jSi ¼ − 1

3
(incl. symmetrization over permutations of quark helicities, cf. Sec. II A). Hence,

hSjψ̂q→qgðp1;p1 − kg; kgÞψ̂�
q→qgðp2 þ kg;p2; kgÞjSi

¼ 4pþ
1 ðpþ

2 þ kþg Þ
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − z1

p ffiffiffiffiffiffiffiffiffiffiffiffi
1 − z2

p �
1 −

z1 þ z2
2

þ z1z2
6

� ðk⃗g − z1p⃗1Þ
ðk⃗g − z1p⃗1Þ2

·
ðð1 − z2Þk⃗g − z2p⃗2Þ
ðð1 − z2Þk⃗g − z2p⃗2Þ2

: ð51Þ

With this we finally obtain

FIG. 1. Diagrams for the computation of the proton wave function normalization at Oðg2Þ. In figures the notation K⃗ ¼ K⃗T is used.
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hKjPiFig: 1ðbÞ ¼ −16π3PþδðPþ − KþÞδðP⃗ − K⃗Þ

× g2CF

Z
½dxi�

Z
½d2ki�Ψqqqðx1; k⃗1; x2; k⃗2; x3; k⃗3Þ

Z
minðx1;1−x2Þ

x

dxg
xg

x1
x1 − xg

Z
d2kg
16π3

×Ψ�
qqqðx1 − xg; k⃗1 − k⃗g þ xgP⃗; x2 þ xg; k⃗2 þ k⃗g − xgP⃗; x3; k⃗3Þ

×
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − z1

p ffiffiffiffiffiffiffiffiffiffiffiffi
1 − z2

p �
1 −

z1 þ z2
2

þ z1z2
6

� ðk⃗g − z1p⃗1Þ
ðk⃗g − z1p⃗1Þ2

·
ðð1 − z2Þk⃗g − z2p⃗2Þ
ðð1 − z2Þk⃗g − z2p⃗2Þ2

: ð52Þ

Recall that z1 ¼ xg
x1
, z2 ¼ xg

x2þxg
and p⃗1;2 ¼ k⃗1;2 þ x1;2P⃗; the shift k⃗g → k⃗g þ xgP⃗makes this expression independent of P⃗. Here,

x is the minimal allowed LCmomentum fraction of the gluon, i.e., in subsequent sections we will evaluate correlators of color
charges with LC momenta greater than xPþ. In Eq. (52) the first quark emits and the second quark absorbs the gluon. By
symmetry of thewave functionΨqqq under exchange of the quarks, reversing emission and absorption leads to the same result.
Also, thanks to the fact thatwehave averagedover permutations of thehelicities of the three quarks, in allwe can simplymultiply
this diagram by a symmetry factor of 6 to include the contributions where quarks 1 and 3 or quarks 2 and 3 exchange the gluon.
Lastly,

hKjPiFig: 1ðdÞ ¼ −16π3PþδðPþ − KþÞδðP⃗ − K⃗Þ

×
g2CFNc

12

Z
½dxi�

Z
½d2ki�Ψqqqðx1; k⃗1; x2; k⃗2; x3; k⃗3Þ

Z edkg
pþ
1 − kþg

1

pþ
2 þ kþg

×Ψ�
qqqðx1 − xg; k⃗1 − k⃗g þ xgP⃗; x2 þ xg; k⃗2 þ k⃗g − xgP⃗; x3; k⃗3Þ

× hSjψ̂q→qgðp1;p1 − kg; kgÞψ̂qg→qðp2; kg;p2 þ kgÞjSi: ð53Þ

Here, the product

hSjψ̂q→qgðp1;p1 − kg; kgÞψ̂qg→qðp2; kg;p2 þ kgÞjSi

¼ −4pþ
1 ðpþ

2 þ kþg Þ
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − z1

p ffiffiffiffiffiffiffiffiffiffiffiffi
1 − z2

p �
1 −

z1 þ z2
2

þ z1z2
6

� ðk⃗g − z1p⃗1Þ
ðk⃗g − z1p⃗1Þ2

·
ðð1 − z2Þk⃗g − z2p⃗2Þ
ðð1 − z2Þk⃗g − z2p⃗2Þ2

; ð54Þ

where z1 ¼ kþg =pþ
1 ¼ xg=x1 and z2 ¼ kþg =ðpþ

2 þ kþg Þ ¼ xg=ðx2 þ xgÞ. Therefore, we find the result

hKjPiFig: 1ðdÞ ¼ 16π3PþδðPþ − KþÞδðP⃗ − K⃗Þ

× g2CF

Z
½dxi�

Z
½d2ki�Ψqqqðx1; k⃗1; x2; k⃗2; x3; k⃗3Þ

Z
minðx1;1−x2Þ

x

dxg
xg

x1
x1 − xg

Z
d2kg
16π3

×Ψ�
qqqðx1 − xg; k⃗1 − k⃗g þ xgP⃗; x2 þ xg; k⃗2 þ k⃗g − xgP⃗; x3; k⃗3Þ

×
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − z1

p ffiffiffiffiffiffiffiffiffiffiffiffi
1 − z2

p �
1 −

z1 þ z2
2

þ z1z2
6

� ðk⃗g − z1p⃗1Þ
ðk⃗g − z1p⃗1Þ2

·
ðð1 − z2Þk⃗g − z2p⃗2Þ
ðð1 − z2Þk⃗g − z2p⃗2Þ2

: ð55Þ

The shift k⃗g → k⃗g þ xgP⃗ again shows that this expression is in fact independent of P⃗.
The symmetry factor for this diagram is 6. Hence, the diagrams in Fig. 1(d), Eq. (55), and in Fig. 1(b), Eq. (52), also

cancel. The normalization condition for Ψqqq therefore remains as written in Eq. (12).

IV. COLOR CHARGE CORRELATORS

A. Color charge operators

The color charge operator ρaðx⃗Þ measures the color charge density at transverse coordinate x⃗, integrated over the
longitudinal coordinate x−. Its 2D Fourier transform is ρaðk⃗Þ. The contribution to this Fock space operator due to quarks is
given by the plus component of their color current gðtaÞijψ̄ iγ

þψ j [11],
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ρaquðk⃗Þ ¼ g
X
i;j;σ

ðtaÞij
Z

dxqd2q

16π3xq
b†iσðxq; q⃗Þbjσðxq; k⃗þ q⃗Þ;

ð56Þ

where ta are the generators of the fundamental representa-
tion of color-SU(3).
The contribution of gluons to the color current in light-

cone gauge is (see, for example, Ref. [16])

Jþa
gl ðxÞ ¼ gfabcAibðxÞ∂þAicðxÞ; ð57Þ

with ∂þ ¼ ∂− ¼ ∂
∂x−. This follows from the quadratic in Ai

part of ðDνÞabðFνþÞb ¼ Jþa
qu which we shift to the r.h.s.

of the equation. Using ðDνÞab ¼ δab∂ν − igAc
νðTcÞab

and F−þ
b ¼ 0 we obtain Jþa

gl ðxÞ ¼ igAicðTcÞabFiþb with

Fiþ
b ¼ −∂−Ai

b. ðTcÞab ¼ −ifcab are the generators of the
adjoint representation of color-SU(3).
Next we introduce the standard plane wave expansion of

the bare gluon field in LC gauge on the xþ ¼ 0 front:

Aiaðx−; x⃗Þ

¼
X
λ

Z
dkþd2k
16π3kþ

½ϵiλaaλðkÞe−ik·x þ ϵ�iλ a
†
aλðkÞeik·x�

����
xþ¼0

:

ð58Þ

Integrating Jþ over x− leads to

ρaglðx⃗Þ ¼ 2πigfabc
X
λbc

Z
dkþd2k
16π3kþ

Z
dlþd2l
16π3lþ lþδðkþ − lþÞ

× ½abλðkÞa†cλðlÞeiðk⃗−l⃗Þ·x⃗ − a†bλðkÞacλðlÞe−iðk⃗−l⃗Þ·x⃗�:
ð59Þ

Here, abλðkÞa†cλðlÞ can be replaced by a†cλðlÞabλðkÞ
because the commutator is proportional to δbc, Eq. (13).
Finally, performing a Fourier transform to transverse
momentum space we find

ρaglðk⃗Þ ¼ g
X
λbc

ðTaÞbc
Z

dxgd2q

16π3xg
a†bλðxg; q⃗Þacλðxg; q⃗þ k⃗Þ:

ð60Þ

The eikonal currents formally sit at x ¼ 0 as we have
integrated over x−. They sum up the charge of all particles
with LC momenta >0. However, as already discussed
previously in Sec. III D, the integral over the L.C. momen-
tum fraction xg of the gluon diverges at xg → 0, and so we
introduce a cutoff x to exclude gluon fluctuations with
xg < x. Hence, our proton does not “contain” any gluons
below x so that, in effect, the correlator hρaρbi which we
compute below excludes contributions from softer gluons.

It would make no difference in our analysis if our ρaðqÞ sat
at nonzero qþ, as long as this qþ is less than xPþ. In other
words, we work in the “shock wave” limit where there
exists a separation of scales such that the plus momentum
of the gluon fluctuations in the proton exceeds that of the
probes corresponding to the ρa charge operators. In
practical applications, one would choose the cutoff x to
correspond to the L.C. momentum fraction of color charges
probed by the kinematics of the process.

B. Correlator of two color charge operators,
hρaðq⃗1Þρbðq⃗2Þi

In this section we compute color charge correlations
for two external probes,5 hρaðq⃗1Þρbðq⃗2Þi. Since ρaðq⃗Þ ¼
ρaquðq⃗Þ þ ρaglðq⃗Þ we have

hρaðq⃗1Þρbðq⃗2Þi ¼ hρaglðq⃗1Þρbglðq⃗2Þi þ hρaglðq⃗1Þρbquðq⃗2Þi
þ hρaquðq⃗1Þρbglðq⃗2Þi þ hρaquðq⃗1Þρbquðq⃗2Þi:

ð61Þ

We define expectation values of products of color charge
operators by stripping off the delta functions for conserva-
tion of LC and transverse momentum:

hKjρa1ðq⃗1Þ � � � ρanðq⃗nÞjPi

¼ 16π3PþδðPþ − KþÞδ
�
P⃗ − K⃗ −

Xn
i¼1

q⃗i

�

× hρa1ðq⃗1Þ � � � ρanðq⃗nÞi: ð62Þ

It is understood that the color charge correlators correspond
to a transverse momentum of the scattered proton of K⃗ ¼
P⃗ −

P
q⃗i and light-cone momentum Kþ ¼ Pþ. We will

also abbreviate q⃗ ¼ P
n
i¼1 q⃗i.

1. Coupling to gluon, hρaglðq⃗1Þρbglðq⃗2Þi
We begin with the diagrams where both external probes

couple to the gluon in the proton. (We amputate the
propagators of the external gluons in the following diagrams
to obtain the expectationvalue of the color charge correlator.)
To prepare, we first compute the matrix element of

ρaglðq⃗1Þρbglðq⃗2Þ between one-gluon states:

hl; ρ; djρaglðq⃗1Þρbglðq⃗2Þjkg; σ; ci
¼ g2ðTaTbÞdcδρσð2πÞD−12kþg δðkþg − lþÞδðk⃗g − l⃗ − q⃗Þ:

ð63Þ

5The expectation value of a single charge operator is propor-
tional to the trace of a generator of color-SU(3), in either the
fundamental or adjoint representation.
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Here we used the color charge operator from Eq. (60) and the commutation relations (13).
We now proceed to compute Fig. 2(a) which reads

hKjρaglðq⃗1Þρbglðq⃗2ÞjPi ¼
4g2

6

Z
½dxi�

Z
½d2ki�Ψqqqðxi; k⃗iÞϵi1i2i3

Z
½dx0i�

Z
½d2k0i�Ψ�

qqqðx0i; k⃗i0Þϵi01i02i03ðtcÞji1ðtdÞi01j0

×
Z edkg

2ðpþ
1 − kþg Þ

Z edkg0
2ðpþ0

1 − kþ0
g Þ hSjψ̂q→qgðp1;p1 − kg; kgÞψ̂�

q→qgðp0
1;p

0
1 − k0g; k0gÞjSi

× hp0
2; i

0
2jp2; i2ihp0

3; i
0
3jp3; i3ihp0

1 − k0g; j0jp1 − kg; jihk0g; djρaglðq⃗1Þρbglðq⃗2Þjkg; ci: ð64Þ

Here, pi are the momenta of the quarks in jPi (with pþ
i ¼ xiPþ and p⃗i ¼ k⃗i þ xiP⃗), and p0

i those of the quarks in hKj (with
pþ0
i ¼ x0iK

þ and p⃗i
0 ¼ k⃗i

0 þ x0iK⃗).
If we now evaluate the quark state overlaps and insert the result (63) we obtain

Fig: 2ðaÞ ¼ 2g4

3 · 16π3
trTaTb

Z
½dxi�

Z
½d2ki�Ψqqqðx1; k⃗1; x2; k⃗2; x3; k⃗3Þ

×Ψ�
qqqðx1; k⃗1 − ð1 − x1Þq⃗; x2; k⃗2 þ x2q⃗; x3; k⃗3 þ x3q⃗Þ

×
ð2πÞD−1

2pþ
1

Z edkg
2ðpþ

1 − kþg Þ
hSjψ̂q→qgðp1;p1 − kg; kgÞψ̂�

q→qgðp1 − q;p1 − kg; kg − qÞjSi; ð65Þ

where trTaTb ¼ Ncδ
ab. Also, recall that the plus component of q⃗1, q⃗2 is zero. The symmetry factor for this diagram is 3.

The expression for the integral of ψ̂q→qgψ̂
�
q→qg over kg is given in Eq. (43) above.

For Fig. 2(b) we get

hKjρaglðq⃗1Þρbglðq⃗2ÞjPi ¼
4g2

6

Z
½dxi�

Z
½d2ki�Ψqqqðxi; k⃗iÞϵi1i2i3

Z
½dx0i�

Z
½d2k0i�Ψ�

qqqðx0i; k⃗i0Þϵi01i02i03

×
Z edkg

2ðpþ
1 − kþg Þ

edkg0
2ðpþ0

2 − kþ0
g Þ hSjψ̂q→qgðp1;p1 − kg; kgÞψ̂�

q→qgðp0
2;p

0
2 − k0g; k0gÞjSi

× hp0
3; i

0
3jp3; i3ihp0

1; i
0
1jp1 − kg; j1ihp0

2 − k0g; j2jp2; i2i
× hk0g; djρaglðq⃗1Þρbglðq⃗2Þjkg; ciðtcÞj1i1ðtdÞi02j2 ð66Þ

FIG. 2. Diagrams for hρbglðq⃗2Þρaglðq⃗1Þi. The cut is located at the insertion of the two color charge operators.
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¼ −
g4

6
trTaTbPþδðPþ − KþÞδðP⃗ − K⃗ − q⃗Þ

Z
½dxi�

Z
½d2ki�Ψqqqðxi; k⃗iÞ

Z
dkþg
kþg

d2kg
2ðpþ

1 − kþg Þ

× hSjψ̂q→qgðp1;p1 − kg; kgÞψ̂�
q→qgðp2 þ kg − q;p2; kg − qÞjSi x2

x2 þ xg

1

2pþ
2

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − k⃗g þ xgK⃗; x2 þ xg; k⃗2 − ð1 − x2Þq⃗þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗Þ: ð67Þ

We again evaluate the helicity matrix element of ψ̂q→qgψ̂
�
q→qg as in Eq. (51). This leads to the finite result

Fig: 2ðbÞ ¼ −
g4

6 · 16π3
trTaTb

Z
½dxi�

Z
½d2ki�Ψqqqðx1; k⃗1; x2; k⃗2; x3; k⃗3Þ

×
Z

minðx1;1−x2Þ

x

dxg
xg

Z
d2kg

z1p⃗1 − k⃗g

ðz1p⃗1 − k⃗gÞ2
·

z2p⃗2 − ð1 − z2Þðk⃗g − q⃗1 − q⃗2Þ
ðz2p⃗2 − ð1 − z2Þðk⃗g − q⃗1 − q⃗2ÞÞ2

×
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x1

x1 − xg

r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2

x2 þ xg

r �
1 −

z1 þ z2
2

þ z1z2
6

�

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − k⃗g þ xgK⃗; x2 þ xg; k⃗2 − ð1 − x2Þq⃗þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗Þ; ð68Þ

with z1 ¼ xg=x1 and z2 ¼ xg=ðx2 þ xgÞ. Here, the symmetry factor is 6 which includes a factor of 2 for interchanging the
gluon emission and absorption vertices between quarks 1 and 2. Note that this expression is invariant under translations in
2D transverse momentum space corresponding to a constant shift of both P⃗ and K⃗; this is evident upon shifting the
integration variable k⃗g → k⃗g þ xgK⃗.

2. Coupling to one quark and the gluon, hρaquðq⃗1Þρbglðq⃗2Þi
In this section we compute hρaquðq⃗1Þρbglðq⃗2Þi. We can then obtain hρaglðq⃗1Þρbquðq⃗2Þi simply by exchanging a ↔ b, q⃗1 ↔ q⃗2

since the two charge operators commute.
To prepare this calculation, we first list the matrix elements of ρaquðq⃗Þ and ρaglðq⃗Þ between one quark and one gluon states,

respectively:

(a)

(c) (d) (e)

(b)

FIG. 3. Diagrams for hρaquðq⃗1Þρbglðq⃗2Þi.
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hk; h0; i0jρaquðq⃗Þjp; h; ii ¼ gðtaÞi0i16π3δh0hpþδðpþ − kþÞδðp⃗ − k⃗ − q⃗Þ;
hk; ρ; bjρaglðq⃗Þjp; σ; ci ¼ gðTaÞbcð2πÞD−1δρσ2pþδðpþ − kþÞδðp⃗ − k⃗ − q⃗Þ: ð69Þ

We then obtain

Fig: 3ðaÞ ¼ −
g4

3 · 16π3
trTaTb

Z
½dxi�

Z
½d2ki�Ψqqqðx1; k⃗1; x2; k⃗2; x3; k⃗3Þ

×Ψ�
qqqðx1; k⃗1 − ð1 − x1Þq⃗; x2; k⃗2 þ x2q⃗; x3; k⃗3 þ x3q⃗Þ

×
ð2πÞD−1

2pþ
1

Z edkg
2ðpþ

1 − kþg Þ
hSjψ̂q→qgðp1;p1 − kg; kgÞψ̂�

q→qgðp1 − q;p1 − kg − q1; kg − q2ÞjSi: ð70Þ

The symmetry factor is 3. Similarly,

Fig: 3ðbÞ ¼ −
g4

6 · 16π3
trTaTb

Z
½dxi�

Z
½d2ki�Ψqqqðx1; k⃗1; x2; k⃗2; x3; k⃗3Þ

×Ψ�
qqqðx1; k⃗1 þ x1q⃗ − q⃗2; x2; k⃗2 þ x2q⃗ − q⃗1; x3; k⃗3 þ x3q⃗Þ

×
ð2πÞD−1

2pþ
1

Z
d̃kg

2ðpþ
1 − kþg Þ

hSjψ̂q→qgðp1;p1 − kg; kgÞψ̂�
q→qgðp1 − q2;p1 − kg; kg − q2ÞjSi: ð71Þ

The symmetry factor is 6.
The remaining diagrams are finite.

Fig: 3ðcÞ ¼ g4

12 · 16π3
trTaTb

Z
½dxi�

Z
½d2ki�Ψqqqðx1; k⃗1; x2; k⃗2; x3; k⃗3Þ

×
Z

minðx1;1−x2Þ

x

dxg
xg

�
1 −

z1 þ z2
2

þ z1z2
6

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x1

x1 − xg

r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2

x2 þ xg

r

×
Z

d2kg
z1p⃗1 − k⃗g

ðz1p⃗1 − k⃗gÞ2
·

z2p⃗2 − ð1 − z2Þðk⃗g − q⃗2Þ
ðz2p⃗2 − ð1 − z2Þðk⃗g − q⃗2ÞÞ2

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − q⃗1 − k⃗g þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗ − q⃗2 þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗Þ; ð72Þ

with the same z1 and z2 as above. The symmetry factor is 6.

Fig: 3ðdÞ ¼ g4

12 · 16π3
trTaTb

Z
½dxi�

Z
½d2ki�Ψqqqðx1; k⃗1; x2; k⃗2; x3; k⃗3Þ

×
Z

minðx1;1−x2Þ

x

dxg
xg

�
1 −

z1 þ z2
2

þ z1z2
6

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x1

x1 − xg

r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2

x2 þ xg

r

×
Z

d2kg
z1p⃗1 − k⃗g

ðz1p⃗1 − k⃗gÞ2
·

z2ðp⃗2 − q⃗1Þ − ð1 − z2Þðk⃗g − q⃗2Þ
ðz2ðp⃗2 − q⃗1Þ − ð1 − z2Þðk⃗g − q⃗2ÞÞ2

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − k⃗g þ xgK⃗; x2 þ xg; k⃗2 − ð1 − x2Þq⃗þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗Þ; ð73Þ

The symmetry factor is 6.

Fig: 3ðeÞ ¼ 0: ð74Þ

As already mentioned above, Eqs. (70)–(73) should be duplicated with q⃗1 ↔ q⃗2 to include the contribution
from hρaglðq⃗1Þρbquðq⃗2Þi.
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3. Coupling to quarks, hρaquðq⃗1Þρbquðq⃗2Þi
Now consider the diagrams where both external probes couple to quarks. The matrix element of ρaquðq⃗1Þρbquðq⃗2Þ in a one

quark state is

hp0; j0jρaquðq⃗1Þρbquðq⃗2Þjp; ji ¼ g2ðtatbÞj0j16π3pþδðp0þ − pþÞδðp⃗ − p⃗0 − q⃗Þ: ð75Þ

The first contribution where the color charge operators are sandwiched between the bare 3-quark Fock states [11]6 is

hρaquðq⃗1Þρbquðq⃗2Þi ¼
g2

6
trtatb

Z
½dxi�

Z
½d2ki�Ψqqqðx1; k⃗1; x2; k⃗2; x3; k⃗3Þ

× ½Ψ�
qqqðx1; k⃗1 − ð1 − x1Þq⃗; x2; k⃗2 þ x2q⃗; x3; k⃗3 þ x3q⃗Þ

−
1

2
Ψ�

qqqðx1; k⃗1 þ x1q⃗ − q⃗1; x2; k⃗2 þ x2q⃗ − q⃗2; x3; k⃗3 þ x3q⃗Þ

−
1

2
Ψ�

qqqðx1; k⃗1 þ x1q⃗ − q⃗2; x2; k⃗2 þ x2q⃗ − q⃗1; x3; k⃗3 þ x3q⃗Þ�: ð76Þ

The symmetry factor is 3. The first term (“handbag
diagram”) is proportional to the quark GPDR
dxHqðx;−q⃗2Þ at vanishing skewness; cf. appendix B

in Ref. [44]. The second and third terms (“cat’s ears
diagrams”) are two-body diagrams where the gluon probes
attach to different quarks in the proton. They ensure that the
color charge correlator satisfies a Ward identity and
vanishes when either q⃗1 → 0 or q⃗2 → 0. Also, these
contributions are “higher twist” suppressed when both qi
as well as jq⃗1 − q⃗2j are much greater than the typical
transverse momentum of quarks in the 3-quark Fock state
of the proton; on the other hand, the two-body contributions

dominate when the two probes share a large momentum
transfer, q⃗1 ≈ q⃗2, such as in exclusive γð�Þp → J=Ψp at
large −t [6].
To account for the quark wave function renormalization

factor, we multiply the integrand in the previous equation
by Zqðx1ÞZqðx2ÞZqðx3Þ ¼ 1 − Cqðx1Þ − Cqðx2Þ − Cqðx3Þ.
This renormalization factor is given in Eq. (42), where
α → x=xi. Some of the corresponding diagrams are shown
in Fig. 4.
We now turn to the diagrams where ρaquðq⃗1Þρbquðq⃗2Þ is

sandwiched between jqqqgi Fock states orwhere two quarks
exchange a gluon on either side of the operator insertion.

Fig: 5ðaÞ ¼ 4g4CF

3 · 16π3
trtatb

Z
½dxi�

Z
½d2ki�Ψqqqðx1; k⃗1; x2; k⃗2; x3; k⃗3ÞΨ�

qqqðx1; k⃗1 − ð1 − x1Þq⃗; x2; k⃗2 þ x2q⃗; x3; k⃗3 þ x3q⃗Þ

×
ð2πÞD−1

2pþ
1

Z edkg
2ðpþ

1 − kþg Þ
hSjψ̂q→qgðp1;p1 − kg; kgÞψ̂�

q→qgðp1 − q;p1 − kg − q; kgÞjSi: ð77Þ

The symmetry factor is 3.

Fig: 5ðbÞ ¼ 4g4CF

3 · 16π3
trtatb

Z
½dxi�

Z
½d2ki�Ψqqqðx1; k⃗1; x2; k⃗2; x3; k⃗3ÞΨ�

qqqðx1; k⃗1 þ x1q⃗; x2; k⃗2 − ð1 − x2Þq⃗; x3; k⃗3 þ x3q⃗Þ

×
ð2πÞD−1

2pþ
1

Z edkg
2ðpþ

1 − kþg Þ
hSjψ̂q→qgðp1;p1 − kg; kgÞψ̂�

q→qgðp1;p1 − kg; kgÞjSi: ð78Þ

The symmetry factor is 6.

6In Eq. (76), to sum only color charges with light-cone momentum fractions beyond a lower cutoff x, one would restrict the
integrations over the active quarks to xi > x. That is, the first integrand would be multiplied by Θðx1 − xÞ, the other two terms by
Θðx1 − xÞΘðx2 − xÞ, respectively. However, we are interested primarily in color charge correlations at x much less than the typical
valence quark light-cone momentum fraction, so these restrictions may be dropped.
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Fig: 5ðcÞ¼ 2g4

3 ·6 ·16π3
trtatb

Z
½dxi�

Z
½d2ki�Ψqqqðx1; k⃗1;x2; k⃗2;x3; k⃗3ÞΨ�

qqqðx1; k⃗1þx1q⃗− q⃗2;x2; k⃗2þx2q⃗− q⃗1;x3; k⃗3þx3q⃗Þ

×
ð2πÞD−1

2pþ
1

Z edkg
2ðpþ

1 −kþg Þ
hSjψ̂q→qgðp1;p1−kg;kgÞψ̂�

q→qgðp1−q2;p1−kg−q2;kgÞjSi: ð79Þ

The symmetry factor is 6.
The diagram where the two probe gluons connect oppositely to quarks 1 and 2 is

Fig: 5ðc0Þ ¼ Fig: 5ðcÞðq⃗1 ↔ q⃗2Þ ð80Þ

Again, the symmetry factor is 6.
Next,

Fig: 5ðdÞ¼−
2g4CF

3 ·16π3
trtatb

Z
½dxi�

Z
½d2ki�Ψqqqðx1; k⃗1;x2; k⃗2;x3; k⃗3ÞΨ�

qqqðx1; k⃗1þx1q⃗;x2; k⃗2þx2q⃗− q⃗2;x3; k⃗3þx3q⃗− q⃗1Þ

×
ð2πÞD−1

2pþ
1

Z edkg
2ðpþ

1 −kþg Þ
hSjψ̂q→qgðp1;p1−kg;kgÞψ̂�

q→qgðp1;p1−kg;kgÞjSi: ð81Þ

Because of the symmetry of this diagram under a ↔ b and q⃗1 ↔ q⃗2 its symmetry factor is 6.
The remaining diagrams are finite because the transverse momentum of the gluon shifts the arguments of Ψ�

qqq.

Fig: 6ðeÞ ¼ −
g4

3 · 16π3
CFtrtatb

Z
½dxi�

Z
½d2ki�Ψqqqðx1; k⃗1; x2; k⃗2; x3; k⃗3Þ

×
Z

minðx1;1−x2Þ

x

dxg
xg

�
1 −

z1 þ z2
2

þ z1z2
6

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x1

x1 − xg

r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2

x2 þ xg

r Z
d2kg

z1p⃗1 − k⃗g

ðz1p⃗1 − k⃗gÞ2
·

z2p⃗2 − ð1 − z2Þk⃗g
ðz2p⃗2 − ð1 − z2Þk⃗gÞ2

×Ψ�
qqqðx1 − xg; k⃗1 − ð1 − x1Þq⃗ − k⃗g þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗Þ; ð82Þ

(a) (b) (c)

FIG. 4. Some of the diagrams for the Oðg2Þ correction to hρaquðq⃗1Þρbquðq⃗2Þi in the three-quark Fock state. The cut is located at the
insertion of the two color charge operators.

(a) (b) (c) (d)

FIG. 5. First set of diagrams for hρaquðq⃗1Þρbquðq⃗2Þi. The cut is located at the insertion of the two color charge operators.
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with a symmetry factor of 6 (because the gluon may also be absorbed across the insertion by quark 3). The diagram where
the gluon is emitted by quark 2 and absorbed by quark 1 is equal to that from Fig. 6(f) and will be included in its symmetry
factor.

Fig: 6ðfÞ ¼ −
g4

3 · 16π3
CFtrtatb

Z
½dxi�

Z
½d2ki�Ψqqqðx1; k⃗1; x2; k⃗2; x3; k⃗3Þ

×
Z

minðx1;1−x2Þ

x

dxg
xg

�
1 −

z1 þ z2
2

þ z1z2
6

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x1

x1 − xg

r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2

x2 þ xg

r Z
d2kg

z1p⃗1 − k⃗g

ðz1p⃗1 − k⃗gÞ2
·

z2ðp⃗2 − q⃗Þ − ð1 − z2Þk⃗g
ðz2ðp⃗2 − q⃗Þ − ð1 − z2Þk⃗gÞ2

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − k⃗g þ xgK⃗; x2 þ xg; k⃗2 − ð1 − x2Þq⃗þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗Þ; ð83Þ

again with a symmetry factor of 6.
The diagram where both probes attach to the third quark gives

Fig: 6ðgÞ ¼ −
g4

3 · 16π3
CFtrtatb

Z
½dxi�

Z
½d2ki�Ψqqqðx1; k⃗1; x2; k⃗2; x3; k⃗3Þ

×
Z

minðx1;1−x2Þ

x

dxg
xg

�
1 −

z1 þ z2
2

þ z1z2
6

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x1

x1 − xg

r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2

x2 þ xg

r Z
d2kg

z1p⃗1 − k⃗g

ðz1p⃗1 − k⃗gÞ2
·

z2p⃗2 − ð1 − z2Þk⃗g
ðz2p⃗2 − ð1 − z2Þk⃗gÞ2

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − k⃗g þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗þ k⃗g − xgK⃗; x3; k⃗3 − ð1 − x3Þq⃗Þ: ð84Þ

Here the symmetry factor is 6 to include the contribution where the gluon emission/absorption vertices are swapped.
Now we list the diagrams where two quarks exchange a gluon on one side of the ρaðq⃗1Þρbðq⃗2Þ insertion.

Fig: 6ðe0Þ ¼ g4

3 · 16π3
CFtrtatb

Z
½dxi�

Z
½d2ki�Ψqqqðx1; k⃗1; x2; k⃗2; x3; k⃗3Þ

×
Z

minðx1;1−x2Þ

x

dxg
xg

�
1 −

z1 þ z2
2

þ z1z2
6

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x1

x1 − xg

r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2

x2 þ xg

r Z
d2kg

z1p⃗1 − k⃗g

ðz1p⃗1 − k⃗gÞ2
·

z2p⃗2 − ð1 − z2Þk⃗g
ðz2p⃗2 − ð1 − z2Þk⃗gÞ2

×Ψ�
qqqðx1 − xg; k⃗1 − ð1 − x1Þq⃗ − k⃗g þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗Þ: ð85Þ

(e) (f) (g)

(e ) (f ) (g )

FIG. 6. Second set of diagrams for hρaquðq⃗1Þρbquðq⃗2Þi. The cut is located at the insertion of the two color charge operators.
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The diagram where the gluon is emitted by quark 2 and absorbed by quark 1 is equal to that from Fig. 6(f’)and will be
included in its symmetry factor. However, we include here the contribution from Fig. 6(f’) with swapped emission and
absorption vertices, so the symmetry factor is 6.
There is also a diagram (not shown) where quark 2 emits and quark 1 absorbs the gluon on the other side of the insertion:

Fig:6ðe″Þ ¼ g4

3 · 16π3
CFtrtatb

Z
½dxi�

Z
½d2ki�Ψqqqðx1; k⃗1; x2; k⃗2;x3; k⃗3Þ

×
Z

minðx1;1−x2Þ

x

dxg
xg

�
1−

z1 þ z2
2

þ z1z2
6

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x1

x1 − xg

r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2

x2 þ xg

r Z
d2kg

z1ðp⃗1 − q⃗Þ− k⃗g

ðz1ðp⃗1 − q⃗Þ− k⃗gÞ2
·

z2p⃗2 − ð1− z2Þk⃗g
ðz2p⃗2 − ð1− z2Þk⃗gÞ2

×Ψ�
qqqðx1 − xg; k⃗1 − ð1− x1Þq⃗ − k⃗g þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗Þ: ð86Þ

Note that here z1 ¼ xg=x1 and z2 ¼ xg=ðx2 þ xgÞ, as before. The symmetry factor for this diagram is also 6. Once again, the
diagram with swapped emission and absorption vertices is equal to diagram Fig. 6(f”) and will be included in its symmetry
factor.

Fig: 6ðf 0Þ ¼ g4

3 · 16π3
CFtrtatb

Z
½dxi�

Z
½d2ki�Ψqqqðx1; k⃗1; x2; k⃗2; x3; k⃗3Þ

×
Z

minðx1;1−x2Þ

x

dxg
xg

�
1 −

z1 þ z2
2

þ z1z2
6

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x1

x1 − xg

r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2

x2 þ xg

r Z
d2kg

z1p⃗1 − k⃗g

ðz1p⃗1 − k⃗gÞ2
·

z2p⃗2 − ð1 − z2Þk⃗g
ðz2p⃗2 − ð1 − z2Þk⃗gÞ2

× Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − k⃗g þ xgK⃗; x2 þ xg; k⃗2 − ð1 − x2Þq⃗þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗Þ: ð87Þ

The symmetry factor is 6.
Again, there is a diagram (not shown) where quark 2 emits and quark 1 absorbs the gluon on the other side of the

insertion:

Fig: 6ðf″Þ ¼ g4

3 · 16π3
CFtrtatb

Z
½dxi�

Z
½d2ki�Ψqqqðx1; k⃗1; x2; k⃗2; x3; k⃗3Þ

×
Z

minðx1;1−x2Þ

x

dxg
xg

�
1−

z1 þ z2
2

þ z1z2
6

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x1

x1 − xg

r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2

x2 þ xg

r Z
d2kg

z1p⃗1 − k⃗g

ðz1p⃗1 − k⃗gÞ2
·

z2ðp⃗2 − q⃗Þ− ð1− z2Þk⃗g
ðz2ðp⃗2 − q⃗Þ− ð1− z2Þk⃗gÞ2

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗− k⃗g þ xgK⃗; x2 þ xg; k⃗2 − ð1− x2Þq⃗þ k⃗g − xgK⃗;x3; k⃗3 þ x3q⃗Þ: ð88Þ

The symmetry factor is 6.

Fig: 6ðg0Þ ¼ g4

3 · 16π3
CFtrtatb

Z
½dxi�

Z
½d2ki�Ψqqqðx1; k⃗1; x2; k⃗2; x3; k⃗3Þ

×
Z

minðx1;1−x2Þ

x

dxg
xg

�
1 −

z1 þ z2
2

þ z1z2
6

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x1

x1 − xg

r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2

x2 þ xg

r Z
d2kg

z1p⃗1 − k⃗g

ðz1p⃗1 − k⃗gÞ2
·

z2p⃗2 − ð1 − z2Þk⃗g
ðz2p⃗2 − ð1 − z2Þk⃗gÞ2

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − k⃗g þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗þ k⃗g − xgK⃗; x3; k⃗3 − ð1 − x3Þq⃗Þ: ð89Þ

The symmetry factor is 6.
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Fig: 6ðg″Þ ¼ g4

3 · 16π3
CFtrtatb

Z
½dxi�

Z
½d2ki�Ψqqqðx1; k⃗1; x2; k⃗2; x3; k⃗3Þ

×
Z

minðx1;1−x2Þ

x

dxg
xg

�
1 −

z1 þ z2
2

þ z1z2
6

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x1

x1 − xg

r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2

x2 þ xg

r Z
d2kg

z1p⃗1 − k⃗g

ðz1p⃗1 − k⃗gÞ2
·

z2p⃗2 − ð1 − z2Þk⃗g
ðz2p⃗2 − ð1 − z2Þk⃗gÞ2

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − k⃗g þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗þ k⃗g − xgK⃗; x3; k⃗3 − ð1 − x3Þq⃗Þ: ð90Þ

The symmetry factor is 6.
The third set of diagrams is shown in Fig. 7; all their symmetry factors are 6.

Fig: 7ðhÞ ¼ g4

3 · 16π3

�
1

2
−CF

�
trtatb

Z
½dxi�

Z
½d2ki�Ψqqqðx1; k⃗1; x2; k⃗2; x3; k⃗3Þ

×
Z

minðx1;1−x2Þ

x

dxg
xg

�
1−

z1 þ z2
2

þ z1z2
6

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x1

x1 − xg

r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2

x2 þ xg

r Z
d2kg

z1p⃗1 − k⃗g

ðz1p⃗1 − k⃗gÞ2
·

z2ðp⃗2 − q⃗1Þ − ð1− z2Þk⃗g
ðz2ðp⃗2 − q⃗1Þ− ð1− z2Þk⃗gÞ2

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − q⃗2 − k⃗g þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗− q⃗1 þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗Þ: ð91Þ

Fig: 7ðiÞ ¼ Fig: 7ðhÞðq⃗1 ↔ q⃗2Þ: ð92Þ

Fig: 7ðjÞ ¼ g4

3 · 16π3

�
CF −

1

2
−
1

6

�
trtatb

Z
½dxi�

Z
½d2ki�Ψqqqðx1; k⃗1; x2; k⃗2; x3; k⃗3Þ

×
Z

minðx1;1−x2Þ

x

dxg
xg

�
1 −

z1 þ z2
2

þ z1z2
6

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x1

x1 − xg

r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2

x2 þ xg

r Z
d2kg

z1p⃗1 − k⃗g

ðz1p⃗1 − k⃗gÞ2
·

z2p⃗2 − ð1 − z2Þk⃗g
ðz2p⃗2 − ð1 − z2Þk⃗gÞ2

× Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − q⃗2 − k⃗g þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗ − q⃗1Þ: ð93Þ

Fig: 7ðkÞ ¼ Fig: 7ðjÞðq⃗1 ↔ q⃗2Þ: ð94Þ

(h) (i) (j)

(k) (l) (m)

FIG. 7. Third set of diagrams for hρaquðq⃗1Þρbquðq⃗2Þi.
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Fig: 7ðlÞ ¼ g4

3.16π3
ðCF −

1

2
−
1

6
Þtrtatb

Z
½dxi�

Z
½d2ki�Ψqqqðx1; k⃗1; x2; k⃗2; x3; k⃗3Þ

×
Z

minðx1;1−x2Þ

x

dxg
xg

�
1−

z1 þ z2
2

þ z1z2
6

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x1

x1 − xg

r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2

x2 þ xg

r Z
d2kg

z1p⃗1 − k⃗g

ðz1p⃗1 − k⃗gÞ2
·

z2ðp⃗2 − q⃗2Þ− ð1− z2Þk⃗g
ðz2ðp⃗2 − q⃗2Þ − ð1− z2Þk⃗gÞ2

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗− k⃗g þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗− q⃗2 þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗− q⃗1Þ ð95Þ

Fig: 7ðmÞ ¼ Fig: 7ðlÞðq⃗1 ↔ q⃗2Þ ð96Þ

The final set of (finite) diagrams is shown in Fig. 8. Here, in jPi, quark 1 emits a gluon which is absorbed by quark 2. We
will quote with double primes the diagram (not shown) where in hKj the exchange occurs from quark 2 to quark 1. All these
diagrams have a symmetry factor of 6. As before, in the following expressions z1 ¼ xg=x1 and z2 ¼ xg=ðx2 þ xgÞ.

Fig: 8ðh0Þ ¼ −
2g4

9 · 16π3
trtatb

Z
½dxi�

Z
½d2ki�Ψqqqðx1; k⃗1; x2; k⃗2; x3; k⃗3Þ

×
Z

minðx1;1−x2Þ

x

dxg
xg

�
1 −

z1 þ z2
2

þ z1z2
6

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x1

x1 − xg

r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2

x2 þ xg

r Z
d2kg

z1p⃗1 − k⃗g

ðz1p⃗1 − k⃗gÞ2
·

z2p⃗2 − ð1 − z2Þk⃗g
ðz2p⃗2 − ð1 − z2Þk⃗gÞ2

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − k⃗g − q⃗2 þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗þ k⃗g − q⃗1 − xgK⃗; x3; k⃗3 þ x3q⃗Þ: ð97Þ

Fig: 8ðh″Þ ¼ −
2g4

9 · 16π3
trtatb

Z
½dxi�

Z
½d2ki�Ψqqqðx1; k⃗1; x2; k⃗2; x3; k⃗3Þ

×
Z

minðx1;1−x2Þ

x

dxg
xg

�
1 −

z1 þ z2
2

þ z1z2
6

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x1

x1 − xg

r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2

x2 þ xg

r

×
Z

d2kg
z1ðp⃗1 − q⃗2Þ − k⃗g

ðz1ðp⃗1 − q⃗2Þ − k⃗gÞ2
·

z2ðp⃗2 − q⃗1Þ − ð1 − z2Þk⃗g
ðz2ðp⃗2 − q⃗1Þ − ð1 − z2Þk⃗gÞ2

× Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − k⃗g − q⃗2 þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗þ k⃗g − q⃗1 − xgK⃗; x3; k⃗3 þ x3q⃗Þ: ð98Þ

(h ) (i ) (j )

(k ) (l ) (m )

FIG. 8. Fourth set of diagrams for hρaquðq⃗1Þρbquðq⃗2Þi.
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Fig: 8ði0Þ ¼ Fig: 8ðh0Þðq⃗1 ↔ q⃗2Þ: ð99Þ

Fig: 8ði″Þ ¼ Fig: 8ðh″Þðq⃗1 ↔ q⃗2Þ: ð100Þ

Fig: 8ðj0Þ ¼ −
g4

3 · 16π3

�
CF −

2

3

�
trtatb

Z
½dxi�

Z
½d2ki�Ψqqqðx1; k⃗1; x2; k⃗2; x3; k⃗3Þ

×
Z

minðx1;1−x2Þ

x

dxg
xg

�
1 −

z1 þ z2
2

þ z1z2
6

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x1

x1 − xg

r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2

x2 þ xg

r Z
d2kg

z1p⃗1 − k⃗g

ðz1p⃗1 − k⃗gÞ2
·

z2p⃗2 − ð1 − z2Þk⃗g
ðz2p⃗2 − ð1 − z2Þk⃗gÞ2

× Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − k⃗g − q⃗2 þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗ − q⃗1Þ: ð101Þ

Fig:8ðj″Þ ¼ −
g4

3 · 16π3

�
CF −

2

3

�
trtatb

Z
½dxi�

Z
½d2ki�Ψqqqðx1; k⃗1;x2; k⃗2;x3; k⃗3Þ

×
Z

minðx1;1−x2Þ

x

dxg
xg

�
1−

z1 þ z2
2

þ z1z2
6

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x1

x1 − xg

r ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2

x2 þ xg

r Z
d2kg

z1ðp⃗1 − q⃗2Þ− k⃗g

ðz1ðp⃗1 − q⃗2Þ− k⃗gÞ2
·

z2p⃗2 − ð1− z2Þk⃗g
ðz2p⃗2 − ð1− z2Þk⃗gÞ2

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗− k⃗g − q⃗2 þ xgK⃗;x2 þ xg; k⃗2 þ x2q⃗þ k⃗g − xgK⃗;x3; k⃗3 þ x3q⃗− q⃗1Þ: ð102Þ

Fig: 8ðk0Þ ¼ Fig: 8ðj0Þðq⃗1 ↔ q⃗2Þ: ð103Þ

Fig: 8ðk″Þ ¼ Fig: 8ðj″Þðq⃗1 ↔ q⃗2Þ: ð104Þ

Fig: 8ðl0Þ ¼ −
g4

3 · 16π3

�
CF −

2

3

�
trtatb

Z
½dxi�

Z
½d2ki�Ψqqqðx1; k⃗1; x2; k⃗2; x3; k⃗3Þ

×
Z

minðx1;1−x2Þ

x

dxg
xg

�
1 −

z1 þ z2
2

þ z1z2
6

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x1

x1 − xg

r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2

x2 þ xg

r Z
d2kg

z1p⃗1 − k⃗g

ðz1p⃗1 − k⃗gÞ2
·

z2p⃗2 − ð1 − z2Þk⃗g
ðz2p⃗2 − ð1 − z2Þk⃗gÞ2

× Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − k⃗g þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗þ k⃗g − q⃗2 − xgK⃗; x3; k⃗3 þ x3q⃗ − q⃗1Þ: ð105Þ

Fig:8ðl″Þ ¼ −
g4

3 · 16π3

�
CF −

2

3

�
trtatb

Z
½dxi�

Z
½d2ki�Ψqqqðx1; k⃗1;x2; k⃗2;x3; k⃗3Þ

×
Z

minðx1;1−x2Þ

x

dxg
xg

�
1−

z1 þ z2
2

þ z1z2
6

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x1

x1 − xg

r ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2

x2 þ xg

r Z
d2kg

z1p⃗1 − k⃗g

ðz1p⃗1 − k⃗gÞ2
·

z2ðp⃗2 − q⃗2Þ− ð1− z2Þk⃗g
ðz2ðp⃗2 − q⃗2Þ− ð1− z2Þk⃗gÞ2

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗− k⃗g þ xgK⃗;x2 þ xg; k⃗2 þ x2q⃗þ k⃗g − q⃗2 − xgK⃗;x3; k⃗3 þ x3q⃗− q⃗1Þ: ð106Þ

Fig: 8ðm0Þ ¼ Fig: ðl0Þðq⃗1 ↔ q⃗2Þ: ð107Þ

Fig: 8ðm″Þ ¼ Fig: 8ðl″Þðq⃗1 ↔ q⃗2Þ: ð108Þ

C. Cancellation of UV divergences

In this section we collect all UV divergent diagrams to
verify that the divergent contributions to hρaðq⃗1Þρbðq⃗2Þi
cancel, to leave just the finite parts. This implies that at this
order hρaðq⃗1Þρbðq⃗2Þi is independent of the renormaliza-
tion scale.
We consider the diagrams where quark 1 exchanges a

gluon with itself.

We begin with the diagrams where the charge
operators couple to either the gluon or quark 1. The
UV divergent contribution of all these diagrams is propor-
tional to7

7The arguments of Ψ�
qqq may differ from Eq. (109) but will

match across all canceling diagrams, of course.
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2π3
g2

3 · 16π3
δab

Z
½dxi�

Z
½d2ki�Cqðx1Þ

×Ψqqqðx1; k⃗1; x2; k⃗2; x3; k⃗3Þ
×Ψ�

qqqðx1; k⃗1 − ð1 − x1Þq⃗; x2; k⃗2 þ x2q⃗; x3; k⃗3 þ x3q⃗Þ:
ð109Þ

We now collect all the prefactors. Figure 2(a) comes with a
factor of 2 · 3=CF while Fig. 3(a), plus the corresponding
diagram for q⃗1 ↔ q⃗2, contributes −2 · 3=CF.
From Fig. 4(a), plus the corresponding diagram where

the gluon emission and reabsorption occurs on the other
side of the insertion, we get − 1

6
· 1
2
· 3 · 16π3=2π3 ¼ −2. On

the other hand, Fig. 5(a) contributes 4 · 1
2
.

Next is the contribution where both probes couple
to the second quark. From the diagram analogous to
Fig. 4(a), with both probes attached to quark 2, we again
get − 1

6
· 1
2
· 3 · 16π3=2π3 ¼ −2. Figure 5(b) contributes

4 · 1
2
¼ 2.

Now consider the diagrams where the first probe
(a; q⃗1) attaches to quark 2 while the second probe
(b; q⃗2) attaches either to quark 1 or to the gluon in
the proton. Figure 3(b) comes with a prefactor of
− 1

2
· 3=CF ¼ −9=8. The prefactor of Fig. 5(c) is

2
6
· 1
2
=CF ¼ 1=8. Lastly, from the third term in Eq. (76),

which is a diagram like Fig. 4(a) but with the first probe
attached to quark 2, we get 1

6
· 1
2
· 1
2
· 3 · 16π3=2π3 ¼ 1.

Finally, we turn to the diagrams where the first probe
(a; q⃗1) attaches to quark 3 while the second probe (b; q⃗2)
attaches to quark 2. The contribution from diagrams of the
type of Fig. 4 where quark 1 exchanges a gluon with
itself on either side of the insertion [second term in Eq. (76)
with quarks 1 and 3 interchanged, multiplied by −Cqðx1Þ]

we get 1
6
· 1
2
· 1
2
· 3 · 16π3=2π3 ¼ 1. Figure 5(d) contributes

−2 · 1
2
.

D. Decoupling of gluon probes with infinite
transverse wavelength

Here we verify that hρaðq⃗1Þρbðq⃗2Þi vanishes when either
one of the transverse momenta goes to zero; we consider
q⃗1 → 0, the other case follows by symmetry. In intuitive
terms this reflects the fact that a gluon with infinite wave
length does not couple to a color singlet proton.
Since we have already verified in the previous section

that all UV divergences cancel, we may now discard the
divergent pieces of all diagrams and focus on their finite
parts.
The charge correlator at Oðg2Þ given in Eq. (76) does

indeed vanish when q⃗1 → 0, on account of the symmetry of
the three quark wave function Ψqqq under exchange of any
two quarks. For the rest of this section we consider the
contributions to hρaðq⃗1Þρbðq⃗2Þi at Oðg4Þ.
For the purpose of more compact expressions we will

split off the “prefactor”

3
g4

16π3
δab

Z
½dxi�

Z
½d2ki�Ψqqqðx1; k⃗1;x2; k⃗2;x3; k⃗3Þ; ð110Þ

which includes a symmetry factor of 3, from the following
expressions.
We collect first all the terms from the divergent diagrams

which involve Ψ�
qqqðx1; k⃗1 − ð1 − x1Þq⃗2; x2; k⃗2 þ x2q⃗2;

x3; k⃗3 þ x3q⃗2Þ: Eq. (65), Eq. (70) plus q⃗1 ↔ q⃗2, two times
Eq. (71) plus q⃗1 ↔ q⃗2 (with quarks 1 and 2 interchanged),
Eq. (77), Eq. (78), Eq. (79) plus q⃗1 ↔ q⃗2 (with quarks 1
and 2 interchanged), and Eq. (81) (with quarks 1 and 2
interchanged):

2 · 2π3F

�
q⃗2; 0;

x
x1

; m2

�
− 2π3F

�
q⃗2; 0;

x
x1

; m2

�
− 2π3F

�
q⃗2; q⃗2;

x
x1

; m2

�
− 2 ·

1

2
· 2π3F

�
q⃗2; 0;

x
x1

; m2

�

− 2 ·
1

2
· 2π3F

�
0; 0;

x
x2

; m2

�
þ 4

3
· CF ·

1

2
· 2π3F

�
q⃗2; q⃗2;

x
x1

; m2

�
þ 2 ·

4

3
· CF ·

1

2
· 2π3F

�
0; 0;

x
x2

; m2

�

þ 2 ·
2

18
·
1

2
· 2π3F

�
q⃗2; q⃗2;

x
x1

; m2

�
þ 2 ·

2

18
·
1

2
· 2π3F

�
0; 0;

x
x2

; m2

�
− 2 ·

2

3
· CF ·

1

2
· 2π3F

�
0; 0;

x
x2

; m2

�
¼ 0: ð111Þ

The remaining terms which involve Ψ�
qqqðx1−xg;k⃗1−ð1−x1Þq⃗2− k⃗gþxgK⃗;x2þxg;k⃗2þx2q⃗2þ k⃗g−xgK⃗;x3;k⃗3þx3q⃗2Þ,

again with the prefactor (114): Eq. (72) with q⃗1 ↔ q⃗2, Eq. (82), (85), (91), (93), (97), (101),
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2 ·
1

12
· 3 ·

z2p⃗2 − ð1 − z2Þk⃗g
ðz2p⃗2 − ð1 − z2Þk⃗gÞ2

− 2 ·
1

3
· CF ·

1

2
·

z2p⃗2 − ð1 − z2Þk⃗g
ðz2p⃗2 − ð1 − z2Þk⃗gÞ2

þ 2 ·
1

3
· CF ·

1

2
·

z2p⃗2 − ð1 − z2Þk⃗g
ðz2p⃗2 − ð1 − z2Þk⃗gÞ2

þ 2 ·
1

3
·

�
1

2
− CF

�
·
1

2
·

z2p⃗2 − ð1 − z2Þk⃗g
ðz2p⃗2 − ð1 − z2Þk⃗gÞ2

þ 2 ·
1

3
·

�
CF −

2

3

�
·
1

2
·

z2p⃗2 − ð1 − z2Þk⃗g
ðz2p⃗2 − ð1 − z2Þk⃗gÞ2

− 2 ·
2

9
·
1

2
·

z2p⃗2 − ð1 − z2Þk⃗g
ðz2p⃗2 − ð1 − z2Þk⃗gÞ2

− 2 ·
1

3
·

�
CF −

2

3

�
·
1

2
·

z2p⃗2 − ð1 − z2Þk⃗g
ðz2p⃗2 − ð1 − z2Þk⃗gÞ2

¼ 0: ð112Þ

There are three more contributions which involve Ψ�
qqqðx1 − xg; k⃗1 − ð1 − x1Þq⃗2 − k⃗g þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗2 þ k⃗g −

xgK⃗; x3; k⃗3 þ x3q⃗2Þ but the structure

z1ðp⃗1 − q⃗2Þ − k⃗g

ðz1ðp⃗1 − q⃗2Þ − k⃗gÞ2
·

z2p⃗2 − ð1 − z2Þk⃗g
ðz2p⃗2 − ð1 − z2Þk⃗gÞ2

: ð113Þ

These are Eq. (86) with a prefactor of 4=9, and Eqs. (98), (102) each with a prefactor of −2=9.
Next, we collect terms which involve Ψ�

qqqðx1 − xg; k⃗1 þ x1q⃗2 − k⃗g þ xgK⃗; x2 þ xg; k⃗2 − ð1 − x2Þq⃗2 þ k⃗g − xgK⃗;
x3; k⃗3 þ x3q⃗2Þ. Here, we split off the prefactor

3
g4

16π3
δab

Z
½dxi�

Z
½d2ki�Ψqqqðx1; k⃗1; x2; k⃗2; x3; k⃗3Þ

×
Z

minðx1;1−x2Þ

x

dxg
xg

Z
d2kg

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x1

x1 − xg

r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2

x2 þ xg

r �
1 −

z1 þ z2
2

þ z1z2
6

�
z1p⃗1 − k⃗g

ðz1p⃗1 − k⃗gÞ2
·; ð114Þ

which includes a factor of 3 out of the symmetry factors of the diagrams. These are Eqs. (68), (72), Eq. (73) plus q⃗1 ↔ q⃗2,
Eqs. (83), (87), (88), (92), (95), (99), (100), (105), (106)

− 2 ·
1

6
· 3 ·

z2p⃗2 − ð1 − z2Þðk⃗g − q⃗2Þ
ðz2p⃗2 − ð1 − z2Þðk⃗g − q⃗2ÞÞ2

þ 2 ·
1

12
· 3 ·

z2p⃗2 − ð1 − z2Þðk⃗g − q⃗2Þ
ðz2p⃗2 − ð1 − z2Þðk⃗g − q⃗2ÞÞ2

þ 2 ·
1

12
· 3 ·

z2p⃗2 − ð1 − z2Þðk⃗g − q⃗2Þ
ðz2p⃗2 − ð1 − z2Þðk⃗g − q⃗2ÞÞ2

þ 2 ·
1

12
· 3 ·

z2ðp⃗2 − q⃗2Þ − ð1 − z2Þk⃗g
ðz2ðp⃗2 − q⃗2Þ − ð1 − z2Þk⃗gÞ2

− 2 ·
1

3
· CF ·

1

2
·

z2ðp⃗2 − q⃗2Þ − ð1 − z2Þk⃗g
ðz2ðp⃗2 − q⃗2Þ − ð1 − z2Þk⃗gÞ2

þ 2 ·
1

3
· CF ·

1

2
·

z2p⃗2 − ð1 − z2Þk⃗g
ðz2p⃗2 − ð1 − z2Þk⃗gÞ2

þ 2 ·
1

3
· CF ·

1

2
·

z2ðp⃗2 − q⃗2Þ − ð1 − z2Þk⃗g
ðz2ðp⃗2 − q⃗2Þ − ð1 − z2Þk⃗gÞ2

þ 2 ·
1

3

�
1

2
− CF

�
·
1

2
·

z2ðp⃗2 − q⃗2Þ − ð1 − z2Þk⃗g
ðz2ðp⃗2 − q⃗2Þ − ð1 − z2Þk⃗gÞ2

− 2 ·
1

3

�
2

3
− CF

�
·
1

2
·

z2ðp⃗2 − q⃗2Þ − ð1 − z2Þk⃗g
ðz2ðp⃗2 − q⃗2Þ − ð1 − z2Þk⃗gÞ2

− 2 ·
2

9
·
1

2
·

z2p⃗2 − ð1 − z2Þk⃗g
ðz2p⃗2 − ð1 − z2Þk⃗gÞ2

− 2 ·
2

9
·
1

2
·

z2ðp⃗2 − q⃗2Þ − ð1 − z2Þk⃗g
ðz2ðp⃗2 − q⃗2Þ − ð1 − z2Þk⃗gÞ2

− 2 ·
1

3
·

�
CF −

2

3

�
·
1

2
·

z2p⃗2 − ð1 − z2Þk⃗g
ðz2p⃗2 − ð1 − z2Þk⃗gÞ2

− 2 ·
1

3
·

�
CF −

2

3

�
·
1

2
·

z2ðp⃗2 − q⃗2Þ − ð1 − z2Þk⃗g
ðz2ðp⃗2 − q⃗2Þ − ð1 − z2Þk⃗gÞ2

¼ 0: ð115Þ
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Lastly, we collect terms which involve Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗2 − k⃗g þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗2 þ k⃗g − xgK⃗;

x3; k⃗3 − ð1 − x3Þq⃗2Þ, with the prefactor (114): Eqs. (84), (89), (90), (94), (96), (103), (104), (107), (108),

− 2 ·
CF

3
·
1

2
·

z2p⃗2 − ð1 − z2Þk⃗g
ðz2p⃗2 − ð1 − z2Þk⃗gÞ2

þ 2 ·
CF

3
·
1

2
·

z2p⃗2 − ð1 − z2Þk⃗g
ðz2p⃗2 − ð1 − z2Þk⃗gÞ2

þ 2 ·
CF

3
·
1

2
·

z2p⃗2 − ð1 − z2Þk⃗g
ðz2p⃗2 − ð1 − z2Þk⃗gÞ2

þ 2 ·
1

3
·

�
CF −

2

3

�
·
1

2
·

z2p⃗2 − ð1 − z2Þk⃗g
ðz2p⃗2 − ð1 − z2Þk⃗gÞ2

þ 2 ·
1

3
·

�
CF −

2

3

�
·
1

2
·

z2p⃗2 − ð1 − z2Þk⃗g
ðz2p⃗2 − ð1 − z2Þk⃗gÞ2

− 2 ·
1

3
·

�
CF −

2

3

�
·
1

2
·

z2p⃗2 − ð1 − z2Þk⃗g
ðz2p⃗2 − ð1 − z2Þk⃗gÞ2

− 2 ·
1

3
·

�
CF −

2

3

�
·
1

2
·

z2p⃗2 − ð1 − z2Þk⃗g
ðz2p⃗2 − ð1 − z2Þk⃗gÞ2

− 2 ·
1

3
·

�
CF −

2

3

�
·
1

2
·

z2p⃗2 − ð1 − z2Þk⃗g
ðz2p⃗2 − ð1 − z2Þk⃗gÞ2

− 2 ·
1

3
·

�
CF −

2

3

�
·
1

2
·

z2p⃗2 − ð1 − z2Þk⃗g
ðz2p⃗2 − ð1 − z2Þk⃗gÞ2

¼ 0: ð116Þ

V. OUTLOOK

Reference [1] showed “subfemtometer” scale color
charge correlations in a proton composed of three quarks.
These correlators were found to display interesting depend-
ence on the impact parameter and on the relative momen-
tum of the gluon probes, rather than being simply
proportional to the one-body particle density in the proton.
Here, we have computed the expressions for the

hρaðq⃗1Þρbðq⃗2Þi correlator in a proton made of three quarks
and a perturbative gluon (which is not required to carry a
small light-cone momentum). These results may be used to
obtain a more realistic picture of color charge correlations
in the proton at moderate x≳ 0.01. Also, they could be
used to “jump-start” small-x BK evolution, in particular
impact parameter dependent evolution [45–48], towards
x ≪ 0.01 from a better constrained and perhaps more
realistic initial condition.
It would be very interesting to obtain numerical results for

the color charge correlator as a function of impact parameter
b⃗ and relative transverse position r⃗ of the probes. For
numerical estimates one could employ a model for the
nonperturbative valence quark wave function such as the
one of Refs. [38,49]; it encodes the proper proton radius and
average quark longitudinal and transverse momentum, as
well as momentum correlations among the valence quarks.

Furthermore, the present calculation should be
extended to the correlator of three charge operators,
hρaðq⃗1Þρbðq⃗2Þρcðq⃗3Þi; the contribution of the jqqqi Fock
state has been analyzed in Ref. [1]. C-odd three-gluon
exchange gives an imaginary contribution to the dipole
scattering amplitude [or a real part, respectively, if T → iT
in Eq. (2)]. It is related to various spin dependent transverse
momentum dependent (TMD) distributions such as the
(dipole) gluon Sivers function of a transversely polarized
proton [50]. This amplitude is also relevant for charge
asymmetries in diffractive electroproduction of a πþπ− pair
[51,52] or for exclusive production of a pseudoscalar
meson [6,53–55]. Work is in progress to account for
corrections to the three-gluon exchange amplitude due to
a perturbative gluon in the proton, and will be reported
elsewhere.

ACKNOWLEDGMENTS

A. D. acknowledges support by the DOE Office
of Nuclear Physics through Grant No. DE-FG02-
09ER41620. R. P. is supported by the European Research
Council, Grant No. 725369 and Academy of Finland Grant
No. 1322507. The figures have been prepared with
Jaxodraw [56].

APPENDIX: REGULARIZATION OF THE INTEGRAL OVER ψ̂q→qgψ̂�
q→qg

Consider the following integral [see Eq. (43)]

I ¼ ð2πÞD−1

2pþ
1

Z edkg
2ðpþ

1 − kþg Þ
ψ̂q→qgðp1;p1 − kg; kgÞψ̂�

q→qgðp1 − l; p1 − kg − l1; kg − lþ l1Þ; ðA1Þ
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where lþ ¼ lþ1 ¼ 0. The quark and gluon helicities are conserved, and the gluon is emitted and absorbed by the same quark
1. Therefore, sandwiching I between helicity wave functions gives hSjIjSi ¼ IhSjSi ¼ I.
The reduced LCwf’s are given by

ψ̂q→qgðp1;p1 − kg; kgÞ ¼
��

1 −
z1
2

�
ūh1ðp1 − kgÞγþuh1ðp1Þδij −

z1
4
ūh1ðp1 − kgÞγþ½γi; γj�uh1ðp1Þ

�
niε�jσ
n⃗2

ðA2Þ

and

ψ̂�
q→qgðp1 − l; p1 − kg − l1; kg − lþ l1Þ ¼

��
1 −

z2
2

�
ūh1ðp1 − lÞγþuh1ðp1 − kg − l1Þδkl

þ z2
4
ūh1ðp1 − lÞγþ½γk; γl�uh1ðp1 − kg − l1Þ

�
mkεlσ
m⃗2

; ðA3Þ

where z1 ¼ kþg =pþ
1 , n⃗ ¼ k⃗g − z1p⃗ and similarly

z2 ¼
kþg − lþ þ lþ1
pþ
1 − lþ

¼ kþg
pþ
1

¼ z1 ðA4Þ

and m⃗ ¼ n⃗þ h⃗ with h⃗ ¼ ⃗l1 − ð1 − z1Þ⃗l.
In order to simplify the spinor algebra, we first note that the following relation between the complete spinors

uhðpÞ; ūhðpÞ and the good component of the spinors uGh ðpÞ; ūGh ðpÞ is satisfied,8

ūhðpÞγþuhðkÞ ¼ ūGh ðpþÞγþuGh ðkþÞ ¼
ffiffiffiffiffiffiffiffiffi
2pþp ffiffiffiffiffiffiffiffi

2kþ
p

; ðA5Þ

where the good components depend only on pþ; kþ and helicity. For the good components one has the completeness
relation

X
h

uGh ðpþÞūGh ðpþÞγþ ¼ 2pþΛþ; ðA6Þ

where the projection operator9 Λþ ¼ ðγ−γþÞ=2.
By using Eq. (A6) and noting that lþ ¼ lþ1 ¼ 0, the product of ψ̂q→qgψ̂

�
q→qg simplifies to

ψ̂q→qgψ̂
�
q→qg ¼ 2pþ

1

	�
1 −

z1
2

�
2

ūGh1ðpþ
1 − kþg ÞγþuGh1ðpþ

1 − kþg Þδik −
�
1 −

z1
2

�
z1
2
ūGh1ðpþ

1 − kþg Þγþ½γi; γk�uGh1ðpþ
1 − kþg Þ

−
�
z1
4

�
2

ūGh1ðpþ
1 − kþg Þγþ½γi; γj�½γk; γj�uGh1ðpþ

1 − kþg Þ


niðnþ hÞk
n⃗2ðn⃗þ h⃗Þ2

¼ 2pþ
1 M

ij n
iðnþ hÞk

n⃗2ðn⃗þ h⃗Þ2
; ðA7Þ

where the product of two commutators yields

½γi; γj�½γk; γj� ¼ −4
�
ðD − 3Þδik − ðD − 4Þ

2
½γi; γk�

�
ðA8Þ

and thus the spinor structure in Mij gives

8See the discussion e.g., in Refs. [39,57]. Also note that the spinor structure ūhðpÞγþ½γi; γj�uhðkÞ can be expressed in terms of the
good component of the spinors.

9Note that ðγþÞ2 ¼ 0 and γþΛþ ¼ γþ.
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Mij ¼
�
1 −

z1
2

�
2

ūGh1ðpþ
1 − kþg ÞγþuGh1ðpþ

1 − kþg Þδik −
�
1 −

z1
2

�
z1
2
ūGh1ðpþ

1 − kþg Þγþ½γi; γk�uGh1ðpþ
1 − kþg Þ

þ z21
4

�
ðD − 3ÞūGh1ðpþ

1 − kþg ÞγþuGh1ðpþ
1 − kþg Þδik −

ðD − 4Þ
2

ūGh1ðpþ
1 − kþg Þγþ½γi; γk�uGh1ðpþ

1 − kþg Þ
�
: ðA9Þ

To simplify the integral I in Eq. (A1) further, we note that the spinor structure in Eq. (A9) is independent of transverse
momenta, i.e., Mij ¼ Mijðpþ

1 ; k
þ
g Þ. Therefore we can write

I ¼ ð2πÞD−2
Z

pþ
1

0

dkþg
2kþg 2ðpþ

1 − kþg Þ
Mijðpþ

1 ; k
þ
g Þðμ2Þ2−D=2

Z
dD−2n
ð2πÞD−2

nink þ nihk

n⃗2ðn⃗þ h⃗Þ2
; ðA10Þ

where we have changed the integration variable from k⃗g to n⃗. As discussed in Sec. III B, we regulate the collinear IR
divergence by rewriting

nink þ nihk

n⃗2ðn⃗þ h⃗Þ2
→

nink þ nihk

ðn⃗2 þ ΔÞððn⃗þ h⃗Þ2 þ ΔÞ
; ðA11Þ

where Δ ¼ ð1 − z1Þ2m2 with m2 ≥ 0. Consequently, the transverse integral can be rewritten as

ðμ2Þ2−D=2

Z
dD−2n
ð2πÞD−2

nink þ nihk

n⃗2ðn⃗þ h⃗Þ2
¼ 1

4π
fBikðΔ;Δ; h⃗Þ þ hkBiðΔ;Δ; h⃗Þg: ðA12Þ

Here we have introduced the following notation (see e.g., Ref. [57]):

A0ðΔÞ ¼ 4πðμ2Þ2−D=2

Z
dD−2n
ð2πÞD−2

1

n⃗2 þ Δ
;

B0ðΔ;Δ; h⃗2Þ ¼ 4πðμ2Þ2−D=2

Z
dD−2n
ð2πÞD−2

1

ðn⃗2 þ ΔÞððn⃗þ h⃗Þ2 þ ΔÞ
;

BiðΔ;Δ; h⃗Þ ¼ 4πðμ2Þ2−D=2

Z
dD−2n
ð2πÞD−2

ni

ðn⃗2 þ ΔÞððn⃗þ h⃗Þ2 þ ΔÞ
;

BikðΔ;Δ; h⃗Þ ¼ 4πðμ2Þ2−D=2

Z
dD−2n
ð2πÞD−2

nink

ðn⃗2 þ ΔÞððn⃗þ h⃗Þ2 þ ΔÞ
; ðA13Þ

where the scalar integrals A0 and B0 are UV divergent and UV finite, respectively. Then, due to rotational symmetry in
D − 2 dimensions, the rank-one and rank-two tensor integrals satisfy

BiðΔ;Δ; h⃗Þ ¼ hiB1ðΔ;Δ; h⃗2Þ;
BikðΔ;Δ; h⃗Þ ¼ δikB21ðΔ;Δ; h⃗2Þ þ hihkB22ðΔ;Δ; h⃗2Þ; ðA14Þ

where the coefficient B1 is given by (note that we take the limit m2 → 0 whenever it appears as a prefactor)

B1ðΔ;Δ; h⃗2Þ ¼
1

2h⃗2

�
A0ðΔÞ − A0ðΔÞ|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}
UVpart cancel out

þ ð2Δ − h⃗2ÞB0ðΔ;Δ; h⃗2Þ
�
→ −

1

2
B0ðΔ;Δ; h⃗2Þ ðA15Þ

and the coefficients B21 and B22 satisfy

ðD − 2ÞB21ðΔ;Δ; h⃗2Þ þ h⃗2B22ðΔ;Δ; h⃗2Þ ¼ A0ðΔÞ − ΔB0ðΔ;Δ; h⃗2Þ → A0ðΔÞ: ðA16Þ

It is then easy to show that the antisymmetric part ∝ ½γi; γk� in Mij contracted with δik or hihk vanishes. Therefore the
remaning part in Eq. (A9) can be easily simplified to
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Mij ¼ 2ðpþ
1 − kþg Þ

	�
1 −

z1
2

�
2

þ ðD − 3Þ z
2
1

4



δik ¼ 2ðpþ

1 − kþg Þ
1

2

	
1þ ð1 − z1Þ2 þ ðD − 4Þ z

2
1

2



δik: ðA17Þ

All in all, the integral I in Eq. (A10) can be cast into the following form:

I ¼ ð2πÞD−2

16π

Z
1

α1

dz1
z1

	
1þ ð1 − z1Þ2 þ ðD − 4Þ z

2
1

2


�
A0ðΔÞ −

h⃗2

2
B0ðΔ;Δ; h⃗2Þ

�
; ðA18Þ

where we have changed the integration variable from kþg to z1 and regulated the soft IR divergence z1 → 0 by a cutoff
α1 ¼ x=x1. Furthermore, by using the Feynman parametrization, one can easily show that the coefficient B0 can be written
as [57]

B0ðΔ;Δ; h⃗2Þ ¼
Z

1

0

dx

xð1 − xÞh⃗2 þ Δ
þOðD − 4Þ: ðA19Þ

Finally, noting that the quark renormalization factor Cq, computed in Sec. III B, can be written as

Cqðpþ
1 Þ

g2CF
¼ 1

8π2

Z
1

α1

dz1
z1

	
1þ ð1 − z1Þ2 þ ðD − 4Þ z

2
1

2



A0ðΔÞ ðA20Þ

we obtain for our integral I in Eq. (A1) a very compact final result

I ¼ 2π3
	
Cqðpþ

1 Þ
g2CF

þ Fð⃗l; ⃗l1;α1; m2Þ


; ðA21Þ

where we have introduced the UV finite integral

Fð⃗l; ⃗l1; α1; m2Þ ¼ −
1

8π2

Z
1

α1

dz1
z1

½1þ ð1 − z1Þ2�
h⃗2

2
B0ðΔ;Δ; h⃗2Þ ðA22Þ

with h⃗2 ¼ ⃗l21 þ ⃗l2ð1 − z1Þ2 − 2ð⃗l1 · ⃗lÞð1 − z1Þ.
For example, if ⃗l ¼ q⃗1 þ q⃗2 ≡ q⃗ and ⃗l1 ¼ 0, then h⃗2 ¼ q⃗2ð1 − z1Þ2 and hence

Fðq⃗; 0; α1; m2Þ ¼ −
1

8π2

Z
1

α1

dz1
z1

½1þ ð1 − z1Þ2�
q⃗2ð1 − z1Þ2

2

Z
1

0

dx
xð1 − xÞð1 − z1Þ2q⃗2 þ ð1 − z1Þ2m2

¼ −
1

8π2

Z
1

α1

dz1
z1

½1þ ð1 − z1Þ2�
q⃗2

2

Z
1

0

dx
xð1 − xÞq⃗2 þm2

: ðA23Þ

Since q⃗2, m2 ≥ 0, the remaining x integral gives

Z
1

0

dx
xð1 − xÞq⃗2 þm2

¼ −
2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

q⃗2ðq⃗2 þ 4m2Þ
p log

�
2m2

q⃗2 þ 2m2 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q⃗2ðq⃗2 þ 4m2Þ

p �
: ðA24Þ

This exhibits the “DGLAP logarithm” [40–43] which emerges from the collinear divergence.
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